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Abstract

An asymmetric-coupling decentralized control framework is developed using a Lya-
punov-like lemma to achieve synchronization and trajectory tracking among multiple ro-
bots. Multiple robots are treated as a single integrated system when employing a Lya-
punov-based strategy to design the asymmetric coupled control system. The challenge of
verifying the negative semi-definiteness of the Lyapunov function’s time derivative, due
to the inclusion of asymmetric coupling terms from the controllers, is addressed through
grouping and factorization techniques. The benefits of asymmetric coupling control are
demonstrated in comparison to two-way coupling control. Two, three, and four robots are
studied, respectively. In graph theory, several control-coupling topologies exist for net-
worked robots. A family of coupling topologies for the four-robot system is compared
and ranked in terms of the joint convergence speed and servo gains. Numerical simula-
tions and comparisons are conducted to verify the theoretical results.

Keywords: synchronization control; asymmetric coupling; networked robots; trajectory
tracking

1. Introduction

From a mathematical perspective, the control of multiple robots constitutes a prob-
lem involving coupled nonlinear differential equations. While controlling a single robot
to perform a task, such as tracking a desired trajectory, is relatively straightforward, coor-
dinating multiple robots to achieve both synchronization and trajectory tracking is signif-
icantly more complex due to the coupling interactions among the robots [1,2]. This chal-
lenge is closely related to the field of decentralized control in multi-agent systems.

There are many studies on the decentralized and distributed coordinated control of
multi-agent systems [3-7]. For example, in [8], the algebraic graph theory and Nyquist
diagram are used to conduct the control design for the formation of multi-agent systems,
the systems are treated as particles, and the connections between particles are treated as
a linear system. In [9], a decentralized synchronization concept is proposed for up to ten
robots in terms of scalability based on 5G and cloud computing for communication be-
tween the robots. However, the control strategy and its stability are not explicitly illus-
trated. In [10,11], the Udwadia—-Kalaba approach is used for synchronization and distrib-
uted consensus control design for networked mobile carts. However, the Udwadia—
Kalaba method is primarily used for constrained systems (i.e., the initial conditions are
not known or cannot be arbitrarily assigned) and has limited applicability. Robotic
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manipulators are typically unconstrained systems in terms of initial conditions. Addition-
ally, the designed controller is a two-way coupled control system, which could increase
the servo feedback gains. High feedback gains are not ideal for human-robot interaction
situations. Furthermore, mobile carts are significantly different from robotic manipula-
tors, which are highly nonlinear. Recently, there has been development in event-triggered
control systems and adaptive methods in multi-agent synchronization for multiple robots
[12-16]. For example, in [17], a distributed event-triggered control is developed for multi-
robot cooperation instead of multi-robot synchronization. The designed control frame-
work does not rely on global information, and similarly, in [18-21] an event-triggered de-
centralized control system is developed for multi-robot cooperative tasks. In [22], a decen-
tralized coordinated control system is developed based on a Lyapunov-like lemma for
multiple robot arms grasping a common object and conducting trajectory tracking. The
controller designed above essentially is a set of independent controllers using a reference
error signal between the state of each robot and the desired state, without coupling be-
tween them. As a result, the robot system can deviate from the desired trajectory if it is
subject to external disturbances. In [23], a cooperative control system is designed for mul-
tiple agents with linear dynamics based on distributed optimization. The proposed tech-
nique is limited to linear dynamics, whereas robotic manipulators are highly nonlinear.

The objective of this paper is to design an asymmetrically coupled control system for
each robot within a highly nonlinear multi-robot system, enabling both synchronization
and trajectory tracking. The coupled control design is related to the decentralized and
distributed coordinated control of multi-agent systems in that here we are designing the
controller for every single robot so that they achieve synchronization and then track the
desired trajectory, rather than focusing on the coordination and formation of multiple ro-
bots.

Several studies have focused on bidirectional or two-way coupling [24-32] in multi-
ple robots. The potential problem with two-way coupling is that it requires high servo
feedback gains to achieve synchronization and trajectory tracking, which can make the
robot stiffer and therefore unsafe in a human-robot interaction environment [33-37]. We
refer to asymmetric coupling (i.e., one-way coupling) when robot one gives information
to robot two but does not receive information from robot two. In other words, robot one
is the leader, and robot two is the follower. Several studies [38-43] have been conducted
on the leader—follower trajectory tracking problem, mostly focusing on first-order systems
rather than on synchronization and trajectory simultaneously. For example, in [38], the
authors studied the stabilization of a formation for a group of vehicles using contraction
theory, but the model is not two-dimensional, unlike the two-link robotic manipulator.
Also, it does not focus on the synchronization and trajectory tracking problem simultane-
ously. In [39], the perturbation method is used to design the synchronization controller
for a network of wave PDEs. In [40], the authors conducted a control design for the syn-
chronization of a leader—follower network of a second-order system, but only focused on
the synchronization problem. Not many studies on the one-way coupling control of mul-
tiple-robot systems can be found. One remarkable work in [44] derived a control system
for multiple robots to both synchronize and track a desired trajectory, which is a simpli-
fied version of the control law proposed in [45]. It shows that it is possible that robots
synchronize but do not follow the desired trajectory. However, the coupling term in the
control law involves two-way ring coupling.

Inspired by the studies above, this paper focuses on the asymmetric coupling (i.e.,
one-way coupling) control design for multiple robots’ synchronization and trajectory
tracking. It demonstrates the features and advantages of such an asymmetric approach
compared to existing works in terms of joint convergent speed and servo gain strength.
In comparison to two-way coupling, with identical physical parameters, initial conditions,
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and servo gains for robots, symmetric coupling control shows that the robots do not track
the desired trajectory, even when they exhibit synchronization behavior. Furthermore, a
high servo feedback gain is required for two robots to both synchronize and track the
desired trajectory using existing symmetric coupling control. The advantage of having a
low feedback gain, for example, during robotic manipulation, is that it places the robot in
joint impedance mode, making it capable of exploring the actual position and contour of
the object being manipulated. This enables the robot to accomplish the task even if the
trajectories being programmed are not tracked exactly. Numerous studies have suggested
that high servo gain can make robots stiffer, and therefore, it is not ideal for robots to work
in a human-robot interaction environment [34-37]. For example, when robots accidentally
come into physical contact with a human operator, the contact must be soft and compliant
enough to avoid causing injury. Similarly, in robotic arm manipulation, during trajectory-
tracking motion, the robot’s joint trajectory often deviates from the desired path due to
modeling errors. When the joints are set to a high-stiffness mode, the system becomes less
flexible, making it harder to adapt to the actual contour and trajectories of the object being
manipulated [46,47]. Two, three, and four robotic manipulators are used, respectively.

Based on graph theory, there is a family of control coupling topologies, and we will
investigate each coupling topology and come up with the best coupling option in terms
of robot convergent speed and safety factors. In the case of two-robot systems, only one
coupling topology exists. For three-robot systems, there are two possible topologies: tree
coupling and fully connected coupling. When extended to four-robot systems, nine dis-
tinct coupling topologies emerge. Each of these topologies will be analyzed and compared,
and a ranking will be established based on joint convergence speed and servo gain
strength.

The contributions of this paper are as follows: (1) An asymmetric coupling control
framework is developed for multiple robots” synchronization and trajectory tracking, us-
ing a Lyapunov-like lemma to treat multiple robots as one whole system. The proposed
method offers several advantages, as follows: it ensures synchronization even when ro-
bots have different initial conditions or physical parameters, and it remains robust against
external disturbances. Moreover, it allows for simultaneous proof of both synchronization
and trajectory tracking, along with the derivation of their respective conditions. Im-
portantly, without compromising synchronization or tracking performance, the proposed
asymmetric coupling control framework enables the use of lower servo feedback gains
compared to traditional two-way coupling control, allowing the robot to operate in joint
impedance mode. This is particularly beneficial in physical interaction scenarios, such as
human-robot interaction or robotic manipulation [37,46]. (2) A family of control coupling
topologies derived from graph theory is discussed and compared, and sufficient condi-
tions in terms of servo gain and coupling gain are derived for the robots to synchronize
and track the desired trajectory under each coupling topology. The novelty of this work
lies in the fact that we treat all robots as one single system when using a Lyapunov-based
strategy to design the asymmetric coupled control systems. If we treat every single robot
separately, achieving synchronization of all robots is generally impossible unless all ro-
bots have the same initial conditions, same physical parameters, and same trajectory
tracking control algorithm without external disturbances. The technical advantages of this
paradigm, treating all robots as a single integrated system, are that synchronization be-
havior can be guaranteed even if the robots have different initial conditions or even with
different physical parameters, and they are immune to external disturbances. Further-
more, the benefit of the proposed method is that we can simultaneously prove the syn-
chronization and trajectory tracking of the robots and derive the synchronization and tra-
jectory-tracking conditions, instead of treating them separately. On the other hand, a key
challenge in applying a Lyapunov-like lemma to the asymmetric coupled control design
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of multiple robots lies in the presence of coupling or interaction terms between individual
controllers, each tailored to a specific robot, resulting from the embedded asymmetric
coupling mechanism within the Lyapunov function. When we calculate 1% (i.e.,, Lya-
punov function derivative), two-way coupling control cancels out most of the terms in v,
which makes the problem easy. However, this comes at the cost of increased servo gains.
When embedding the asymmetric coupling mechanism in the Lyapunov function, the
asymmetric coupled controller complicates the calculation of 14 compared to the two-
way coupled controller, and to ensure that it stays negative, a certain condition in terms
of servo feedback gains and coupling gains must be satisfied, which is one of the main
results this paper will derive. The challenge of verifying the negative semi-definiteness of
v, arising from the asymmetric coupling terms in the controllers, will be addressed
through the addition and subtraction of carefully chosen terms, followed by factorization.

