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Abstract

This study introduces an innovative self-regulating intelligent optimal balancing control
framework for inverted pendulum-type mechatronic platforms, designed to enhance refer-
ence tracking accuracy and improve disturbance rejection capability. The control procedure
is synthesized by synergistically integrating a baseline Linear Quadratic Regulator (LQR)
with a fuzzy controller via a customized linear decomposition function (LDF). The LDF
dissociates and transforms the LQR control law into compounded state tracking error and
tracking error derivative variables that are eventually used to drive the fuzzy controller.
The principal contribution of this study lies in the adaptive modulation of these com-
pounded variables using reconfigurable tangent hyperbolic functions driven by the cubic
power of the error signals. This nonlinear preprocessing of the input variables selectively
amplifies large errors while attenuating small ones, thereby improving robustness and re-
ducing oscillations. Moreover, a model-free online self-tuning law dynamically adjusts the
variation rates of the hyperbolic functions through dissipative and anti-dissipative terms
of the state errors, enabling autonomous reconfiguration of the nonlinear preprocessing
layer. This dual-level adaptation enhances the flexibility and resilience of the controller
under perturbations. The robustness of the designed controller is substantiated via tailored
experimental trials conducted on the Quanser rotary pendulum platform. Comparative
results show that the prescribed scheme reduces pendulum angle variance by 41.8%, arm
position variance by 34.6%, and average control energy by 28.3% relative to the baseline
LQR, while outperforming conventional fuzzy-LQOR by similar margins. These results show
that the prescribed controller significantly enhances disturbance rejection and tracking
accuracy, thereby offering a numerically superior control of inverted pendulum systems.

Keywords: inverted pendulum; intelligent control; optimal balancing; fuzzy-LQR fusion;
self-regulating control; hyperbolic tangent functions; disturbance rejection

1. Introduction

The inverted pendulum (IP) system is a well-known benchmark problem in control
theory that has been extensively researched because of its nonlinear dynamics, underactu-
ated configuration, and inherent kinematic instability [1]. Their balancing control is not
just a theoretical challenge but a practical necessity in many mechatronic applications,
especially where systems are required to maintain postural stability even in the presence
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of environmental disturbances [2,3]. The IP system needs an agile control mechanism
to actively maintain vertical balance because the bounded disturbances can cause it to
collapse when upright [4]. The solution to this control problem is extensively used in a
vast range of applications, ranging from attitude stabilization of drones to gait control
in self-balancing scooters and walk-assistive robotic mechanisms [5,6]. Similarly to IPs,
these systems are also required to maintain stability while moving or interacting with their
surroundings, which makes efficient balancing control crucial [7]. The traditional control
methods lack effectiveness against large disturbances owing to their nonlinear characteris-
tics [8]. Therefore, devising control procedures that concurrently deal with nonlinearity
and disturbances can substantially improve the performance and dependability of these
systems in practical situations.

1.1. Literature Review

Different control techniques have been explored to achieve stabilization and trajectory
tracking in IP systems [9]. Among them, the ubiquitous PID control is simple, easy to
implement, and computationally efficient, making it suitable for small disturbances and
linearized models [10]. However, it struggles with nonlinearities, requires manual tuning,
and lacks robustness [11]. Fractional Order PID (FOPID) improves upon PID by offering
finer tuning flexibility, better disturbance rejection, and improved robustness, but it in-
troduces additional design complexity and higher computational demands [12]. It also
introduces additional parameters, making the tuning process more complex [13]. Moreover,
implementing non-integer-order integrals and derivatives is computationally intensive and
often requires specialized numerical methods or approximation techniques for practical
situations [14]. The sliding-mode control is highly robust to disturbances and uncertainties,
ensuring finite-time convergence and strong stability, but it suffers from chattering, re-
quires a precise model, and may need additional smoothing techniques [15,16]. The model
predictive control effectively addresses constraints and nonlinearities by optimizing control
actions over a prediction horizon [17]. However, it is computationally intensive, demands
an accurate system model, and may introduce latency issues due to solving optimization
problems at each step [18].

The Linear Quadratic Regulator (LQR) has been a dominant approach because of
its optimal state feedback formulation and ability to minimize a quadratic cost function
balancing control effort and state deviation [19]. LOR offers a computationally efficient
solution for controlling an IP by deriving an optimal gain vector by solving the Riccati
equation. The method ensures stability under nominal conditions and is extensively used in
balancing underactuated robotic and mechatronic platforms [20]. However, standard LOR
assumes a linearized state space model, which limits its performance in highly nonlinear
regimes, model uncertainties, and external disturbances [21]. Its ineffectiveness against
parametric variations has led researchers to explore hybrid approaches that integrate
nonlinear and intelligent control techniques to enhance its performance [22].

Among the intelligent control systems, the neural controllers provide an agile control
effort [23]. However, they require large training datasets and put a recursive computational
burden on the digital computer [24]. The Fuzzy logic control (FLC) scheme, on the other
hand, has also gained traction in controlling nonlinear and underactuated systems due to its
ability to handle imprecise and uncertain information [25]. Unlike model-based controllers,
the FLC relies on expert knowledge and heuristic rules, making it adaptable to complex
dynamic environments [26]. They need an extensive set of qualitative rules in order to
create a precise control model. The calibration of the associated membership functions is a
laborious process, necessitating their hybridization with traditional controllers to achieve
improved performance [27].
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Comparative studies indicate that hybrid FLC approaches, such as Fuzzy-PID and
Fuzzy-LQR, outperform standalone fuzzy controllers in terms of design flexibility and
adaptability [28]. These hybrid schemes leverage the robustness of fuzzy inference while
maintaining the inherent optimal characteristics of conventional controllers, leading to
improved balance control and disturbance rejection. Recent studies on the hybridization of
FLC and LQR controllers have shown that fuzzy inference can compensate for LQR’s sensi-
tivity to parameter variations by adjusting the LQR’s control yield dynamically based on
system states [29]. The use of nonlinear scaling functions for control signal modulation and
adaptive gain scaling has been extensively studied in robotic applications [30]. Hyperbolic
functions, particularly, have been utilized for their smooth saturation properties, allow-
ing for adaptive gain adjustments and dynamic self-regulation of state error magnitudes
without abrupt changes [31].

Recent developments in data-driven and machine learning-based control strategies
have shown significant promise for rotary inverted pendulum systems [32,33]. Reinforce-
ment learning (RL) techniques have been successfully applied to trajectory tracking and
stabilization tasks in underactuated pendulum systems, demonstrating improved adapt-
ability to nonlinear dynamics [34]. Recent studies show that RL can achieve model-free
swing-up and balancing of a quadruple inverted pendulum [35]. However, these tech-
niques often demand substantial training data and significant computational resources,
which can limit their practicality for real-world applications [36]. Moreover, their lack of
formal stability reduces their reliability in safety-critical environments [37]. Finite-time
continuous extended state observers have also been designed and experimentally validated
on electro-mechanical and electro-hydraulic systems, demonstrating improved disturbance
rejection and accurate state estimation [38].

