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Abstract: The mechanism parameters of the manipulator not only have a great influence on the
size of the working space but also affect flexible performance distribution. Aimed at obtaining a
6 DOF modular manipulator, mechanism parameters were optimized in order to explore the effect of
upper arm and forearm dimensions on the end dexterity of the manipulator. First, forward kinematic
equations were derived using the DH method, and the Jacobian matrix of the manipulator was solved.
Second, three indicators, including the condition number index, structural length index, and global
conditioning index, were employed as optimization indicators for the mechanism parameters of the
manipulator, and an orthogonal experiment was designed based on the Grey–Taguchi method and
robot toolbox. Third, the grey relational analysis method was used to process the experimental results,
and the grey relational grade for each group was solved. Last, the variation curve between the grey
relational grade and the parameter level of each mechanism was drawn, and optimized mechanical
arm mechanism parameters were derived. It was found that although the overall dimension of
the manipulator was slightly decreased, as determined via comparing the original and optimized
manipulator length, the performance indexes were improved. The results not only verified the
correctness of the proposed optimization method but also laid a foundation for subsequent research
on the dynamic performance of modular robot systems.

Keywords: modular manipulator; flexible performance index; Grey–Taguchi method; variance
analysis; mechanism parameter optimization

1. Introduction

A modular manipulator consists of a series of modules, such as links, joints and actua-
tors, which have different functional size characteristics and certain assembly relationships.
Each module can be connected electrically and mechanically to form a robotic arm structure
with different workspaces and degrees of freedom [1]. The mechanism parameters of the
manipulator not only have a great influence on the size of the working space but also affect
flexible performance distribution. Therefore, it is very important to determine the optimal
mechanism parameters of the manipulator in order to meet the requirements of the flexible
performance of the manipulator in the design phase of the manipulator. The kinematics
flexibility of manipulators is an element of key research content in robot kinematics. Many
researchers at home and abroad have conducted research on robot kinematics and proposed
many flexibility indexes, including the local performance index and global performance
index. The local performance index includes measures of manipulability, the condition
number, minimum singular value, motor dexterity index, etc. Global performance in-
dexes include the SLI (structural length index), GMI (global manipulability index), GCI
(global conditioning index), etc. [2]. Based on the flexibility index of the manipulator,
many researchers at home and abroad have studied the parameter optimization of the
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manipulator mechanism. Xu et al. [3] considered multiple performance indexes such as
dexterity and end stiffness and presented a method on how to maximally improve the
comprehensive motion performance of anthropomorphic manipulators via optimizing
link lengths. After optimization, the global comprehensive performance index value of
the manipulator increased by about 23.97%, and motion performance was significantly
improved. Zhao et al. [4] used manipulator manipulability as an optimization objective to
optimize the size parameters of the connecting rod of the abdominal minimally invasive
surgery robot. After optimization, the overall flexibility of the robot was improved. Hwang
et al. [5] optimized the link length parameters of 7 DOF (degree of freedom) manipulators
with the genetic algorithm by using the SLI (structural length index), GCI (global condi-
tioning index), and MDCI (modified dynamic conditioning index) as the design indexes.
Hyeon-Guk Kim et al. [6] proposed a method based on the condition number, SLI, and
GCI to determine the size of the manipulator link and applied this method to optimize and
analyze the 7 DOF manipulator and finally obtain the optimal size of the arm link. Mohd
Zaman et al. [7] used an artificial bee colony algorithm (ABC) to optimize the structural
dimensions of a 4 DOF robot manipulator. It was found that the robot manipulator with
optimized dimensions effectively reaches the desired end-effector position and with less
error. Zhang et al. [8] proposed four kinds of new indicators based on manipulability,
condition number, and the minimum singular value, which were used to optimize the
performance analysis and structure size of the manipulator. Taking the 2 DOF manipulator
as an example, the structure of the manipulator was optimized, and the optimized link size
was obtained. Gao et al. [9] proposed an optimized design method that can change the
combination mode and order of each module and verified it with an example. Ma et al. [10]
constructed the comprehensive dexterity evaluation indicator based on the condition num-
ber and measure of manipulability to optimize the parameters of the manipulator link.
Finally, it made the manipulator have good isotropy and a good manipulability measure.
Allaoua et al. [11], based on the LSI (local sensitivity index), proposed a new dimensionless
sensitivity metric and used it to identify critical errors to reduce the geometric errors of
the robot.