Compared with some existing multi-robot synchronization approaches based on
two-way coupling [24-29], this study differs in the following aspects. Firstly, all robots are
considered as one integrated system in the Lyapunov analysis, which enables simultane-
ous proof of synchronization and trajectory tracking. Secondly, an asymmetric coupling
approach is presented that allows for lower feedback gains while maintaining stability
performance, which is not attainable through the traditional symmetric coupling ap-
proach. Finally, the synchronization and tracking conditions are derived for a family of
graph-based coupling topologies under different robot parameters and external disturb-
ances.

The organization of this paper is as follows. The proposed asymmetric coupling con-
trol framework and its design for two robots and three robots are presented in Section 2.
All control coupling topologies derived from graph theory are discussed for the four-ro-
bot system in Section 3. Section 4 provides a comparison between the proposed asymmet-
ric coupling control and the two-way coupling control approach that exists in the litera-
ture. The numerical simulation and comparison for two-robot, three-robot, and four-robot
systems under asymmetric coupling control and two-way coupling control are provided
in Section 5.

2. Asymmetric Coupling Control Framework

The proposed synchronization control law contains asymmetric coupling terms. To
address the coupling phenomena among the robots, prove the stability of the proposed
controller, and ensure that the robots achieve both synchronization and trajectory tracking,
we model the multiple robots as a single integrated system rather than designing control-
lers individually for each robot. In [44], the contraction analysis tool is used to prove the
tracking and synchronization performance of the two-way ring-coupling control law. Our
proposed methodology is an alternative approach to proving control stability, synchroni-
zation, and trajectory tracking performance. The advantage of the proposed method is
that we can prove the synchronization and trajectory tracking of robots simultaneously
and derive synchronization and trajectory-tracking conditions simultaneously, instead of
treating them separately, as done in [44]. Also, the proposed approach applies not only to
identical robots but also to nonidentical robots.

2.1. Two-Robot System

The robot considered is a two-link manipulator. Each robot consists of two links and
two joints, and it is fully actuated. For the two-robot system, tree coupling is the same as
fully connected coupling. For the two-robot system as shown in (1), the goal is to design
the control inputs U, and U5, such that both robots synchronize and track the desired
trajectory.
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Miéi+Viéi+Gi =U; i=12 (1)

where M; (i = 1, 2) is the mass matrix of the ith robot, and its dimension is two by two,
as it is a two-link robotic manipulator. V; represents the centrifugal and Coriolis term,
and its dimension is also two by two. G; is the gravitational term, and its dimension is
two by one. M;, V;, and G; are all state-dependent. U; is the control input we need to
design, and its dimensions are two by one. u1 and u2 should be coupled to achieve syn-
chronization. The mass matrix of the robot is a function of the joint angles. As the two
robots might have different initial conditions, their mass matrix will differ. We use My
and M, torepresent the mass matrix of the first robot and the second robot, respectively,
and generally, M; # M,, even though the two robots are identical. The same applies to
the terms V; and Gj. The proposed asymmetric coupling controller is shown in Equation
(2). As shown in Figure la, we use the one-way arrow to represent robot 2 giving infor-
mation (i.e., its joint position and velocity) to robot 1. Robot 2 does not receive information
from robot 1.

( Robot1 | Robot 1 |  Rovot1 |
‘\/\ /,// ,lf\ . v \7 '\
( Robot 2 ] [ Robot 2 ‘:‘L(: 1: Robot3 | Robot2 K 1 Robot 3

@) (b) (c)

Figure 1. Asymmetric coupling. (a) Tree/fully connected coupling. (b) Tree coupling. (c) Fully con-
nected coupling.

Theorem 1. Two identical robotic manipulators will both synchronize and track the desired tra-

jectory using the proposed asymmetric coupling control law shown below if kq > %kz.

Uy _ T1 _K1 Kz S1
[uz] - [Tz] + [ 0 _Kl] [52]
ky, O k, 0
where K; = 01 k ] and K, = [02 k ] are the gain matrices. The scalar ki and k,
1 2

are the gains of the servo control law portion and the coupling gain between the robots, respectively.

Proof. To handle the coupling phenomena among the robots’ control, a common Lya-
punov function for the two identical robots as one whole system is

I,
V= Ez sTM;s; @)
i=1

where 1 = 2. Taking the time derivative of V and using the fact that M; — 2V; is skew-
symmetric, we have

2
V= Z st (u; — ;) ©)
i=1

where T; = Miéi‘r + Viéi‘r + Gi/ éi‘r = éd - Aei, S; = él + /161', and e, = Qi - Hd'
0, =[0i1 Qi_z]T are the joint angles of the ith robot, and 85 = [04 1 Qd_z]T is the
desired trajectory that we want the robots to follow. As K; = k41 and K, = k,I, where
I is the identity matrix, the control system in Theorem 1 can be rewritten as follows:
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u T —k k s
R B B I [ @
U T2 0 —kqills2
where k,S, is the asymmetric coupling term. Substituting the controllers u; from

Equation (4) into V, we have
V = —(klsfsl - sz{Sz + klsgSZ) (5)

By grouping and factorization, V is rewritten as
y T 1 T T
V= —ki(s1—52) (51— 52) — (ky — Ekz)(51 1+ 5257) ©)

From Equation (6), when k; > %kz > 0, V < 0. Based on Barbalat’s lemma [48],

V = 0 astime approaches infinity (t = ©0). Based on the structure of Equation (6), the
only place that makes V' — 0 is 5; tendsto0Oand S, tendsto0 (s; = S, — 0), which
indicates that ¢; = 0, €4 = 0, and e, = 0, é, = 0. This means the two robots track

1
the desired trajectory and, in the meantime, synchronize. Note that k; > > k, is a suffi-

cient condition for all robots to have synchronization and trajectory tracking. O

1
Lemmal.If kq = P k, two robots will synchronize but not necessarily track the desired trajec-

tory.

Proof. If k, = 2k;, V in Equation (5) can be rewritten as
V=—ki(sTs; —2sTs, +sTs,) = —k;(s; — 5,)T(s; —s,) < 0fork; > 0.

Based on Barbalat’s lemma, V—o>0ast— 00, which further indicates that S; ap-
proaches S, (S; = S3), but not necessarily tends to 0, which indicates that two robots

will synchronize, but not necessarily track the desired trajectory.O

Lemma 2. Using the asymmetric coupling controller proposed in Theorem 1, the two non-identical

robots will still both track the desired trajectory and synchronize if kq > %kz.

Proof. Same process as before because the term 7; cancel its own dynamics in Equation
(3). O

The benefit of this common Lyapunov analysis method, which treats two robots as
one system, is that we proved the synchronization and trajectory tracking of the robots
simultaneously and derived the synchronization and trajectory-tracking conditions sim-
ultaneously, instead of treating them separately, as done in [44]. Also, the approach pro-
posed here applies not only to identical robots but also to non-identical robots. The reason
is that each controller for its robot cancels out its own dynamics, i.e., the terms T; and
T, in the control law in Equation (4) use their own state feedback to cancel out their own
dynamics, as shown in Equation (3), even if the two robots are non-identical. The control-
ler designed here is a decentralized control system in which each controller controls its
own robot, and there exists coupling between each controller.

2.2. Three-Robot System

Tree coupling: The tree coupling approach is shown in Figure 1b. The proposed con-
troller corresponding to the tree coupling is illustrated in Equation (7), and this is an
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asymmetric coupling control. Robot 3 is the leader; robot 3 passes information (its joint
position and velocity) to robot 2, and robot 2 passes information to robot 1.

Uy _kl kZ 0 S1
Us S3

0 O _kl
where s; = €, + Ae;, e; = 0; — 04, and 0; represent the state of the ith robot, and 8,4
represents the desired state.

