
 
 

 

 
Machines 2026, 14, 789 https://doi.org/10.3390/machines14070789 

Article 

A Hybrid Finite Element–Deep Learning Framework for  
Bearing Structure Optimization 
Jibo Li 1,2,†, Chenxu Bian 1,2,†, Mengxi You 1,2, Jiyin Tian 3,*, Xiangjun Chen 2,*, Pei Wang 2 and Dianzhong Li 2 

1 School of Materials Science and Engineering, University of Science and Technology of China,  
Shenyang 110016, China; jbli20s@imr.ac.cn (J.L.); cxbian23s@imr.ac.cn (C.B.); mxyou24s@imr.ac.cn (M.Y.) 

2 Shenyang National Laboratory for Materials Science, Institute of Metal Research, Chinese Academy  
of Sciences, Shenyang 110016, China; pwang@imr.ac.cn (P.W.); dzli@imr.ac.cn (D.L.) 

3 School of Mechanical, Electronic and Control Engineering, Beijing Jiaotong University,  
Beijing 100044, China 

* Correspondence: jytian@bjtu.edu.cn (J.T.); xjchen@imr.ac.cn (X.C.) 
† These authors contributed equally to this work. 

Abstract 

The groove curvature coefficient plays a critical role in determining the thermo-mechanical 
performance of angular-contact ball bearings. However, its optimization remains 
challenging due to strong nonlinear coupling among stress, stiffness, heat generation, and 
fatigue capacity. To address this issue, this study proposes a hybrid optimization 
framework integrating a corrected two-dimensional axisymmetric finite element method 
(2D-AxFEM) model, a deep learning surrogate model, and a genetic algorithm. Firstly, an 
efficient 2D-AxFEM model calibrated by a bearing dynamic model is developed to 
accurately predict key performance metrics, including contact stress, stiffness, heat 
generation, and dynamic load rating, with significantly reduced computational cost 
compared to the conventional 3D FEM model. Based on the generated data, a multi-layer 
perceptron deep learning surrogate model is trained to establish a fast nonlinear mapping 
between groove curvature coefficients and performance indicators. The model achieves 
high accuracy, with R2 values of 0.9745, 0.9414, and 0.9756 at three different rotational 
speeds, as well as significantly improved computational efficiency. Building upon this, 
single- and multi-constraint optimization problems are solved using a genetic algorithm. 
The results reveal clear trade-offs among stiffness, heat generation, and load capacity. Under 
stiffness constraints, optimal solutions consistently converge to the constraint boundary, 
indicating its dominant role in thermal optimization. Under multiple constraints, the 
framework effectively identifies feasible design regions, enabling reduced heat generation 
while maintaining acceptable stress and load capacity. Overall, the proposed framework 
enables efficient exploration of multi-physics design spaces and provides a scalable solution 
for high-speed bearing optimization. 

Keywords: groove curvature coefficient; deep learning; bearing design; finite element 
method 
 

1. Introduction 
High-speed precision rolling bearings are essential components in advanced 

mechanical systems such as aero-engines, machine tool spindles, and high-speed railways. 
Their performance directly governs the rotational accuracy, service life, and reliability of 
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the entire system [1–3]. Among various design parameters, the groove curvature 
coefficient plays a decisive role in determining contact mechanics, load distribution, and 
thermo-mechanical behavior under high-speed conditions [4]. However, its influence 
exhibits strong nonlinearity and inherent trade-offs. For instance, a smaller curvature 
coefficient improves stiffness and reduces contact stress, yet significantly increases 
frictional heat generation, thereby elevating the risk of thermal failure [5,6]. This multi-
physics coupling poses substantial challenges for optimal bearing design. 

In the realm of bearing parametric design and performance analysis, analytical 
methods are widely employed, primarily encompassing quasi-static and dynamic models. 
These analytical models focus on solving the nonlinear systems derived from geometric 
relationships and force equilibrium under high-speed conditions [7,8]. 

The classic quasi-static model was proposed by Jones [9,10] in 1959. Noel et al. [11] 
employed the quasi-static model to develop a method for calculating the stiffness matrix. 
Yang et al. [12] analyzed the effects of different preloads, rotational speeds, and structural 
parameters on bearing stiffness. However, the quasi-static model only considers the 
equilibrium state under bearing load and neglects high-speed dynamic effects such as spin 
and sliding, which are of considerable importance to bearing behavior. When calculating 
fatigue loads, Pape et al. [13] took into account the influence of spin and sliding on stress. 
With advances in elastohydrodynamic lubrication (EHL) theory, bearing dynamic models 
can now not only capture the effects of high-speed spin and sliding on the contact zone, 
but also compute interactions among multiple components. He et al. [14] constructed a 
high-speed bearing dynamic model, simulating the six-degree-of-freedom motion of the 
balls and cage and the five-degree-of-freedom motion of the rings, and calculated 
dynamic characteristic parameters such as the spin-to-roll ratio and slip velocity. Wen et 
al. [15] used a dynamic model to specifically investigate the misalignment of high-speed 
miniature ball bearings, finding that misalignment leads to an increase in spin friction 
torque. Ma et al. [16] proposed a nonlinear dynamic model for four-point-contact ball 
bearings and provided strategies to reduce sliding damage. Liu et al. [17] established a 
dynamic model incorporating temperature and lubricant effects, revealing the significant 
influence of lubricant temperature on ball skidding behavior. Although the 
aforementioned dynamic models provide valuable physical insights, they not only face 
notable computational efficiency challenges when solving the differential equations of 
motion, but also struggle to effectively address flexibility-related bearing nonlinearity 
problems. 

With the advancement of computational mechanics, the finite element method (FEM) has 
emerged as a robust tool for high-fidelity bearing performance analysis [18]. He et al. [19] 
established an integrated bearing-bolt FEM model, and Guo et al. [20] investigated cross-
coupling stiffness characteristics using FEM/contact mechanics approaches. Zhang et al. [18] 
applied FEM modeling combined with minimum potential energy principles to evaluate 
stiffness in rotor systems. Nevertheless, high-fidelity 3D-FEM models are prohibitively 
expensive in terms of computational cost, making them impractical for large-scale parameter 
sweeps and iterative optimization [21]. Therefore, a key challenge lies in developing an 
efficient yet sufficiently accurate modeling approach that can support large-scale design 
exploration. 

In recent years, deep learning methods have demonstrated strong capability in 
modeling complex nonlinear relationships in mechanical design, particularly for 
performance prediction tasks [22–25]. For instance, Ji et al. [26] applied machine learning 
models to predict bearing temperature, while Gheller et al. [27] employed artificial neural 
networks (ANNs) to estimate lubrication-related parameters with high efficiency. In 
addition, Wang et al. [28] developed a machine learning-based surrogate model for 
friction prediction in textured journal bearings, achieving high accuracy while 
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significantly reducing the computational cost associated with simulations. Zhao et al. [29] 
used deep neural networks (DNN) to construct reduced-order models for tilting pad 
journal bearings, enabling accurate prediction of stiffness, damping, and thermal behavior 
with orders-of-magnitude improvement in efficiency. These studies demonstrate the 
effectiveness of deep learning as a predictive tool for complex multi-physics mechanical 
systems. 

Building upon this, surrogate-based optimization frameworks have been developed 
by coupling deep learning models with intelligent optimization algorithms. In such 
frameworks, the trained surrogate model replaces expensive numerical simulations, 
enabling rapid evaluation during iterative optimization. For example, Baklouti et al. [30] 
and Gao et al. [31] integrated surrogate models with optimization algorithms to improve 
bearing performance. Furthermore, Zhao et al. [32] proposed a hybrid framework 
combining thermal networks and machine learning for joint optimization. In addition, 
Ganesha et al. [33] applied data-driven optimization strategies to advanced bearing 
configurations, where machine learning models are combined with optimization 
algorithms to identify optimal structural parameters. Beyond conventional surrogate-
based approaches, Kim et al. [34] introduced deep reinforcement learning (DRL) for 
bearing design, enabling adaptive optimization under varying operating conditions and 
improving design flexibility. Furthermore, Liu et al. [35] explored hybrid strategies 
combining deep learning with evolutionary algorithms to enhance convergence efficiency 
and global search capability in air-bearing design problems. Despite these advancements, 
the distinction between single-constraint and multi-constraint optimization, as well as 
their impact on optimal design evolution, remains largely unexplored. This gap limits the 
applicability of existing methods to realistic engineering scenarios involving strict design 
requirements. 

Accordingly, this paper introduces a comprehensive design framework that 
integrates an efficient 2D axisymmetric finite element method (2D-AxFEM) model, deep 
learning surrogate modeling, and intelligent optimization algorithms, as illustrated in 
Figure 1. First, an efficient 2D-AxFEM model corrected by the dynamic model is employed 
to rapidly obtain critical performance metrics, including stiffness, contact stress, heat 
generation rate, and dynamic load rating under varying groove curvature coefficients, 
significantly reducing the computational cost while maintaining accuracy. Subsequently, 
a high-precision deep learning surrogate model is trained to establish fast mapping from 
design parameters to multiple performance indicators. Finally, leveraging this deep 
learning surrogate model, both single-constraint optimization and multi-constraint 
optimization are systematically conducted for rotational speeds of 10,000, 20,000, and 
30,000 rpm. This framework enables efficient exploration of constrained design spaces and 
reveals the evolution patterns of optimal groove curvature coefficients under multiple 
operating conditions, providing a practical and scalable solution for high-speed bearing 
optimization. 
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Figure 1. Optimization framework for high-speed precision bearings. 

2. 2D-Axisymmetric FEM Model and Performance Metrics 
2.1. 2D-Axisymmetric FEM Model of Bearing 

This paper takes the type 7008C angular-contact ball bearing as the research object 
for analysis, as shown in Figure 2, with its structural parameters listed in Table 1. An 
efficient and high-fidelity finite element method (FEM) model is indispensable for the 
design optimization of bearings. However, full three-dimensional (3D) FEM models are 
often plagued by prohibitively low computational efficiency. This inefficiency stems not 
only from excessive mesh counts and the necessity of solving massive systems of 
nonlinear equations, but also from complex nonlinear behaviors—such as frictional 
contact and separation—which frequently lead to convergence difficulties. Consequently, 
utilizing full 3D-FEM models is impractical for efficient large-scale batch simulations and 
analysis. 

 

Figure 2. 7008C angular-contact ball bearing. (a) Photograph of the bearing. (b) Cross-sectional view 
and dimensional annotation. 

Table 1. Structure parameters of bearing. 