This paper focuses on the modular arm of a service robot developed by the research
group (Shanghai University). In order to meet the requirements of the experiment, one
DOF is added to the original 5 DOF manipulator, and the length of the big arm and the
small arm of the manipulator are unequal. Previous research [12,13] shows that when the
size of the big arm and the size of the small arm are equal, the flexibility of the end is the
maximum. In order to investigate the influence of the size of the big arm and the small arm
on its terminal flexibility, the structural parameters of the manipulator are optimized based
on the flexible performance index.

The optimized robotic arm can be used in the field of home service robots and medical
assistive robots because these robots need smaller arm sizes and greater flexibility to meet
job requirements.

In this paper, the Grey–Taguchi method was mainly used to design orthogonal ex-
periments thereby optimizing the link length of the robotic arm. Previous studies have
verified [14] that this method not only has a small workload but also has a very uniform
distribution of data points and is highly representative.

Section 2 of this paper briefly introduces the composition of the manipulator used in
this study and presents a kinematic analysis. Section 3 introduces the basic concepts of the
evaluation indicators SLI, GCI, and Cv that were used in this study. Section 4 introduces the
design of orthogonal experiments based on the Grey–Taguchi method. Section 5 presents
the results of the experiment. Section 6 analyzes the optimization results. Finally, Section 7
gives the conclusion.
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2. Kinematic Analysis of Manipulator
2.1. Manipulator Model

The modular manipulator studied in this paper was manufactured by the Power Cube
module of the German Amtec company. In this paper, we discuss a modular arm that was
equipped on a mobile robot. The construction process of the whole robot system is shown
in Figure 1. In the upper left corner of Figure 1 are six motor modules and one hand claw
module, while in the lower left corner are seven connecting parts for connecting the motor
module, hand claw module, and robot body. The connecting parts between each module
were designed and fabricated by the research group. The robotic arm in the middle of
Figure 1 was composed of these modules and connecting parts.
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Figure 1. Model of the modular manipulator.

According to the mechanism structure, the modified DH method [15] was used to
establish the kinematic scheme of the manipulator as shown in Figure 2, and the DH
parameters of the manipulator are shown in Table 1.

Machines 2023, 11, x FOR PEER REVIEW 3 of 15 
 

 

2. Kinematic Analysis of Manipulator 

2.1. Manipulator Model 

The modular manipulator studied in this paper was manufactured by the Power 

Cube module of the German Amtec company. In this paper, we discuss a modular arm 

that was equipped on a mobile robot. The construction process of the whole robot system 

is shown in Figure 1. In the upper left corner of Figure 1 are six motor modules and one 

hand claw module, while in the lower left corner are seven connecting parts for connecting 

the motor module, hand claw module, and robot body. The connecting parts between each 

module were designed and fabricated by the research group. The robotic arm in the mid-

dle of Figure 1 was composed of these modules and connecting parts. 

According to the mechanism structure, the modified DH method [15] was used to 

establish the kinematic scheme of the manipulator as shown in Figure 2, and the DH pa-

rameters of the manipulator are shown in Table 1. 

 

Figure 1. Model of the modular manipulator. 

 

Figure 2. Kinematic scheme of the manipulator. 

Table 1. DH parameter of the manipulator. 

Joints 𝜽𝒊/(°) 𝜶𝒊−𝟏/(°) 𝒂𝒊−𝟏/(𝒎) 𝒅𝒊/(𝒎) 
Range of 

Joints 

1 𝜃1 0 0 0 −180~180 

2 𝜃2 −90 0 𝑑2 −180~180 

3 𝜃3 90 0 0 −120~120 

4 𝜃4 −90 0 𝑑4 −180~180 

Figure 2. Kinematic scheme of the manipulator.



Machines 2023, 11, 1074 4 of 15

Table 1. DH parameter of the manipulator.

Joints θi/(◦) αi−1/(◦) ai−1/(m) di/(m) Range of Joints

1 θ1 0 0 0 −180~180
2 θ2 −90 0 d2 −180~180
3 θ3 90 0 0 −120~120
4 θ4 −90 0 d4 −180~180
5 θ5 90 0 0 −120~120
6 θ6 −90 0 d6 −180~120

In which d2 = 0.328 m, d4 = 0.2765 m, d6 = 0.3362 m.