+

T
T2
T3

Theorem 2. Using the asymmetric tree coupling controller proposed in (7), three identical robots
both synchronize and track the desired trajectory if ki = k.

Proof. The Lyapunov function for three identical robots as one system is the case when n
=3 in Equation (2), and by taking its time derivative,

3
J = Ty, — . 8
|4 lel (u; — 7;) 8)

where 0; = 04 — Aey, T; = M;0;, + V;0;, + G;. Substituting controllers u; into V,
we have

V = —k151T51 + sz{Sz - kls’ZTSz + szg'Ss) - k15§53 (9)

Grouping and factorization result in

. 1 1
V= —§k2(51 - Sz)T(51 —53) — Ekz(sz - 53)T(52 —53) — (k4

1 T T 1 T
- 5"2)51 S1— (k1 — kp)sy5, — (kg — §k2)53 S3

Based on Barbalat’s lemma, if k; >k, >0, V > 0 as t > 00.As V is anegative

summation of the squared, V — 0 indicates that S1 = Sy = S3 = 0, i.e, three robots

(10)

both synchronize and track the desired trajectory. If k; = k,, then V becomes V =

1 1 1 T 1 T
_5k2(51 —52)7(s1 = 82) — Ekz(sz —53)T(sz —53) — §k251 S1— 5k253 s3 <0.
That is, V->0ast— 00, which means three robots synchronize and track the desired
trajectory. Overall, k; = k;, is the condition for three robots to synchronize and track
the desired trajectory. O

Lemma 3. Using the asymmetric tree coupling controller proposed in (7), three non-identical ro-
bots still both synchronize and track the desired trajectory if ki = k.

Proof. Same process as before, because the terms T;, T,, and T3 cancel their own dy-

namics. O

Fully connected coupling: The fully connected coupling control is shown in Figure
1c. It has a cyclic or ring topology. The proposed controller corresponding to the fully
connected coupling is

Uuq T1 —k1 kz 0 S1
Uz T3 k, 0 —kyllss
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Theorem 3. Using the asymmetric fully connected coupling controller proposed in (11), three
identical robots will both synchronize and track the desired trajectory if kq > k.

Proof. Noted that if we add the k,S; termin uz for tree coupling, then it becomes fully
connected coupling. The procedure is the same as we followed for tree coupling, the only

difference being that in V, there will be an extra term, k, S;: S1, which results in

. 1 1
V= —§k2(51 - Sz)T(51 —S3) — Ekz(sz - 53)T(52 — S3)

1 T T T
- §k2(51 —53)" (51— 53) — (ky — k3)s151 — (k1 — k2)s;3 8,
= (ky — kz)Sgss

(12)

From Equation (12), k; > k, is the condition for V < 0. As V is a negative sum-
mation of the squared, V' — 0 indicates that s; = S, = 53 = 0, i.e,, three robots both

synchronize and track the desired trajectory. O

Lemma 4. If ki = k, then three robots synchronize without the guarantee that trajectory track-
ing will be achieved.

Proof. If k1 = kz , V = _%kz(sl - Sz)T(Sl - Sz) - %kz(Sz - S3)T(Sz - 53) -
%kz (s; — 53)T(s; — S3) < 0. Based on Barbalat's lemma, V = 0 as t = 00, which

means S; — Sy — S3, but not necessarily tending to 0. O

From the above, we can see that tree coupling is slightly better than fully connected
coupling in terms of the value of gain k; as ki = k, isrequired for three robots to both
become synchronized and track the desired trajectory under tree coupling, whereas ki >
k, is required for fully connected coupling.

3. Four-Robot System

There are several coupling topologies for the four-robot system, and based on graph
theory, we can categorize them into the following [49]: tree coupling, pruning coupling,
DeVille/ring coupling, Macaulay2 coupling, and fully connected coupling. For each cate-
gory, there are also a few possibilities. We will discuss all coupling possibilities, derive
the synchronization and trajectory tracking conditions for each of the coupling scenarios,
and compare each one of them.

Tree coupling: In tree coupling, one robot is the leader, and it gives information (i.e.,
joint position and velocity) to the rest of the robots. It has a hierarchical control system
structure. As shown in Figure 2a, robot 4 is the leader, and it passes information to robot
1, robot 2, and robot 3, but there is no direct connection among robot 1, robot 2, and robot
3. The proposed asymmetric coupling control system corresponding to the tree coupling
is

Up T4 -k, 0 0 ky 1151
U, T2 0 —k1 0 kz So
uz| 73 + 0 0 —ki k,||S3 (13)
Uy T4 0 0 0 —kqlLSa

where T, = Miél'r + Viéir + Gi/ 9i7‘ = Hd - Aei,i= 1,2, 3 4.
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( Robota | ‘\A-_‘ SN &\ et J,
) [ \\\ A ,’ \
| Robot4 | [ Robotl | | Robot4 | [ Robot1 | \ Robot 4 \ [ Robot1 )
( Robot3 | / / / \ / \ / \ /
\ / \. / \ / \ P
(@ (b) (c) (d)
Vil \\\ / \\\ , \ / N\ VRN g
Robot3 [~} Robot2 | Robot3 |~} Robot2 Robot 3 | ">‘ Robot 2 Robot3 [~ Robot2
\ \ / \ / \ /
\_ A \ L\
7 ﬂ ‘/;\’ \\// I ~ NN T
I %
/ N\ \ 2%
Robot4 (] Robotl | Robot4 | ( Robot 1 Robot 4 ; j Robot 1 Robot 4 Robot 1
/ / ‘\ / 4 \ // \
N/ S \___ \___/

() (8) (h)

Robot3 [~} Robot2

Robot4 [~ Robot1

(i)
Figure 2. Four robots’ asymmetric coupling possibilities: (a) tree coupling; (b) first pruning coupling
scenario; (c) second pruning coupling scenario; (d) third pruning coupling scenario; (e) DeVille/ring
coupling; (f) first Macaulay2 coupling scenario; (g) second Macaulay2 coupling scenario; (h) third

Macaulay2 coupling scenario; (i) fully connected coupling.

Theorem 4. Using the asymmetric tree coupling controller proposed in (13), four identical robots

will both synchronize and track the desired trajectory if ki > %kz.

Proof. The Lyapunov function for four identical robots as one system is the case when n
=4 in Equation (2). Taking its time derivative,

4
V=> sT(u—-1) (14)
2

where T; = Miéir + Viéir + G;. Substituting controllers Uq, Uy, Uz and U, into v,
we have

V = —kysTsy + kysTsy, — kysTs, + kysTsy — kiShss + kyshsy, — kysks, (15)

Grouping and factorization result in

V= —§k2(51 - 54)T(51 —54) — Ekz(sz - 54)T(52 — S4)
1 r 1 r
- Ekz (53 —54) (53— 54) — <k1 - Ekz) S151 (16)

1 1 3
~ (ki = 5ka) 5T, = (b = 3 Ko ) T35 = (B = S ) s,

https://doi.org/10.3390/machines14020190
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We see that k; > %kz is the condition for V < 0. If k; > %kz, V—->0ast—

0. As V isa negative summation of the squared, V - 0 indicates that each term must

be zero, which means four robots both synchronize and track the desired trajectory. O

Lemma 5. Using the asymmetric tree coupling controller proposed in (13), four non-identical ro-

bots will still both track the desired trajectory and synchronize if kq = %kz.

Proof. Same process because the terms Ty, Ty, T3, and T4 cancel their own dynamics in
Equation (14). O

Pruning coupling: Pruning coupling is like tree coupling, as shown in Figure 2b. Ro-
bot 4 is the leader, and it gives information to robot 3, robot 3 passes the information to
robot 2, and robot 2 passes the information to robot 1. Note that this is not ring coupling
unless there is a direct connection between robot 4 and robot 1. The proposed asymmetric
coupling control corresponding to the pruning coupling is

Uy T, -k, ky 0 0 71181
u2 _ Tz 0 _kl kz O SZ
us\ _ lr3 "o 0 —ki k|53 {17)
Uy Ty 0 0 0 —ki1LSa

Theorem 5. Using the asymmetric pruning coupling controller proposed in (17), four identical
robots will both track the desired trajectory and synchronize if kq > k.

Proof. The same Lyapunov function and the same V as before. If we substitute the con-

trollers Uy, Uy, U3z and U, from Equation (17) into V, we have, after grouping and fac-
torization,

) 1 r 1 r
V= _Ek2(51 —52)" (51— 82) — Ekz(sz —53)" (S — 53)

1 1
- Ekz (s3 — 54)T(53 —S4) — <k1 - §k2> 51TS1 (18)

1
— (ky — kz)SzTSz — (ky — kz)Sgss - <k1 - §k2> 5154
Based on Barbalat’s lemma, if k; > k,, V>0 ast— o V-0 indicates that

each term must be zero, which means s; = s, = 53 = 0, i.e., four robots both synchro-

nize and track the desired trajectory. O

Lemma 6. If kq = ky, then four robots still both synchronize and track the desired trajectory.