1.2. Proposed Methodology

This paper presents a novel self-regulating compounded-state Fuzzy-LQR (FLQR) con-
trol strategy for stabilizing a Single-Link Rotary-Inverted-Pendulum (SLRIP). To overcome
the standard LQR'’s performance constraints against modeling uncertainties and bounded
disturbances, the proposed scheme is realized by decomposing the control law into two
key components: a Compounded State Error (CSE) variable and a Compounded State Error
Derivative (CSED) variable. These aggregated variables encapsulate the system’s dynamic
behavior and are fed into a Fuzzy Inference System (FIS) to generate an adaptive and robust
control input. The integration of fuzzy logic enhances the LQR’s disturbance rejection
capability, providing improved adaptability to system uncertainties while maintaining
optimal state feedback control.

The proposed scheme is further enhanced by introducing a cubic hyperbolic tangent
function (CHTF) to preprocess the CSE and CSED variables before feeding them into the FIS.
The hyperbolic function not only normalizes the input variables within +1 for improved
fuzzy reasoning but also introduces selective attenuation and amplification regions to
enhance control input efficiency. Additionally, the variation rate of CHTF’s waveform is
adaptively modified online as a function of state deviations, via a pre-calibrated model-free
learning algorithm. The principal contributions of this study are listed below:

1.  Formulation of the proposed CS-FLQR scheme for the SLRIP. The baseline LQR law is
decomposed into CSE and CSED variables, which are processed through an FIS to
enhance the control system’s resilience against exogenous perturbations.

2. Integration of pre-calibrated CHTFs for adaptive preprocessing of CSE and CSED
variables to normalize them within 1 and to create selective attenuation and amplifi-
cation regions for improved control efficiency.
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3. Augmentation of the CHTFs with model-free adaptive tuning principles to dynam-
ically adjust the said function’s variation rate and hence the magnitudes of com-
pounded error variables to further enhance the controller’s adaptability.

4.  Performance validation of the proposed self-regulating CS-FLQR against baseline
CS-FLQR and classical LQR via customized experimental trials conducted on the
Quanser rotary pendulum platform [39].

This hybrid structure significantly improves control input economy, robustness, and
adaptability in the presence of disturbances and uncertainties. In comparison to standard
LOR, the fuzzy-augmented LQR allows for dynamic adjustment of control actions based on
error conditions, resulting in faster convergence and lower steady-state error. The integra-
tion of CHTFs for the preprocessing of compounded error variables produces a smooth and
bounded control input, which reduces excessive oscillations and economizes the control
effort. Additionally, the online adaptive reconfiguration of the CHTF’s waveform aids the
control law in efficiently adapting to varying system dynamics, making it more suitable for
highly dynamic systems like SLRIP platforms.

Despite advances in LQR-based, fuzzy-based, and hybrid control systems, existing
approaches continue to encounter issues in terms of real-time adaptability and robustness
against disturbances. The deployment of reconfigurable CHTFs as an adaptive error scaling
mechanism is still underexplored. This study fills these gaps by providing a self-regulating
CS-FLOR controller that dynamically modulates control signals using cubic error-driven
CHTFs and model-free adaptive tuning principles. The proposed control procedure is
intended to greatly improve tracking accuracy and disturbance compensation in IP-type
robotic systems.

It is worth noting that earlier works addressed inverted pendulum stabilization control
from different methodological perspectives. Specifically, ref. [12] introduced dual fractional-
order PD controllers optimized via nonlinear intelligent adaptive mechanisms, ref. [16]
developed an EKF-based fuzzy adaptive sliding mode controller with hardware valida-
tion, ref. [21] proposed a phase-based adaptive fractional LOR tailored for pendulum-type
robots, and ref. [22] presented a complex-order LQIR framework with experimental verifi-
cation. In contrast, the present study contributes a self-regulating fuzzy-LQR formulation
that integrates LQR decomposition, nonlinear error modulation, and model-free variance
adaptation and validates its efficacy on an SLRIP platform.

The remainder of the article is organized as follows: The SLRIP system’s model
description and the baseline LQR formulation are presented in Section 2. The development
and stability analysis of the proposed self-regulating CS-FLQR scheme is detailed in
Section 3. The controller parameter tuning process is outlined in Section 4. The simulation
results and their analysis are presented in Section 5. The study is concluded in Section 6.

2. System Description

The SLRIP system consists of a vertically oriented rod attached to a horizontally
rotating arm, which is driven by a geared DC servomotor. The schematic is illustrated in
Figure 1 [22]. The system necessitates a closed-loop control algorithm for maintaining the
pendulum’s link in an upright position while ensuring effective tracking of the rotating
arm’s reference position. An input voltage signal produced by the control algorithm
controls the angular displacement of the DC motor, causing the horizontal arm to rotate.
The arm is pivoted at the motor shaft. This rotational motion provides the energy required
to swing the pendulum upward and keep it in an upright position. The angular motion of
the rotating arm is referred to as a. The angular motion of the pendulum about its pivot
is represented by 0. These angular positions are measured using rotary optical encoders
attached to the pendulum’s pivot and the motor’s shaft.
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Figure 1. Schematic of the SLRIP system [22].

2.1. System’s Mathematical Model

The Euler-Lagrange formula is used to derive the system’s mathematical model, which
takes into consideration the system’s mechanical and electrical dynamics. The dynamics of
the system are described by the Lagrangian function using the generalized angular position
coordinates (¢ and 6) [40]. The Lagrangian L(«, 0) is defined as the difference between the
kinetic energy (T) and potential energy (V) of the system, as expressed in Equation (1).

L(x,0) =T -V ¢y

where,

1021 . . 21 - 21 -\ 2
T = E]e (2)" + EMP (m - lp9(0059)> + EMP (—lp()(st)) + 5];7 (9) ,
and,

V = Mylyg(cos )

where « is the arm’s angular velocity, 0 is the pendulum link’s angular velocity, J. is the
moment about the motor shaft, M, is the mass of the pendulum, r is the length of the
horizontal arm link, [, is the fixed geometric distance from the pivot to the pendulum link’s
center of mass, and |, is the moment about the pendulum. Table 1 quantifies the model
parameters related to the Quanser rotary pendulum platform utilized in this study [41].
The formulation of L(«, 6) is expressed as follows.