Notation Specification Value (mm) 𝐷௢ Outer diameter 68.000 𝐷௜ Inner diameter 40.000 
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𝑑୭ Diameter of outer ring groove bottom circle 61.961 𝑑௜ Diameter of inner ring groove bottom circle 46.023 𝐷௪ Diameter of rolling elements 7.938 𝐷௠ Diameter of pitch circle 54.000 𝑟୭ Outer-ring groove bottom circle radius 4.207 𝑟௜ Inner-ring groove bottom circle radius 4.365 

To achieve a balance between efficiency and accuracy, the high-speed rolling 
elements are simplified as equivalent annular components, leveraging their characteristic 
of positional uncertainty under high rotational speeds. Specifically, under the condition 
of steady operation at high rotational speed, the rolling elements of the angular-contact 
ball bearing are distributed regularly in the circumferential direction. Their motion state 
has strict periodicity and symmetry characteristics in a statistical sense. Based on this 
physical property, the discrete distribution of multiple rolling elements can be 
equivalently regarded as a continuous virtual annular structure, as shown in Figure 3. 
This equivalent ring is conceptually composed of infinite virtual rolling elements 
continuously, and its equivalent material parameters can be systematically calibrated 
through the bearing dynamics theoretical model, thereby ensuring that this equivalent 
structure can accurately reflect the macroscopic mechanical behavior of the bearing under 
different working conditions [21,36]. In Section 2.2, the strict equivalence of the 2D-
AxFEM model using bearing dynamics will be elaborated upon in detail. Upon correction 
via the bearing dynamic analytical model, the 2D-AxFEM model facilitates the precise 
computation of critical performance metrics (stiffness and maximum contact stress) under 
high-speed operation. 

 

Figure 3. Schematic illustration of the bearing simplification approach. (a) Actual bearing model. (b) 
Simplified model for high-speed analysis. (c) Cross-section of the simplified bearing. 

Following this simplification, the bearing assembly, consisting entirely of annular 
structures, can be simulated using the 2D axisymmetric finite element method. This 
section will describe the process of constructing the 2D-AxFEM model. 

A 2D-AxFEM model of the bearing was constructed using the finite element 
simulation software ABAQUS-6.14. In the cylindrical coordinate system (𝑟,𝜃, 𝑧) , the 
geometric equations representing the strain–displacement relationship are given by 
Equation (1). Furthermore, the weighted integration is calculated via Equation (2) [37–39]. 

𝜀 = ൦𝜀௥௥𝜀ఏఏ𝜀௭௭𝛾௥௭ ൪ =
⎣⎢⎢
⎢⎢⎢
⎢⎡ 𝜕𝑢௥𝜕𝑟𝑢௥𝑟𝜕𝑢௥𝜕𝑧𝜕𝑢௥𝜕𝑧 + 𝜕𝑢௭𝜕𝑟 ⎦⎥⎥

⎥⎥⎥
⎥⎤
 (1)
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න(𝑓(x))௏ 𝑑𝑉 = න(𝑓(r, z))஺ ⋅ (2𝜋𝑟)𝑑𝑟𝑑𝑧 (2)

The equilibrium equations are governed by Equation (3). 𝜎 = 𝜎(𝑟, 𝑧)  denotes the 
stress field and 𝑓 represents the body force vector. 𝛻 ⋅ 𝜎 + 𝑓 = 0 (3)

The constitutive equations are given by Equations (4) and (5), with 𝑪 representing 
the elastic stiffness matrix. 𝜎 = 𝐶: 𝜀 (4)

𝑪 = 𝐸(1 + 𝜈)(1 − 2𝜈) ⎣⎢⎢
⎢⎡1 − 𝜈 𝜈 𝜈 0𝜈 1 − 𝜈 𝜈 0𝜈 𝜈 1 − 𝜈 00 0 0 1 − 2𝜈2 ⎦⎥⎥

⎥⎤ (5)

The model is discretized using 4-node linear axisymmetric reduced-integration 
elements (CAX4R). As defined in Equation (6), the shape functions utilize bilinear 
interpolation to govern the intra-element displacement field, thereby enabling the 
calculation of displacements at any arbitrary point based on nodal values. 𝑁௜(𝜉, 𝜂) = 14 (1 + 𝜉௜𝜉)(1 + 𝜂௜𝜂) (6)

Subsequently, applying the principle of virtual work yields the element stiffness 
matrix, as presented in Equation (7). 𝐊𝐞 = න𝐁୘ 𝐃𝐁(2𝜋𝑟)𝑑𝑟𝑑𝑧 (7)

The global governing equations of the system are derived by assembling the 
individual element stiffness matrices, as presented in Equation (8). ሾ𝐊ሿሼ𝐮ሽ = ሼ𝐅ሽ (8)

The ABAQUS/Standard solver employs an implicit integration scheme to solve these 
equations, thereby yielding the nodal displacements and stress fields. 

To balance computational efficiency with numerical accuracy, a mesh independence 
study was conducted. Six different global coarse-to-local refined mesh sizes were adopted, 
as shown in Table 2. By comparing the key output quantities under different sizes, the 
sensitivity to mesh size was evaluated (the equivalent calculation method for the key 
output quantity will be elaborated upon in Section 2.2). The results indicated that when 
the global element size was 0.5 mm and the local refined mesh size was 0.005 mm, the 
calculation results tended to be stable. Further mesh refinement resulted in limited 
improvement in accuracy but significantly increased the computational cost. Therefore, a 
global mesh size of 0.5 mm and a local mesh size of 0.005 mm were determined to be the 
optimal sizes, effectively controlling the computational scale while ensuring numerical 
accuracy. The final generated finite element model contained 8347 nodes and 8017 
elements, and the meshing results are shown in Figure 4. 

Table 2. Verification results of the mesh independence of the 2D-AxFEM model. 

Global size - local size (mm) 2-0.1 1-0.05 1-0.01 0.5-0.01 0.5-0.005 0.3-0.003 
Number of elements 535 1025 2176 5324 8017 13,911 

Number of nodes 602 1276 2354 5514 8347 14,304 
Computation time (min) 0.6 1.1 1.6 2.1 2.5 5 

Equivalent stiffness value 
(N/μm) 16 20 22 28 32 33 
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Equivalent maximum contact stress 
value (MPa) 1107 1210 1412 1468 1474 1480 

 

Figure 4. Illustration of the 2D-AxFEM model. (a) Model configuration. (b) Mesh discretization 
results. 

The contact between each component of the bearing is set as general contact, with 
normal hard contact and tangential Coulomb friction. The bearing is lubricated with 
grease, and the friction coefficient is set to 0.001. This coefficient is calculated using 
Equation (9), where △ 𝑣  represents the sliding velocity, and A, B, C, and D are 
coefficients related to the contact and lubrication conditions within the sliding contact 
zone. The aforementioned coefficients can be determined from the dynamic model 
presented in Section 2.2.1 [40]. 𝜇 = (𝐴 + 𝐵|△ 𝑣|)𝑒(஼△௩) + 𝐷 (9)

Since this model is an axisymmetric model, no additional boundary conditions or 
loads need to be set in the radial direction. In the axial direction, a fixed outer ring at the 
upper end is used, and axial loading (500 N) is applied at the lower end of the inner ring 
to impose constraints. 

The inner and outer rings of the bearing are both continuous and uniform solid 
structures with consistent material properties. The material parameters used are for 
GCr15 bearing steel (elastic modulus E = 208 GPa, Poisson’s ratio ν = 0.3) to truly reflect 
its elastic deformation behavior under load. The rolling elements have been simplified as 
axisymmetric equivalents based on their position uncertainty characteristics under high-
speed rotation. Therefore, the material properties of these elements also require strict 
equivalent calculations, which are described in detail in Section 2.2. 

2.2. Bearing Dynamic Model and Equivalence Method 

To ensure the 2D-AxFEM model accurately represents the bearing state under 
varying rotational speeds, the equivalent elastic modulus  𝐸௘௤,௠  and Poisson’s ratio 𝜇௘௤,௠ of the rolling elements are modified to capture the stiffness variations associated 
with high-speed rotation. Simultaneously, the contact stress formulation within the 2D-
AxFEM is calibrated to account for centrifugal effects. Consequently, a bearing dynamic 
model is utilized to determine the equivalent high-speed stiffness and contact stress 
parameters, enabling the 2D-AxFEM to predict performance variations under diverse 
speed and load conditions. 

2.2.1. Bearing Dynamic Model 

The dynamic model is established by analyzing the kinematic behaviors of individual 
bearing components and the complex forces arising from their interactions. Specifically, 
the governing dynamic differential equations are derived by rigorously analyzing the 
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local forces and kinematic relationships within three key subsystems: ball-to-cage 
interactions, ball-to-groove interactions, and cage-to-guide-ring interactions [40,41]. 

For a component with six degrees of freedom, its motion state is determined by three 
translational degrees of freedom and three rotational degrees of freedom. According to 
Newton’s second law, the differential equations of motion for each component in the 
system can be established [42]. Considering the distinct characteristics of different 
components’ motion patterns, the equations of motion for rolling elements are formulated 
in an inertial cylindrical coordinate system, while those for the inner ring and the cage are 
described in an inertial Cartesian coordinate system, as shown in Figure 5a. (𝑥௜ ,𝑦௜ , 𝑧௜) is 
the inertial coordinate system, (𝑥௔,𝑦௔, 𝑧௔) is the rolling element coordinate system, and (𝑥௥ ,𝑦௥ , 𝑧௥) is the inner-raceway coordinate system. In the contact analysis between the ball 
and the raceway, a contact coordinate system (𝑥௖ ,𝑦௖ , 𝑧௖)  and an elastohydrodynamic 
lubrication coordinate system (𝑥௘ ,𝑦௘ , 𝑧௘) are defined. In Figure 5a, B denotes the center 
of mass of the rolling element, 𝑅ெ and 𝑅ீ represent the center of mass and geometric 
center of the inner raceway, respectively, and 𝑅஼ is the arc center of the raceway. The 
vector 𝑟௕௥௜  denotes the position vector from the raceway arc center 𝑅஼ to point B, where 
the superscript indicates the coordinate system in which the vector is expressed. The 
vector 𝑟௕௥௚௜  denotes the vector from the raceway geometric center 𝑅ீ to point B. These 
two vectors can be expressed by the following equations: 𝒓௕௥௜ = 𝒓௕௜ − ቀ𝒓௥௜ + ሾ𝑇௜௥ᇱ ሿ൫𝒓௥௚௥ + 𝒓௚௖௥ ൯ቁ  𝒓௕௥௚௜ = 𝒓௕௜ − ൫𝒓௥௜ + ሾ𝑇௜௥ᇱ ሿ𝒓௥௚௥ ൯ (10)

Let (𝐹௫,𝐹௬,𝐹௭)  and (𝐹௫ ,𝐹௥ ,𝐹ఏ) denote the resultant forces acting on the component 
in the inertial coordinate system, respectively. Then the equations of motion can be 
expressed as: 𝑚𝑥ሷ = 𝐹௫𝑚𝑦ሷ = 𝐹௬𝑚𝑧ሷ = 𝐹௭  (11)

 

Figure 5. Geometric relationship and coordinate system of the ball and raceway. (a) Vector 
relationship and coordinate system. (b) Flowing particle coordinate system and contact area 
coordinate system. 