. . 1 1
Proof. If kl S kz , V becomes V S _Ekz(sl - Sz)T(sl - Sz) - Ekz(Sz -
1 1 1
Sg)T(SZ - 53) - Ek2(53 - S4)T(S3 - 54) - Ekzsfsl - EkZSZSLL < 0 . Based on
Barbalat's lemma, V = 0 as t — 00, which means four robots synchronize, and trajec-

tory tracking is also performed. O

Note that for pruning coupling, the last four terms in V are

1 1
- (kl - ;kz)sfsl — (kg — kz)szTSz — (kg — k2)5§53 - (k1 - Ekz) 54{54/
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whereas for tree coupling, they are
1 1 1 3
- (kl - Ekz) SISl - (kl - Ekz) SgSZ - (kl - Ekz) S;Sg - (kl - Ekz) 5154.
We see that kq > k, isrequired for robots to become synchronized and track trajectories
3

under pruning coupling, and ki = ~k, is required for tree coupling. Tree coupling
makes robots synchronize and get on the desired trajectory faster than pruning coupling,
as shown in Section 5.

A second pruning coupling scenario is shown in Figure 2c. Robot 4 is the leader. Ro-
bot 4 passes information to robot 3, robot 3 passes information to robots 1 and 2, and robot
2 passes information to robot 1. The difference between the second scenario and the first
scenario is that robot 3 also passes information to robot 1 in the second scenario. The sec-
ond pruning coupling scenario is not symmetric, and intuitively, this coupling is not very
interesting or common in nature because, from a biological (e.g., bird flocking) perspective,

each agent should be evenly connected to others. The proposed controller corresponding
to the second pruning coupling scenario is

Uy (2] —ki ky k, 0 1151
u2 _ Tz 0 _kl kz O SZ
us\ _ lr3 "o 0 ki ko ||Ss (19
Uy T4 0 0 0 —kylLSa

Theorem 6. Using the asymmetric pruning coupling (2nd scenario) controller proposed in (19),

3
four identical robots will both track the desired trajectory and synchronize if kq > P k.

Proof. The same procedure as above. The only difference is that there is one extra term,
k 2 S { S 3 in VI

) 1 r 1 r
V= _Ek2(51 —52) (51— 52) — Ekz(sz —53)" (S — 53)
1
- Ekz(ss - 54)T(53 —54) — §k2(51 - 53)T(51 — 53)
T T 3 T
— (ky —ky)sisy — (ky — ky)sy 55 — (kg —ky | s383

1 2
- (kl - Ekz) 5154

(20)

3 . .
If ky > Ekz’ V=0 as t—>00. V=0 indicates that each term must be zero,

which means §; = S, — s3 = 0, i.e., four robots synchronize and track the desired tra-

jectory. O

A third pruning coupling scenario is shown in Figure 2d. Robot 4 gives information
to robot 3, robot 3 passes information to robot 2, and robot 2 passes information to robot
1 and passes information back to robot 4. Noticed that there is no leader in this case. The
corresponding control that represents the third pruning coupling scenario is as follows:

Uq 71 —k1 kz 0 0 S
uZ _ TZ 0 _k1 kz O Sz
1@‘ B ITs’ + 0 0 —ky ky|]|S3 @)
Uy T4 0 k, 0 —kqlLSs
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Theorem 7. Using the asymmetric pruning coupling (3rd scenario) proposed in (21), four identi-

cal robots will both track the desired trajectory and synchronize if kq > %kz.

Proof. Using the same procedure results in

. 1 1
V= —§k2(51 - Sz)T(51 —53) — Ekz(sz - 53)T(52 — 53)

1k r 1k r
E 2(S3 —54)" (53— 54) E 2(S4 —52)" (54— 532) 22)

1 3
- (k1 - §k2)51T51 - (k1 —Ekz)szTSz — (ky — kz)Sgss
— (k1 — kz)SZSzL

3 . .
If ky > Ekz’ V=0 as t—>o00. V=0 indicates that each term must be zero,

whichmeans S; = S, = 53 — 0, i.e., four robots both synchronize and track the desired

trajectory. O

3
The last two cases have the same result, i.e., k; > > k,. However, computer simula-

tion in Section 5 will show that the robots take a longer time to synchronize and track the
desired trajectory under pruning coupling (3rd scenario).

DeVille/ring coupling: DeVille/ring coupling is shown in Figure 2e. Robot 1 gives
information to robot 2, robot 2 passes information to robot 3, robot 3 passes information
to robot 4, and robot 4 passes information back to robot 1. Note that if we remove the
direct connection between robot 4 and robot 1, then it becomes pruning coupling. Also in
this coupling scenario, there is no leader. The corresponding control that represents
DeVille/ring coupling is as follows.

Uy S1
U, _ _kl kz S2
U,3 - “ I _kl 5‘3 (23)
Uy —k1 Sa

Theorem 8. Using the asymmetric ring coupling controller proposed in (23), four identical robots
will both track the desired trajectory and synchronize if kq > k.

Proof. The same procedure results in

. 1 1
V= —§k2(51 - Sz)T(51 —53) — Ekz(sz - 53)T(52 — 53)

1 T 1 T
- §k2(53 —54) (53— 54) — §k2(54 —51) (84— 51) (24)
— (kg — k2)51TSl — (kg — kz)sgsz — (kg — k2)5§53
— (ky — k2)5154
If ky >k, V=0 as t—>o0. V-0 indicates that 5; = 5, = 53 = 0, i.e,

four robots synchronize and track the desired trajectory. O

Lemma 7. If kq = Kk, then four robots synchronize without the guarantee that trajectory track-
ing will be performed.

https://doi.org/10.3390/machines14020190
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. 1 1
Proof. If kl = kz , V= _Ekz(sl - Sz)T(sl - Sz) - Ekz(Sz - Sg)T(SZ - 53) -

%kz (53— 54)T (53— 54) — %kz (s4 —51)T(s4 — 1) < 0.Based on Barbalat’s lemma,

V =0 as t — 00, which means §; = S, — S3 — 54, but they do not necessarily tend
to 0, i.e., four robots synchronize without the guarantee that trajectory tracking is achieved.
o

Note that this average, —(k; — k3)sTs; — (ky — ky)s¥s, — (kg — ky)sTs; —
(ky — kz)SZ S4, is very high, so it will take a longer time to track the desired trajectory
compared to pruning coupling, which will be seen in Section 5.

Macaulay2 coupling: Macaulay2 coupling is shown in Figure 2f, where there is no
leader, and robot 4 gives information to robot 3, robot 3 passes information to both robots
1 and 2, and robot 2 passes information to both robots 4 and 1. The corresponding control
for the Macaulay2 coupling structure is as follows:

Uy (2] —ki ky k, 0 1181
u2 _ Tz 0 _kl kz O SZ
us\ _ lr3 "o 0 —ki k|53 @)
u4 T4— 0 kz 0 _kl S4—

Theorem 9. Using the Macaulay2 coupling controller proposed in (25), four identical robots will
both track the desired trajectory and synchronize if ki > %kz.

Proof. For the Macaulay?2 coupling case, V = —%kz (51— 5)7(s; — 55) — %kz (s, —
1 1 1
53)T(52 —53) — 5k2(53 - 54)T(53 —54) — §k2(54 - SZ)T(S4 —53) — 5k2(51 -
3 3
53)T(51 —53) — (ky — k2)51TS1 - (k1 - Ekz) SzTSz - (k1 - Ekz) 5553 — (kg —
ky)sts,.
It shows that k; > %kz is the condition for V < 0.1f k; > %kz, V—->0ast—o

00, i.e., four robots both synchronize and track the desired trajectory. O

3
Compared to pruning coupling (3rd scenario), it has the same result, i.e.,, k; > > k,,
for robots to synchronize and track the desired trajectory. However, as we will see from
Section 4, Macaulay?2 coupling takes a slightly longer time for robots to become synchro-
nized and track the desired trajectory because the average, (k; — kz)S{ S —

3 3
(kl — Ekz) S%SZ — (kl — Ekz) S§S3 — (ky — kz)SZS4, is higher than the pruning
1 3
one, — (k1 - ;kz) S{s1— (kl - ;kz) 5352 — (ky — k3)sis3 — (ky — k2)sj sy
A second possibility for Macaulay2 coupling is shown in Figure 2g, where robot 4 is
the leader, and it gives information to both robots 3 and 2, and robot 3 passes information

to robot 2, robot 2 passes information to robot 1, and robot 1 passes information to robot
3. The corresponding control for the second possibility of Macaulay2 coupling is as fol-

lows:
Uy T, —ki ky 0 0 71181
uz _ Tz 0 _kl kz kz Sz
usl - IT3 + k, 0 —ky, K, ||ss (26)
Uy |s 0 0 0 —kllsa
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Theorem 10. Using control that corresponds to the second possibility of Macaulay2 coupling pro-
posed in (26), four identical robots will both track the desired trajectory and synchronize if kq >

3
=ks.
%)

Proof. Using the same procedure as before yields V= —%kz (s; — SZ)T(Sl —S,) —
%kz(sz —53)7(s2 = 53) — %k2(53 —54)" (53 —54) — §k2(54 —52)7(s4 = 55) —
%kz(sl —53)7(s1 = 53) — (key — kp)s{s; — (k1 - %kz) §352 — (kl -
%kz) 5353 — (ky — k3)s4s4.

