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Abstract

This study presents the modeling, analysis, and control of a novel planar three-degrees-
of-freedom TTR (Translational-Translational-Rotational) mechanism. A comprehensive
kinematic and dynamic formulation is developed, with the governing equations derived
analytically using the principles of virtual work and Hamiltonian mechanics. Due to the
nonlinear nature of the inverse kinematics, a numerical solution based on the modified
Newton-Raphson method is employed to compute joint trajectories. To ensure robust
trajectory tracking in the presence of modeling uncertainties and external disturbances, a
sliding-mode control strategy is designed and implemented. The proposed approach is
evaluated through numerical simulations and experiments conducted on a custom-built
prototype. Quantitative performance metrics, including mean squared error, are used to
assess tracking accuracy and to compare simulation and experimental results. The
consistency between analytical modeling, numerical solutions, and experimental
observations demonstrates the feasibility of the proposed framework for planar robotic
motion control applications.

Keywords: planar mechanism; TTR; dynamics; control; Euler-Lagrange method

1. Introduction

Over the past several decades, robotics has rapidly evolved, creating demand for
systems that deliver high precision and stability across industrial and research
environments. Among various architectures, planar manipulators are attractive due to
their mechanical simplicity and straightforward control implementation. Nevertheless,
achieving accurate motion and effective control remains challenging because of nonlinear
dynamics, strong coupling among joints, and physical effects such as friction and
clearance. These challenges underline the importance of developing reliable dynamic
models and control frameworks capable of handling real-world uncertainties [1-4].
Numerous studies have explored these challenges from various perspectives in the design
and control of planar manipulators. Jiang et al. [5] investigated the impact of
nonlinearities such as joint clearance, friction, and lubrication on robotic dynamic
performance. Nye et al. [6] designed and analyzed a three-joint, three-link planar
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manipulator, focusing on its kinematics, dynamics, control system, and sensor
integration. Ganesh et al. [7] enhanced the performance of planar parallel manipulators
by incorporating inclined non-planar links while maintaining planar end-effector motion.
Malla and Shanmugavel [8] proposed a simplified and accurate kinematic model for
manipulators employing parallelogram linkages to reduce computational complexity in
palletizing tasks. Similarly, Yang et al. [9] developed a computationally efficient method
for cable-driven manipulators using pure rolling joints.

Dynamic modeling continues to present a major challenge in robotic systems because
of their inherently nonlinear and coupled behavior. A variety of methods have been
introduced to manage this complexity [10]. Zahedi et al. [11] improved dynamic modeling
techniques for parallel robots, while Najera and Todd [12] introduced a physics-informed
neural network approach grounded in Hamiltonian mechanics. Dong et al. [13] and
Malczyk et al. [14] proposed advanced Hamiltonian-based formulations to reduce
computational costs in flexible multibody dynamics Several studies [15-19] have
employed Hamilton’s principle across a range of robotic and mechanical systems,
reporting notable gains in modeling accuracy and computational efficiency. The principle
of virtual work has likewise proved valuable in recent investigations [20-22], particularly
for incorporating non-conservative forces in inverse kinematics formulations.

Controlling robotic manipulators remains challenging given their nonlinear, time-
varying, and highly coupled dynamics. Recent research has emphasized robust control
strategies, including Proportional-Derivative (PD) and sliding-mode control (SMC)
schemes [23-25]. For instance, Ali et al. [26] applied an integral sliding-mode control
(ISMC) approach to counteract dynamic uncertainties, while Hosseini et al. [27] proposed
a model-free robust nonlinear PD controller for cable-driven parallel manipulators.
Additional studies [28-31] have further demonstrated the effectiveness of hybrid PD,
fuzzy, and neural network-based controllers in improving trajectory tracking and
managing system uncertainties. Despite considerable progress, many studies validate
their results only through simulation. Experimental confirmation on real prototypes
remains limited, which often reduces confidence in the practical applicability of these
methods.

In this study, we introduce a novel TTR planar manipulator [32] and develop a full
dynamic model using an integrated framework that draws on the principles of virtual
work, Lagrangian mechanics, and Hamiltonian mechanics. Although standard
approaches such as the Newton-Euler and Euler-Lagrange formulations are commonly
applied in robotic modeling, their use in systems like the TTR manipulator becomes less
efficient because of the pronounced nonlinearities and the strong coupling between
translational and rotational motions. These limitations impede real-time implementation
and can adversely affect performance in applications where a clear and computationally
efficient representation is essential.

To address the challenges associated with modeling and controlling the strongly
coupled dynamics of TTR planar manipulators, this paper presents an integrated
modeling and control framework based on the principles of virtual work, Lagrangian
mechanics, and Hamiltonian mechanics. The proposed approach enables the analytical
derivation of the system’s dynamic equations, while numerical methods are employed
where closed-form solutions are not feasible due to nonlinear kinematic constraints. A
sliding-mode control strategy is then designed based on the derived dynamic model to
ensure robust trajectory tracking in the presence of modeling uncertainties and external
disturbances. The effectiveness of the proposed framework is evaluated through
numerical simulations and experimental tests conducted on a custom-built prototype,
with performance assessed using quantitative tracking error metrics.

The main contributions of this study can be summarized as follows:
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A unified dynamic modeling algorithm in which the Lagrangian formulation is used
for inverse-dynamics torque computation and the Hamiltonian formulation is used for
forward-dynamics motion prediction, combined with the principle of virtual work.

e Analytical derivation of the governing dynamic equations with clear separation
between closed-form modeling and numerical solution stages;

e  Design and implementation of a sliding-mode controller tailored to the derived
dynamics;

e  Simulation and experimental evaluation of trajectory tracking performance using
clearly defined quantitative error measures.

The remainder of the paper is organized as follows. Sections 2 and 3 describe the
geometric configuration and kinematic formulation of the TTR manipulator. Section 4
presents the dynamic modeling procedure. Section 5 details the sliding-mode control
strategy. Section 6 explains the experimental procedure, Section 7 discusses the simulation
and experimental results, and Section 8 concludes the paper and outlines future research
directions.

2. TTR Planar Mechanism
Geometric Features

The TTR planar mechanism shown in Figure 1 consists of three interconnected
circular plates: a main base plate and two smaller plates, designated as the mid plate and
the end-effector [32]. Each of the smaller plates is driven by its corresponding actuator
through a revolute joint. This configuration enables controlled planar motion, with the
dominant forces oriented along the vertical (Z) axis. To maintain dynamic stability and
ensure smooth rotational behavior, each plate is supported by a bearing assembly that
restricts translational movement along the Z-axis while allowing accurate bidirectional
rotation about its own axis.

Revolute joints

End effector .
connecting each plate

Mid plate
Base plate [

Figure 1. The manufactured TTR planar mechanism.

Figure 2 shows the vector representation of the TTR planar mechanism. The vectors
Ro, Ri1, and R: denote the distances from the base plate origin to the mid plate, from the
mid plate to the end-effector, and the radius of the end-effector, respectively. As the base
and mid plates rotate relative to the end-effector, the mechanism executes planar motion
within the XY-plane. The third degree of freedom, corresponding to rotation about the Z-
axis, is achieved by actuating the end-effector itself; based on the geometric arrangement
illustrated in Figure 2, the following constraints must be satisfied:
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where Do, D1, and D: are the diameters of the base plate, mid plate, and end-effector,
respectively. These constraints guarantee adequate mechanical clearance and define safe
operational limits for both the rotational and translational motions of the system.