1 .2 2 1 -2 -
L(a,0) = 5 (]e + Mprz)oc + (C)’M,[,lp2 + 2]p> 0 — Mplpradcost — Mylpgcos 6 )

The formulation of the nonlinear equations of motion is presented in Equation (3) [40].
d (dL dL . d (dL dL
i) a v 5(G) w0 ©

where T denotes the DC motor’s control torque, and b, represents the motor’s viscous
friction coefficient. Due to its minimal influence, viscous friction is omitted from the model
formulation. The torque produced by the DC motor is,
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Table 1. Model specifications of Quanser SLRIP [41].
Parameter Description Value Unit
My Pendulum’s mass 0.027 kg
Iy Pivot to pendulum’s center distance 0.153 m
Ly Pendulum link length 0.191 M
r Horizontal arm length 0.083 M
Marm Arm’s mass 0.028 Kg
g Acceleration due to gravity 9.810 m/s?
Je Moment about motor shaft 1.23 x 1074 kgm?
I Moment about pendulum 1.10 x 1074 kgm?
Ry Motor’s armature resistance 3.30 Q
L Motor’s armature inductance 47.0 mH
K} Motor torque coefficient 0.028 Nm
Ky Back-EMF coefficient 0.028 V/(rad/s)
T Maximum torque 0.14 Nm
= Kt (Vm Kmrx) (4)
R

where V), represents the DC motor’s input (control) voltage, K; represents the motor’s
torque coefficient, K;, represents the back electromotive-force (EMF) coefficient, and Ry, is
the motor’s internal resistance. By applying the Euler-Lagrange equations, the nonlinear
equations of motion are derived as follows [39].

P— _rM%l;%g(COS 0)0 — J,M,r’cos 9511’19((5()2 - (]p + M,ﬂ%)r o
(Mpr2(sin?0) — Jo — Mpr2) ], — M, 12,

—Mpl, ((Mprzg(sin2 0) — Jog — Mpr2g)0 + rlesin 6 (&) — r Tcos 9)

é =
(Mpr?(sin® 0) — Jo — Myr?) Jp — Myl3 ]

(6)

To facilitate controller design, the nonlinear system is linearized around the upright
equilibrium position (x =0, § = wrad., a =0, 0 = 0). Under the assumption of small
angular displacements, the standard approximations sin 6 ~ 6 and cos § ~ 1 are applied,
leading to the following set of linearized equations.

(7o + M1 ) KK ‘o) + (Jp + M2 ) Ki

. 1 )
a(t) = H rMplpge(t) - R,, R, Vin @)
Lo 5 rMplpKiKy, . rMpl, Ky

suchthat, H = J.J, + Mp”ZIP + MPZI%IE

It should be noted that the derived dynamics correspond to the classical Furuta (rotary
inverted) pendulum configuration, which is the actual physical setup employed in this
study [2]. The Furuta pendulum model is well established in the literature [42]. Hence, it is
directly applicable to the Quanser SLRIP (Markham, ON, Canada) used in our experiments.

The linearized state-space representation of the system is shown below.

x(t) = Ax(t) + Bu(t), y(t) = Cx(t) + Du(t) 9)
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where x(t), y(t), and u(t) represent the state, output, and control input vectors, respectively.
The matrices A, B, C, D represent the system, input, output, and feedforward matrices,
respectively. The state vector and input of the SLRIP are provided in Equation (10).

. T
x()) = [a() 0() &(r) 6() |, u(t)="Va (10)

The SLRIP system’s nominal state-space model is provided as follows [39].

0 0 1 0 0 1 0 0 0 0
1
a=|0 0 0 e 10| "2 o=’
0 @ a 0 by o 0 10 0
0 as a; 0 by 0 0 0 1 0
rM212g —Kikn (Jp + My )
where, a; = M M2 2= ’
Jple +Je p p+ IpMpr (]p]e+IEZ%MP+]PMPr2)Rm
_ Mg (Je+ Mpr?) 0 = — 1 MplpKiKu
]p]e"‘]el%MP +IPMPr2 (]p]e"‘]el%MP +]PMPr2)Rm
by = Ky <]P + Mpl}%) b = rMplpKi

s U2
(]p]e + ]el%Mp + ]pMpr2> R (Ip]e + ]el%Mp + ]pMp7’2) R

Table 1 quantifies the system’s model parameters. The reported value of the pendulum
center of mass (identified in Table 1) of 0.153 m refers to the fixed geometric distance from
the pivot to the pendulum link’s center of mass, as provided in the Quanser datasheet [41].
This constant parameter is defined in the local body frame and is used in system modeling
and controller design. It is to be noted that this link-level pendulum center of mass remains
invariant and is the relevant quantity for linearization.

2.2. Baseline LQR Strategy

The LOR strategy is employed to stabilize and regulate the RIP system by utilizing
full-state feedback [43]. The quadratic cost function, specified in (12), penalizes variations
in the control input and state.

o= [ (x0T Qx(0) +u(t) Ru(t)ds 12)

where Q € R* ¥ 4 is a positive semi-definite state weighting matrix and R € R is a positive
control input weighting factor [39]. For the SLRIP system, the Q and R matrices are
parameterized as follows.

Q=diag(qa 9 4 4; ) R=p (13)

where g4, q¢, q;, q;, and p are tuning parameters that influence the control performance.
These matrix parameters are selected such that g, > 0 and p > 0. An offline tuning
procedure (explained in Section 4) is used to select these parameter settings. The expression
of the optimal control law is provided in Equation (14).

u(t) = —Kx(t) (14)
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where K = |ky ko ki k, |isthe state feedback gain matrix, given by Equation (15).

K=R'B'P (15)

where P € R*** is a symmetric positive definite matrix. The matrix P is acquired by solving
the following Algebraic-Riccati-Equation (ARE).

AP+ PA—-PBR'BTP+ Q=0 (16)

The solution of the ARE ensures asymptotic stability, provided that the weighting
matrices are chosen such that, R = R” > 0 and Q = QT > 0. This stability criterion is
discussed as follows.

Stability Analysis: The asymptotic stability of the LQR is verified via the following
Lyapunov function [21].

V(t) = x()P(t)x(t) >0, forx(t) #0 (17)
The time-derivative of V (t) is presented below.
V() = 2x()TPx(t)

(t)
= 2x(t)"P(A — BK(t))x(t) (18)
o

2x(t)"P(A — BR™'BTP)x(t)
x(HT(PA+ATP)x(t) — 2x(t)" (PBR'BTP)x(t)

By substituting the ARE, the expression above is simplified as shown in Equation (19).

V(t) = —x(H)TQx(t) — x(t)T (pBR—lsTp)x(t) (19)

Since Q > 0 and R > 0, it follows that V(t) < 0, ensuring the LOR law maintains
asymptotic stability. The block diagram of the LQR law is depicted in Figure 2.

QNET Rotary Pendulum Setup

u(t)

a(t)

x(6) 6(t)
a(t)

. o(t)

Figure 2. Block diagram of the baseline LQR law.

3. Proposed Control Methodology

The prescribed self-regulating FLOR method for the position regulation of the SLRIP
systems is systematically formulated in this section.