If ke > %kz, V >0 as t > 00. As V is a negative summation of the squared,

V - 0 indicates that 5; = S, = S3 = 0, i.e., four robots both synchronize and track
the desired trajectory. o

This possibility has the same V result as the previous one, which means these two
different couplings generate the same results in terms of synchronization and trajectory
tracking time, as we will see in Section 5.

The third possibility of the Macaulay2 coupling is shown in Figure 2h, where robot 4
is the leader, and it gives information to both robots 2 and 3, robot 3 passes information
to both robots 2 and 4, and robot 2 passes information to robot 1. The corresponding con-
trol for the third possibility of Macaulay2 coupling is as follows:

Uy Tq —ki ky k, 0 1151
uz _ TZ 0 _k1 kz kz SZ
‘lm‘ - ITs all B 0 —ky, K, ||ss (27)
Uy T4 0 0 0 —kqlLSa

Theorem 11. Using the control corresponding to the third possibility of Macaulay?2 coupling pro-
posed in (27), four identical robots will both track the desired trajectory and synchronize if kq >

3
E kz .
Proof.

. 1 1
V==xsky(sy — Sz)T(51 —53) —sky(sy — 53)T(52 — 53)

2 2
- §k2(53 - 54)T(53 —S4) — Ekz(sz; - Sz)T(54 —S3)
1 (28)
- 5"2(51 - 53)T(51 —53) — (kg — kZ)S{‘Sl

3 3
- (k1 - Ekz)szTSz - (k1 - §k2)5'§53 — (ky — k3)sisy
Equation (28) suggests that k; > %kz is the condition for V < 0.So, if k; > %kz,

four robots both synchronize and track the desired trajectory. O

This possibility has the same V as the previous possibility; however, in Section 5,
we will see that robots get on the desired trajectory faster than in the previous two cases.
Fully connected coupling: The fully connected coupling is shown in Figure 2i, where
robot 4 is the leader, and it gives information to robots 1, 2, and 3, robot 3 passes

https://doi.org/10.3390/machines14020190
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information to robots 2 and 1, and robot 1 passes information to robot 1. The correspond-
ing control for the fully connected coupling is

Uy T1 —ki ks k;, ka 1151
uz _ Tz 0 _kl kz kz Sz
‘ . l "o 0 —ki Kk |[|S3 @)
0

0 0 —kylss

Theorem 12. Using the fully connected coupling controller proposed in (29), four identical robots
will both track the desired trajectory and synchronize if kq > %kz.
Proof.

. 1 T 1 T

V= _Ekz(sl —53) (51— 52) — Ekz(sz —53)" (52 — 53)

1 T 1 T
— =ky(S3 —54)" (53— 54) — 5 ka (54— 52)" (54— 53)

2 2
1 1
- §k2(51 - 53)T(51 —53) — §k2(51 - 54)T(51 — S4) (30)

3 T 3 T 3 T
- (kl _§k2)5151 - (kl _§k2>5252 - (kl _§k2>5353
3
- (kl —Ekz)&f&;

3
Equation (30) indicates that kq > > k, is the condition for four robots to both syn-

chronize and track the desired trajectory. O

Lemma 8. If kq = Kk, then four robots synchronize without the guarantee that trajectory track-
ing will be performed.

. 1 1
Proof. If kl = kz , V= _Ekz(sl - Sz)T(sl - Sz) - Ekz(Sz - Sg)T(SZ - 53) -

1 1 1
§k2(53 - 54)T(53 —54) — 5k2(54 - SZ)T(S4 —53) — 5k2(51 - 53)T(51 —53) —
%kz (s; —54)T(s; — s4) < 0. Based on Barbalat’s lemma, V = 0 as t — 00, which

means §; — Sp; — S3 — Sy, but they do not necessarily tend to 0, i.e., four robots syn-

chronize, but there is no guarantee that trajectory tracking will be performed. O

In Section 5, we will compare and rank all coupling possibilities discussed above. As
shown in Table 1, pruning coupling (Ist possibility) is the best in terms of coupling
strength. Pruning coupling requires k; = k, for all four robots to synchronize and track

3
the desired trajectory, but all the other coupling scenarios require k; > > k, for robots
to become synchronized and track the desired trajectory, except for ring coupling, which

requires kq > k.

Table 1. Four-robot coupling strategy comparison.

Trajectory Trajectory

Condition for Both ) .
Rank Coupling Approach Sync and Trajecto Trackingand  Tracking and
phng App y Jectory Sync Time, 1st Sync Time, 2nd
Tracking

Joint (second) Joint (second)
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3

3 tree ky > > k, 18 8

1 pruning (1st scenario) ki >k, 37 34
3

4 pruning (2nd scenario) ki, > 5 k, 26 22
3

5 pruning (3rd scenario) ky > Ekz 38 27

2 DeVille/ring ki >k, 37 37
lay2 (1 - 3

5 Macau ay. (Ist sce k> ok, 38 3
nario) 2
- 3

5 MacaulayZ. (2nd sce k> ok, 18 1
nario) 2
lay2 - 3

4 Macaulay . (3rd sce k> ok, 05 20
nario) 2
3

4 fully connected ky > 5 k, 26 20

4. Comparison with Existing Symmetric Coupling

Some representative works derived a two-way coupled control system for multiple
robots” synchronization and trajectory tracking [44,45], in which the authors used the
tracking control framework, as summarized below, to synchronize multiple robotic ma-
nipulators.

T, =M Gy +Ci-qip + G — Ky - (i — Qi) + K3 (Qic1 — Gim10) + K2 - (Giv1 — Qivrr) (31)

where ;i = qq — A - (q; — qq), A is a positive diagonal matrix, the K, terms rep-
resent the coupling between the ith robot and its nearest neighbours, q; is the state vector,
and qq represents the desired state. The control law stated above essentially consists of
three components:

control law = model-based portion — K; X servo-law portion + K, X coupling portion (32)

The model-based portion is M; - q;, + C; - q;» + G;, the servo-law portion is
q; — q;r, and the coupling portion is (§;j—1 — §i—1,) + (§i+1 — Ji+1+)- The model-
based portion cancels out their own dynamics, and the servo-law portion inserts the con-
trol law we choose. Depending on the task, we can choose a trajectory tracking controller
or position controller. The coupling portion couples the surrounding robots with the hope
that all robots will synchronize. The eigenvalues of the modified Laplacian matrix or cou-
pling matrix L, which consists of K; and K, are used to determine the synchronization
and trajectory tracking conditions [44]. There are several coupling approaches in the cou-
pling portion, for example, ring coupling, complete coupling, tree coupling, pruning cou-
pling, Macaulay2 coupling, and more, based on graph theory [48]. For example, in [44],
the authors studied only the two-way ring coupling and derived conditions for robots to
synchronize and track the desired trajectory. Similarly, in [45], the two-way complete cou-
pling is fully investigated.

4.1. Two-Robot System

For the two-robot system, as shown in Figure 3a, tree coupling is the same as fully
connected coupling. The two-way arrow illustrated in Figure 3 represents two-way cou-
ke —k;
—k2 Ky
genvalues of L must be greater than 0, which implies that kq > k. It is assumed that
ki >0 and k, > 0.In [44], the contraction analysis tool is used to show that kq > k;

pling. The coupling matrix L = [ ] To make L positive definite, all the ei-
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is required for robots to achieve both synchronization and trajectory tracking under two-
way coupling. We can also use a Lyapunov-like lemma to prove the results above.

| Robot1 ) [ Robot1 [ Robot1

TN -
/,// ) X /)
/ 4 i / /
4 R4 PR | V<L
Q4 ; : , —L —
\ / : '/' \ / L

( Robot2 [ Robot2 k' o[ Robot3 | [ Robot2 K | Robot3 |

(@) (b) (0)

Figure 3. Two-way coupling approach. (a) Two-robot tree/fully connected coupling. (b) Three-robot

fully connected coupling. (c) Three-robot tree coupling.