End effector

Figure 2. Vector representation of TTR mechanism.

Assuming the maximum diameter of the intended workpiece is denoted by Dk, the
diameter of the end-effector, D2, can be determined as:

D, =D, +2n 2)

where 1 represents the additional radial space required to securely mount the workpiece
onto the end-effector. This value can vary depending on the particular fixture design and
the requirements of the intended manufacturing application.

The distance between the centers of the end-effector disks located at the leftmost and
rightmost positions on the mid plate, denoted by Rk, can be calculated as:

D
Dy =2R, = Ry ZTR 3)
where Dk is defined as the diameter of the desired workspace or the maximum allowable
diameter of the workpiece.
The diameter of the mid plate, D1, can then be calculated using the following
expression:

D, =Ry +D, +2m (4)
where m represents the clearance or spacing allocated for mechanical bearings located
between the mid plate and the end-effector. The value of m depends on the design and is

determined by the configuration of the mechanical bearings as well as the system’s
operational requirements.
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Consequently, the diameter of the base plate, Do can be calculated as:
D,=R;+D, +2c (5)

where ¢ denotes the required clearance between the mid and base plates, typically dictated
by the dimensions of the bearings used between these components. The parameters 1, m,
and c are defined according to the type of bearings used and the particular requirements
of the application. For instance, in systems requiring bi-directional access to the
workpiece, such as in electrical discharge machining (EDM), thrust ball bearings may be
preferred. In these cases, the minimum required spacing can be determined by subtracting
the outer radius of one bearing from the inner radius of the adjacent bearing, ensuring
proper mechanical isolation and reliable operation. Geometrical characteristics of the
mechanism have been listed in Table 1.

Table 1. Geometrical characteristics of the mechanism.

Description
my data mass of base plate
my mass of mid plate
m, mass of end-effector
Iy moment inertia of base plate
L moment inertia of mid plate
I, moment inertia of end-effector
Ry vector between the base plate and the mid plate centers
Ry vector between the mid plate and the end-effector centers
R, radius of the end-effector
D, diameter of base plate
D, diameter of mid plate
D, diameter of end-effector

3. Kinematics of the Mechanism
3.1. Forward Kinematics

In mechanical systems, kinematics generally focuses on the relationship between the
positions and orientations of joints in joint space and those of the end-effector in Cartesian
space [33]. The forward kinematics problem, in particular, entails determining the
position and orientation of the end-effector (denoted as point A) within the workspace as
a function of the mechanism’s joint variables. For the TTR planar manipulator, these joint
variables correspond to the rotational angles of the individual plates. A clear
understanding of this relationship is crucial for precise end-effector motion control and
for the effective implementation of advanced trajectory planning and control strategies.

The kinematics of the TTR planar mechanism can be described by expressing the
position of the end-effector (point A) as a function of the joint angles @y, @4, and ;. Let
(x0-¥0), (x1-¥1), and (x,-y,) denote the Cartesian coordinates of the mid plate center, the
end-effector center, and point A, respectively. Based on the principles of forward
kinematics, the position equations that govern the system can be derived as follows:

X9 = Rysiney ,y, = Rycosag
X1 = Rgsinay + Ry sin(ay + a4), 1 = Ry cosay + Ry cos(apg+ay)
(6)

X, = Rysinay + Ry sin(ay + a) + R, sin(ey + a4 + a3)

Y2 = Rycosay + Ry cos(ay+a,) + R, cos(ap+ay + ay)
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X9, Yo shows the position of the mid plate center, x;, y; shows the position of end-
effector’s center and x,, y, shows the point A position of the end-effector in the x and
y axis respectively.

In the TTR planar manipulator, translational quantities (positions, velocities, and
accelerations) are expressed in meters, meters per second, and meters per second squared,
respectively, while rotational quantities are expressed in radians, radians per second, and
radians per second squared. Although these variables appear together in vector and
matrix formulations (e.g., Jacobian-based expressions), they retain their physical units and
are treated independently in subsequent analysis.

The joint angle position of the end-effector is:

ar = ag + a,a; )

To determine the velocity and acceleration of the end-effector relative to the fixed
base in the TTR planar mechanism, the first- and second-time derivatives of the position
equations must be computed. The first derivative of the end-effector’s position provides
its linear and angular velocities, while the second derivative gives the corresponding
linear and angular accelerations. These kinematic quantities are fundamental for dynamic
modeling, trajectory planning, and the implementation of control strategies in robotic
systems (see Figure 3).

»

i X R

Figure 3. Schematic representation of the joint angles of the planar TTR mechanism.

The angular velocity da; of the end-effector is the time derivative of its orientation
a,:
ar =ay+a +a, (8)

¢y, &; and d, are angular velocities of the base plate, mid plate and the end-effector
about the Z axis and the linear velocities of end-effector are:

X o
2| _ 4~ .
;2] =7 |& ©)
2 a'z
in which J" is the Jacobian matrix of the mechanism, and can be defined in the following
matrix form:
Ry cos ay + Ry cos(ag+a;) + Ry cos(ag+a, +a;) —Rysinay — Ry sin(ay + @) — R, sin(ag + @, + )
] = R; cos(ag+ay) + Ry cos(ag+a, + ay) — Ry sin(agy + ;) — Ry sin(ag + a; + @) (]O)

R, cos(ag+a; + ay) — Rysin(ay + a; + a,)

The angular velocities of the mid plate and base plate are:
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Umid plate = do + 1 (11)

pase plate = &g (12)

and the linear velocity of the mid plate and end-effector center is time derivation of x,,yq

x %] 14 do
- -
0 dZ 1 dZ
The Jacobian matrix J and J' relates the joint velocities ¢, and ¢; to the end-
effector and mid plate linear velocities x;, ¥;, X, and y,. The Jacobian is given by:

_[Rocosao 0 0]
J= —Rysing, 0 0

and x;,y; respectively.

14
J = [ Ry cosay + Ry cos(ag+ay) R, cos(ay+ay) 0 (19

—R, sinay — R; sin(ay + a4) —R;sin(ag+a;) O
The angular acceleration d&; of the end-effector with respect to the X-Y platform is
the time derivative of its angular velocity:
da,
s =——
$odt

where @&,, &, &, are the angular accelerations of the base plate, mid plate, and end-

= do + dl + dz (15)

effector, respectively.
The linear acceleration components ¥, and ¥, of the end-effector (point A) are the
time derivatives of %, and y,:

_dx, . dy;

* = dt 72" de (16)
¥, = —Rg sin(ag) @2 + R, cos(ay) &y — Ry sin(ay + ap) (& + d4)?
+R; cos(ay + ay) (&g + d1) — Ry sin(ay + a; + ay) (@g + dq + ;)2
+Rycos(ay + a + ay)(dg + dq + &)
17)

J, = —Ry cos(ag) @2 — Ry sin(ag) &y — Ry cos(ag + ay) (do + d;)?
—R; sin(ay + a;) (&g + d1) — Ry cos(ay + a; + ay) (o + dp + d;)?

_stin(ao + a1 + az)(do + d]_ + az)

According to Figure 4, the reachable workspace of the TTR mechanism is a circular
region with an approximate diameter of 400 mm. The workspace was obtained
numerically in MATLAB R2019a using an iterative forward-kinematics-based search over
the admissible actuator angle ranges, where points violating geometric constraints were
excluded. A detailed geometric design and complete workspace analysis of the TTR
mechanism are reported in [32]; therefore, only a concise workspace description is
provided here, as the present paper focuses on dynamic modeling and control.
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Figure 4. Reachable workspace of the TTR planar mechanism.