2.2. Kinematics Analysis

According to the DH parameters in Table 1, the kinematics equation of the manipulator
can be obtained by using the transformation formula between the links of the manipulator
link. The coordinate transformation matrix of the end-actuator of the manipulator to the
basis coordinate system is as follows:

T0
6 (θ) =

6
∏
i=1

(
Ti−1

i (θi)
)
= T0

1 T1
2 T2

3 T3
4 T4

5 T5
6

=

[
n o
0 0

a p
0 1

]
=


nx
ny
nz
0

ox
oy
oz
0

ax
ay
az
0

px
py
pz
1

 (1)

where θi denotes the joint angle, p =
[
px py pz

]T means the position matrix, and R = [n o a]
is the attitude matrix.

2.3. Jacobian Matrix

The linear transformation of the operating speed and joint velocity of the manipulator
is defined as the Jacobian matrix of the manipulator. It can be seen as the transmission ratio
from joint space to operation space. It is divided into geometric Jacobian and analytical
Jacobian, which are not equal and have different meanings [16]. In this paper, the geometric
Jacobian matrix of the manipulator was solved. Its calculation formula is as follows:

J =
[

JPn
JOn

]
=

[
zo × (Pn − Po)

z0

· · ·
· · ·

zn−1 × (Pn − Pn−1)
zn−1

]
(2)

zn−1 = R0
1(θ1)R1

2(θ2) · · · Rn−2
n−1(θn−1)z0 (3)

Pn = T0
1 (θ1)T1

2 (θ2) · · · Tn−2
n−1 (θn)P0 (4)

where z0 = [0, 0, 1]T and P0 = [0, 0, 0, 1]T . zi−1 is the z-axis unit vector in the i − 1
coordinate system, and Pi is the position vector in the n coordinate system, respectively.
Ri−1

i is the rotation matrix of the attitude of the link coordinate system.

3. Discrete Coefficient of Local and Global Index and Condition Numbers

There are many indicators to evaluate the flexibility of the motion of the manipulator;
some local performance indexes, including operability, condition number, and global
performance indexes, including SLI and GCI, are mentioned in [2]. And many other
evaluation indexes, such as operation degree, redundancy index, and so on, are discussed
in [2]. The condition number can reflect the stability and control accuracy of the kinematic
solution of the robotic arm, help the designer evaluate the performance of the robotic arm,
and provide a basis for the selection of control strategies and trajectory generation. SLI can
be used to determine the link length of a manipulator to improve motion efficiency. GCI is
used to evaluate the motion flexibility and stability of a manipulator at different workspace
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positions and orientations. In this paper, the condition number, SLI, and GCI were applied
in [2].

3.1. Condition Number Index

The condition number of the Jacobian matrix was first proposed by Salisbury et al. as
a performance index related to the manipulator kinematics as an evaluation of manipulator
kinematics [17]. The relation between the condition number and the Jacobian singular
value is

κ(J) =
σmax(J)
σmin(J)

(5)

where σmax(J) and σmin(J) are the maximum and minimum singular values of the Jaco-
bian matrix.

It is difficult to calculate the conditional number of the Jacobian matrix with Equation (5).
When the manipulator is in the singular position, the minimum singular value of the Jacobian
matrix is 0. The condition number of Jacobi is infinitely large, which makes the calculation
difficult. In order to resolve the problems of the condition number of the Jacobian matrix, the
Euclidean norm of the condition number was chosen as the definition of the condition number.
The calculation formula is as follows:

κ(J) =
√

tr
(

JNJT
)

tr(J−1NJ−T) (6)

N =
1
n

In×n (7)

where tr( ) is the matrix trace, n is the dimensions of the Jacobian matrix, and I is the
identity matrix.

When the value of the condition number is close to 1, the manipulator is farther from
the singular configuration, and when it is equal to 1, the manipulator is in the isotropic
configuration. When the value of the condition number is close to 0, the manipulator is
located near the singular configuration, and the manipulator is in a singular configuration
when the condition number is equal to 0.