Proof. With bi-directional coupling,
Uy =71 — k181 + kysy, uy =15 — kys, + ks (33)
With the same Lyapunov function as before, we have:
V = —(kysTs; — 2kysTs, + kysl'sy) (34)

With k; = ky, V. = —k;(s; — 53)7(5; — 53) < 0. Based on Barbalat’s lemma,
V =0 as t — 00, which indicates that S; — S;. This means two robots will synchronize.

To make the two robots track the desired trajectory besides synchronizing, we choose
ky > k. In this case,

V ==Ky (s1 —$2)T(s1 — 52) — (ks — k2) (5181 + 5253) (35)

As V < 0, V = 0 as t = 0. Based on the structure of Equation (35), the only
place that makes V = 0 is s; = s, — 0, which indicates that e; — 0, é; — 0, and
e, — 0, é; = 0. This means the two robots both synchronize and track the desired tra-
jectory. o

The condition k; > k, for both synchronization and trajectory tracking using Lya-
punov analysis for the two-way coupling control of the two-robot system, matches the
result in [44], where the contraction analysis tool is used. Furthermore, compared to two-
way coupling, the gain for k; of asymmetric coupling control needs a lower value, i.e.,

1
ki > > k,, for robots to synchronize and track the desired trajectory. Notice that high

servo gain can make robots stiffer, and it is not ideal for robots working in a human-robot
interaction environment, as many studies have suggested [34-37]. For example, when ro-
bots accidentally come into physical contact with a human operator, the contact must be
soft and compliant enough to avoid causing injury.

4.2. Three-Robot System

Fully connected coupling: The fully connected coupling control for the three-robot

k, —k, —k,
system is shown in Figure 3b. To make the coupling matrix L = |—k, k; —k,
—ky —ky Ky

positive definite, all the eigenvalues of L must be greater than 0, which implies that
k, > 2k,. This fully connected coupling approach requires high k; gains for all robots
to follow the desired trajectory. If k; < 2k, all three robots do not follow the desired
trajectory even though they still synchronize [44]. Compared to the two-way coupling
control, kq > k, isneeded to achieve the same task under asymmetric coupling control.
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Tree coupling: The tree coupling control for the three-robot system is shown in Fig-

kl _kz 0
ure 3c. The coupling matrix L = |—k,  k;  —k;|. To make L positive definite,
0 _kz kl

ky > \/Ekz. The tree coupling approach does not require k; to have a high gain for ro-
bots to follow the desired trajectory, compared to the fully connected coupling approach.
Furthermore, compared to the two-way coupling, ki = k, is needed to achieve the
same task under asymmetric coupling control. We therefore showed that asymmetric cou-
pling is better than two-way coupling, as asymmetric coupling does not require high servo
feedback gains to achieve synchronization and trajectory tracking as two-way coupling
does.

5. Numerical Comparison

The desired trajectory is chosen as By = [sin(t) cos(t)]” and 64 =
[cos(t) —sin(t)]T. The Euler integration, as shown in Equation (36), is used as the
numerical method [50] to determine the solution of §; = M;~* - (t; = V; — G;).

gi+1=q; +q; At
. 1 ) (36)
Qiv1 =G+ qi-At+5 -4 At

5.1. Asymmetric Coupling Control for Two Robots

Theorem 1 states that two robots will both synchronize and track the desired trajec-

tory if kq > %kz. Thus, we choose K; = [1(')2 102], K, = [?) (2)], and the physical

parameters of the two identical robots are chosen as mi1=2 kg, m2=1 kg, li=12=1 m, where
mi and L are the mass and length of the ith link. Their initial positions 6; =
[0.3 0.2]"rad and 8, = [0 0]". The robots start from rest. Figure 4 shows the two
joints” time response, which shows that the two robots both synchronize and track the
desired trajectory after about 20 s.

15 . . . . . . 2
—_ ——— @2-firstRobot
o ——— 62-secondRobot
L B 62-desired
~ N N © 15F
%) \ g
Sy \ P
8 05h | 2 .
[ a \ A A
5 | <) /\ |
(0] 0 [ 5 / \
9] [ 8
c [ QO os |
< £= [\
= 05 = [ |
el s ;
o |
o [ I
o = |
Q9 05 |
D 15+ c |
& s | \
= / \
=
€ 2t 61-firstRobot g - V v
[e) ——— B1-secondRobot
- 61-desired
25 . 1 ] 15 . . | ) !
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
Time t (second) Time t (second)

Figure 4. Asymmetric coupling for two robots.

As a comparison to two-way coupling, with the same physical parameters, initial
conditions, and k; and k, gains for robots, Figure 5 illustrates the time response of the
two joints. It can be observed that the robots do not track the desired trajectory even if
they exhibit synchronization behavior. From Section 4, we know that k; > k, is re-
quired for two robots to both synchronize and track the desired trajectory. It is also
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important to note that increasing the servo gain results in stiffer robot behavior, which is

undesirable in human-robot interaction environments.
10 T 140 T T T

N}
=)

o
S

61-firstRobot
61-secondRobot
61-desired

o)
=]

—— 02-firstRobot
——— 62-secondRobot
62-desired

30

40+

40+
20

-50

Joint angle 81 for two robots (rad)
Joint angle 62 for two robots (rad)

60 | | . | 20
0 0

4 6
Time t (second) Time t (second)

©
=
[N
s
o
o]
5

Figure 5. Two-way coupling for two robots.

5.2. Asymmetric Coupling Control for Three Robots

Tree coupling: According to Theorem 2, three robots will both synchronize and track

1(.)5] and Kz = [(1) (1)] as

a case study. The physical parameters of the three identical robots are mi1=2 kg, m2=1 kg,
li=L=1 m, and their initial positions 8; = [0.3 0.2]7, 8, =[0 0]7, and 65 =
[0.1 0.1] . Figure 6 illustrates the two joint time responses for the three robots. Note

the desired trajectory if ki = k,. We choose K; = [1(')5

that the unit on the Y axis is in radians until further notice. The three robots start to syn-
chronize and track the desired trajectory with different initial conditions after about 10 s.

1.5 T T T T T 15 . . . ——— 62-firstRobot
—— 62-secondRobot
62-thirdRobot

1L

—— 62-desired

0.5

0

61-firstRobot
—— 61-secondRobot
61-thirdRobot

Joint angle 61 for three robots (rad)

Joint angle 62 for three robots (rad)

| | | 61-desired
0 5 0 15 20 25 0 5 10 15 20 25 30
Time t (second) Time t (second)

W
5}
o

Figure 6. Asymmetric tree coupling for three robots.

For comparison with two-way tree coupling, the same physical parameters, initial
conditions, and gain values for ki and k, are used. Figure 7 presents the results under
the two-way tree coupling configuration. As discussed in Section 4, the condition k; >
V2 k, is required to be met for three robots to achieve both synchronization and trajec-
tory tracking under this topology. In this case, the selected gain matrices are K; =
[1(')5 1(')5] and K, = [(1) 2], which are very close to the boundary condition k; =

V2k 2. As aresult, the robots require a significantly long time to synchronize and converge
to the desired trajectory.
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Figure 7. Two-way tree coupling for three robots.

Fully connected coupling: From the results of Theorem 3, three robots will synchro-
nize and track the desired trajectory if k; > k, for fully connected coupling. We choose
K, = [1.5 0

0 15

conditions for the robots, the two joints’ response is shown in Figure 8. It is observed that

] and K, = [(1) (1)] With the same physical parameters and initial

when k; > k,, the three robots indeed both synchronize and track the desired trajectory.

15 T T T T T T T 2 —— 2-firstRobot
——— 62-secondRobot
1k I 62-thirdRobot
150 [\ ——— 62-desired

0.5

0

05} 05

Joint angle 61 for three robots (rad)
Joint angle 62 for three robots (rad)

A5¢
—— @1-firstRobot 05k
2 61-secondRobot
61-thirdRobot
25 | | | | i 61-desired | ! | |
“o 5 10 15 20 25 30 35 40 o 5 10 15 20 25 30 35 40
Time t (second) Time t (second)

Figure 8. Asymmetric fully connected coupling for three robots.

From Lemma 4, if k; = k, three robots synchronize without the guarantee that tra-
jectory tracking will be achieved. So, when we change k; to 1, Figure 9 shows three ro-
bots synchronizing without trajectory tracking.

1

3
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g [\ ——— 62-secondRobot
= \ 62-thirdRobot
iy o \
&= 0.5 o] 251 \ 62-desired
[7] = \
° %) \
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o o |
c < \
4L = 1 |
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D 2 = =
c \ g °
@© / \ e
_E 25 S 05
5 -
-~
3 . . . . . . . » | | ] | | |
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Figure 9. Asymmetric fully connected coupling with gain k; =1.
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For comparison with two-way fully connected coupling, Figure 10 shows the results
using the same physical parameters, initial conditions, and gains k; and k,. As stated
in Section 4, the condition k; > 2k, is required to be met for three robots to achieve
both synchronization and trajectory tracking under this coupling. With the chosen gain

matrices K; = [1(')5 105] and K, = [é (1)], the robots synchronize but fail to track
the desired trajectory.