The TTR planar mechanism is actuated by three independent DC motors, each
associated with one generalized coordinate. The first two motors drive the base and mid
plates and jointly generate planar translational motion, while the third motor directly
controls the end-effector rotation about the Z-axis. Cartesian trajectories are converted
into joint-space commands via inverse kinematics and applied to the actuators.

3.2. Inverse Kinematics

Inverse kinematics plays a critical role in determining the joint angles required to
position the end-effector at a specific target location within the manipulator’s workspace
[34]. While forward kinematics determines the position and orientation of the end-effector
from known joint variables, inverse kinematics tackles the opposite problem — calculating
the joint angles required to achieve a specified end-effector pose. This procedure is
essential for motion planning, trajectory tracking, and control in robotic systems.

The TTR planar manipulator features two translational and one rotational degrees of
freedom. The end-effector’s Cartesian position (x,y) and orientation 6 in the workspace
are functions of the rotation angles of the base plate a,, mid plate, and end-effector
a;. The corresponding forward kinematics expressions are provided in Equation (6). The
inverse kinematics problem involves determining the joint angles «g, a;, a, that yield a
specified end-effector position (x,y) and orientation 6. Referring to Figure 3 and the
geometric relationships defined therein, the inverse kinematics is formulated by
analytically or numerically solving the forward kinematics equations in reverse. The
approach is outlined as follows:

t =X
an(as) =
R?, = R? + R2 — 2R R,cos(m — a3)
(18)
a'=a,—a,
Rysin(m — ay)

R

According to Equations (6) and (18), the three-degree-of-freedom equations is formed
below, and the desired angles are found by solving them:

@y, = sin~1(

E (@) Ri,sin(m — ay — aq;) — Rgsin(a’)
E(a) = |E;(@)| = | x, — Rysin(ay) — Rysin(ay + ay) — Rysin(ay + a; + az) | (19)
E;(a) ¥, — Rocos(ay) — Rycos(ay + 1) — Rycos(ag + ag + @3)

E(a) is amatrix to describe the inverse kinematics equation for the mentioned TTR planar
manipulator.

https://doi.org/10.3390/machines14020220
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Numerical Solution Approach

Although the kinematic and dynamic equations of the TTR manipulator are derived
explicitly in closed form, the inverse kinematics problem leads to a set of nonlinear
algebraic equations that do not admit an analytical solution. Therefore, a modified
Newton-Raphson algorithm is employed solely for computing joint variables
corresponding to a desired end-effector pose. This numerical procedure does not affect
the closed-form nature of the derived dynamic model. As a result, numerical techniques
such as the Newton-Raphson method or gradient-based optimization are commonly
employed to iteratively determine the joint angles corresponding to a desired end-effector
position and orientation. These approaches operate by minimizing the positional error
between the target end-effector pose and the pose estimated from the current set of joint
angles. The computation typically begins with an initial guess for the joint angles, which
is then refined iteratively until the calculated end-effector position converges to the
desired target within a specified tolerance. Among the available iterative methods, the
modified Newton-Raphson algorithm is particularly effective, offering rapid convergence
and reliable performance for solving such nonlinear systems. The key steps of the
modified Newton—-Raphson method for inverse kinematics are outlined below:

Jacobian Matrix Construction: The Jacobian matrix J;,,(@) is the matrix of partial
derivatives of the inverse kinematic Equation (19) with respect to the joint angles:

(05, O, 0Fy)

|0ay, da; da,l

_ IaE2 0E, OE,|
Jinw = |90, 9a; 9ay]
|0E; 0E; 0E;|
5, 3¢, 3,

Here, x and y represent the components of the forward kinematic mapping
corresponding to the current joint angles. This matrix captures how small variations in
the joint angles influence the position of the end-effector.

Iterative Update Formula: The joint angles are updated iteratively using the Newton-—
Raphson update rule:

a®D = g™ — ¢, T (a™)E(a™) n=0,12,.. (1)

where

e ¢ isthe constant factor that can improve the stability and convergence of the solution.
o o™= a((,n) ain) aén)] is the vector of joint angles at the nth iteration.

¢ Jiw “(@™)is the inverse of the Jacobian matrix at the nth iteration.

e E(a™) is the inverse kinematic matrix at the nth iteration.

Convergence Criterion: The iteration continues until the E(a) is reduced below a
predefined tolerance:

IE@I <¢ (22)

where ( is the acceptable tolerance. Figure 5 shows how to solve the modified Newton-
Raphson method.
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Figure 5. Flowchart of the modified Newton—-Raphson algorithm employed for kinematic analysis.

4. Kinetics of the Mechanism

This section presents the kinetic analysis of the TTR planar mechanism using the
principles of virtual work, Hamiltonian mechanics, and the Lagrangian approach. The
analysis begins with the derivation of the Jacobian matrix, which defines the relationship
between joint velocities and the end-effector’s linear and angular velocities, as described
in Section 3. Next, the principle of virtual work is employed to relate the rotational and
translational kinematic variables to the corresponding joint torques and external forces.
The Lagrangian method is then applied to formulate the equations of motion for the end-
effector. By substituting the angular positions, velocities, and accelerations obtained from
inverse kinematics into the dynamic model, the required actuator torques and internal
forces within the mechanism can be determined. Finally, the Hamiltonian formulation is
used to describe the system’s energy dynamics. This provides an alternative perspective
on the system’s behavior by expressing its total energy (kinetic and potential) and
facilitates further insight into the conservation properties and stability analysis of the
manipulator. It should be noted that inverse kinematics and inverse dynamics serve
different roles in the proposed framework. Inverse kinematics is used to convert the
desired end-effector trajectories in Cartesian space into joint-space position, velocity, and
acceleration profiles. In contrast, inverse dynamics is employed within the control scheme
to compute the required actuator torques based on the joint trajectories and the derived
dynamic model. These two processes are treated separately in this study. In this work, the
Lagrangian and Hamiltonian formulations are employed sequentially rather than as
independent or competing dynamic models. The Lagrangian formulation is used in an
inverse-dynamics sense: joint displacements, velocities, and accelerations obtained from
inverse kinematics are substituted into the Lagrangian equations to compute the required
actuator torques. These torques are then introduced into the Hamiltonian formulation,
which is used for forward-dynamics analysis to predict the resulting motion of the
mechanism. The close agreement between the displacements obtained from inverse
kinematics and those predicted by the Hamiltonian model serves as a validation of the
correctness and consistency of the proposed dynamic modeling framework.