In cylindrical coordinates, the equations are expressed as: 𝑚𝑥ሷ = 𝐹௫𝑚𝑟ሷ − 𝑚𝑟𝜃ሶ ଶ = 𝐹௥𝑚𝑟𝜃ሷ + 2𝑚𝑟ሶ𝜃ሶ = 𝐹ఏ (12)

The rotational motion of the component satisfies Euler’s equations of motion: 
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𝐼ଵ𝜔ሶ ଵ − (𝐼ଶ − 𝐼ଷ)𝜔ଶ𝜔ଷ = 𝑀ଵ𝐼ଶ𝜔ሶ ଶ − (𝐼ଷ − 𝐼ଵ)𝜔ଷ𝜔ଵ = 𝑀ଶ𝐼ଷ𝜔ሶ ଷ − (𝐼ଵ − 𝐼ଶ)𝜔ଵ𝜔ଶ = 𝑀ଷ (13)

where 𝜔 represents the angular velocity vector of the component, and 𝜔ሶ  represents the 
angular acceleration vector; the subscripts 1, 2, and 3 correspond to the components along 
the 𝑥,  𝑦  and  𝑧  directions of the body-fixed coordinate system, respectively. For the 
rolling element, the position, velocity, and acceleration of its center of mass in the 
cylindrical coordinate system are denoted by (𝑥, 𝑟,𝜃), (𝑥ሶ , 𝑟ሶ ,𝜃ሶ) and (𝑥ሷ , 𝑟ሷ ,𝜃ሷ), respectively. 
For the cage and the inner ring, the motion states of their centers of mass in the Cartesian 
coordinate system are represented by (𝑥,𝑦, 𝑧), (𝑥ሶ ,𝑦ሶ , 𝑧ሶ) and (𝑥ሷ ,𝑦ሷ , 𝑧ሷ), respectively. 

Figure 5b shows the relative orientation between the contact coordinate system and 
the elastohydrodynamic lubrication coordinate system. For the inner-ring contact zone, 𝑧௖௜ and 𝑧௘௜ are opposite in direction, 𝑦௖௜ and 𝑥௘௜ are opposite in direction, and 𝑥௖௜ and 𝑦௘௜ are opposite in direction. For the outer-ring contact zone, 𝑧௖௢ and 𝑧௘௢ are opposite 
in direction, whereas 𝑦௖௢ and 𝑥௘௢  share the same direction, and 𝑥௖௢ and 𝑦௘௢ also share 
the same direction. 

Based on the point-contact elastohydrodynamic lubrication (EHL) theoretical model 
[43–46], EHL modeling is performed for the ball–raceway contact zones [42]. In addition 
to the velocity in the rolling direction, gyroscopic sliding perpendicular to the rolling 
direction and spin motion also exist in the ball–raceway contact zone. Considering the 
two-directional sliding, the spin effect, the thermal effect, and the non-Newtonian 
behavior of the lubricant, the generalized Reynolds equation can be written in the 
following form [47]: 𝜕𝜕𝑥ᇱ ൬(𝜌/𝜂)௘ 𝜕𝑝𝜕𝑥ᇱ൰ + 𝜕𝜕𝑦ᇱ ൬(𝜌/𝜂)௘ 𝜕𝑝𝜕𝑦ᇱ൰ = 𝜕𝜕𝑥ᇱ (𝜌௫∗ℎ) + 𝜕𝜕𝑦ᇱ ൫𝜌௬∗ℎ൯ + 𝜕𝜕𝑡 (𝜌௘ℎ) (14)

where 𝜂 is the lubricant viscosity, 𝜌 is the lubricant density, 𝑝 is the pressure, and ℎ is 
the oil film thickness. 

The film thickness equation is: ℎ = ℎ଴଴ + 𝑥ᇱଶ2𝑅௫ᇲ + 𝑦ᇱଶ2𝑅௬ᇲ + 2𝜋𝐸ᇱ ∬ 𝑝(𝑥ᇳ,𝑦ᇳ)ඥ(𝑥ᇱ − 𝑥ᇱᇱ)ଶ + (𝑦ᇱ − 𝑦ᇳ)ଶ 𝑑𝑥ᇳ𝑑𝑦ᇳ (15)

The lubrication energy equation is: 𝑐 ൬𝜌𝑢 𝜕𝑇𝜕𝑥ᇱ + 𝜌𝑣 𝜕𝑇𝜕𝑦ᇱ൰ = 𝑘 𝜕ଶ𝑇𝜕𝑧ᇱଶ − 𝑇𝜌 𝜕𝜌𝜕𝑇 ൬𝑢 𝜕𝑝𝜕𝑥ᇱ + 𝑣 𝜕𝑝𝜕𝑦ᇱ൰ + 𝜂∗ ቈ൬𝜕𝑢𝜕𝑧ᇱ൰ଶ + ൬𝜕𝑣𝜕𝑧ᇱ൰ଶ቉ (16)

The Newtonian viscosity of the fluid is calculated using the Roelands formula [42]: 𝜂 = 𝜂଴𝑒𝑥𝑝 ቊ(𝑙𝑛𝜂଴ + 9.67) ቈ−1 + (1 + 5.1 × 10ିଽ𝑝)௭బ ൬ 𝑇 − 138𝑇଴ − 138൰ି௦బ቉ቋ (17)

The relationship between lubricating oil density and both temperature and pressure 
is given by the Dowson–Higginson formula [42]: 𝜌 = 𝜌଴ ቆ1 + 0.6 × 10ିଽ𝑝1 + 1.7 × 10ିଽ𝑝ቇ ሾ1 − 𝜖(𝑇 − 𝑇଴)ሿ (18)

At any point (𝑥̅,𝑦ത) within the contact region, the velocities of the rolling element and 
the raceway surface can be expressed as:  𝑢௥ = 𝑢௥ଵ௘  𝑣௥ = 𝑢௥ଶ௘𝑢௕ = 𝑢௕ଵ௘  𝑣௕ = 𝑢௕ଶ௘  (19)

where the velocity of the raceway surface is 𝒖௥௘ = ሾ𝑇௖௘ሿሾ𝑇௔௖ሿሾ𝑇௜௔ሿൣ𝒗௥௜ + ൫ሾ𝑇௜௥ᇱ ሿ𝝎௥௥ − [θሶ , 0,0]୘൯ × ൫[𝑇௜௖ᇱ ]𝒓௥௣௖ + 𝒓௕௜ − 𝒓௥௜ ൯൧ (20)

where the velocity of the rolling element surface is: 𝒖௕௘ = [𝑇௖௘][𝑇௔௖][𝑥ሶ , 0, 𝑟ሶ]் + [𝑇௜௔]൫[𝑇௜௕ᇱ ]𝝎௕௕ × [𝑇௜௔ᇱ ][𝑇௔௖ᇱ ]𝒓௕௣௖ ൯ (21)

The spin moment generated by the shear stress within the contact region can be 
expressed as: 
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𝑀௜ଷ = ∬ (𝜏௬௘௜𝑥௘௜ − 𝜏௫௘௜𝑦௘௜)𝑑𝑥௘௜𝑑𝑦௘௜ (22)𝑀௢ଷ = ∬ (𝜏௬௘௢𝑥௘௢ − 𝜏௫௘௢𝑦௘௢)𝑑𝑥௘௢𝑑𝑦௘௢ (23)

where  𝑀௜ଷ  and 𝑀௢ଷ  denote the spin moments about the 𝑧௘௜ -axis and 𝑧௘௢ -axis, 
respectively; 𝜏௫௘௜ , 𝜏௬௘௜ , 𝜏௫௘௢,  and 𝜏௬௘௢  are the shear stresses acting on the rolling element 
surface. The spin angular velocity of the contact region induced by the rotation of the 
rolling element can be expressed as: 𝜔௕௘ = [𝑇௖௘][𝑇௜௖][𝑇௜௕ᇱ ]𝜔௕௕ (24)

Within the contact region, the force vector (consisting of the contact force and friction 
force) and the moment vector can be expressed by Equation (25). 

⎩⎪⎨
⎪⎧ 𝐹௕௘ = ∬ ൣ𝜏௫ᇲ|௭ᇲୀ௛,  𝜏௬ᇲ|௭ᇲୀ௛,𝑝൧்𝑑𝑥ᇱ𝑑𝑦ᇱ𝐹௥௘ = ∬ ൣ𝜏௫ᇲ|௭ᇲୀ଴,  𝜏௬ᇲ|௭ᇲୀ଴,−𝑝൧்𝑑𝑥ᇱ𝑑𝑦ᇱ𝑀௕௕ = [𝑇௖௕]𝑟௕௣௖ × [𝑇௖௕][𝑇௘௖]𝐹௕௘𝑀௥௥ = ൫[𝑇௖௥]𝑟௥௣௖ + 𝑟௥௚௥ + 𝑟௕௥௚௥ ൯ × 𝐹௥௘  (25)

Figure 6 shows the geometric relationship between the cage and the outer-ring guide 
surface. In Figure 6, (𝑥௖ ,𝑦௖ , 𝑧௖) denotes the cage coordinate system. The oil film thickness 
between the cage and the outer-ring guide surface can be expressed as: ℎ = 𝑅௥௢௚ − ට𝑟௤ଶ௜ ଶ + 𝑟௤ଷ௜ ଶ (26)

where 𝒓௤ ௜ can be calculated as follows: 𝒓௤ ௜ = 𝒓௖ ௜ + [𝑇௜஼ᇱ ]ൣ𝑥௤ ,−𝑅௖௢sin𝜃௖,𝑅௖௢cos𝜃௖൧் (27)

where 𝑅௥௢௚  is the radius of the outer-ring guide surface, and [𝑇௜஼ᇱ ]  is the coordinate 
transformation matrix from the cage coordinate system to the inertial coordinate system. 

 

Figure 6. Geometric relationship between the cage and the outer ring. 

Based on the fluid pressure distribution, the resultant force and moment acting on 
the cage can be obtained: 𝐹௥௖௜ = ∬ ൥ 0𝑝sin(𝜃ଵ + 𝜃௖) + 𝜏ఏcos(𝜃ଵ + 𝜃௖)−𝑝cos(𝜃ଵ + 𝜃௖) + 𝜏ఏsin(𝜃ଵ + 𝜃௖)൩ 𝑅௖௢  𝑑𝑥஼  𝑑𝜃௖ (28)

𝑀௥௖௜ = ∬𝑟௤௜ × ൥ 𝜏ఏ𝑝𝑥஼cos(𝜃ଵ + 𝜃௖)𝑝𝑥஼sin(𝜃ଵ + 𝜃௖)൩ 𝑅௖௢ଶ  𝑑𝑥஼  𝑑𝜃௖ (29)

where 𝜏ఏ denotes the shear stress along the circumferential direction. 
The spatial relationship between the rolling element and the cage pocket is shown in 

Figure 7. In the figure, 𝑃௖  denotes the center position of the pocket, 𝑅௣  is the pocket 
radius, and (𝑥௣,𝑦௣, 𝑧௣)  is the local coordinate system established at the pocket center. 
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Based on this coordinate system, the relative motion between the rolling element and the 
cage can be described. 