3.1. Fuzzy-Based Linear Quadratic Regulator (FLQR)

The FLQOR strategy is introduced to improve the resilience of the SLRIP system against
parametric uncertainties and external disruptions. The proposed control procedure inte-
grates the LQR'’s optimal control capabilities with the adaptive nature of fuzzy logic to
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adaptively reconfigure the control actions as the error dynamics vary [29]. The main goal
of this approach is to enhance the system’s transient behavior and strengthen its ability
to damp oscillations while preserving its control input economy. The proposed FLQOR is
realized by designing a customized linear decomposition function (LDF) that decomposes
the baseline LQR control law into two components: a CSE variable and a CSED variable.
To acquire the said compounded error variables, the state feedback gain vector of the LQR
law is rewritten as shown in Equation (20), [29].

K:[k,x ke O o] 0)

0 0 ki k

The formulation of the LDF for the SLRIP is defined as follows [29].
[?(0] = —Kx(t) 1)

such that,
e(t) = —kq a(t) — kg 6(1),

and, _
e(t) = =k, a(t) — k(‘, 0(t).

where ¢(t) is the CSE variable and ¢(t) is the CSED variable. The arrangement above
consolidates the system’s multiple state variables into the CSE and CSED. These aggregated
variables encapsulate the system’s dynamic behavior and simplify the implementation
of the FIS to generate an adaptive and robust control input. The FIS leverages fuzzy
logic principles to enhance the system’s adaptability and robustness by dynamically re-
adjusting control actions in response to state variations and disturbances. It employs a
set of heuristically designed fuzzy logic (qualitative) rules and predefined membership
functions (MFs) to infer precise control actions from input data. The fuzzy logical rules are
formulated using the expert’s knowledge to regulate the control effort as a function of the
system’s tracking error variations. Considering the operational requirements of the SLRIP’s
balancing control problem, the meta rules established to construct the fuzzy qualitative
rules are listed below.

1. Amplify the control effort when the system deviates from the desired state.
2. Reduce the control effort as the system approaches the stable equilibrium.

The above rules are computationally implemented for the online refinement of control
actions through a two-input Mamdani-type FIS, where the inputs are derived from the
error dynamics of the system. The two compounded error variables are normalized
(between —1 and +1) by processing them through a cubic HTF [21]. The cubic HTF
is employed in this study due to its favorable combination of smooth saturation, odd
symmetry, and adjustable steepness via tunable variation rate [21]. Its waveform ensures
smooth normalization of the error signals within the bounded range of £1. Moreover, its
cubic formulation introduces selective amplification and suppression regions, such that it
significantly attenuates small error fluctuations, reducing unnecessary control effort and
chattering, while sharply amplifying larger errors to ensure rapid corrective action [21].
The cubic HTF is preferred over other odd-symmetric functions, like the hard-tanh or
soft-sign functions. The hard-tanh function renders abrupt transitions, which introduce
discontinuities or chattering in control signals [44]. On the other hand, the soft-sign function
offers gentler scaling but weaker nonlinearity near the origin. This cubic nonlinear scaling
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enhances the controller’s sensitivity in critical conditions, improving control efficiency and
robustness [45]. The normalized compounded error variables are expressed below.

en(t) = tanh (7 (e(1))°) (22)

En(t) = tanh(5 (é(t))3) (23)

where tanh(.) represents the HTF, and 7 and ¢ are the pre-determined variation rates of
the HTFs. The parameters y and ¢ are determined by using the offline tuning procedure
(explained in Section 4). The cube of the CSE and CSED is fed the input to the HTFs. The
waveform of the prescribed cubic HTF, formulated in Equations (22) and (23), with respect
to an input error variable is depicted in Figure 3.

Cubic HTF
1 ~

-1
-1 0 1
Input error variable

Figure 3. Waveform of the cubic HTF formulated for error normalization.

As discussed earlier, the formulation of the cubic HTF generates distinct amplified
and suppressed error regions, as illustrated in Figure 3, leading to a sharp increase in the
magnitude of e, (¢) and &, (¢) under large error conditions, while significantly reducing it for
smaller errors [46]. The preprocessing of CSE and CSED variables via the above-mentioned
CHTFs not only normalizes them within 1 but also creates selective attenuation and
amplification regions for improved control efficiency. The normalized error variables ¢, ()
and ¢, (t) serve as inputs to the FIS, while the normalized control action )\(e”, én) serves as
the output of the FIS. The crisp input values are converted into fuzzy linguistic variables by
the fuzzification module. The input and output variables are classified into seven linguistic
categories: Negative Big (NB), Negative Medium (NM), Negative Small (NS), Zero (Z),
Positive Small (PS), Positive Medium (PM), and Positive Big (PB). Table 2 presents the
complete fuzzy rule-base, which consists of 49 qualitative rules. For fuzzy implication, the
max-min inference method stated in Equation (24), is employed.

pi = min(gi(en), gi(én)) (24)

where y is the degree of the MF, i is the number of rule, and g;(.) is the triangular input MF
of the following form [16].

g(f) =4 1-L5, 0<f—ci<b;* (25)

0, otherwise
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where f represents the normalized value of the input ¢, and ¢,, while b;”, ¢;, and b "
correspond to the left-half width, centroid, and right-half width of the input MF, respectively.
Symmetrical triangular MFs are adopted in this work to simplify computation during fuzzy
implication and aggregation.

Table 2. Fuzzy inference rule-base used for online control adjustment.

en |/ &n — NB NM NS V4 PS PM PB
NB NB NB NB NB NM NS V4
NM NB NB NB NM NS V4 PS
NS NB NB NM NS z PS PM
V4 NB NM NS V4 PS PM PB
PS NM NS V4 PS PM PB PB
PM NS V4 PS PM PB PB PB
PB V4 PS PM PB PB PB PB
The waveforms of the input MFs as well as the output fuzzy MFs are depicted in
Figure 4a and Figure4b, respectively. While the membership functions appear visually
similar due to the use of identical triangular shapes and evenly spaced centroids for design
uniformity, Figure 4a corresponds to the fuzzification of the compounded error variables,
whereas Figure 4b represents the output control signal space. The centroid defuzzification
method, defined in Equation (26), is used to acquire the crisp output ?\(sn, én) [16].
: L i w;
Aen, &) = =5~ (26)
ity tij
where w represents the output MF’s centroid, and N = 49 denotes the number of fuzzy
rules. The resulting crisp output is then processed using the saturation function, formulated
in Equation (27), to generate the refined control action.
u(t) = Vsgrtanh (A (e, €4)) (27)
where Vy;; sets the lower and upper bounds of the applied control input, preventing the
SLRIP’s actuator (DC motor) from getting saturated. The value of V;4 is set to 15.0 V as per
the guidelines provided in [32]. The schematic of the FLQR scheme is shown in Figure 5.
NB NM NS V4 PS PM PB NB NM NS V4 PS PM PB
1 1
H H
0 0
-1.0 -0.5 0.0 05 1.0 -1.0 05 00 05 10
(a) & Oor én (b) )\(Sn' én)

Figure 4. MF waveforms of (a) input variables, and (b) output variable.
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Figure 5. Block diagram of the FLOR law.