4.1. Principle of Virtual Work

The principle of virtual work asserts that, for any virtual displacement, the total
virtual work performed by all forces acting on the system—including inertial forces—
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must be zero. For the TTR mechanism, the virtual displacement of the end-effector can be
related to the virtual displacements of the end-effector 8§, mid plate §q’ and base plate.
8q can be related to the virtual displacements of the joints 8a via the Jacobian:

8q =Jba, 6q' =]'6a, 67 =] Ba (23)
The virtual work done by inertial forces is:
aT— T .— T —
sW = (—mofl) 8q + (-m,’) 8¢+ (—myd’) 6q° =0 (24)

m, is the mass of the end-effector. Substituting Equation (23) into Equation (24) and
simplifying, we obtain:
SW = —mo(]&’)T]ﬁ - ml(]'&')T]'%Z —m, (]"&')T]"% =0 )
Jl@=0,)7r@=0,]"/d=0

Including external torques 7, the dynamic equation considering effective forces is:

l[]Tﬁeff]l
v=)" Fyy| (26)
«T 2u
IJ Feff

4.2. Lagrange Method

The Lagrangian method is used to derive the equations of motion by applying the
principle of least action. The Lagrangian, £, is defined as the difference between the
kinetic energy, T, and the potential energy, V, of the system:

L=T-V 27)

For the TTR planar manipulator, assuming that the potential energy is negligible
(since the motion occurs primarily in the horizontal plane, and gravity does not
significantly affect it), the Lagrangian is essentially the kinetic energy of the system:

L=T (28)

Once the Lagrangian is defined, the equations of motion are obtained by applying
the Euler-Lagrange equation for each generalized coordinate «;:

d (612) aL =012 29

—_——-— =1 1=0,1,

dt\oa;)  da; (29)
where 7; is the generalized torque acting on the ith joint.

The kinetic energy of the system comprises both the rotational and translational
contributions of each plate, including the base plate, mid plate, and end-effector. The total
kinetic energy can be expressed as the sum of the kinetic energies of each component:

1 1 1 1 1 1
T =§Iod(2) + 5110.’12 +512d% +§m0v§ +§m1v12 +§m2v22 (30)
v§, v, v, Iy, I; and I, are the linear velocity of center of the mid plate, linear velocity
of center of the end-effector, linear velocity of the end-effector, inertia-moment of the base
plate, inertia moment of the mid plate and inertia-moment of the end-effector,
respectively.

https://doi.org/10.3390/machines14020220
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1 . 1 . 1 .
. T = Eloag + 5116(% +5126t’§
+ Emo((]udo + J1281 + J13@2)% + (21dg + Jop @1 +2362)%)
1 1. s . 2 1o 1o + 1o 2 (31)
+ Zml((]uao +Ji261 + J1362)% + (3160 +J3201 + J3362)%)
1 N N2
+ 7 M2 ((/110‘0 + /1204 +]13a2) + (/21050 + /o0 +]23a2) )
1
= — 'TM Y
54 M

the inertia matrix M is:

[ o+ moglzl +£221) mo(11)12 + J21)22) mo (1113 +J21/23) |
+m2(]11 +]z1) +m1(]'1"1]%2 +]§1]£2) +m1(]%1]%3 +]é1]é3)
+my (i + J51 +my(JiJiz +J21)22)  +ma(Jiv)is +J21)23)

mo(11)12 +J21)22) L+ mO(ﬂélzz +“]2222) mo(12)13 + J22)23)

M= +m1(],{1],{2 +]é1]§2) +m2(]12 +]22) +m1U£2]%3 +]é2]é3) (32)

+m,(JidJ12 +J21)22) +my (Ji5 + /55 +my(J12)13 + J22)23)

mo(113 + J21)23) mo(12)13 + J22J23) I + mO(“]zlz3 +£223)
+m1U£1]£3 +]%1]é3) +m1(]'1"2]%3 +]%2]%3) +my(J13 + J23)

[ +ma(Jis)is +J212s)  +ma(J12)1s + J22)23) +my(Jis + Jos

according to Equations (28)—(32), the equation simplifies to:

d 1. aM(a)
&(M(a)ai)—iaT 3a,

a=r1; (33)
This leads to the equations of motion for the TTR manipulator, which can be

expressed in matrix form as:
M(@)d+C(a,a)a=T1 (34)

C(a, @) represents the Coriolis and centrifugal forces:

3
Cilad) == ) ——Ldy  j=123 (35)
-1

k=1

By solving this equation for angular position, velocity and acceleration obtained from
inverse kinematics, we can obtain the torque on the mechanism.

4.3. Hamiltonian Mechanics

Hamiltonian mechanics offers a robust framework for analyzing the energy
dynamics of the system. The Hamiltonian H is the total energy of the system, given by
the sum of kinetic energy T and potential energy V. For the proposed TTR planar
manipulator, all motion takes place in the horizontal plane, and the centers of mass of the
links do not experience any vertical displacement. As a result, the gravitational potential
energy remains constant throughout the motion. Since a constant potential energy does
not influence the equations of motion, it is omitted from the subsequent dynamic
derivations without loss of generality. Accordingly, the Hamiltonian formulation used in
this study is effectively based on the system’s kinetic energy; the Hamiltonian is: H =
Yiipia — L.

The generalized momenta p; are:

—aL—M' 36
p"_aoz,-_ a (36)

and the Hamiltonian will be:
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H(a,p) = 5p"M~ (@p 37)

v = on =M1 38

g = 5= M@y (3)

OH 1 oM (a)
) = — = _—pT — 77 39
Pi= 50" 27 " oa p+t (39)
By substituting the expressions for kinetic energy T, generalized momenta p; and
external torques in Hamiltonian, and solving it, we can predict the trajectory motion of

the mechanism.

5. Control

In this section, we discuss the control strategy used to achieve robust velocity
tracking for the three degrees of freedom (DOF) in the TTR planar manipulator.
Controlling each joint’s velocity is crucial for accurate tracking of desired trajectories,
which ensures the manipulator reaches target positions precisely and responds to
disturbances effectively. In this study, a nonlinear control strategy based on sliding-mode
control (SMC) is adopted, owing to its proven robustness against system uncertainties and
external disturbances in a simulation environment to verify the stability and tracking
performance of the derived dynamic model. Although the adopted sliding-mode control
(SMCQ) structure follows the well-known formulation, its implementation in this study is
specifically tailored to the dynamics derived through the proposed hybrid virtual work
and Hamiltonian framework. This integration ensures that the control action directly
reflects the true nonlinear coupling and energy exchange within the TTR mechanism,
thereby enhancing tracking precision and robustness without the need for empirical
tuning. Furthermore, the inclusion of the regularized fractional-power term contributes
to smoother convergence and reduction in chattering near the switching surface. These
aspects collectively differentiate the proposed controller from conventional SMC schemes
that rely on simplified or approximated dynamic representations. Notably, the values of
the joint angles a are obtained from the inverse kinematics analysis of the manipulator.
The following sections outline the definitions of control errors, specify the control
objectives, and present the detailed design of the sliding-mode controller (see Figure 6).

Actual
input

Figure 6. Flowchart of the SMC algorithm for the mechanism.
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Sliding-Mode Control

The tracking control problem in operational space is to find a control law such that
given a desired velocity dgesireq, the tracking error e; goes to zero asymptotically.

e = a— Ugesirea =1,2,3 (40)

where d is the measure angular velocity from inverse kinematics and dgegireq is the
desired angular velocity of the mechanism.

Since the relative degree of the system r = 1, the sliding surface selected in our work
is given by:

s=e, $ =é=d— dgesired (41)

Although a simple sliding surface s=e is adopted for clarity, finite-time
convergence is enhanced through the nonlinear reaching law defined below.
Consider the following Lyapunov function candidate:

1
V= ESTS (42)

From Lyapunov stability theory, we know that the system reaches S = 0 in finite
time of the above Lyapunov function and V = s$ < 0.
Defining the control signal as:

T = Teq — k1S — kysPsign(s) (43)

Teq = M(a)dgesirea — C(a, @)a (44)

ki and k, are the gains, p is a parameter that controls the nonlinearity of the sliding
term, and sign(s) is the switching function.