 

Figure 7. Geometric relationship between the ball and the cage. 

The local clearance between the rolling element and the pocket can be expressed by 
Equation (30). ℎ = −𝑒cos𝜃௣ + 𝑅௣ − 𝑅௭ (30)

The surface velocity induced by the rotation of the rolling element is: 𝑣௣ = 𝜔௕ଵ௣ 𝑅௕sin(𝜃଴ + 𝜃௣) − 𝜔௕ଶ௣ 𝑅௕cos(𝜃଴ + 𝜃௣) (31)

After obtaining the distributions of the lubricant pressure and shear stress, the 
interaction forces between the rolling element and the cage can be calculated through 
integration. 𝐹௕௖௣ = ∬ ቎𝑝cos(𝜃଴ + 𝜃௣) − 𝜏ఏsin(𝜃଴ + 𝜃௣)𝑝sin(𝜃଴ + 𝜃௣) + 𝜏ఏcos(𝜃଴ + 𝜃௣)𝜏௭ ቏ 𝑅௭  𝑑𝑧௣ 𝑑𝜃௣ (32)

where 𝜏ఏ  and 𝜏௭  denote the shear stresses on the surface in the 𝜃  and 𝑧  directions, 
respectively. From the aforementioned forces, the moment between the rolling element 
and the cage can be further obtained, and its expression is 𝑀௖௕௣ = ∬𝑟௕௤ × ቎ 𝜏ఏsin(𝜃଴ + 𝜃௣)−𝜏ఏcos(𝜃଴ + 𝜃௣)−𝜏௭ ቏𝑅௭  𝑑𝑧௣ 𝑑𝜃௣ (33)

𝑀௕௖௖ = ∬𝑟௖௤ × [𝑝cos(𝜃଴ + 𝜃௣) − 𝜏ఏsin(𝜃଴ + 𝜃௣)]𝑅௭  𝑑𝑧௣ 𝑑𝜃௣ (34)

Based on the interaction forces and moments among the aforementioned components, 
the accelerations and angular accelerations of each component are obtained. Substituting 
these into Equations (11)–(13) yields the differential equations of dynamic motion. The 
Runge–Kutta method is employed to solve the established system of dynamic equilibrium 
equations, thereby obtaining critical state parameters—such as displacements, velocities, 
and contact forces—for the bearing components under high-speed conditions. 
Subsequently, the results derived from this dynamic model serve as the basis for 
correcting the 2D-AxFEM model [21,36]. 

2.2.2. 2D-AxFEM Model 

The transient dynamic model allows for the calculation of force and displacement 
curves for the bearing under varying rotational speeds, as expressed in Equation (35). 𝐹௞,௠௖ = 𝑓ଶ(𝐿௞ , 𝑣௠) (35)

Using the 2D-AxFEM model of the bearing, force and displacement curves are 
calculated for various values of 𝐸௜   and 𝜇௝ . These relationships are mathematically 
represented in Equation (36): 
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𝐹௜,௝,௞ௌ = 𝑓ଵ൫𝐿௞,𝐸௜ , 𝜇௝൯ (36)

To identify the optimal equivalent parameters, the maximum stiffness error 𝐷௜,௝,௠௠௔௫ is 
defined as the objective function. Specifically, this entails searching for the parameter 
combination that minimizes the discrepancy between the stiffness calculated by the 2D-
AxFEM model and the theoretical dynamic stiffness: 

⎩⎪⎨
⎪⎧𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒:𝐷௜,௝,௠௠௔௫ = 𝑚𝑎𝑥௞  ቆቤ∂𝐹௜,௝,௞௦∂𝐿௞ − ∂𝐹௞,௠௖∂𝐿௞ ቤቇ𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜: ൜𝐸௠௜௡ < 𝐸௘௤ < 𝐸௠௔௫𝜇௠௜௡ < 𝜇௘௤ < 𝜇௠௔௫  (37)

where 𝐸௠௜௡ = 0 , 𝐸௠௔௫ = 310𝐺𝑃𝑎 , 𝜇௠௜௡ = 0 , and 𝜇௠௔௫ = 0.5.  Solving this optimization 
problem yields the optimal 𝐸௘௤,௠  and 𝜇௘௤,௠ needed for accurate stiffness prediction at 
specific speeds. The calculation results are shown in Table 3. 

Table 3 presents the equivalent material parameters of the rolling elements under 
different rotational speeds. In essence, the variation in these equivalent parameters with 
rotational speed reflects the influence of rotational speed on bearing stiffness. When the 
bearing operates at high speed, the centrifugal force acting on the rolling elements 
becomes significant. This centrifugal force alters the displacement and geometric 
relationships between the rolling elements and the inner/outer raceways, leading to a new 
equilibrium state. Consequently, the bearing stiffness undergoes notable changes with 
rotational speed. Furthermore, this trend is generally applicable to other types of angular-
contact ball bearings. Under high-speed rotation, the centrifugal force on the rolling 
elements is substantial. Within the contact region with the raceways, this centrifugal force 
is resolved into axial and radial components, which fundamentally modify the internal 
contact state. When an external load is applied, it can partially counteract the effect of the 
centrifugal force, manifesting as a reduction in the effective bearing stiffness. 

Table 3. Equivalent material constitutive parameters corresponding to different rotational speeds. 

 5 krpm 10 krpm 15 krpm 20 krpm 25 krpm 30 krpm 𝐸௘௤,௠ (MPa) 22,500 19,400 18,000 12,000 8500 6500 𝜈௘௤,௠ 0.40 0.25 0.30 0.25 0.45 0.40 

When the equivalent rolling elements use the equivalent material parameters listed 
in Table 3, the force and displacement curves calculated by the 2D-AxFEM model of the 
bearing can be made consistent with the calculation results of the dynamic model. 

In this way, the accurate stiffness value can be calculated. The specific calculation 
method is as follows: for the outer ring of the fixed bearing, apply an axial force to the 
inner ring of the bearing, extract the displacement change in the inner ring of the bearing, 
and compare it with the axial force. Thus, the stiffness of the bearing can be obtained, as 
shown in Equation (38). 𝐾 = 𝛥𝐹𝛥𝐿 (38)

To verify the accuracy of this method, the force and displacement curves of the 
bearing in a stationary state were measured using a bearing protrusion measurement 
instrument. These results were compared with the simulation calculations of the 2D-
AxFEM model. The comparison results are shown in Figure 8. It should be noted that 
accurately and stably measuring the force–displacement curves of bearings under high-
speed rotation remains a significant technical challenge due to limitations in current 
measurement instrumentation and test rig capabilities. Consequently, at this stage, the 
feasibility of the proposed method is validated only using experimentally obtained force–
displacement curves under stationary (quasi-static) conditions. For subsequent analyses, 
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the results at high rotational speeds are taken as those computed by the analytical 
dynamic model, which serves as the reference standard. This approach is consistent with 
common practice in bearing research where direct high-speed experimental validation is 
not yet feasible. 

Figure 8 shows that by using the 2D-AxFEM model of the bearing with the rolling 
element constitutive behavior equivalent, the simulation calculation results of force and 
displacement curves are compared with the experimental results, and the error is less than 
1 μm. The accuracy of the 2D-AxFEM model has been effectively verified. 

 

Figure 8. Comparison between simulation and experiment of 2D-AxFEM. (a) Bearing protrusion 
measurement instrument. (b) Comparison results of experiment and simulation. 

Further, due to the geometric simplification in the 2D-AxFEM model, direct 
extraction of Hertzian contact stress is not feasible. To address this, a mapping correction 
approach based on the dynamic model is implemented. The contact stress (CPRESS) is 
modeled as a function of preload 𝐹 and speed 𝑣 (see Equation (39)), with the specific 
relationship derived via fitting calculations from the dynamic model. 𝜎୫ୟ୶ = 𝑓ଷ(𝐹, 𝑣) (39)

Solving the bearing dynamic model yields the maximum contact stress results under 
various rotational speeds and load conditions. Based on these results, the maximum 
contact stress is initially fitted as a polynomial function of the preload force, as expressed 
in Equation (40). The coefficients within this function are dependent on velocity 𝑣; these 
parameters are determined through a secondary polynomial fitting with respect to speed, 
as shown in Equation (41). 𝜎୫ୟ୶ = 𝑎𝐹௞ଶ + 𝑏𝐹௞ + c (40)𝑎௠, 𝑏௠, 𝑐௠ = 𝑓(𝑣௠) (41)

The aforementioned fitting formulas enable the calculation of maximum contact 
stress within the 2D-AxFEM model under varying load and speed conditions. Using the 
formulas obtained through fitting, the maximum contact stresses of the inner and outer 
rings of the bearing at rotational speeds of 10,000, 20,000, and 30,000 rpm were calculated 
and compared with the calculation results of the dynamic model. The comparison results 
are shown in Figure 9. Figure 9 shows that after the 2D-AxFEM model is corrected by the 
fitting formula, the accurate maximum contact stress of the bearing can be calculated. 
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Figure 9. Comparison of the calculated and fitting results of the maximum contact stress at different 
speeds. (a) Inner-ring results. (b) Outer-ring results. 

In summary, the 2D-AxFEM model corrected by the dynamic model can accurately 
calculate the stiffness and contact stress of the bearing. The essence of the 2D-AxFEM 
model lies in mapping the high-speed mechanical response of the bearing dynamic model 
into the 2D-AxFEM model through equivalent material constitutive relations and contact 
stress calculation methods. This model not only retains the capability of the finite element 
method to address nonlinear problems, but also fully leverages the advantages of the 
bearing dynamic model in calculating high-speed characteristics. 

To verify the computational efficiency advantage of the proposed 2D-AxFEM, a 
benchmark study was carried out comparing it against a conventional 3D FEM. Consistent 
loading conditions and material properties were adopted for both approaches, and grids 
with similar element sizes were generated. Parallel computation was enabled for both 
models using eight processors. To eliminate hardware-related discrepancies, all 
simulations were executed on a unified workstation featuring an Intel Xeon Platinum 8260 
CPU (48 cores, 48 threads), 128 GB DDR4 memory, and an NVIDIA T1000 GPU (for hybrid 
acceleration), operating at a base frequency of 2.4 GHz. 

Table 4 compares the 2D-AxFEM and the 3D FEM in terms of the number of nodes, 
number of elements, computation time, and key computational results. The results show 
that, under the same minimum mesh size, the 2D-AxFEM requires significantly fewer 
elements and nodes than the 3D FEM. Compared with the 3D FEM, the 2D-AxFEM 
achieves a computational error of only 8.5%, while improving computational efficiency 
by a factor of 12.4. This advantage is crucial for subsequent batch computations and 
optimization tasks. 