3.2. Self-Regulating FLQR Law

The selection of fixed variation rates for the CHTFs, in the FLQR law, formulated
for the nonlinear preprocessing of the CSE and CSED variables, presents a fundamental
limitation, as it constrains the controller’s adaptability to reject parametric variations
and environmental uncertainties. This issue is addressed by dynamically self-regulating
the variation rates through a model-free online adaptive tuning law, which optimizes
the inflation or depreciation of the applied control force in real time. This enhancement
improves system sensitivity and responsiveness, allowing the controller to efficiently
modulate control effort, minimize oscillations, and compensate for disturbances with
reduced energy consumption.

The online self-tuning mechanism, proposed in [47], is employed due to its robust
tracking performance. It is formulated by using pre-configured anti-dissipative and dissi-
pative functions that adjust the hyperbolic function’s variation rates after each sampling
interval based on the system’s CSE and CSED variables [39,45]. The formulations of the
aforesaid Variance Adaptation Functions (VAFs) are expressed as follows [47].

() = —ory () + Pu(e(t))? (28)

5(t) = =020 (t) + Bae(t)e(t) (29)

where 07 and o represent the pre-configured positive decay rates, and 1 and B, represent
the pre-configured positive adaptation rates associated with the online adaptation functions.
The parameters governing adaptation and damping rates are optimized as per the offline
tuning method described in Section 4. The constructed VAFs dynamically regulate the
stiffness or softness of control action depending on the state’s deviations from the reference,
ensuring adaptive performance. Each of these VAFs consists of a dissipative term and an
anti-dissipative term, as demonstrated below.
{_‘717(t> Anti-dissipative term: { Br(e(t))?
—026(t) Bae(t)e(t)
Each of these terms serves a specific purpose while modifying the variation rate. The
rationale is presented as follows [47].

1. Dissipative term: Reduces the variation rate under small error conditions, ensuring
gentle settlement of the response as it approaches reference, reducing steady-state
fluctuations, and preventing wind-up.
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2. Anti-dissipative term: Amplifies the variation rate when the state error increases,
promoting an aggressive control action to suppress overshoots, while speeding up
the transient recovery response.

The VAFs formulated in Equations (28) and (29) are unified as a first-order differential
equation, expressed in Equation (30).

v(t) = Ho(t) + Me(t) (30)
such that,
oy = | YO g_ |71 0 _ B O L (e(t))®
(t) = [(5(1%)]'1—1_ l 0 —0’;|IM_ [0 ﬁz}' (5= l (t)é(t)]

where v(t) represents a vector of time-varying variation rate gains, while €(t) denotes a

m

vector containing state-error-dependent terms. The H and M matrices are positive-definite,
where H contains the decay rates 7 and 0», and M includes the adaptation rates ; and j3,.
At each sampling interval, the ordinary differential equation in Equation (30) is integrated
numerically to determine v(t), thereby updating the variation-rates. The variation rate
adaptation process is computationally realized by solving the ordinary differential equation
in Equation (30), as expressed in Equation (31).

t

o(t) = exp(~H1)o(0) + [ (exp(~H(t — p))Me(p))dp Q)
0

where exp(.) denotes the exponential function. The initial variation rate vector v(0) contains
the offline optimized values of y and ¢ (refer to Section 4). The coefficients of the vector
v(t) are adaptively modified online after each sampling interval based on the system’s state
and error variations. The rate adaptation process initiates with the initial variation rates,
v(0), prescribed for FLQR in Section 4. As long as the exponent of the exponential term
—H remains negative definite, exp(—Ht) decays to zero over time. This behavior ensures
that the proposed adaptation law exhibits exponential stability, as the output progressively
diminishes. These VAFs deliver time-varying variation rates y(t) and (), which are then
incorporated into the cubic HTFs. The expressions of the self-regulating CSE and CSED
variables are shown in Equations (32) and (33).

ensr(t) = tanh(’y(t) (e(t))3) (32)

in, sr(t) = tanh(zs(t) (e(t))?’) (33)

where ¢, 4, (t) and &, s (t) represent the self-regulating compounded error variables. After
adaptive preprocessing via VAFs, the modified compounded error variables are fed directly
to the FIS as input variables for the computation of the final control action. This arrange-
ment dynamically reconfigures the shape and form of the cubic HTFs as per the state
deviations, influencing the normalized CSE and CSED variables to manipulate the strength
of the damping control action yielded by the FIS. Thus, apart from normalizing the input
variables within %1 for improved fuzzy reasoning and introducing selective attenuation
and amplification regions to enhance control input efficiency, the designed VAFs adaptively
reconfigure the waveform of CHTF to improve the FLQR's flexibility and responsivity
to effectively reject external disturbances. Consequently, the system efficiently mitigates
overshoots, steady-state fluctuations, and disruptive control actions. The proposed control
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&(t) *| Variance Adaptation

procedure is referred to as the Self-Regulating FLOR (SR-FLQR) law. The block diagram of
SR-FLQR law is illustrated in Figure 6.

é(t) Function
iy 16(t) QNET Rotary Pendulum Setup
&(t) * I &n,sr(t)
3
> h >
() | L tan (Y(t)(e(lt)) ) Bz )
— > D| 5 . Logic >
F| €@ 71 énsr(®) | Controller
> tanh (8(0) (£2))”) >
a(t)
6(t)
x(t)
a(t)
8t

Figure 6. Block diagram of the proposed SR-FLOR law.

4. Parameter Optimization Method

The effectiveness of the LQR depends on both the system’s state deviations and the
adjustments in the control signal. The optimal control performance is achieved by appro-
priately selecting the weighting factors for the state matrix Q = diag (q,x 90 i 4,
and control input factor R = p. The operation of the FLQR scheme is dictated by the
optimal selection of the pre-determined variation rates, v and J, of the HTFs. Similarly, the
performance of the proposed self-regulating FLOR scheme, formulated in Section 3.2, is
influenced by the predefined selection of the learning gains (7, 02, 81, and B;) associated
with the VAFs that dynamically reconfigure the waveform of the HTFs.

4.1. Tuning Algorithm

To optimize the aforementioned controller parameters offline, the cost function in
Equation (34) is minimized [21].