3.2. SLI Index

The design of a manipulator aims to maximize the workspace at the end of the
manipulator as a larger workspace allows for more flexibility in performing tasks. Generally,
the longer the size of the manipulator is, the larger the workspace can be. However, if the
configurations and link length distributions of mechanical arms of the same length are
different, there can be significant differences in the workspace reachability. Therefore, in the
design stage of the manipulator, it is important to choose a configuration that offers better
performance, with a larger workspace and a smaller total link length. In this paper, the SLI
was used to evaluate the structural efficiency of the manipulator. The SLI is defined as the
ratio of the manipulator link length sum to the cube root of the workspace volume. It is not
related to the configuration of the manipulator, and the calculation formula is as follows:

Q =
L

3
√

V
(8)

L =
n

∑
i=1

(ai−1 + di) (9)

where V is the volume of reachable workspace, L is the length sum of the manipulator
link, ai−1 is the link length, di is the link offset, and ai−1 and di are the values of the D-H
parameter table.

In the structure design of the manipulator, it is usually expected that the length of the
link is as short as possible, and the larger the workspace, the better. Therefore, the smaller
the L value, the greater the V value; that is, the smaller the Q value, the better the design
of the manipulator. In order to obtain the workspace volume in the SLI index. Firstly,
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the Monte Carlo method [18,19] was used to obtain the workspace point cloud. Then the
workspace was discredited by the grid. Finally, the volume of the reachable workspace was
calculated by the number of grids containing the space point.

The process was as follows:

1. In the MATLAB software environment of version 2021, the Robotics toolbox was
used to build the model of the manipulator. The position coordinates of the end
of the manipulator were obtained based on the Monte Carlo method and using the
kinematics equation of the manipulator. Then the MATLAB visualization function
was applied to display the position coordinates of these points by tracing them. The
extent of the workspace point cloud and the projected limits of the workspace on each
axis were obtained.

2. A cube was formed by the maximum value of the limit of each coordinate axis in
(1) as the edge length. The cube was used to envelop the manipulator to reach the
workspace. The side length of the cube was divided into m parts, and the length of
each section was δm. The cube was divided into several small cubes, and each small
cube had a value of (δm)3. The small cube could represent the end position of the
manipulator and could be described with a 3D matrix [20]. Due to factors such as
calculation time, the edge length of a small cube was taken as 2 mm in this paper.
The reachable workspace point cloud and grid discretization processing are shown in
Figure 3.

3. The data of the end position of the manipulator were converted into a cube cell, which
could be described by a 3D matrix. When the cube cell contained at least one position
coordinate value, the 3D matrix that described the cell of the cube was assigned to 1,
and the rest was assigned to 0. Its principle is shown in Figure 4.

4. Finally, the workspace volume of the manipulator could be obtained by adding up
the number of cube cells assigned to 1.
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Figure 4. Cube cell diagram of a partial workspace.

3.3. GCI

The GCI is a global performance index based on the Jacobian matrix condition number,
which is not related to the manipulator configuration. Gosselin et al. [21] proposed that the
GCI be used to analyze the distribution of condition numbers in the whole manipulator
workspace. The index is defined as

η =
A
B
∈ (0, 1) (10)

A =
∫

W
(

1
κ
)dW (11)

B =
∫

W
dW (12)

where η is the GCI, W is a point of the manipulator workspace, B is the workspace volume,
and κ is the condition number of the Jacobian matrix at the point. The η ranges from

0 < η < 1 (13)

The workspace of the manipulator is not easily represented in Cartesian space, and
Equations (11) and (12) are expressed in their joint space as

A =
∫

R
(

1
κ
)|∆|dθn · · · dθ2dθ1 (14)

B =
∫

R
|∆|dθnLdθ2dθ1 (15)

where R is the manipulator workspace in joint space and ∆ is the Jacobian matrix determinant.
Due to the fact that there is still a sixfold integral in the upper integral, the exact

solution of the integral is not easy to solve, and the calculation process is more complicated.
In this paper, the discrete equation was used to calculate and analyze, as follows:

η =
1

nWS

nWS

∑
j=1

1
κ

(16)

where nWS is the number of nodes in the manipulator workspace. Nodes refer to discrete
points or locations within the workspace. Each node represents a specific location that the
robotic arm can potentially reach.
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Equation (10) indicates that the manipulator had better GCI performance when the
GCI value was close to 1 and conversely the GCI performance was poor.