Table 4. Comparison of computational efficiency and errors between 2D-AxFEM and 3D-FEM 
models of bearings. 

Model Number of Nodes Number of Elements Computation Time Stiffness Maximum Contact Stress 
2D-AxFEM 8347 8017 2.5 min 32 N/μm 1152 MPa 

3D-FEM 80,015 70,660 31 min 35 N/μm 1160 MPa 

Therefore, this study adopts an orthogonal modeling approach based on the 2D-
AxFEM model to establish bearing models with inner-ring coefficients ranging from 0.51 
to 0.58 and outer-ring coefficients ranging from 0.51 to 0.58, resulting in a total of 64 
different structural parameters. Three rotational speed conditions (10,000, 20,000, and 
30,000 rpm) are also set. Finally, 192 models are calculated. Based on the boundary 
conditions described in Section 2.1, simulation analyses are performed, and the results are 
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extracted to obtain the stiffness and maximum contact stress data for different bearing 
structures and rotational speeds. 

2.3. Heat Generation Rate of the Bearing 

The coupled 2D-AxFEM and dynamic model enables the calculation of critical 
parameters, such as velocity and stress, under high-speed rotation. Based on these 
parameters, the heat generation rate is determined using established thermal formulations. 
According to the Harris heat generation model [48,49], the thermal load in high-speed 
bearings primarily originates from four sources: 

(1) Sliding friction at the rolling element–groove interface; (2) viscous friction caused 
by lubricant drag; (3) spin friction of the rolling elements induced by gyroscopic moments; 
(4) sliding friction between the cage and the ring-guiding surfaces. 

(1) Sliding friction at the rolling element–groove interface 
During high-speed operation, the combined effect of contact forces and high sliding 

velocities within the contact zone results in significant frictional heat generation between 
the rolling elements and the grooves. This heat generation is quantified by evaluating the 
thermal contributions at individual integration points along the 𝑥  and 𝑦  directions. 
Taking the 𝑦-direction as an example, the heat generated in the contact zone is calculated 
using Equation (42). Here, 𝜏௡௬ೕ  denotes the frictional shear stress in the 𝑦 -direction, 𝑣௡௬௝   represents the sliding velocity, 𝐴௡௝ represents the contact patch area formed under 
the consideration of local slip phenomena, and 𝛺 indicates the contact area. 𝐻௡௬௝ = ඵ𝜏௡௬ೕ𝑣௡௬௝ 𝑑𝐴௡௝ఆ  (42)

𝜏௡௬ೕ = 3𝑢𝑄2𝜋𝑎𝑏 ൤1 − ቀ𝑥𝑎ቁଶ − ቀ𝑦𝑏ቁଶ൨ଵ ଶൗ
 (43)

𝛺: ൫𝑥 𝑎௡௝⁄ ൯ଶ + ൫𝑦 𝑏௡௝⁄ ൯ଶ = 1 (44)

Similarly, the heat generation along the 𝑥-direction can also be calculated. Thus, the 
total heat generated by sliding friction can be expressed by Equation (45). 𝐻௕௥௖ = ෍෍൫𝐻௡௫௝ + 𝐻௡௬௝൯௓

௝ୀଵ
௡ୀ௢
௡ୀ௜  (45)

(2) Viscous friction caused by lubricant drag 
Under high-speed operating conditions, the interaction between the rolling elements 

and the lubricant produces viscous drag. This resistance leads to viscous friction heat, 
which is calculated by Equation (46). 𝐻௙ௗ௥௔௚ = ෍𝜔௠ 𝑑௠2௓

௝ୀଵ 𝐹ௗ (46)

𝐹ௗ = 𝜌௘௙௙𝐶஽𝐷௪2 ൬𝜔௠𝑑௠2 ൰ଶ ൬𝜋𝐷௪4 ൰ (47)

Here, 𝐹ௗ  denotes the lubricant drag force, 𝜔௠  represents the orbital speed of the 
rolling elements, 𝑑௠  is the bearing pitch diameter, 𝜌௘௙௙  is the effective fluid density, 𝐶஽  is the drag coefficient, and 𝐷௪  is the diameter of the rolling element. 

(3) Spin friction of the rolling elements induced by gyroscopic moments 
During high-speed operation, the moment induced by the gyroscopic effect causes 

the rolling elements to spin about their own axes, generating substantial heat in the 
contact zone. The resulting spin friction heat can be calculated using Equation (48), where 𝜔௦௜௝  is the spin angular velocity of the rolling element and 𝑀௦௜௝  is the spin friction 
moment. In Equation (49), 𝑄௜௝ denotes the normal contact force between the inner groove 
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and the rolling element, while 𝐹௜௝   represents the elliptic integral of the second kind for 
the contact ellipse. 𝐻௦ = ෍𝜔௦௜௝𝑀௦௜௝௓

௝ୀଵ  (48)

𝑀௦௜௝ = 3𝑢𝑄௜௝𝑎௜௝𝐹௜௝8  (49)

(4) Sliding friction between the cage and the ring-guiding surfaces 
During high-speed rotation, friction heat is also generated between the cage and the 

ring-guiding surfaces. This portion of heat can be calculated using Equation (50). 𝐻஼ோ௅ = 10ିଷ 𝑑஼ோ2 𝐹஼௅ (50)

𝐹஼௅ = 𝜋𝜂଴𝐵௖𝐶௡𝑑஼ோ(𝑤஼ − 𝑤௡)1 − 𝑑ଵ𝑑ଶ  (51)

where 𝐹஼௅ represents the sliding friction force, 𝑑஼ோ  is the diameter of the cage guiding 
surface, 𝜂଴ denotes the dynamic viscosity of the lubricant, 𝑤஼   indicates the rotational 
speed of the cage, and 𝑤௡ is the rotational speed of the ring. 

In summary, the total heat generation rate of the bearing under high-speed rotation 
can be obtained through Equation (52). 𝐻௧௢௧ = 𝐻௕௥௖ + 𝐻௦ + 𝐻௙ௗ௥௔௚ + 𝐻𝐶𝑅𝐿 (52)

Based on the above method, the heat generation rates are calculated for bearings with 
inner and outer-ring coefficients ranging from 0.51 to 0.58 at rotational speeds of 10,000, 
20,000, and 30,000 rpm. These results serve as key indicators for evaluating the heat 
generation performance of the bearings. 

2.4. Basic Dynamic Load Rating 

The basic dynamic load rating is a key indicator for assessing the anti-fatigue load-
carrying capacity of angular-contact ball bearings, and directly reflects the fatigue life of 
the bearing. It is defined as the maximum load that a bearing can withstand after one 
million revolutions. A larger basic dynamic load rating corresponds to a longer fatigue 
life of the bearing. The groove curvature coefficient is the primary factor influencing the 
basic dynamic load rating of the bearing. The formula for calculating the basic dynamic 
load rating is given as follows [49]: 𝐶௥ = 𝑏௠𝑓௖(𝑐𝑜𝑠𝛼)଴.଻𝐷ௐଵ.଼𝑍଴.଺଺ (53)

𝑓௖ = 39.93𝜆𝛾଴.ଷ (1 − 𝛾)ଵ.ଷଽ(1 + 𝛾)ଵ/ଷ ൬ 2𝑓௜2𝑓௜ − 1൰଴.ସଵ × ൝1 + ቈ1.04 ൬1 − 𝛾1 + 𝛾൰ଵ.଻ଶ ×቉ ቆ𝑓௜(2𝑓௘ − 1)𝑓௘(2𝑓௜ − 1)ቇ଴.ସଵ൩ଵ଴/ଷቑି଴.ଷ
 (54)

where 𝑏௠ denotes the basic dynamic load coefficient related to material properties, 𝑓௖  

represents the basic dynamic load coefficient associated with the internal geometry, 𝑍 is 
the number of rolling elements, 𝐷ௐ  designates the diameter of the rolling element, and 
α indicates the contact angle. 

Using Equations (53) and (54), the basic dynamic load for the inner and outer-ring 
groove curvature coefficients within the range of 0.51–0.58 is calculated, resulting in a total 
of 64 sets of structural parameter values. These are used as indicators to evaluate the high-
speed performance of different structural parameters. 
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3. Deep Learning-Based Optimization Design Framework 
To achieve rapid and accurate prediction of bearing performance under different 

groove curvature coefficients and to support subsequent efficient optimization iterations, 
this study constructs an integrated optimization design framework that combines a deep 
learning surrogate model with a genetic algorithm. By leveraging the powerful nonlinear 
mapping capabilities of deep learning, this method learns the complex relationships 
between inputs (inner and outer-ring groove curvature coefficients) and outputs (multiple 
bearing performance indicators). This process establishes a high-accuracy, high-efficiency 
computational deep learning surrogate model. Subsequently, a genetic algorithm is 
employed on this basis to perform structural optimization and search for optimal designs. 

3.1. Construction of the Deep Learning Surrogate Model 

3.1.1. Data Preprocessing 

The corresponding relationships between the inner and outer-ring groove curvature 
coefficients and bearing performance under different rotational speeds, calculated in 
Section 2, yielded 64 datapoints for each speed condition of 10,000, 20,000, and 30,000 rpm. 
It should be noted that although the training dataset consists of only 192 samples, these 
samples were uniformly selected within the range of 0.51 to 0.58 for both the inner and 
outer-raceway groove curvature coefficients using Latin Hypercube Sampling. This 
sampling strategy ensures that the samples provide adequate representation and uniform 
coverage of the entire design space. Given that the input dimensionality of this 
optimization problem is only three (i.e., inner groove curvature coefficient, outer groove 
curvature coefficient, and speed), 192 samples are sufficient to cover the full design space 
and provide effective training data for the deep learning model. For each operating 
condition, the data was randomly split into a training set and a test set in an 8:2 ratio, 
which were used for updating model parameters and evaluating generalization 
performance, respectively. 

Significant differences exist in the dimensions and magnitudes of the bearing 
performance parameters. For example, the basic dynamic load rating (𝐶௥) is in the order 
of 104, while the heat generation (𝑄 ) is in the order of 101. Feeding these parameters 
directly into the neural network could lead to issues such as vanishing gradients or 
difficulty in model convergence. To eliminate the impact of varying physical units and 
orders of magnitude on network training, and to prevent information leakage from the 
test set, Z-score normalization based on the statistical features (mean and standard 
deviation) of the training set was applied to all samples [50]: 𝑥∗ = 𝑥 − 𝜇𝜎  (55)

where 𝑥  represents the original data, 𝜇  is the sample mean, and 𝜎  is the standard 
deviation. After processing, the data follows a standard normal distribution 𝑁(0, 1). 