Je= [ [ten(®)? + (o) + (2] 9

where T represents the duration of an experimental trial, e,(t) = a(t) — a(0) and
eg(t) = 0(t) — r, denote the deviation (or error) in the horizontal arm and pendulum
link from their respective reference positions. The pendulum link’s reference position is set
at 7t radians, while the arm’s reference is set at its initial position, a(0). Equal weights are
applied to the variables in the cost function J. to ensure a balanced compromise between
tracking accuracy and control efficiency. This approach avoids biasing the controller toward
any single objective. This setting ensures that neither the position errors nor the control
effort are overly prioritized, leading to a well-rounded controller that maintains accurate
reference tracking while minimizing excessive control actions. For the baseline LOR design,
the weighting coefficients for the state error and control cost terms are selected within
the range [0, 100] to balance performance and energy efficiency [1]. For the FLOR design,
the variation rates, v and J, of the HTFs are selected within the range [0, 10]. For the
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self-regulating FLQR design, the decay rates (77 and 0») and adaptation rates (81 and B7)
associated with the VAFs are selected within the range [0, 1] and [0, 10], respectively. The
parameter selection and tuning process is depicted in Figure 7 [21]. The experimental
implementation details are provided in Section 5.

— Calculate J, for Update Calculate the
k=0 initial parameters [4°| parameter values [*| updated cost ],

!

Update J, pnin if

=kt Jep = Jox-1 <0

v

Figure 7. Parameter selection process [21].

The tuning procedure begins by setting all initial controller parameters to unity. Each
iteration involves modifying the designated control parameters, manually positioning
the pendulum rod in an upright state, and balancing it for a duration of 10 s to evaluate
the corresponding cost J.x, where k denotes the trial number. The optimization follows
a gradient-based approach, iteratively refining the parameters to minimize the cost func-
tion [21]. If the cost associated with the current trial, ], is less than that of the preceding
trial, J. k1, the local minimum cost, ] ,ix, is revised accordingly.

The tuning process terminates when either the predefined maximum number of tri-
als, kyuax, is reached or J. ,,;,, falls below a specified threshold. The termination threshold
is empirically determined through preliminary algorithmic trials, which assess different
threshold values to achieve the best trade-off between solution accuracy and computational
efficiency while avoiding premature convergence. In this study, the initial minimum cost is
recorded as ]gmm ~ 0.89 x 10° [21]. A scaling factor of 0.01 is applied to establish the stop-
ping criterion, ensuring efficient convergence while mitigating unnecessary computational
complexity. A larger scaling factor would impose an excessive computational cost, whereas
a smaller factor risks premature termination. Consequently, the algorithm concludes when
Je,min reaches 0.01 | 0 . For this study, the final threshold values for Je,min and kpqx are set

c,min

at 1 x 10* and 30, respectively.

4.2. Controller Parameterization

Upon completion of the optimization process, the following set of parameters is
acquired. For the LQR, the weighting coefficients of the state and control matrices are
obtained as Q = diag (32.82 5223 6.12 2.51) and R = 1.02. The corresponding state

feedback gain matrix, computed using (15), is K = {—6.21 130.56 —4.22 17.83 ] For
the FLQR design, the variation rates of the cubic HTF used to normalize the compounded
error and its derivative are obtained as v = 1.59 and § = 0.87. For the SR-FLQR design, the
learning gains associated with the VAFs are selected as ¢q = 0.082, 0 = 0.065, 1 = 3.14,
and B = 2.61.

5. Experimental Results and Discussions

This section details the hardware-in-loop (HIL) implementation of the designed control
procedures on Quanser’s SLRIP platform.
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5.1. HIL Implementation

The resilience of the designed control procedures is evaluated through customized
experiments conducted on the Quanser rotary pendulum platform, depicted in Figure 8.

Personal Computer

NI ELVIS DAQ Board

Figure 8. Quanser rotary pendulum platform used for HIL experiments [21].

The angular positions of the SLRIP’s arm and rod are measured using high-resolution
encoders at a 1.0 kHz sampling frequency, with data acquisition performed via an NI-DAQ
Board. The encoder resolution was explicitly accounted for in the digital implementation.
The measured angles are obtained from raw encoder counts as shown in Equation (35).

271

0= WC (35)
where N is the encoder counts and C is the encoder resolution in counts per revolution.
This conversion ensures that the control algorithm operates on precise angular states rather
than raw counts, thereby maintaining accuracy in the feedback loop. The received signals
are filtered and then communicated to the control application over a 9600-bps serial link. A
customized LabVIEW-based software application is developed using LabVIEW 2018’s Block
Diagram tool. The control software runs on a 64-bit, 2.1 GHz Intel Core i7 processor with
16 GB RAM, which efficiently handles the fuzzy logic computations as well as the recursive
computations associated with the online variance adaptation functions. These functions
are implemented using C-language programming within LabVIEW’s Math Script tool,
while additional required functions are selected from the function palette. The customized
graphical user interface of the control application provides real-time monitoring and data
logging of the system’s control input and state variations. The angular velocities of both the
pendulum link and the rotary arm were computed from encoder position measurements
by numerical differentiation, followed by low-pass filtering to suppress measurement
noise. These filtered velocity estimates were then used in the control computations. The
control algorithm continuously performs the fuzzy logic computations and updates the
control signal at each sampling interval, leveraging the real-time clock of the embedded
processor. The SLRIP’s onboard motor driver modulates these updated signals to actuate
the DC servomotor, ensuring safe operation under discontinuous control demands. Each
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experiment begins with the manual stabilization of the pendulum link, ensuring consistent
initial conditions for a fair performance comparison.

5.2. Experimental Validation

To assess the performance and robustness against disturbances, each prescribed control
procedure is tested to maintain the pendulum link in the upright position and the horizontal
arm at its initial (reference) position. The following HIL experiments are used to validate
system resilience.

A. Position Regulation: This baseline experiment evaluates the system’s ability to main-
tain its reference positions without external disturbances. It replicates real-world
scenarios where a robotic system or an industrial manipulator must remain stable
under normal operating conditions. The time-domain profiles of 6(t), a(t), and Vj,(t)
are manifested in Figure 9.

0 (degrees) R Vo) S FLQR ~ ——SR-FLQR
181.5

180

178.5 - —t : ! G |
0 2.5 5 75 10 12.5 15

a(degreesy —— SR-FLQR

0 2.5 5 1.5 10 12.5 15
time (s)

Figure 9. Experiment A: Normal position regulation behavior of SLRIP.

B.  Impulse Disturbance Rejection: This experiment is conducted to evaluate the system’s
response to transient impacts. An impulse disturbance is injected into the control input
to assess the system’s capability to recover from sudden external shocks, such as power
transients, abrupt mechanical impacts, sudden hardware failures, or seismic forces in
engineering applications. A simulated 5.0 V pulse, having a span of 100 ms, is applied
whenever the horizontal arm reaches its maximum position. The corresponding
profiles of 6(t), a(t), and Vj,(t) are illustrated in Figure 10.
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Figure 10. Experiment B: Impulsive disturbance compensation behavior of SLRIP.

C.

Step Disturbance Compensation: This experiment evaluates the effect of a sudden
and sustained external force, similar to wind gusts on aircraft, ocean currents affecting
marine vessels, or sustained mechanical loads on industrial robots. A —5.0 V step
input is introduced in the control signal at t = 10 s to examine the control scheme’s
ability to manage abrupt but constant disturbances. The resulting variations in 6(¢),
a(t), and V4, (t) are depicted in Figure 11.