3.4. Discrete Coefficient of the Condition Number

The discrete coefficient is a statistical index in statistics that is mainly used to mea-
sure the degree of discretization of probability distribution data. Generally, the standard
deviation is used to assess the dispersion of a dataset. The larger the average value of the
general data is, the greater the standard deviation is. However, if the data contain different
dimensions or units, they cannot be used to evaluate the degree of data dispersion. If the
two groups are consistent and the mean and standard deviation are very different, the
standard deviation is also no longer applicable. In the process of analyzing the two sets
of data, if the average value of the two sets of data is equal, a set of data with a smaller
standard deviation is generally selected, and if the standard deviation of the two sets of
data is equal, a set of data with a better average is generally selected. However, when
the two sets of data have different average values and standard deviations, the discrete
coefficient is used to measure the pros and cons of the data. The calculation formula is

cV =
σ

µ
(17)

where cV is the discrete coefficient, σ is the standard deviation, and µ is the average value.
Equation (17) shows that the discrete coefficient is the standard deviation of the unit

average value. It can be used to compare and analyze the data with different average
values and standard deviations. The larger the discrete coefficient, the greater the degree of
data dispersion.

4. Experiment Design

In the process of optimizing the parameters of the mechanism, different values were
taken for the parameters of the different mechanisms, then they were arranged and com-
bined, and finally, the optimal parameters of the mechanism were obtained. The calculation
process was very complex and time-consuming, so it was necessary to design a suitable
experiment for the problem of the optimization process mentioned above. The traditional
experimental design methods include orthogonal array (OA), Latin hypercube design
(LHD) [22], OA-based LHD, etc. In this paper, the Grey–Taguchi method [23,24] was used
to design the orthogonal test, and the parameters of the manipulator mechanism were
optimized. This method is suitable for optimization problems with multiple optimization
objectives and has high prediction accuracy, strong interpretability, and less experimental
computation. Optimization of the whole workspace can be time efficient compared with
other optimization methods.

Orthogonal Experiment Design and Experiment Results

Orthogonal experimental design is a method that involves arranging experiments and
analyzing the results using an orthogonal table. In this paper, three link lengths (d2, d4, d6)
were used as design variables, so a three-factor five-level orthogonal experiment was
designed for analysis, and the experiment was arranged according to the orthogonal table.
Considering the influence of the size of the robot arm’s motor, reducer, and connectors,
the mechanism was designed with five gradient levels by using the current mechanical
parameters of the mechanical arm while avoiding interference of motion and not exceeding
the maximum load of the motor. The highest level was 1.5 times the lowest level, and the
five levels of link length data are shown in Table 2.
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Table 2. Five levels of the parameter of link size.

Link
Number Level 1 (m) Level 2 (m) Level 3 (m) Level 4 (m) Level 5 (m)

Link 1 0.2624 0.2952 0.328 0.3608 0.3936
Link 2 0.2212 0.2489 0.2765 0.3042 0.3318
Link 3 0.2690 0.3026 0.3362 0.3698 0.4034

In this table, the links 1, 2, and 3 correspond to d2, d4, and d6, respectively.

5. Experiment Results Processing
5.1. Experiment Results

According to the dimensions of the three link lengths corresponding to the orthogonal
experiment design method, the values of SLI, GCI and the discrete coefficient of the
condition number are obtained. The results of the orthogonal experiment design and index
calculation are shown in Table 3.

Table 3. Orthogonal experimental design and the result of index values.

Group Link 1 Link 2 Link 3 Cv SLI GCI

1 1 (0.2624) 1 (0.2212) 1 (0.2690) 94.4889 0.6856 0.0234
2 1 (0.2624) 2 (0.2489) 2 (0.3026) 94.5672 0.6787 0.0249
3 1 (0.2624) 3 (0.2765) 3 (0.3362) 94.6512 0.6732 0.0261
4 1 (0.2624) 4 (0.3042) 4 (0.3698) 94.7399 0.6686 0.0269
5 1 (0.2624) 5 (0.3318) 5 (0.4034) 94.8308 0.6648 0.0275
6 2 (0.2952) 1 (0.2212) 2 (0.3026) 94.5650 0.6889 0.0237
7 2 (0.2952) 2 (0.2489) 3 (0.3362) 94.6504 0.6821 0.0254
8 2 (0.2952) 3 (0.2765) 4 (0.3698) 94.7402 0.6765 0.0267
9 2 (0.2952) 4 (0.3042) 5 (0.4034) 94.8322 0.6719 0.0277