3.1.2. Neural Network Model 

To address the complex regression problem between bearing design parameters and 
performance indicators, this study developed a multi-layer perceptron (MLP) architecture 
comprising an input layer, three hidden layers, and an output layer. The specific structure 
of the model is illustrated in Figure 10, characterized by the following features: 

Input and Output Layers: The input layer consists of two neurons, corresponding to 
the inner and outer-ring groove curvature coefficients. The output layer comprises five 
neurons, representing stiffness, heat generation rate, inner-ring maximum contact stress, 
outer-ring maximum contact stress, and dynamic load rating. 
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Hidden Layer Structure: All three hidden layers are implemented as fully connected 
(dense) layers. The first hidden layer contains 64 neurons, expanding the feature 
dimension from 2 to 64; this wide-network configuration is designed to capture nonlinear 
features from low-dimensional inputs. The second layer further increases the 
dimensionality to 128 to enhance the model’s representational capacity. The third layer 
compresses the feature dimension back to 64, serving as a feature selection and 
dimensionality reduction mechanism to minimize the transmission of redundant 
information to the output layer. 

Activation Function and Regularization: Each hidden layer utilizes the SiLU 
(Sigmoid Linear Unit) activation function, defined as 𝑓(𝑥) = 𝑥 ൉ 𝑠𝑖𝑔𝑚𝑜𝑖𝑑(𝑥). Compared 
to the traditional ReLU, SiLU exhibits a smoother, non-monotonic profile near zero, which 
effectively suppresses the neuron necrosis phenomenon and improves the regression 
accuracy of deep networks [51]. Following the linear transformations in the first and 
second hidden layers, Batch Normalization (BN) layers (BatchNorm1d) are incorporated. 
By normalizing the input distribution of each layer, this operation mitigates the internal 
covariate shift during deep network training, significantly accelerating convergence and 
enhancing training stability. 

 

Figure 10. Schematic diagram of neural network structure. 

3.1.3. Model Training Parameters 

The model was implemented using the PyTorch 2.7 deep learning framework. To 
minimize the discrepancy between the predicted and ground-truth values, the Mean 
Squared Error (MSE) was employed as the loss function: 𝐿 = 1𝑁෍(𝑦௜ − 𝑦పෝ)ଶே

௜ୀଵ  (56)

where N  denotes the number of samples, while y୧  and yనෝ   represent the ground-truth 
and predicted values for the i  sample, respectively. The Adam (Adaptive Moment 
Estimation) optimizer was selected to accelerate convergence by leveraging its adaptive 
learning rate characteristics, with the initial learning rate set to 0.001. To prevent 
overfitting on the limited dataset, a weight decay term with a coefficient of 0.0001 was 
introduced as a regularization measure. Furthermore, to balance convergence speed and 
optimization precision, a step learning rate decay strategy was implemented to facilitate 
a refined search during the later stages of training. The mini-batch size was set to 32, and 
the model was trained for a total of 100 epochs. 
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3.2. Mathematical Modeling of the Optimization Problem 

This section establishes a mathematical optimization framework for bearing design 
based on the deep learning surrogate model. The parametric design of the bearing is 
formulated as a nonlinear constrained optimization problem. Taking the groove curvature 
coefficients as the design variables, the framework performs global optimization aimed at 
minimizing heat generation. This process is conducted under the premise of satisfying 
stringent constraints, including stiffness, contact stress, and geometric boundaries, 
thereby providing a theoretical optimal solution for bearing design under high-speed 
operating conditions. 

3.2.1. Decision Variables and Design Space 

The inner-ring groove curvature coefficient 𝑓௜ and the outer-ring groove curvature 
coefficient 𝑓௢ are selected as the core decision variables. These two parameters directly 
govern the internal contact geometry and the clearance state of the bearing. The vector of 
decision variables is defined as: 𝐱 = [𝑓௜ ,𝑓௢]் (57)

Considering the practical manufacturing processes and assembly requirements of the 
bearing, the decision variables must be confined within a reasonable engineering range, 
which defines the design space Ω: Ω = {(𝑓௜ ,𝑓௢) ∣ 𝑓௠௜௡ ≤ 𝑓௜ ,𝑓௢ ≤ 𝑓௠௔௫} (58)

where 𝑓௠௜௡ = 0.51 and 𝑓௠௔௫ = 0.58; these limits are set to avoid mechanical seizure caused 
by excessively small curvature coefficients, or insufficient load-carrying capacity resulting 
from excessively large curvature coefficients. 

3.2.2. Method of Single-Constraint Objective Optimization 

In high-speed bearing design, heat generation characteristics and stiffness 
performance typically exhibit a strongly coupled and competitive relationship. To achieve 
enhanced dynamic stiffness, it is often necessary to increase the preload, which inevitably 
leads to a sharp rise in frictional torque and heat generation [52]. To investigate the 
underlying physical principles of this performance trade-off, an optimization model for 
minimizing heat generation was established under various stiffness thresholds. 

In this model, the objective function is the bearing heat generation rate 𝑄(𝑥), and the 
constraint is that the bearing stiffness 𝐾(𝑥) must not be lower than a specified threshold K୰ୣ୤. The mathematical formulation is as follows: ൜ minimize 𝑄(𝐱)subject to 𝐾(𝐱) ≥ 𝐾௥௘௙ (59)

To efficiently handle the aforementioned inequality constraint within the genetic 
algorithm, this study employs a quadratic penalty function method to incorporate the 
constraint into the fitness function for unified solving. The constructed fitness function 𝐹(𝑥) is expressed as follows: 𝐹(𝐱) = 𝑄(𝐱) + 𝜆 ∙ [max(0,𝐾௥௘௙ − 𝐾(𝑥))]ଶ (60)

where λ represents the penalty coefficient, with a value set to 10ସ. 

3.2.3. Method of Multi-Constraint Objective Optimization 

To satisfy the comprehensive requirements for service life, stress, stiffness, and 
thermal performance in practical engineering applications, a multi-constraint 
optimization model is further established. In this model, the objective function remains 
the minimization of the heat generation rate 𝑄(𝑥) ; however, multiple constraints are 
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introduced, including the dynamic load rating, maximum contact stress, minimum 
stiffness threshold, and stress ratio uniformity. The mathematical formulation is as 
follows: 

⎩⎪⎨
⎪⎧minimize 𝑄(𝐱)subject to 𝑔ଵ(𝐱):  𝐾(𝐱) ≥ 𝐾௠௜௡𝑔ଶ(𝐱): 𝜎௜,௢(𝐱) ≤ 𝜎௟௜௠ 𝑔ଷ(𝐱): 𝐶(𝐱) ≥ 𝐶௥௘௤𝑔ସ(𝐱): 𝜎௜(𝐱)/𝜎௢(𝐱) ≤ 𝑅௛௜௚௛  (61)

where 𝐾௠௜௡  denotes the minimum stiffness threshold required by the system; 𝜎௟௜௠ 
represents the maximum allowable contact stress of the material; 𝐶௥௘௤  signifies the 
minimum basic dynamic load rating required for the design life; 𝑅௛௜௚௛  is the ratio of 
inner-to-outer-ring contact stress; and 𝑔௝(𝑥)  represents each inequality constraint 
function. Consistent with the single-constraint optimization approach, all these multi-
constraint conditions are embedded into the optimization framework by transforming 
each constraint into a corresponding quadratic penalty term, which is then added to the 
fitness function 𝐹(𝑥): 𝐹(𝐱) = 𝑄(𝐱)  + 𝜆 ∙ ൣmax൫0,𝐾௠௜௡ − 𝐾(𝑥)൯൧ଶ + 𝜆 ∙ ቂmax ቀ0,𝐶௥௘௤ − 𝐶(𝑥)ቁቃଶ + 𝜆 ∙ [max(0,𝜎௜(𝐱) − 𝜎௟௜௠)]ଶ + 𝜆 ∙

[max(0,𝜎௢(𝐱) − 𝜎௟௜௠)]ଶ + 𝜆 ∙ ቂmax ቀ0, ఙ೔(𝐱)ఙ೚(𝐱) − 𝑅௛௜௚௛ቁቃଶ  
(62)

where λ represents the penalty coefficient, with a value set to 10ସ. 

3.3. Genetic Algorithm Solution Strategy 

To achieve efficient optimization of bearing structural parameters, this study 
develops a genetic algorithm solution framework based on a deep learning surrogate 
model. The complete execution workflow is illustrated in Figure 11, which primarily 
comprises the following three key stages: 

(1) Initialization Stage: First, the inner and outer-ring groove curvature coefficients 
(𝑓௜ ,𝑓௢) are defined as the decision variables, with their search space restricted to [0.51, 0.58] 
according to design specifications. On this basis, an initial population of 50 individuals is 
randomly generated using a uniform distribution. This ensures a diverse distribution of 
initial solutions within the feasible region, establishing a robust foundation for subsequent 
global search. 

(2) Performance Evaluation Stage: To overcome the computational bottleneck of the 
time-consuming traditional finite element method, a pre-trained deep learning surrogate 
model is introduced as the core prediction engine. For each individual in the population, 
the deep learning surrogate model outputs key performance indicators—such as heat 
generation rate, stiffness, and contact stress—within milliseconds. Subsequently, the 
algorithm calculates the fitness values based on the penalty function model developed in 
Section 3.2. By quantifying the degree to which each individual satisfies the objective 
function and constraints, the baseline evaluation of the initial population is completed. 

(3) Iterative Optimization Stage: This stage represents the core evolutionary process 
of the algorithm. First, high-quality individuals are selected as parents using tournament 
selection with a tournament size of 3. Since the two groove curvature coefficients are 
continuous variables, real-valued encoding is adopted. The selected individuals are then 
subjected to bounded simulated binary crossover with a crossover probability of 𝑃௖ = 0.7 
and a distribution index of 𝜂௖ = 20. Subsequently, bounded polynomial mutation with a 
distribution index of 𝜂௠ = 20  is applied. Each offspring individual is selected for 
mutation with a probability of 0.2, and each decision variable of the selected individual 
has an independent mutation probability of 0.2. Both operators constrain the generated 
variables within the prescribed range of [0.51, 0.58]. 
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The newly generated or modified offspring are subsequently evaluated using the 
surrogate model, and their fitness values are updated using the same fitness formulation. 
The offspring population then replaces the parent population to form the next generation. 
Meanwhile, a Hall of Fame archive with a capacity of one individual is maintained to 
record the best solution identified throughout the evolutionary process. The optimization 
process continues until the prescribed maximum number of generations is reached, after 
which the best-recorded design parameters are reported as the final optimization result. 

 

Figure 11. Flowchart of genetic algorithm optimization design process. 

4. Results and Discussion 
4.1. Influence of Groove Curvature Coefficients on Performance 

4.1.1. Influence of Groove Curvature Coefficients on Maximum Contact Stress 

Contact stress is a critical factor determining the fatigue life of bearings. The influence 
of groove curvature coefficients on contact stress is illustrated in Figure 12. As 𝑓௜ 
increases, the contact stress of the inner ring increases significantly, while the change in 
the outer-ring contact stress is negligible. Conversely, as 𝑓௘ increases, the contact stress 
of the outer ring increases significantly, while the change in the inner-ring contact stress 
is negligible. 