— §2-firstRobot \f
—— 62-secondRobot

Joint angle 61 for three robots (rad)
Joint angle 62 for three robots (rad)

10+ \ d
= 61-firstRobot v \/ \

-12 | ——— 61-secondRobot 4 -10
61-thirdRobot 62-thirdRobot
61-desired 62-desired
-14 ‘ ‘ -12 : :
5 10 15 20 0 5 10 15 20
Time t (second) Time t (second)

Figure 10. Two-way fully connected coupling for three robots.

From Section 4, we know that tree coupling is slightly better than fully connected
coupling, as tree coupling requires ki = k, for three robots to become synchronized
and track the desired trajectory, whereas k; > k, is required for fully connected cou-
pling. Furthermore, comparing the asymmetric tree coupling in Figure 6 with the asym-
metric fully connected coupling in Figure 8 under the same physical parameters, initial
conditions, and gains for k; and k, for the robots, we see that tree coupling takes less
time for robots to become synchronized and converge to the desired trajectory, whereas
asymmetric fully connected coupling takes a longer time.

5.3. Asymmetric Coupling Control for Four Robots

Tree coupling: Theorem 4 states that four robots will both synchronize and track the

3 .
desired trajectory if ki > Ekz' Consider the gain matrices K; = [106 106] and

K, = [(1) (1)] The physical parameters of the four identical robots are as follows: masses

mi=2 kg, m2=1 kg, and link lengths li =1>=1 m. Their initial joint positions are 6; =
[03 0.2]"rad, 6, =[0 0]7, 63 =[0.1 0.1]", 6, =1[0.2 0.2]7. Figure 11

shows the response of the two joints.
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N
a
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Figure 11. Asymmetric tree coupling.

Pruning coupling: According to Theorem 5, four robots synchronize and track the
desired trajectory if ki > k,. Using the same robot parameters as before, with K; =

[1(')1 101] and K, = [g") (1)], the responses of the two joints are shown in Figure 12.

1.5 T T T T T T T 25

——— B2-firstRobot
——— 62-secondRobot
62-thirdRobot
—— 62-fourthRobot
—— 62-desired

1k

0.5

0

05}

——— B1-firstRobot
—— 61-secondRobot
61-thirdRobot
—— 61-fourthRobot
——— 61-desired
L L - . - 1 L 1 1 1 1 il
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
Time t (second) Time t (second)

Joint angle 61 for four robots (rad)
Joint angle 62 for four robots (rad)

Figure 12. Asymmetric pruning coupling.

3
Second pruning coupling scenario: The condition k; > > k, ensures that four ro-

bots both synchronize and track the desired trajectory (Theorem 6). Under the same pa-

1(.)6] and K, =

- iy . . 1.6
rameter and initial condition settings as before, and with K; = [ 0

[(1) (1)], the two joints’ response is illustrated in Figure 13.

1.5 T T T T T 2

™| —— 62-firstRobot

——— 62-secondRobot
62-thirdRobot

15F ——— 62-fourthRobot

1k

——— 62-desired

0.5+

0

05+

—— 61-firstRobot
—— 61-secondRobot
-2 61-thirdRobot
——— 61-fourthRobot

Joint angle 61 for four robots (rad)
Joint angle 62 for four robots (rad)

| L | ——— 61-desired
5 10 15 20 25 30 o 5 10 15 20 25 30
Time t (second) Time t (second)

-25
0

Figure 13. Second pruning coupling scenario.

Third pruning coupling scenario: Based on Theorem 7, we know the second pruning
coupling scenario and the third pruning coupling scenario have the same condition, i.e.,

3
ky > 2 k,, for robots to become synchronized and track the desired trajectory. With the

previously established parameters and initial conditions, and K; = [1(')6 106] and

K, = [g‘) (1)], the two joints’ response is shown in Figure 14. We see from Figures 13 and

14 that with the same coupling strength, initial conditions, and gains, robots take a longer
time to synchronize and track the desired trajectory in the third coupling scenario com-
pared to the second scenario.
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0.5

-0.5

Joint angle 61 for four robots (rad)

v
61-firstRobot
——— 61-secondRobot

151 1-thirdRobot
——— 61-fourthRobot
N J, | | | | |~ 61-desired
0 5 10 15 20 25 30 35 40

Time t (second)

Figure 14. Third pruning coupling scenario.

Joint angle 62 for four robots (rad)

—— 62-firstRobot

—— 62-secondRobot
62-thirdRobot

——— 62-fourthRobot

——— 62-desired

10 15 20 25 30 35 40
Time t (second)

DeVille/ring coupling: As stated in Theorem 8, four robots will both track the de-

sired trajectory and synchronize if k; > k,. We choose the same parameters and initial
conditions for the robots as before, and with K; = [1(')5 105], K, = [(1) (1)], Figure 15

shows the two joints’ response.

15

0.5

0

-0.5

Joint angle 61 for four robots (rad)

1+

—— B1-firstRobot
—— 61-secondRobot

2 61-thirdRobot
—— 61-fourthRobot
25 i L | , | 61-desired ) | ‘ ‘ |
0 5 10 15 20 25 30 35 40 50 e 20 = 7 e 40

Time t (second)

051

Joint angle 62 for four robots (rad)

—— 62-firstRobot
—— 62-secondRobot
62-thirdRobot

——— 62-fourthRobot
——— 62-desired

Time t (second)

Figure 15. Asymmetric DeVille/ring coupling.

Per Lemma 7, if k; = k, four robots synchronize, but it is not guaranteed that tra-

L and k= [1 ) teresoym

chronization, but without trajectory tracking, as seen in Figure 16.

jectory tracking will be performed. With K; =

1

0.5

Joint angle 61 for four robots (rad)

1}

—— 61-firstRobot
——— 61-secondRobot
61-thirdRobot
——— 61-fourthRobot
——— 61-desired

3

Joint angle 62 for four robots (rad)

" |—— 62-firstRobot
——— 62-secondRobot
- 82-thirdRobot
—— 62-fourthRobot
——— 62-desired

10

20

30 40 50 60 70 80 90
Time t (second)

20 30 40 50 60 70 80 90
Time t (second)

Figure 16. Asymmetric DeVille/ring coupling with gain k; = k.
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. . . _[11r 0 _1 o .
To compare with pruning coupling, let K; = [ 0 1 1], K, = [0 1], and with

the same parameters and gains as pruning coupling, the robots synchronize, but an ex-
tremely long time is taken to track the desired trajectory, as Figure 17 shows, whereas for
pruning coupling, it takes only about 30 s to become synchronized and get on the desired
trajectory.

1 ; : : 3

7| ——— B2-firstRobot
—— 62-secondRobot
62-thirdRobot
—— 62-fourthRobot
——— 62-desired

0.5

0
-0.5 r

25

2

f? \ll\u

0.5

Il

o

|
—— 61-firstRobot
61-secondRobot
-2.5 61-thirdRobot
——— 61-fourthRobot

i 1] WIH i

50 100 ) 150 200 250 300 5 960 50 200 250 300
Time t (second) Time t (second)

Joint angle 61 for four robots (rad)
Joint angle 62 for four robots (rad)

o

Figure 17. Asymmetric DeVille/ring coupling with a smaller gain k;.

Macaulay2 coupling: Theorem 9 establishes that four robots will both track the de-

sired trajectory and synchronize if k1 > % kz. We choose the same parameters and initial
0 ] 1 07 ..

d K, = [ ] Fig-

16l 927 1o 1178

ure 18 shows the response of the two joints. In comparison with the third pruning cou-

conditions for the robots as before, and with K; = [166

pling, the Macaulay?2 coupling approach takes about 32 s to become synchronized and get
on the desired trajectory, but for the third pruning coupling, it takes 27 s under the same
K1 and K 2.

1.5 T T T T T T T 25

B2-firstRobot
62-secondRobot
62-thirdRobot

1k

——— 62-fourthRobot
——— 62-desired

0.5

0

05F

——— 61-firstRobot
——— 61-secondRobot

Joint angle 61 for four robots (rad)
Joint angle 62 for four robots (rad)

2} 61-thirdRobot
——— 61-fourthRobot
——— 61-desired
25 I . 1 . . 15 . L L . L L .
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
Time t (second) Time t (second)

Figure 18. Asymmetric Macaulay?2 coupling.