10 2 (0.2952) 5 (0.3318) 1 (0.2690) 94.5770 0.6805 0.0310
11 3 (0.3280) 1 (0.2212) 3 (0.3362) 94.6509 0.6918 0.0238
12 3 (0.3280) 2 (0.2489) 4 (0.3698) 94.7416 0.6850 0.0256
13 3 (0.3280) 3 (0.2765) 5 (0.4034) 94.8339 0.6795 0.0270
14 3 (0.3280) 4 (0.3042) 1 (0.2690) 94.5784 0.6899 0.0307
15 3 (0.3280) 5 (0.3318) 2 (0.3026) 94.6657 0.6835 0.0318
16 4 (0.3608) 1 (0.2212) 4 (0.3698) 94.7435 0.6943 0.0237
17 4 (0.3608) 2 (0.2489) 5 (0.4034) 94.8364 0.6877 0.0256
18 4 (0.3608) 3 (0.2765) 1 (0.2690) 94.5808 0.7002 0.0294
19 4 (0.3608) 4 (0.3042) 2 (0.3026) 94.6687 0.6925 0.0310
20 4 (0.3608) 5 (0.3318) 3 (0.3362) 94.7621 0.6862 0.0323
21 5 (0.3936) 1 (0.2212) 5 (0.4034) 94.8389 0.6966 0.0236
22 5 (0.3936) 2 (0.2489) 1 (0.2690) 94.5838 0.7120 0.0276
23 5 (0.3936) 3 (0.2765) 2 (0.3026) 94.6720 0.7023 0.0295
24 5 (0.3936) 4 (0.3042) 3 (0.3362) 94.7658 0.6948 0.0311
25 5 (0.3936) 5 (0.3318) 4 (0.3698) 94.8463 0.6886 0.0324

5.2. Grey Correlation Analysis of Experiment Results

In this paper, the grey relational analysis method [25–27] was used to process and
analyze the experiment results. In order to facilitate the analysis, the calculated values of the
above indicators must be processed. First, the index data in Table 3 were normalized. Next,
the grey correlation coefficient was calculated based on the processed data to obtain the
relationship between the actual data and the ideal value of the test. Finally, the correlation
degree was calculated according to the grey correlation coefficient. However, the larger the
index value of the above three indexes was, the smaller the value of the index was, so it
needed to be calculated separately.

First, for the GCI, the larger the value was, the better the value was. The normalization
is conducted by using Equation (18). For the SLI and the discrete coefficient of the condition
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number, the smaller the value was, the better the value was. Equation (19) was used for
normalization. Where xo(k) = 1, the ideal value was 1. The final result is shown in Table 4.

x′i(k) =
yi(k)−minyi(k)

maxyi(k)−minyi(k)
(18)

xi(k) =
maxyi − yi(k)

maxyi(k)−minyi(k)
(19)

where x′i(k) and xi(k) are the values of normalization, yi(k) is the ith experiment value of
the indicator k, and minyi(k) and maxyi(k) are the minimum and maximum values of the
experiment value of the indicator k.

Table 4. Normalization data and grey relational coefficient results.

Group
Normalization Data Grey Relational Coefficient

Cv SLI GCI Cv SLI GCI

1 1.0000 0.5593 0.0000 1.0000 0.5315 0.3333
2 0.7809 0.7055 0.1667 0.6953 0.6293 0.3750
3 0.5459 0.8220 0.3000 0.5241 0.7375 0.4167
4 0.2977 0.9195 0.3889 0.4159 0.8613 0.4500
5 0.0434 1.0000 0.4556 0.3433 1.0000 0.4787
6 0.7871 0.4894 0.0333 0.7014 0.4948 0.3409
7 0.5481 0.6335 0.2222 0.5253 0.5770 0.3913
8 0.2969 0.7521 0.3667 0.4156 0.6685 0.4412
9 0.0395 0.8496 0.4778 0.3423 0.7688 0.4891