This phenomenon is attributed to the fact that the contact between the bearing rolling 
elements and the grooves is a typical elastic point-contact problem. An increase in 𝑓௜ or 𝑓௘ indicates that the radius R of the raceway groove increases, as shown in Equation (63). 𝑓 = 𝑅 𝐷ௐ ⁄ 𝜌 = 1 𝑅⁄  (63)

An increase in groove radius leads to an increment in the curvature sum ∑𝜌 of the 
groove and the rolling element (where the curvature sum in Hertzian contact theory is a 
comprehensive parameter reflecting the degree of surface conformity). It should be noted 
that in Equation (64), the subscripts 1 and 2 represent the two elastic bodies—namely, the 
rolling element and the bearing raceway, respectively—while x and y denote two different 
cross-sections. In Hertz contact theory, the curvature is defined as positive for convex 
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surfaces and negative for concave surfaces. Since the bearing groove is concave, 𝜌ଶ௬ is 
assigned a negative value. ∑𝜌 = 𝜌ଵ௫ + 𝜌ଵ௬ + 𝜌ଶ௫ + 𝜌ଶ௬ (64)

This results in a significant decrease in both the major semi-axes a and minor semi-
axes b of the contact ellipse. According to the formula for calculating maximum Hertz 
contact stress (Equations (65)–(67)), maximum contact stress 𝜎௠௔௫ is positively correlated 
with the reciprocal of the contact ellipse semi-axes. 𝑎 = 𝑎∗ ∙ ቈ 3𝑄2∑𝜌ቆ1 − 𝜇ଵଶ𝐸ଵ + 1 − 𝜇ଶଶ𝐸ଶ ቇ቉ଵଷ (65)

𝑏 = 𝑏∗ ∙ ቈ 3𝑄2∑𝜌ቆ1 − 𝜇ଵଶ𝐸ଵ + 1 − 𝜇ଶଶ𝐸ଶ ቇ቉ଵଷ (66)

𝜎௠௔௫ = 3𝑄2𝜋𝑎𝑏 (67)

Therefore, under constant external load conditions, the reduction in the semi-axes of 
the contact ellipse and the contact area leads to a nonlinear enhancement in stress 
concentration effects within the contact ellipse, causing a sharp increase in contact stress. 

Comparing Figure 12a,b, it is observed that the outer-ring contact stress is highly 
sensitive to the rotational speed. This is primarily because, under high-speed rotation, the 
centrifugal force of the rolling elements increases significantly, exerting additional contact 
pressure on the contact zone of the outer raceway and thereby increasing the contact stress. 

In summary, the groove curvature coefficients of both the inner and outer rings must 
be controlled within a reasonably low range to avoid excessive contact stress, which can 
trigger premature fatigue spalling or even failure. 

 

Figure 12. Influence of groove curvature coefficients on maximum contact stress. (a) Inner ring. (b) 
Outer ring. 

4.1.2. Influence of Groove Curvature Coefficients on Heat Generation Rate 

The variation in bearing heat generation rate with respect to groove curvature 
coefficients and rotational speed is illustrated in Figure 13. As observed from the figure, 
the heat generation rate exhibits a significant negative correlation with the groove 
curvature coefficients. When the groove curvature coefficients increase within the range 
of 0.51 to 0.58, the heat generation rate demonstrates a monotonic decreasing trend. 
Notably, the attenuation gradient of the heat generation rate is particularly steep in the 
region where the inner-ring groove curvature coefficient is less than 0.53. 
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This behavior is attributed to the fact that smaller groove curvature coefficients result 
in a larger contact semi-width of the contact ellipse, which significantly increases the spin-
induced sliding velocity, thereby leading to a higher heat generation rate. As the groove 
curvature coefficient increases, the conformity between the groove and the rolling 
elements decreases, leading to a reduction in the contact ellipse area. Although the contact 
stress levels rise significantly under these conditions, the frictional velocity within the 
contact zone decreases markedly, resulting in a reduction in the overall heat generation 
rate. 

Furthermore, the rotational speed exerts a substantial influence on heat generation. 
Under identical structural parameters, the heat generation rate at 30,000 rpm is 
significantly higher than that at 10,000 rpm. Specifically, when the groove curvature 
coefficient is small, the sensitivity of the heat generation rate to variations in the inner-
ring groove curvature coefficient is markedly enhanced under high-speed operating 
conditions. 

 

Figure 13. Influence of groove curvature coefficients on the heat generation rate. 

In summary, there exists a significant nonlinear relationship between the bearing 
raceway curvature coefficient and the heat generation rate, which holds important 
guiding significance for engineering design and application. The critical threshold for the 
inner-raceway curvature coefficient is 0.53, providing a clear target for design 
optimization. In the design of high-speed bearings, the curvature coefficient should be set 
as much as possible within a “low-sensitivity region” greater than 0.53. This design 
achieves the most notable temperature suppression effect and serves as an effective 
approach to controlling the risk of thermal runaway during high-speed operation. 
Although increasing the curvature coefficient can reduce heat generation, it also raises 
contact stress, which may impact fatigue life. Therefore, a trade-off analysis between heat 
generation and contact stress is required. 
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4.1.3. Influence of Groove Curvature Coefficients on Stiffness 

Figure 14 reveals the nonlinear mapping relationship between the axial stiffness of 
the bearing and the inner/outer-ring groove curvature coefficients. The results indicate 
that stiffness performance also exhibits a significant negative correlation with the groove 
curvature coefficients. Specifically, taking 10,000 rpm as an example, when the inner-
raceway groove curvature coefficient increases from 0.51 to 0.58, the bearing stiffness 
decreases from 70 N/μm to 20 N/μm. 

The axial stiffness of the bearing essentially reflects its ability to resist axial 
deformation. When an axial force 𝐹௔ is applied, it is distributed to the contact point of 
each rolling element. At the contact point, the normal contact force 𝑄 in the contact zone 
is related to the axial force 𝐹௔, as in Equation (68). 𝑄 = 𝐹௔ (𝑍 ∙ 𝑠𝑖𝑛 𝛼)⁄  (68)

where 𝑍 is the number of rolling elements and 𝛼 is the contact angle. From the formula, 
it can be seen that when the contact angle 𝛼 decreases, 𝑠𝑖𝑛 𝛼 also decreases, meaning 
that a larger normal contact force 𝑄  is required to bear the same axial force 𝐹௔ . The 
contact force 𝑄 is the direct cause of elastic deformation, and an increase in 𝑄 leads to a 
corresponding increase in the contact deformation between the rolling element and the 
raceway. When 𝐹௔ remains constant, an increase in deformation manifests as a reduction 
in bearing stiffness. 

Based on the influence of the contact angle on stiffness, the decrease in stiffness 
caused by an increase in the groove curvature coefficient can be clearly understood. This 
is because the groove curvature coefficient significantly affects the contact angle. As 
indicated by Equation (69), when the groove curvature coefficient increases, the contact 
angle decreases accordingly, resulting in a reduction in the bearing’s axial stiffness. 𝛼 = 𝑎𝑟𝑐𝑐𝑜𝑠(1 − 𝐺2(𝑓௘ + 𝑓௜ − 1)𝐷ௐ) (69)

Furthermore, the bearing stiffness exhibits a decreasing trend as the rotational speed 
increases. This is because the centrifugal force generated at high rotational speeds pushes 
the rolling elements toward the outer raceway, thereby altering the geometric 
configuration and contact conditions between the rolling elements and the raceways. This 
change manifests as a reduction in the contact angle, which in turn weakens the bearing’s 
ability to resist deformation. 

In summary, the nonlinear mapping relationship between the axial stiffness of the 
bearing and the raceway curvature coefficient, as well as the rotational speed, holds direct 
engineering significance for the design and application of high-speed precision bearings. 
The key point is that the raceway curvature coefficient, by altering the contact angle, 
serves as a critical design parameter for regulating the bearing’s stiffness performance. In 
engineering applications, if high stiffness is pursued to ensure system accuracy, a smaller 
curvature coefficient should be selected, though vigilance is required regarding the 
associated higher risk of heat generation. Conversely, if low heat generation and 
temperature control at high speeds are the primary objectives, a larger curvature 
coefficient must be chosen, inevitably accepting a significant reduction in stiffness. This 
presents a typical thermal–mechanical trade-off in design. 
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Figure 14. Influence of groove curvature coefficients on bearing stiffness. 

4.1.4. Influence of Groove Curvature Coefficients on Basic Dynamic Load Rating 

Figure 15 illustrates the surface variation of the basic dynamic load rating with 
respect to the groove curvature coefficients. Since the basic dynamic load rating primarily 
depends on the geometric configuration of the bearing, the figure predominantly displays 
a single response surface. 

The results indicate that the basic dynamic load rating decreases significantly as 𝑓௜ 
and 𝑓௢ increase. When the groove curvature coefficients are small, the bearing exhibits 
superior load-carrying capabilities, with the basic dynamic load rating reaching a peak of 
approximately 26,000 N . Conversely, as the groove curvature coefficients increase, the 
load-carrying capacity of the contact zone declines, and the basic dynamic load rating 
rapidly attenuates to below 12,000 N. This trend is consistent with the variation in stiffness, 
further validating the necessity of conformity design for enhancing load-carrying 
performance. 
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Figure 15. Influence of groove curvature coefficients on the basic dynamic load rating. 

In summary, to pursue high-speed performance in bearings, a smaller groove 
curvature coefficient should be selected. While this can also provide higher load capacity, 
it inherently conflicts with the goal of effectively controlling heat generation. This compels 
engineers to make precise and effective choices regarding the groove curvature coefficient, 
as it ultimately represents the critical trade-off decision point for balancing the bearing’s 
“mechanical–thermal–lifespan” comprehensive performance. 

4.2. Accuracy Verification of the Deep Learning Surrogate Model 

To ensure the accuracy of the fitness evaluation during the genetic algorithm 
optimization process, rigorous accuracy verification of the trained deep learning 
surrogate model must be performed. In this study, the Mean Squared Error (MSE) was 
employed as the loss function, and both the Coefficient of Determination (Rଶ) and Mean 
Absolute Error (MAE) were used to comprehensively evaluate the model’s fitting 
performance, with Rଶ quantifying the overall fitting performance and MAE measuring 
the absolute deviation between predicted results and FEM simulations. 

Figure 16 illustrates the variation curves of the loss function and the Rଶ for the deep 
learning surrogate model on both the training and test sets over the iterations under the 
10,000 rpm operating condition. As shown in Figure 16a, the loss function decreases 
sharply during the initial stage of training, indicating that the network rapidly learns the 
nonlinear features between inputs and outputs. After approximately 25 epochs, the loss 
curve stabilizes and approaches zero, signifying that the model has reached a state of 
convergence. Figure 16b demonstrates that Rଶ increases rapidly and stabilizes above 0.95 
during the training process. A comparison of the curves for the training and test sets 
reveals that their trends are highly consistent, without significant divergence. This 
suggests that the model does not suffer from overfitting and possesses robust 
generalization capability. 
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Figure 16. Variation curves of loss and Rଶ during the training process. 