In practice, the control law in Equation (43) cannot be used because of containing the
term sign(S), which results in high-frequency oscillations, called chattering, and it is
replaced by a continuous approximation. Chattering may be reduced by using a high-
saturation function. We define the control law and tracking as:

T = Teq — k15 — kpsPsat(s) (45)

where sat(S) is a saturation function that can be defined as follows:

IO s(t) =68
sat(s(t)) = { ||s§2)|| 5 (46)
WEGET] s®) <

which provides a very smooth control action. k; and k, are the gains and sign(s)
is the switching function. The saturation function employed in the sliding-mode control
law is introduced to replace the discontinuous sign function and to alleviate chattering.
Although it is not explicitly written in the normalized form sat(s/§), the adopted
formulation is mathematically equivalent and introduces a boundary layer around the
sliding surface. This form has been widely used in the control of planar parallel
manipulators and follows the approach presented in Litim et al. [35]. The boundary layer
thickness is governed by the saturation parameters, which limit the control magnitude
when the sliding variable approaches zero. As a result, high-frequency switching is
avoided, and the control signal becomes continuous within the boundary layer while
preserving robustness against disturbances and modeling uncertainties.

Figure 6 illustrates the implementation of the proposed control method within the
dynamic framework of the TTR planar manipulator, based on the Lagrangian formulation
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and the mechanism’s equations of motion. As illustrated, the control input is determined
based on the difference between the current angular velocity of each joint and its
corresponding desired angular velocity. This error signal, denoted as e;, serves as the
foundation for computing the control torque using the sliding-mode control law defined
in Equations (40)—(46). In the control loop, the Coriolis forces and the inertial mass matrix
of the manipulator are calculated based on the trajectory path derived in the preceding
step. These dynamic parameters are subsequently incorporated into the control scheme to
calculate the torque inputs required to compensate for nonlinearities and dynamic
coupling. The angular acceleration is then updated using the Lagrangian formulation, and
this acceleration is integrated to obtain the angular velocity for the next control step,
thereby closing the feedback loop. This framework allows for accurate tracking of the
desired trajectory while preserving robustness against modeling uncertainties and
external disturbances.

Conventional linear controllers such as proportional-derivative (PD) or
proportional-integral-derivative (PID) schemes are widely used in robotic manipulators
due to their simplicity and ease of implementation. However, their performance strongly
depends on accurate tuning and is known to degrade in the presence of modeling
uncertainties, nonlinear coupling, and external disturbances, which are inherent to the
proposed TTR mechanism. For this reason, and to maintain a clear focus on validating the
closed-form dynamic model and its robustness properties, this study adopts sliding-mode
control as the primary control strategy in the simulation environment. A quantitative
comparison with PD/PID controllers is therefore not included, as the objective of this work
is not controller benchmarking but model-based robustness validation. Consequently, the
contribution of the control stage in this work lies not in introducing a new SMC
formulation but in demonstrating how a precisely derived closed form dynamic model
significantly improves the robustness and stability of an established SMC strategy. This
application in simulation demonstrates the model’s readiness for closed-loop control;
however, for the initial experimental validation presented in Section 6, a separate,
simplified open-loop trajectory-tracking strategy is employed on the physical prototype.

6. Experimental Validation

This section presents the experimental validation of the proposed modeling
framework for the TTR planar manipulator. The experiments aim to assess the
manipulator’s ability to accurately track a predefined trajectory within its workspace,
smoothly transitioning from an initial to a target position. Key performance metrics,
including tracking accuracy, trajectory smoothness, and robustness under real-world
conditions, are evaluated. The experimental validation focuses on assessing the accuracy
of the kinematic and dynamic model. The physical prototype is commanded using a pre-
computed, open-loop trajectory derived from the inverse kinematics solution. This
approach allows for a direct comparison between the simulated model predictions and
the actual hardware behavior, isolating the model’s fidelity from the complexities of real-
time closed-loop control.

6.1. Experimental Setup

The experimental setup employs incremental rotary encoders mounted on each
actuated plate to measure joint angular positions. Encoder signals are acquired through a
data acquisition system at a fixed sampling rate of 550 Hz. Joint velocities are obtained by
numerical differentiation of the measured angular positions. All signals are time-
synchronized and logged for offline analysis. During experimental validation, actuator
commands were bounded according to the motor and transmission specifications to
ensure safe and realistic operating conditions.
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The measured joint trajectories are mapped to Cartesian end-effector positions using
the forward kinematic model described in Section 3, enabling a direct and consistent
comparison between experimental and simulation results.

The TTR planar mechanism, shown in Figure 7, consists of three interconnected
circular plates: alarge base plate, a mid plate, and an end-effector. The base plate functions
as the main structural support, with the mid plate and end-effector mounted sequentially
above it. Each of the three DC motors directly actuates one revolute joint of the TTR
mechanism (base plate, mid plate, and end-effector), and the experimental trajectories are
generated by converting predefined Cartesian paths into joint-space commands using the
inverse kinematics described in Section 3, without closed-loop control. Each plate is
driven by a revolute joint, allowing rotational motion about the Z-axis. The primary forces
acting on the mechanism are directed vertically along the Z-axis, as illustrated in the
figure. Therefore, it is essential that the bearing assemblies for each plate are designed to
maintain axial stability and to allow precise bidirectional rotation about their respective
axes. This structural configuration facilitates smooth rotational motion while ensuring
mechanical integrity and alignment during dynamic operation.

LAN Cables Encoders

9 ﬂ ﬁ Feedback mechanism

Switch
// —
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Controller Drivers Motors ‘ g
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Figure 7. Experimental setup of the planar TTR mechanism for validation of the proposed modeling.

i
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To ensure accurate and stable rotation, each plate in the TTR planar mechanism is
supported by ten V-shaped groove ball bearings (type VW WO, 90-degree angle), which
provide both axial and radial constraint. The actuation system utilizes 57HS22 stepper
motors (Leadshine, Shenzhen, China), chosen for their compact size and high holding
torque of 2.2 Nm with the step angle of 1.8°, ensuring the rotational joints between the
plates are supported by VW W0 deep-groove ball bearings. Through the driver, the step
resolution is converted to 1/8000 of a degree per microstep. Rotational motion along the
three axes is coordinated and controlled using a Mach 3 MK3 Ethernet controller, which
provides synchronized multi-axis control. The control interface of the prototype is
implemented using an MK3 Ethernet motion Controller (Mach3-compatible, Shandong,
China). The controller provides 16 digital inputs and 8 digital outputs, with a maximum
pulse frequency of 200 kHz, enabling direct connection to the stepper motor drivers.
Communication with the PC is performed through Ethernet TCP/IP, and motion
commands are executed using the Mach3 control software R3.043. This configuration
ensures intact trajectory execution, straightforward integration with the actuators, and
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sufficient 1/O capacity for sensors and limit switches used in the experimental setup.
Power from each motor is transmitted to its corresponding plate through custom-
designed pulleys, optimized to maximize mechanical efficiency and maintain precise
alignment. To establish accurate initial positioning and enhance control precision, the
system integrates Omron EE-SX672 optical sensors (Farnell, Kyoto, Japan). These sensors
serve as reference-point detectors, allowing precise homing of each rotational axis before
trajectory execution.