10 0.7535 0.6674 0.8444 0.6698 0.6005 0.7627
11 0.5467 0.4280 0.0444 0.5245 0.4664 0.3435
12 0.2929 0.5720 0.2444 0.4142 0.5388 0.3982
13 0.0347 0.6886 0.4000 0.3412 0.6162 0.4545
14 0.7496 0.4682 0.8111 0.6663 0.4846 0.7258
15 0.5053 0.6038 0.9333 0.5027 0.5579 0.8823
16 0.2876 0.3750 0.0333 0.4124 0.4444 0.3409
17 0.0277 0.5148 0.2444 0.3396 0.5075 0.3982
18 0.7429 0.2500 0.6667 0.6604 0.4000 0.6000
19 0.4969 0.4131 0.8444 0.4985 0.4600 0.7627
20 0.2356 0.5466 0.9889 0.3954 0.5244 0.9783
21 0.0207 0.3263 0.0222 0.3380 0.4260 0.3383
22 0.7345 0.0000 0.4667 0.6532 0.3333 0.4839
23 0.4877 0.2055 0.6778 0.4939 0.3862 0.6081
24 0.2252 0.3644 0.8556 0.3922 0.4403 0.7759
25 0.0000 0.4958 1.0000 0.3333 0.4979 1.0000

Second, the grey relational coefficient of each index was calculated. The grey relational
coefficient reflects the relative difference between the data after processing and the ideal
value. The calculation is given by Equations (20) and (21), and the calculation results are
shown in Table 4.

ζi(k) =
∆min + ζ × ∆max

∆0i(k) + ζ × ∆max
(20)

∆0i = |x0(k)− xi(k)| (21)

where ζ is the resolution coefficient, and the smaller ζ is, the better the resolution is (in
which ζ = 0.5). ∆min and ∆max are the minimum and maximum values, respectively.

Finally, the grey relational grade of each group experiment was calculated by the data
in Table 4 and sorted. The grey relational grade refers to the approximate degree of the
experimental results of each group to the ideal results. The calculation formula is shown in
Equation (22), and the final calculation results are shown in Table 5. The grey relationship
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grades of each group experiment are ranked in Table 5. The smaller the number, the higher
the approximation between the experimental results and the ideal results.

γi =
1
n

n

∑
k=1

ζi(k) (22)

where γi is the grey relational grade in the ith experiment, and n is the number of the
performance index.

Table 5. Grey relational grade and its order.

Group Relational Grade Order

1 0.6216 5
2 0.5665 10
3 0.5594 11
4 0.5757 8
5 0.6073 7
6 0.5124 15
7 0.4979 17
8 0.5084 16
9 0.5334 14
10 0.6777 1
11 0.4448 22
12 0.4504 21
13 0.4706 20
14 0.6256 4
15 0.6476 2
16 0.3992 24
17 0.4151 23
18 0.5535 12
19 0.5737 9
20 0.6327 3
21 0.3674 25
22 0.4901 19
23 0.4961 18
24 0.5361 13
25 0.6104 6

6. Optimization Result Analysis

According to the correlation degree data in Table 5, the average values of different
levels of correlation degree of each mechanism parameter were calculated, and the results
are shown in Table 6. Corresponding curves are plotted according to the mean of grey
relational grade in Table 6, as shown in Figure 5.

Table 6. The mean of grey relational grade at each level and each link parameter.

Link
Number Level 1 Level 2 Level 3 Level 4 Level 5

Link 1 0.5861 0.5460 0.5278 0.5148 0.5000
Link 2 0.4691 0.4840 0.5176 0.5689 0.6351
Link 3 0.5935 0.5593 0.5342 0.5088 0.4788

As can be seen in Table 5, the total mean value is 0.5349.
The optimized mechanism parameters should select the corresponding link length

when the correlation degree is the highest. Figure 5 shows that level 1 of link 1, level 5 of
link 2, and level 1 of link 3 had the largest mean grey relational grade in the corresponding
link length. The parameters of the optimized and initial mechanism were compared as
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shown in Table 7, and the optimization indexes of the manipulator before and after the
optimization were compared as shown in Table 8.
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Table 7. Comparison of link size before and after optimization.

Before Optimization (m) After Optimization (m)

Link 1 0.3280 0.2624
Link 2 0.2765 0.3318
Link 3 0.3362 0.2690

Length of the arm 0.9407 0.8632

Table 8. Comparison of each optimizing index of the manipulator before and after optimization.