Macaulay2 coupling (second possibility): The Macaulay2 coupling scenario has the

3
same condition (i.e., kq > 2 k) as the first Macaulay?2 coupling possibility (as indicated

0
1.6

[(1) (1)] as Macaulay2 coupling, Figure 19 shows that the second coupling scenario has

in Theorem 10). With the same parameters and same gains K; = [1(')6 ] and K, =

the same output as the first scenario in terms of synchronization time and trajectory track-
ing time. This is because these two coupling scenarios have the same conditions (i.e.,

3
ki > 2 k) for the four robots to both track the desired trajectory and synchronize.
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1.5 T T 2 ——— 62-firstRobot
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—— @1-firstRobot
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Joint angle 62 for four robots (rad)

Joint angle 61 for four robots (rad)

L L L L L | | |
5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

-25
0

Time t (second) Time t (second)

Figure 19. Asymmetric Macaulay2 coupling (second scenario).

Macaulay2 coupling (third possibility): As stated in Theorem 11, the same condition
3
(e, kq > 2 k) applies to Macaulay?2 coupling (third possibility) for four robots to track

the desired trajectory and synchronize. Under the same robot parameters, initial condi-
tions, and gains as the first coupling scenario, however, Figure 20 shows that the robots
get on the desired trajectory faster than in the previous two cases.

15 : : : : . . : 2

—— 62-firstRobot

——— 62-secondRobot
62-thirdRobot

151 —— 62-fourthRobot

——— 62-desired

—— B1-firstRobot
—— 61-secondRobot
2 61-thirdRobot
—— 61-fourthRobot
—— 61-desired

Joint angle 62 for four robots (rad)

Joint angle 61 for four robots (rad)

25 L 1 L ] L . . . . . .
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

Time t (second) Time t (second)

Figure 20. Asymmetric Macaulay2 coupling (third scenario).

Fully connected coupling: Theorem 12 indicates that four robots will both track the

desired trajectory and synchronize if k; > %kz. With K; = [1(')6 106] and K, =

[(1) (1)], Figure 21 shows the two joints’ response.

1.5 T T T T T T T 2
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Joint angle 61 for four robots (rad)
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Figure 21. Asymmetric fully connected coupling.
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With the same physical parameters of the robots, the same initial conditions, and the
same gains, we compare all coupling strategies and rank them based on how quickly they
synchronize and track the desired trajectory, as shown in Table 1.

Based on the values of the coupling gains required for robots to both synchronize
and track the desired trajectory, pruning coupling is the best, followed by DeVille/ring
coupling, while the remaining strategies are equally ranked third. We can further rank
them based on how quickly robots get on the desired trajectory and synchronize. Tree
coupling can then be ranked in third place. Pruning coupling (2nd possibility), Macaulay?2
coupling (3rd possibility), and fully connected coupling are approximately equally ranked
in fourth place. Macaulay2 coupling (1st possibility), Macaulay2 coupling (2nd possibil-
ity), and pruning coupling (3rd possibility) are approximately equally ranked in the last
place.

5.4. Sensitivity Analysis

A sensitivity analysis on parameter uncertainties and external disturbances is con-
ducted in this section. We use three robots as an example. If the K, term is removed from
the coupled control, the controller can still make the two robots synchronize and track the
desired trajectory. However, with the external random disturbances, shown as in Equa-
tion (37), they will not track the desired trajectory. The external disturbance acting on each
robotic manipulator is modeled as an additive joint torque disturbance that represents
unmodeled dynamics and environmental perturbations, such as friction variations, actu-
ator noise, and external forces. Specifically, the disturbance enters the dynamics as an ad-
ditive term in the joint-space equations of motion.

M6, 4+ V10, + G, + Dy = uy

M,0, +V,0, + G, + D, = u, (37)

M30; + V303 + G3 + D3 = uy
where D; denotes the disturbance torque vector acting on the two joints of the i-th robot.
The random disturbance D; can be generated using the MATLAB (version R2025B) rand
function. Note that these random disturbances are different for each robot, and each ele-
ment of the 2 by 1 vector D; is a time-varying random signal updated at every simulation
step, emulating stochastic external perturbations. Figure 22 shows that three robots are
controlled under the uncoupled controllers u;, u,, and us, (i.e., make k, = 0). With ex-
ternal random disturbance and K; = [(1) 2], three robots do not synchronize; specifically,

the second joint is not in synchronization.

B2-firstRobot
62-secondRobot
62-thirdRobot
62-desired

I

61-firstRobot
61-secondRobot
61-thirdRobot

L L L 61-desired
0 10 20 30 4 50 -1.5

Time t (second)

Joint angle 61 for three robots (rad)

Joint angle 62 for three robots (rad)

0 10 20 30 4I0 50 60
Time t (second)

-25

Figure 22. Three robots using uncoupled control with disturbances.
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As a comparison, if we use coupling control, for example, the fully connected asym-

metric coupling approach, Figure 23 illustrates the result with K; = [(2) (2)] and K, =

[(1) (1)] We see that even though the robots are not tracking the desired trajectory, they

synchronize.

——— 62-firstRobot

—— 62-secondRobot
62-thirdRobot

—— 62-desired

—

05

050 | |

——— 61-firstRobot
61-secondRobot
61-thirdRobot
| L | 61-desired

0 10 20 30 40 50 [§]

Time t (second)

Joint angle 61 for three robots (rad)

Joint angle 62 for three robots (rad)

=}
o

0 10 2‘0 30 4‘0 50 60
Time t (second)

Figure 23. Three robots operating under a fully connected asymmetric coupling approach with
disturbances.

For fully connected two-way coupling, Figure 24 shows the result with K; =
[g (3)] and K; = [(1) (1)] There is not much difference between the fully connected

asymmetric coupling approach and the fully connected two-way coupling approach in
terms of disturbance rejection. However, k; > 2k, is needed for the fully connected
two-way coupling approach, whereas ki > k, is needed for the fully connected asym-
metric coupling approach. Therefore, overall, the fully connected asymmetric coupling
approach is better because the servo gain k; is lower.

1

61-firstRobot 1
—— 61-secondRobot
61-thirdRobot
61-desired

62-firstRobot
62-secondRobot
62-thirdRobot

—— 62-desired

0.5

05

051

.0_57\\ i \ ‘.‘

\ | I Y \/ |\
\ \ v v v ¥ v
0 1 ‘D 2‘0 ?;D 4‘0 Sb 2’0 ?;D 4‘0 5‘0 60
Time t (second) Time t (second)

Joint angle 61 for three robots (rad)

Joint angle 62 for three robots (rad)

[}
=}
[=}
5}

Figure 24. Three robots operating under the fully connected two-way coupling approach with
disturbances.

6. Conclusions

An asymmetric coupled control framework for multiple robotic manipulators is de-
veloped to make them both synchronize and track a desired trajectory, using a Lyapunov-
like lemma to treat multiple robots as one whole system. The advantages of this approach
are as follows: (1) synchronization behavior can be guaranteed even if the robots have
different initial conditions or even different physical parameters, and it is immune to
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References

external disturbances; (2) we can prove the synchronization and trajectory tracking of the
robots simultaneously and also derive the synchronization and trajectory-tracking condi-
tions simultaneously; (3) without sacrificing synchronization and trajectory tracking per-
formance, the proposed asymmetric coupled control framework allows the robots to have
low servo feedback gains compared to two-way coupling control, which is critical in a
physical contact environment, for example in human-robot interaction or robotic manip-
ulation situations. By applying factorization and grouping techniques from computer al-
gebra, we addressed the challenge of verifying the negative semi-definiteness of the Lya-
punov function derivative, which arises from the inclusion of asymmetric coupling terms
in the controllers.

A family of asymmetric coupled control topologies is derived for a four-robot system,
and all coupling topologies are compared and ranked in terms of speed for robots to syn-
chronize and converge on the desired trajectory. Sufficient conditions are derived in terms
of servo gains and coupling gains for robots to synchronize and track the desired trajec-
tory for a family of coupling topologies. It is shown that pruning coupling (1st scenario)
is the best option because the feedback gains require the minimum value to make all the
robots synchronized and track the desired trajectory. In addition, it has been shown that
robots can synchronize and track trajectories even without coupling. However, under ex-
ternal disturbances, the coupling controller enables disturbance rejection, allowing robots
to maintain synchronization even if trajectory tracking is not fully achieved, whereas a
decoupled controller cannot make robots synchronize, nor can they track the desired tra-
jectory.

The proposed asymmetric coupling control approach in this study is investigated for
networks consisting of two, three, and four robotic manipulators to illustrate the control
design and theoretical analysis. In future work, we will focus on extending the framework
to more complex and large-scale networked robotic systems while preserving a consistent
control structure. While the current work establishes the theoretical foundations of an
asymmetric coupling control framework for multi-robot synchronization, practical imple-
mentation in industrial robots introduces additional complexities not captured by the con-
tinuous-time nominal models. These include state-dependent uncertainties such as joint
friction, backlash, and actuator saturation, as well as software-induced effects including
discretization and computation delays. Addressing these challenges would require exten-
sions such as sampled data implementations. Developing such practical extensions is an
important direction for future work.
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