Figure 7 illustrates the complete experimental testbed used to actuate and support
the TTR planar mechanism shown in Figure 1. While the setup includes additional
structural components such as bearings, couplings, shafts, and mounting frames, these
elements do not introduce additional degrees of freedom and are not part of the kinematic
model. The kinematic structure of the manipulator remains identical to that described in
Sections 2 and 3.

6.2. Experimental Procedure

The experiment was conducted to validate the kinematic and dynamic models
developed in the preceding sections. The following steps were performed:

1. Trajectory Generation: desired end-effector trajectories in Cartesian space were
defined.

2. Inverse Kinematics: the desired trajectories were converted into joint space using the
numerical inverse kinematics algorithm.

3. Actuator Execution: the joint commands (a-trajectories) were sent to the linear
actuators using the Simulink interface.

4. Data Acquisition: encoder readings were continuously recorded and synchronized
with command data. The motion data comprised positions, velocities (obtained via
differentiation), and the corresponding inferred torques.

5. Model Comparison: experimental results were compared with theoretical outputs
from inverse kinematics to evaluate model accuracy.

It can be said that, during experimental validation, actuator commands were
bounded according to the motor and transmission specifications to ensure safe and
realistic operating conditions.

7. Results and Discussions
7.1. Simulation Results

This section presents the results obtained from implementing the proposed dynamic
modeling algorithm and the SMC strategy on the TTR planar manipulator. Initially, the
dynamic equations of motion were formulated based on inverse kinematics, and a
numerical solution was subsequently employed to generate the joint angle trajectories
corresponding to the desired end-effector positions. Subsequently, the angular velocities
and accelerations along the trajectory were derived using Lagrange’s equations in
conjunction with the principle of virtual work, with actuator torque considered as the
primary control input. The SMC approach was then applied to ensure robust velocity
tracking. Using the torques calculated from the Lagrangian formulation, Hamilton's
equations, combined with the principle of virtual work, were applied to simulate the
manipulator’s motion along the planned trajectory. The results demonstrate both the
computational efficiency and the accuracy of the proposed dynamic model in predicting
the manipulator’s behavior across various motion profiles. Sliding-mode control was
adopted due to its well-documented robustness to nonlinearities and modeling
uncertainties, as reported in the literature. Furthermore, the performance of the sliding-
mode control (SMC) scheme was evaluated through numerical simulations based on the
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derived dynamic model. The simulated results demonstrate finite-time convergence of the
tracking error and robustness against modeling uncertainties and external disturbances.
The following subsections provide a detailed analysis of the system’s dynamic response,
actuator torque profiles, and trajectory tracking behavior, with emphasis on the
consistency between simulation outcomes and experimental observations used for model
validation. The physical parameters of the TTR mechanism are summarized in Table 2,
and the model verification procedure is illustrated in Figure 5.

Table 2. TTR mechanism specification.

my (kg)

m, (kg)

my(kg) Io(kg-m?) Ii(kg-m*) I(kg-m*)  Ro(m) Ry (m) R, (m)

0.5

2.8

3 0.0039 0.0560 0.1134 0.125 0.2 0.275

The simulation study was conducted entirely in MATLAB, with each computational
step systematically implemented. The inverse kinematic equations of the TTR planar
mechanism were first formulated. These equations were subsequently solved numerically
using the Newton-Raphson method to determine the joint angle trajectories required to
achieve a desired end-effector position. The simulation takes as input the initial and target
coordinates of the end-effector. Specifically, the initial position was set as follow: x = 0.5
m, y = 0.2372 m, and the desired position was defined as xgesireq = 0.3259 M, Yyesirea =
-0.2879 m. The convergence criteria for the numerical solver were set as, { = 10712, e =
0.1, ensuring a clear and computationally efficient solution process. Under these con-
straints, the Newton-Raphson algorithm converged after a total of 271 iterations. The re-
sulting joint angle trajectory for the mechanism is presented in Figure 8, illustrating the
effectiveness and accuracy of the proposed numerical approach in solving the inverse
kinematics problem. The iteration count of 271 corresponds to a conservative worst-case
trial under a strict convergence tolerance of 107°. Despite this number, the Newton—
Raphson algorithm remained computationally efficient due to the low cost per iteration
and the use of previous time-step solutions as initial guesses. Total computation time per
cycle stayed well within real-time constraints, confirming that the reported iterations
reflect the strict accuracy requirements rather than a limitation in efficiency.

3 T

a(rad)

15 . . ‘ ‘ :
0 50 100 150 200 250 300
tiration

Figure 8. Trajectory paths of joint angles ao, a1, and a2 obtained using the Newton-Raphson method.

Figure 8 illustrates the evolution of the joint angles of the three rotating disks over
the course of the Newton—-Raphson iterations, as the mechanism transitions from the
initial to the desired end-effector position. The figure depicts the rotational trajectories
required for each joint to achieve convergence. As shown, all three joint angle trajectories
display smooth and continuous behavior, accurately converging to their respective target
values. The lack of oscillations or instability in the trajectories indicates that the numerical
solution process was both stable and efficient. These results confirm the effectiveness of
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the proposed inverse kinematics algorithm in guiding the manipulator to its desired
configuration while maintaining precise control over joint motion.

Figure 9 presents the convergence behavior of the end-effector’s Cartesian position,
both x and y components, plotted against the number of Newton-Raphson iterations.
Figure 9a depicts the convergence of the x-coordinate, while Figure 9b shows the
convergence of the y-coordinate from the initial to the desired position. As illustrated in
the plots, both components converge smoothly and monotonically, achieving their
respective target values with high numerical precision. The convergence curves
demonstrate the stability and accuracy of the proposed inverse kinematics and numerical
solution framework. The mean squared error (MSE) values for the final iteration are
exceptionally low, with MSEx=3.36 x 10™**m? , MSE, = 2.017 x 10~ *®*m?, where MSE. and
MSE, demonstrate the error between the target Cartesian position and the position
obtained from the inverse kinematics solution in the two directions of movement, X and
Y, respectively. These error measures are computed independently for each Cartesian
direction to avoid ambiguity in performance evaluation. It should be noted that
instantaneous tracking errors may take positive or negative values; however, the mean
squared error (MSE) is a non-negative scalar quantity obtained by squaring and averaging
these errors over time. This presentation is consistent with the objective of the study,
which focuses on validating the accuracy of the proposed kinematic and dynamic
modeling framework. The obtained MSE values are on the order of 10-® m? and
x 10~**m?, indicating extremely small tracking deviations over the entire trajectory. After
computing the end-effector’s trajectory, the angular velocity, angular acceleration, and
corresponding actuator torque for each rotating disk were determined along the path
toward the desired final position. This analysis was carried out using Lagrange’s
equations in conjunction with the principle of virtual work, with torque treated as the
primary control input within the Lagrangian framework. To ensure a complete and
physically meaningful motion profile, each disk is required to come to a full stop upon
reaching the target, meaning that the angular velocity of each disk must reduce to zero at
the end of the motion. For the purposes of this simulation, the total duration of movement
was set as 10 s, during which the end-effector transitions to the desired position and the
system decelerates to a stop. The initial angular velocity of each disk was assumed to be
600 rad/s. It should be noted that the initial angular velocity of 600 rad/s used in the
simulation studies represents a numerical initial condition rather than a physically
sustained operating speed of the experimental prototype. This value is intentionally
selected to evaluate the robustness, stability, and convergence properties of the proposed
dynamic model and sliding-mode controller under aggressive transient conditions. In the
experimental setup, the actuator velocities are constrained by the motor ratings and
transmission limits, and the operating speeds remain within the allowable range specified
by the hardware. The parameters utilized in the control law were set as k; = 0.6,k, =
10.273,p = —0.3 and 6 = 0.1. These values were selected to ensure convergence stability,
responsiveness, and robustness of the system under the SMC scheme. The controller
parameters are grouped and selected following a structured engineering tuning
procedure. First, the sliding surface is defined based on the tracking error dynamics,
which fixes the controller structure independently of parameter values. Next, the sliding
surface gains are chosen to achieve the desired convergence speed of the nominal system.
The switching gain is then increased conservatively until it dominates bounded modeling
uncertainties and external disturbances, thereby guaranteeing satisfaction of the sliding
condition and finite-time convergence. Finally, secondary smoothing parameters are
adjusted to reduce chattering and ensure actuator-safe operation without affecting closed-
loop stability.
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Figure 9. End-effector trajectory (x,,y,) obtained using the Newton-Raphson method: (a)