Index Before
Optimization After Optimization Percentage of

Promotion (%)

Cv 94.6895 94.5554 1.40
SLI 0.6856 0.6742 1.66
GCI 0.0280 0.0293 4.64



Machines 2023, 11, 1074 13 of 15

It can be seen from Tables 7 and 8 that the total length of the robot arm was reduced
after optimization, but the conditional dispersion coefficient and the SLI and GCI of the
manipulator were optimized by 1.40%, 1.66%, and 4.64%, respectively. This showed that the
optimized manipulator mechanism parameters could make the manipulator have a better
performance index than the initial one. In order to analyze the influence of each parameter
on the optimization index and its order of primary and secondary, the experiment results
were analyzed by variance analysis. This analysis shows which design variables had a
significant impact on the objective function. The results are shown in Table 9.

Table 9. Variance analysis results.

Link
Parameter

Deviation
Squared

Sum
DOF Mean Square

Error F Value Square Sum
Proportion

Link 1 0.0394 4 0.0099 58.7040 25.32%
Link 2 0.0921 4 0.0230 137.2161 59.19%
Link 3 0.0221 4 0.0055 32.8637 14.2%
Error 0.0020 12 [ ] [ ] 1.29%

Sum total 0.1556 24 [ ] [ ] 100%

It is known from the results in Table 9 that the sum of the deviation squared sum, mean
square error, and F value [28] of link 2 were the largest among the three links mentioned
above, indicating that the results of this experiment were most significantly affected by
link 2. That is to say, link 2 had the greatest influence on the flexible performance index of
the manipulator, followed by link 1 and link 3.

7. Conclusions

In this paper, the 6 DOF manipulator constructed by the group was taken as the
research object to investigate the influence of the size of the big arm and the small arm on its
terminal flexibility, and the structural parameters of the manipulator were optimized based
on the flexible performance index. First, the kinematics equation of the manipulator was
obtained, and the Jacobian matrix of the manipulator was solved. Second, the optimization
indicator of mechanism parameters was a local index (condition number and the SLI) and
global index (the GCI) for evaluating the flexible performance of the manipulator. Based on
the Grey–Taguchi method, the above indexes were taken as the optimization target, and an
orthogonal experiment was designed with the aid of the robotics toolbox. Finally, the grey
relational analysis method was used to analyze the results of the experiment and calculate
the grey relational degree of each experiment, and the optimized mechanism parameters
were obtained when each performance index reached a better level.

The results obtained after optimization were as follows: the size of link 1 and link 3 was
reduced, the size of link 2 was increased, and the total length of the robot arm was slightly
reduced. The discrete coefficient of the condition number, SLI, and GCI of the optimized
manipulator were increased by 1.4%, 1.66%, and 4.64%, respectively. According to the
results of ANOVA, link 2 was the most important factor affecting the flexible performance
of the manipulator, followed by link 1 and link 3. The experimental results showed that
the dimensions of the large arm and the small arm tended to be the same length, and the
flexibility of the end of the manipulator was improved. The maximum influence of link 2
on the flexibility was also in line with the principle of “move the small arm more, move the
large arm less” when the manipulator was in motion. The experimental results verified
the feasibility of the scheme in this paper. This paper provides a certain theoretical basis
for the design of the manipulator and lays the foundation for the subsequent study of the
dynamic performance of the manipulator and the optimization of dynamic parameters.



Machines 2023, 11, 1074 14 of 15

Author Contributions: Conceptualization, X.L.; methodology, X.L.; software, F.L.; validation, F.L.,
X.Q. and S.F.; formal analysis, F.L.; investigation, T.S.; resources, T.S.; data curation, F.L. and X.Q.;
writing—original draft preparation, X.L. and X.Q.; writing—review and editing, X.Q.; visualization,
S.F.; supervision, S.F.; project administration, X.L.; funding acquisition, X.L. All authors have read
and agreed to the published version of the manuscript.

Funding: This work was supported by the Anhui Provincial Key Research and Development Project
(Grant No. 2022i01020015), the Open Project of Key Laboratory of Conveyance and Equipment
of Ministry of Education, East China Jiaotong University (Grant No. KLCE2022-01), the National
Natural Science Foundation of China (Grant No. 82227807), and the Medical Special Cultivation
Project of Anhui University of Science and Technology (Grant No. YZ2023H2B013).

Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflict of interest.

Nomenclature

DOF degree of freedom
SLI structural length index
GMI global manipulability index
GCI global conditioning index
MDCI modified dynamic conditioning index
LSI local sensitivity Index
Pi position vector
R rotation matrix
OA orthogonal array
LHD Latin hypercube design
CV discrete coefficient
nWS the number of nodes in the manipulator workspace
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