Sinusoidal Disturbance Attenuation: This test examines the control system'’s resilience
against periodic disturbances and mechanical vibrational effects, which are very
common in robotics, aerospace, and automotive control systems. Although real dis-
turbances such as sensor noise, friction, and backlash are non-periodic in nature, a
sinusoidal disturbance is employed for this test case as a structured input to sys-
tematically test the controller’s robustness. The sinusoidal disturbance provides a
repeatable and well-defined disturbance with continuous excitation across time, which
makes it suitable for stressing both the tracking and regulation capabilities of the
controller [48]. Moreover, stochastic disturbances are inherently present during the
hardware experiments, meaning the proposed controller was simultaneously exposed
to realistic non-periodic perturbations as well. A sinusoidal disturbance signal of the
form, d(t) = sin(20mt), is injected into the control signal to evaluate robustness. The
corresponding responses of (t), a(t), and V;, () are shown in Figure 12.
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Figure 11. Experiment C: Step disturbance compensation behavior of SLRIP.
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Figure 12. Experiment D: Sinusoidal disturbance attenuation behavior of SLRIP.

E. Model Error Rejection: This scenario assesses the controller’s capacity to compensate
for model inaccuracies and parametric variations, which occur in real-world applica-
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tions where the system dynamics evolve/alter over time. To simulate this effect, a
0.1 kg mass is attached beneath the pendulum link, creating a mismatch between the
real and modeled system dynamics. The system’s adaptability to this perturbation is
investigated via the time domain profiles of 6(t), a(t), and Vj,(t) shown in Figure 13.

0 (degrees)y e LQR - FLQR ——SR-FLQR

180 i

a (degrees) o LQR mmeeees FLQR —— SR-FLQR

75
time (s)

Vm (V) D 70): T FLQR ——SR-FLQR

0 2:5 5 7.5 10 12.5 15
time (s)

Figure 13. Experiment E: Model error rejection behavior of SLRIP.

5.3. Analysis and Discussions

The following seven Quantitative Performance Measures (QPMs) are used to evaluate

each controller’s performance under the given test scenarios.

1.
2.
3.

N o U

RMSE;—Root mean square (RMS) error in the pendulum link and arm positions.
M,, p—Peak overshoot magnitude of the rod following a disturbance.

T, o—Time required for the pendulum link to settle within +5% of 7r rad. reference of
the pendulum (~0.157 rad.) after a transient disturbance.

aoii—Offset in the horizontal arm’s position after disturbance application.
op-p—Peak-to-peak magnitude of oscillations in the arm after disturbance application.
MSVy—Mean squared value of the motor control voltage.

Vp—Maximum control voltage after disturbance application.

The RMS error is evaluated as shown in Equation (36).

(36)

where z = « or 6, and M is the number of samples. The settling time T; g is evaluated from

the pendulum’s response as expressed in Equation (37).

Tso = min{t | |e-(t)| < 0.157} (37)
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The mean-squared value of motor control voltage is evaluated as shown in (38).

MV — - 3 (u(t))? (39)
" Mk 1

The HIL experimental results confirm that the proposed SR-FLOR scheme exhibits
superior position regulation, robust disturbance compensation, rapid response speed, and
minimal control energy consumption. A quantitative analysis of the experimental results is
presented in Table 3, with a qualitative discussion presented below.

Table 3. Quantitative evaluation of experimental results.

QPM Control Scheme
Experiment 5
Symbol Unit LOR FLOQR SR-FLQR
RMSEgq deg. 0.49 043 0.38
A RMSE 4 deg. 14.64 13.38 10.81
MSVp, V2 7.53 7.09 5.87
RMSEgq deg. 0.82 0.66 0.52
My 0 deg. 2.87 2.58 2.15
B Ts0 S. 0.78 0.61 0.52
RMSE deg. 13.74 9.82 8.42
MSVy, V2 10.06 10.19 7.52
Vp \Y —11.94 —10.05 —8.99
RMSEgq deg. 0.96 0.68 0.45
RMSE 4 deg. 34.81 26.98 21.31
C Kot deg. —42.12 —29.92 —25.40
p-p deg. 30.78 33.88 21.37
MSV, V2 27.70 21.01 17.98
RMSEgq deg. 0.51 0.47 0.38
D RMSE deg. 10.93 8.21 4.29
MSV, V2 13.21 11.34 8.57
RMSEgq deg. 1.01 0.83 0.62
E RMSE 4 deg. 16.84 14.22 11.18
MSV, V2 11.29 12.42 10.03

In Experiment A, the fixed-gain LQOR exhibits the weakest performance among the
tested controllers, exhibiting the highest position-regulation errors and excessive control
energy usage. The FLQR improves accuracy and reduces control costs, while the SR-
FLOR further enhances tracking precision and energy efficiency. In Experiment B, LOR
demonstrates weak disturbance rejection, leading to slow recovery, large overshoots, and
high control demands. FLQR mitigates overshoots and speeds up response, but at the
cost of disrupted control activity. SR-FLQR ensures faster recovery, better damping, and
lower peak control input demands, optimizing efficiency. In Experiment C, LQR fails
to compensate for step disturbances, resulting in large angular offsets. FLQR reduces
fluctuations, but with erratic control energy usage. SR-FLQR provides faster recovery,
better disturbance rejection, and smoother control with lower peak torque requirements. In
Experiment D, LQR struggles with sinusoidal disturbances, causing large state fluctuations
and poor control efficiency. The FLOR offers better immunity, but SR-FLQR outperforms
both by minimizing fluctuations and reducing chattering while maintaining smooth control.
In Experiment E, LOR inadequately handles modeling errors, leading to large perturbations.
The FLOR improves position regulation and control efficiency, while SR-FLQR delivers the
best error compensation with strong damping and optimal energy usage.
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Quantitatively, SR-FLQR improves position regulation, energy efficiency, transient
recovery, and overshoot reduction by significant margins over both LQR and FLQR. As
compared to the baseline LQR, SR-FLQR exhibits a 22.4% improvement in RMSEy, a 26.2%
reduction in RMSE, and a 22.0% reduction in MSV,, under nominal conditions. In the
disturbed state, as compared to LQR, the SR-FLQR demonstrates a 25.1% reduction in
M0, a 33.3% reduction in T g, a 24.7% reduction in the peak servo control demands,
a 39.7% improvement in o.¢, and a 30.6% enhancement in . As compared to the
baseline FLQR, SR-FLQR exhibits an 11.6% improvement in RMSEg, a 19.2% improvement
in RMSE, and a 17.2% improvement in MSVp, under nominal conditions. In the disturbed
state, as compared to FLQR, the SR-FLQR demonstrates a 16.7% reduction in M ¢, a
14.8% reduction in T g, a 10.5% reduction in the peak servo control demands, a 15.1%
improvement in o, and a 36.9% enhancement in o,-p.