displacement in the x-direction; (b) displacement in the y-direction.

It is emphasized that the precise numerical values of the controller parameters are
not unique; rather, any set satisfying the stability inequalities leads to stable tracking
behavior. The adopted values represent one feasible and experimentally validated tuning
within this admissible range and are sufficient for the purpose of dynamic model
validation pursued in this study. The nonlinear term s? with a negative exponent (p =
—0.3) is introduced to accelerate convergence when the tracking error is small, a charac-
teristic feature of finite-time sliding-mode control. Without appropriate treatment, such
terms may lead to large control values as s — 0. To avoid numerical singularities and en-
sure bounded control effort near the sliding surface, the term s? is implemented in a reg-
ularized form as: s? — (| s | +&)?sign(s) where € > 0 is a small positive constant. This
modification preserves the finite-time convergence property while guaranteeing numeri-
cal stability in practical implementation.

The simulation results for angular velocity, angular acceleration, and torque over the
10 s interval are presented in Figures 10-12, demonstrating the system’s ability to
smoothly and accurately follow the prescribed motion profile while achieving full
deceleration at the final time step.
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Figure 10. Joint angular velocities of the mechanism obtained using the SMC and Lagrangian
approach: (a) base plate, (b) mid plate, and (c) end-effector.

Figure 10 illustrates the angular velocity profiles of the three rotating disks over time,
as governed by the proposed control strategy. The first subplot represents the base plate,
the second the mid plate, and the third the end-effector. As illustrated, the angular
velocities of all three components decrease smoothly to zero within the 10 s interval, in
accordance with the control objective. This behavior demonstrates that the controller
effectively managed the deceleration phase, ensuring that the manipulator reached its
desired final configuration without any residual motion. The smooth and monotonic
nature of the velocity curves, despite the system’s nonlinear dynamics and inherent
uncertainties, demonstrates the effectiveness and robustness of the implemented SMC
scheme. The controller maintained stable performance throughout the transition,

demonstrating its ability to manage the dynamic coupling and complexity inherent in the
TTR mechanism.
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Figure 11 presents the time-domain response of the Lyapunov function V(t), which
is formulated as a function of the sliding surface error s(t). Since the error term
s represents the deviation between the actual and desired angular velocities, a reduction
in s over time corresponds directly to a decrease in the Lyapunov function. As illustrated
in the figure, the Lyapunov function decreases monotonically and approaches zero
asymptotically within the predefined 10 s interval. This behavior confirms the asymptotic
stability of the system under the designed sliding-mode control (SMC) law, in accordance
with Lyapunov’s stability criteria. The smooth convergence of V(t) toward zero indicates
that the tracking error has been effectively eliminated and that the closed-loop system
maintains strong robustness and guaranteed convergence, despite the presence of system
nonlinearities and uncertainties.

x10°

wn

H

Lyapunov function (v)
N w

(=}

4 5 6
Time (s)
Figure 11. Lyapunov function illustrating the stability of the SMC for the mechanism.

Figure 12 illustrates the applied torques to each of the three rotating disks over time,
serving as the control inputs within the Lagrangian framework. These torques correspond
to the control outputs responsible for driving the manipulator from its initial
configuration to the desired end-effector position and velocity. Specifically, Figure 12a
shows the torque applied to the base plate, Figure 12b depicts the torque applied to the
mid plate, and Figure 12c¢ corresponds to the end-effector. In all three cases, the torque
profiles change smoothly and continuously, gradually stabilizing as the system reaches
its final configuration. By applying these time-varying torque profiles, while accounting
for the mechanism’s initial conditions and dynamic constraints, the manipulator
successfully reaches the desired end-effector position and velocity within approximately
11 s. The smooth convergence of the torque values indicates that the controller effectively
manages the system’s energy distribution, mitigates dynamic coupling effects, and
ensures robust performance throughout the trajectory.

A more detailed analysis of the torque profiles in Figure 12 provides additional
insight into the dynamics and control behavior of each joint.
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Figure 12. Applied torques to the joints and disks of the mechanism: (a) base plate, (b) mid plate,
and (c) end-effector.

In Figure 12a, the torque applied to the base plate is consistently negative throughout
the motion. This behavior indicates that the torque required to actuate the base plate is
directed opposite to that of the other two disks. The torque initially increases in magnitude
and then decreases smoothly, approaching zero as the manipulator reaches its final
position. This reflects the controller’s effort to counteract the system’s inertia at the start,
followed by a deceleration phase as the motion completes. In Figure 12b, the torque
applied to the mid plate begins with a relatively high positive value, indicating the need
for a strong initial actuation to initiate movement. The torque then briefly becomes
negative, signifying a transient phase of counteracting force, likely due to dynamic
coupling or system inertia. Over time, the torque gradually stabilizes, reaching its target
value within 10 s. As shown in Figure 12c¢, the torque applied to the end-effector initially
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rises during the first second of motion, followed by a smooth and consistent decline for
the remainder of the trajectory. Importantly, the torque remains strictly positive
throughout, indicating that the force applied to the end-effector is consistently directed in
a single orientation. This suggests that the motion of the end-effector was unidirectional
and free from any significant reversals or reactive forces.

Overall, the torque profiles demonstrate controlled, smooth transitions and effective
energy distribution across all joints, further validating the performance of the proposed
control framework under the nonlinear dynamics of the TTR manipulator. In all
simulations, the regularization parameter was selected to be sufficiently small to preserve
convergence speed. As demonstrated in the simulation results, the use of the saturation
function significantly reduces chattering in the control input compared to an ideal
discontinuous sliding-mode formulation. In the all simulations, the regularization
parameter was selected to be sufficiently small to preserve convergence speed while
avoiding control chattering.

Figure 13 displays the angular acceleration profiles of each of the three rotating disks
in the TTR planar manipulator during the motion execution phase. As shown, all three
plots display predominantly negative acceleration values, reflecting a deceleration trend
throughout the motion. This behavior aligns with the system’s objective of reducing the
angular velocities to zero within the specified time interval.
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Figure 13. Joint angular accelerations of the mechanism obtained using the SMC and Lagrangian

approach: (a) base plate, (b) mid plate, and (c) end-effector.

In Figure 13a, the base plate begins its motion with a brief phase of positive angular
acceleration, initiating the system’s response. However, it quickly transitions into a
negative acceleration region within the first second, and the value then gradually
decreases in magnitude, eventually stabilizing at zero. This pattern reflects an initial boost
followed by controlled deceleration to bring the joint to a halt.

In Figure 13b, the mid plate also exhibits an initial increase in angular acceleration,
followed by a rapid decline. Following this transient phase, the acceleration gradually and
smoothly converges to zero. This suggests an aggressive initial actuation to overcome
static resistance, followed by precise deceleration controlled by the system dynamics and
the SMC controller. In Figure 13c, the end-effector starts with a negative angular
acceleration, indicating an immediate deceleration requirement from the onset. Over the
remainder of the motion, the acceleration decreases smoothly until it reaches zero,
ensuring that the manipulator comes to rest without overshoot or oscillations. Overall, the
angular acceleration profiles illustrate the controller’s capability to produce dynamically
consistent and smooth deceleration across all three joints, facilitating accurate and stable
convergence to the desired final configuration.

Figure 14 presents a comparative analysis of the simulated trajectories of the base
plate, mid plate, and end-effector, obtained using both the Lagrangian and Hamiltonian
formulations. In this figure, the displacements implemented in the Lagrangian equations
obtained from inverse kinematics and the displacements predicted by the Hamiltonian
model serve as a validation of the accuracy and consistency of the proposed dynamic
modeling framework.

Figure 14a illustrates the base plate trajectory, where the Hamiltonian solution
exhibits near-perfect overlap with the Lagrangian result throughout the simulation. This
agreement confirms the theoretical consistency between the two energy-based
frameworks and validates the correctness of the derived dynamic equations.
Quantitatively, the mean squared error (MSE) between the two trajectories is 0.0016 rad?,
highlighting the accuracy, numerical stability, and robustness of the Hamiltonian
formulation as a reliable alternative to the Lagrangian approach.

Figure 14b depicts the trajectory of the mid plate, again demonstrating almost
complete overlap between the two formulations. The corresponding MSE of 0.0006 rad?
reflects exceptionally a clear and computationally efficient representation, reinforcing the
ability of the Hamiltonian model to replicate the motion and energy dynamics predicted
by the Lagrangian framework. This result underscores the robustness of the Hamiltonian
approach in accurately capturing the dynamics of the intermediate link, which plays a key
role in trajectory propagation and overall system stability.

https://doi.org/10.3390/machines14020220



Machines 2026, 14, 220

26 of 30

Figure 14c presents a comparison of the end-effector trajectories predicted by the two
formulations. While the overall motion profiles remain consistent, the end-effector
increases to 0.020 rad? indicating a modest reduction in correspondence relative to the
base and mid plate trajectories. This deviation is likely due to the end-effector’s increased
sensitivity to initial conditions, the accumulation of numerical errors, or the Hamiltonian
model’s responsiveness to variations in distal energy terms. Nonetheless, the overall
trajectory trend remains consistent, confirming the Hamiltonian formulation’s validity in
capturing the system dynamics.
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Figure 14. Trajectory of the mechanism plates, comparison between the path used in the Lagrangian
equations and the path of the plates obtained from Hamiltonian methods: (a) base plate, (b) mid
plate, and (c) end-effector.
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Collectively, these results demonstrate that the Hamiltonian approach achieves
strong agreement with the Lagrangian formulation across all levels of the mechanism,
validating its effectiveness for simulation and control applications. These findings further
reinforce its applicability in complex robotic systems, especially when integrated with
advanced control strategies such as sliding-mode control.

It should be noted that translational and rotational tracking errors are evaluated
separately using their respective physical units. Differences in numerical magnitude
between translational and rotational error values reflect unit scaling rather than any
inconsistency in the modeling or experimental measurements. No unit mixing is
performed in the computation of the reported error metrics.

7.2. Experimental Resuzlts

To quantitatively assess the agreement between simulation and experimental results,
tracking performance is evaluated using the mean squared error (MSE). These metrics are
computed based on the time-domain difference between simulated and experimentally
measured end-effector trajectories and are evaluated separately for the Cartesian x and
y directions.

Figure 15 presents a comparative analysis between the experimentally measured
trajectory of the planar TTR manipulator and the simulated trajectory obtained from the
proposed dynamic model, incorporating both the Lagrangian and Hamiltonian
formulations. As observed in the comparison plots, the experimental trajectories closely
follow the simulated responses in both x and y directions, with bounded tracking errors
and no observable divergence, indicating strong correlation between simulation and
experimental results. The MSE between experimental and simulation results is 4 x 107°
m?, and this value confirms that the experimental prototype reproduces the simulated
reference trajectory with consistent accuracy, and that the simulation closely predicts real
behavior within very small deviations as quantified by the reported MSE values. This
consistency confirms the practical accuracy of the theoretical model and its capability to
represent the manipulator’s real-world dynamics. Despite the presence of mechanical
tolerances, sensor noise, and environmental disturbances, the alignment of the results
underscores the robustness of the proposed framework. These findings provide
compelling evidence of the reliability of the derived dynamic equations and demonstrate
their applicability for system design, control synthesis, and performance prediction in
real-time robotic operations. Overall, the experimental results reinforce the theoretical
contributions of this work and establish the proposed modeling approach as a practical
and scalable solution for planar robotic manipulators.
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Figure 15. Trajectory of the mechanism: comparison between experimental data and simulation
results (The quantitative deviation between the two trajectories is reported in terms of MSE in the
text).
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8. Conclusions

This study developed a closed-form dynamic model for a novel planar TTR
manipulator by integrating the principles of virtual work, Lagrangian mechanics, and
Hamiltonian mechanics. The resulting analytical formulation captures the coupled
kinematic and dynamic behavior of the system and enables direct computation of joint
trajectories, velocities, and generalized forces. Experimental validation demonstrated
close agreement between simulated and measured responses, with deviations in joint
positions and velocities remaining within a few percent across the tested motion profiles,
indicating a clear improvement in dynamic modeling accuracy.

The inverse kinematics problem was solved using a modified Newton-Raphson
algorithm, which consistently converged within a small number of iterations and
maintained numerical stability throughout the manipulator workspace. The Hamiltonian
formulation provided explicit insight into the system’s energy distribution and
contributed to improved prediction of dynamic responses, reducing discrepancies
between simulated and experimental joint torques and improving overall model fidelity
compared to conventional formulations.

A sliding-mode control (SMC) strategy was implemented to ensure robust trajectory
tracking in the presence of nonlinearities. Finite-time convergence was demonstrated in
simulation using the proposed SMC, while experimental results were used to validate the
accuracy of the dynamic and kinematic models through trajectory comparison.
Quantitatively, simulation results demonstrate that the proposed sliding-mode control
scheme achieves low steady-state tracking errors and accurate trajectory following under
disturbance conditions. Experimental results, without closed-loop control, show that the
measured trajectories remain within narrow bounds and closely match the corresponding
simulation results, thereby validating the accuracy of the proposed kinematic and
dynamic models.

Overall, this work validates both the proposed planar TTR manipulator architecture
and the associated modeling and control framework. By combining closed-form energy-
based dynamic modeling with robust control, the proposed approach demonstrates
measurable improvements in dynamic analysis accuracy and control performance. The
methodology is scalable to higher degree-of-freedom robotic systems and is well suited
for precision-demanding applications in automated manufacturing, motion control, and
energy-efficient robotic system design.
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