These enhancements stem from its self-regulating weight-adjusting function, which
increases adaptability and enables dynamic restructuring of the control scheme for optimal
performance. The superior responsiveness of SR-FLQR is evident in its rapid yet precise
variance adjustments, allowing it to effectively counteract disturbances.

In practical digital implementations, the proposed SR-FLOR offers strengths such as
online self-tuning without requiring explicit system models, robustness against parameter
variations, and ease of integration with existing LOR frameworks. However, its limita-
tions include increased computational demand due to the fuzzy inference and variance
adaptation layers, potential sensitivity to discretization delays at low sampling rates, and
the need for careful tuning of adaptation gains to avoid excessive actuator effort. These
aspects should be considered when deploying the controller in embedded hardware with
limited resources.

5.4. Comparison with a Robust SMC Controller

To benchmark the proposed control strategy further, a comparison was performed
against Gao’s power-rate SMC law, a well-known robust method designed to handle model
uncertainties and external disturbances. The SMC was implemented using the same system
model and experimental setup. The SMC formulation adopted for comparison in this study
follows the control law design proposed in [7], and is expressed in Equation (39).

u(t) = —(PTB)il (PTAx(t) + m|s(t)|75gn(s(t))) (39)

where s(t) is the sliding surface, F' is a state-error weighting vector,  is a positive scaling
factor, -y is the positive fractional power of s(t), and sgn(.) is the “signum” function. The
sliding surface s(f) is computed as shown in Equation (40).

s(t) = Fp(t) (40)

such that,
p(t) = x(t) — Xref

where x,.r = [O T 00 } ! is the reference state vector. The tuned parameter values
used for controlling the Quanser SLRIP system were adopted from the study in [7], with
m = 4.07, v = 0.45, and FI' = |-316 7348 —3.02 925 |.The SMC-regulated SLRIP
system is subjected to the same tests as discussed in Section 5.2. The graphical results
yielded by Experiments A to E, conducted to compare the performance of the SR-FLQR
against the SMC, are shown in Figures 14-18.

The experimental results are quantitatively presented in Table 4. The experimental
results show that while the SMC law achieves acceptable stabilization of the rotary inverted



Machines 2025, 13,939

pendulum, it exhibits chattering in the control input and larger steady-state fluctuations in
both the pendulum angle and the rotary arm position. In contrast, the proposed SR-FLQR
significantly reduces oscillations, improves tracking precision, and requires lower control
effort. Quantitatively, SR-FLQOR yielded smaller variance and RMSE values across all state
variables compared to SMC, thereby demonstrating superior disturbance rejection and

smoother control action.

0 (degrees) - SMC - —— SR-FLQR
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Figure 14. Experiment A: Normal position regulation behavior of SLRIP.
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Figure 15. Experiment B: Impulsive disturbance compensation behavior of SLRIP.
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Figure 16. Experiment C: Step disturbance compensation behavior of SLRIP.
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Figure 17. Experiment D: Sinusoidal disturbance attenuation behavior of SLRIP.

These findings confirm that the proposed SR-FLQR framework not only enhances
performance over conventional LQR and FLQR but also outperforms an established ro-
bust control method such as SMC, highlighting its practical effectiveness for inverted
pendulum stabilization.
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Figure 18. Experiment E: Model error rejection behavior of SLRIP.

Table 4. Comparative analysis of SMC with SR-FLQR.

Experiment OPM Control Scheme Improvement in
Symbol Unit SMC [7] SR-FLQR SR-FLOR (%)
RMSEq deg. 0.40 0.38 5.0
A RMSE deg. 11.85 10.81 8.8
MSV, V2 19.71 5.87 70.2
RMSEq deg. 0.61 0.52 14.8
M0 deg. 2.20 2.15 2.3
Ts0 s. 0.72 0.52 27.8
B RMSE 4 deg. 10.34 8.42 18.6
MSVn V2 14.71 7.52 489
Vp Vv —16.02 —8.99 439
RMSEg deg. 0.91 0.45 50.5
RMSE deg. 27.70 21.31 23.1
C Koff deg. —35.91 —25.40 29.3
MSVp, A 30.33 17.98 40.7
RMSEq deg. 0.44 0.38 13.6
D RMSE deg. 8.69 429 50.6
MSVp, V2 19.94 8.57 57.0
RMSEgq deg. 1.06 0.62 415
E RMSE deg. 12.42 11.18 10.0
MSVp, V2 22.54 10.03 55.5

6. Conclusions

This study validates the effectiveness of a self-regulating fuzzy-LQOR control approach

incorporating reconfigurable hyperbolic functions for intermediate error modulation in

SLRIP systems. The proposed controller leverages self-regulating nonlinear scaling tech-

niques to enhance adaptability, resilience, and transient response against bounded external

disturbances. By dynamically modifying the variances of cubic HTFs, the scheme elimi-

nates inaccuracies in heuristic calibration and optimally reconfigures its control structure

in real time. The experimental results demonstrate that the adaptive variance adjustments

significantly improve transient behavior, reinforce control action against tracking fluctua-
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tions, and reduce the actuator’s control demands while preserving the system’s closed-loop
stability under diverse operating conditions. The proposed methodology effectively mit-
igates nonlinear complexities and parametric uncertainties, offering a more flexible and
resilient control strategy. The proposed SR-FLQR technique is notably scalable and can
be extended to numerous underactuated electromechanical systems, including flexible
joint manipulators, bipedal robots, quadrotors, or VTOL platforms. In all these cases, the
LQR component of the control law would necessitate an accurate linearized state-space
model around a predefined equilibrium point. However, as system dynamics become more
complex, the selection of fuzzy rules, membership functions, and scaling parameters would
also become nontrivial and computationally demanding.

Future research may explore several directions to strengthen the robustness of the
proposed control framework further. First, the LQR component may be replaced with
state-dependent Riccati equation control or nonlinear MPC to address the challenges
associated with the system’s nonlinearities. Second, the proposed control scheme can be
validated on a broader class of underactuated electromechanical systems, such as flexible
manipulators, quadrotors, and humanoid robots. Third, the manual formulation and
tuning of fuzzy rules and membership functions can be streamlined through data-driven
techniques, including adaptive neuro-fuzzy inference systems (ANFISs), evolutionary
algorithms, or reinforcement learning. Fourth, online self-organizing algorithms can be
integrated with the proposed control framework for real-time shape adaptation of scaling
functions. Fifth, the integration of a fuzzy adaptive system with fractional-order PID
control to adaptively regulate the control input can also be investigated in future work.
Finally, the influence of viscous friction in DC motors must be explicitly incorporated into
the system model in future work. Accounting for this effect is expected to improve the
accuracy of the system’s dynamic model representation and provide deeper insight into
the controller’s robustness under more realistic actuator conditions.
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