To further verify the robustness of the deep learning surrogate model under different 
rotational speeds, Figure 17 displays regression scatter plots comparing the predicted 
values with the values calculated using the finite element method under three operating 
conditions: 10,000 rpm, 20,000 rpm, and 30,000 rpm. In the figures, the red dashed line y = x represents the ideal prediction line, with points that are closer together indicating 
smaller prediction errors. All test sample points are highly converged around the diagonal 
line without significant outliers, confirming the model’s high prediction accuracy across 
different rotational speeds. The quantitative MAEs between predicted and FEM results 
for each performance indicator are summarized in Table 5, which further validates the 
model’s low prediction error and reliability. Furthermore, due to the limited number of 
network layers, the deep learning surrogate model achieves a millisecond-level inference 
response speed. Consequently, with its high accuracy and low latency, the model fully 
satisfies the requirements for fast and accurate fitness function calls during large-scale 
population iterations in the genetic algorithm in Section 3.3. 

 

Figure 17. Regression comparison between predicted values and finite element simulation values 
under different rotational speeds: (a) 10,000 rpm; (b) 20,000 rpm; (c) 30,000 rpm. 

Table 5. MAE of the deep learning surrogate model for bearing performance predictions. 

RPM Q (W) K (N/µm) σi  (MPa) σo (MPa) C (N) 
10,000 0.1867 1.8828 26.4044 16.9313 311.6316 
20,000 2.2679 1.9514 28.2853 18.4239 317.7801 
30,000 2.7723 1.4566 24.7357 18.7534 307.3408 

The generalization ability of the deep learning model was evaluated through 5-fold 
cross-validation as shown in Figure 18. The results show that the Coefficient of 
Determination Rଶ  remains at a high level across all folds, with an average value 
exceeding 0.94 and minimal fluctuation between folds, indicating that the model 
possesses good stability and generalization capability without signs of overfitting. This 
performance is primarily attributed to two factors: first, the use of Latin Hypercube 
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Sampling to generate the training data, which ensures uniform coverage of the design 
space; second, the adoption of a compact network architecture combined with 
regularization strategies, which effectively controls model complexity. The stable 
predictive performance provides a reliable foundation for the subsequent genetic 
algorithm optimization and guarantees the accuracy of the optimization results. 

 

Figure 18. The k-fold cross-validation results: (a) 10,000 rpm; (b) 20,000 rpm; (c) 30,000 rpm. 

4.3. Optimization Result 

4.3.1. Result of Single-Constraint Objective Optimization 

This section presents the single-objective optimization result, defining the 
minimization of the heat generation rate as the objective function and bearing stiffness as 
the constraint. Figure 19 illustrates the variation curves of stiffness and heat generation 
during the genetic algorithm iterative optimization process under the stiffness constraint K ≥ 26 N/μm for three rotational speed conditions. As observed in the figure, during the 
initial stage, the heat generation rate of the optimal individual in the population decreases 
rapidly, while the stiffness value fluctuates and adjusts near the constraint boundary. 
After 10 generations of evolution, both the objective function values and the constraint 
values stabilize, demonstrating that the algorithm possesses high search efficiency and 
can rapidly converge to the global optimal solution. In the final converged state, the 
stiffness for all three rotational speeds stabilizes at 26 N/μm , closely adhering to the 
constraint boundary, while the heat generation rate reaches its theoretical minimum 
under the specified constraint. This phenomenon indicates that, in pursuit of lower heat 
generation, the algorithm automatically identifies structural parameters that precisely 
satisfy the lower bound of the stiffness constraint. 

 

Figure 19. Iterative convergence curves of stiffness-constrained optimization under different 
rotational speeds: (a) 10,000 rpm; (b) 20,000 rpm; (c) 30,000 rpm. 

To further reveal the influence of stiffness constraints on heat generation, Figure 20 
illustrates the minimum heat generation rates and the corresponding optimal groove 
curvature coefficient distributions under different stiffness constraints (K ≥ 26,28, … 36 N/μm). The bar chart shows that as the stiffness constraint threshold increases, the minimum 
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heat generation rate of the bearing exhibits a monotonic upward trend. This indicates a 
clear trade-off between high stiffness and low heat generation. For instance, as shown in 
Figure 20c, under the 30,000 rpm operating condition, increasing the lower bound of 
stiffness from 26 N/μm to 36 N/μm results in an increase in the heat generation rate from 
29 W to 38 W, representing an increment of over 30%. 

The line charts reveal the evolution patterns of the optimal structural parameters 
with respect to the stiffness constraints. To satisfy higher stiffness requirements, the 
optimization algorithm tends to select smaller inner and outer-ring groove curvature 
coefficients. Reducing these coefficients increases the conformity between the grooves and 
rolling elements, thereby enhancing the bearing’s ability to resist deformation by 
enlarging the effective contact area. However, such close contact inevitably intensifies 
differential sliding friction, leading to a substantial increase in the heat generation rate. 
Further comparison across different rotational speeds reveals that higher speeds lead to 
smaller optimal outer-ring groove curvature coefficients. This is primarily because the 
centrifugal force at high speeds causes the load to shift toward the outer ring; thus, high 
conformity must be maintained in the outer-ring contact zone to preserve system stiffness. 
Moreover, as established in Section 4.1.2, the heat generation rate is more sensitive to 
variations in inner-ring parameters. Consequently, the algorithm prioritizes reducing the 
outer-ring groove curvature coefficient to contribute to stiffness, thereby satisfying 
mechanical constraints while minimizing the total heat increment caused by friction. 

 

Figure 20. Distributions of minimum heat generation rates and optimal structural parameters under 
different stiffness constraints: (a) 10,000 rpm; (b) 20,000 rpm; (c) 30,000 rpm. 

From the aforementioned optimization results, it becomes evident that there exists 
an inherent conflict between stiffness and heat generation in bearing design. To achieve 
higher stiffness, a smaller raceway curvature coefficient must be employed, but this comes 
at the cost of significantly increased heat generation. For instance, at 30,000 rpm, raising 
the stiffness requirement from 26 N/μm to 36 N/μm will result in an increase in heat 
generation exceeding 30%. This necessitates that engineers prioritize core performance 
demands during the design process. For high-precision equipment such as machine tool 
spindles, higher stiffness constraints must be established to ensure machining accuracy, 
even if this leads to temperature rise, thus requiring simultaneous reinforcement of the 
cooling system. For applications demanding extreme rotational speeds, such as high-
speed motorized spindles and turbomachinery, minimizing heat generation should be 
prioritized under the premise of meeting basic stiffness requirements, in order to mitigate 
the risks of thermal deformation and lubrication failure. 
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4.3.2. Result of Multi-Constraint Objective Optimization 

In practical engineering applications, the design of high-speed bearings is often faced 
with multiple constraints concerning mechanical strength, fatigue life, and stiffness 
performance. While a single stiffness constraint can enhance the ability to resist 
deformation, it may lead to excessive contact stress or insufficient fatigue life. Therefore, 
this section introduces more comprehensive and stringent multi-physics constraint 
conditions. With the objective of minimizing the heat generation rate 𝑄 , the global 
optimization is carried out under the following constraints: stiffness 𝐾 ≥ 35 N/μm , 
maximum contact stress 𝜎௜,௢ ≤ 1500 MPa, basic dynamic load rating 𝐶 ≥ 15,000 N, and 
an inner-to-outer-raceway contact stress ratio 𝜎௜(𝑥)/𝜎௢(𝑥) ≤ 1.2. 

Table 6 presents the optimal design schemes and performance parameters under 
three typical rotational speed conditions ranging from 10,000 rpm to 30,000 rpm. As seen 
from the data in the table, the optimization results strictly satisfy the predefined boundary 
conditions across all operating conditions. The stiffness values at all three rotational 
speeds closely adhere to the lower bound of the 35 N/μm constraint. This indicates that 
in the pursuit of minimum heat generation, the stiffness constraint acts as the primary 
constraint, and the algorithm automatically converges to the optimal groove design that 
fulfills the stiffness requirements. The maximum contact stress value is 1410 MPa, which 
is well below the requirement of 1500 MPa. The minimum basic dynamic load rating is 
15,827.87 N, satisfying the requirement of being greater than 15,000 N. The inner-to-outer-
ring stress ratio is controlled between 1.12 and 1.19, successfully avoiding the issue of 
excessive contact loads on the inner raceway. 

Table 6. Optimization results of bearing structural parameters under multi-physics constraints. 

RPM fi fo Q (W) K (N/µm) σi  (MPa) σo (MPa) C (N) σi/σo 
10,000 0.559 0.534 3.741 35.000 1410.362 1257.264 15,827.87 1.122 
20,000 0.540 0.528 14.868 35.032 1393.931 1180.599 15,867.64 1.181 
30,000 0.533 0.523 38.167 35.000 1253.899 1067.291 17,340.50 1.175 

Comparing the optimal structural parameters and performance indicators across 
different rotational speeds, it is observed that the inner- and outer-raceway groove 
curvature coefficients gradually decrease as the speed increases. The primary reason is 
that the centrifugal force induced by high-speed rotation weakens the bearing stiffness. 
To maintain the required stiffness of 35  N/μm and achieve minimum heat generation, 
smaller groove curvature coefficients must be adopted in the design to increase the groove 
conformity, thereby compensating for the stiffness loss caused by the rotational speed. 

Furthermore, it can be observed that the heat generation rate sharply increases from 
3.741 W at low speed to 38.167 W at high speed. Although the change in heat generation 
rate is quite significant, this still represents the optimal result under multiple constraints. 
Because the speed has a very significant impact on heat generation, this is an inherent 
physical law. 

The optimization results demonstrate that, even after integrating constraints such as 
contact stress, rated dynamic load, and stress ratio, the stiffness requirement remains the 
most stringent and dominant constraint boundary. This finding holds crucial engineering 
significance: during the design stage, engineers should prioritize accurately defining and 
validating the stiffness index as a core performance constraint, as it is key to determining 
system precision and dynamic response, and directly conflicts with the goal of low heat 
generation. The engineering value of this method lies in its systematic approach. It shifts 
the design process from reliance on experience to a model-based optimization procedure 
that satisfies multiple stringent constraints. The resulting solution represents a “feasible 
optimal solution” that strictly meets strength, lifespan, load distribution, and stiffness 
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requirements, rather than an extreme value of a single performance metric. This provides 
a quantifiable, reproducible, and digital design pathway for developing the next 
generation of high-reliability, high-performance bearings. 

5. Conclusions 
This study presents a hybrid optimization framework integrating a 2D-AxFEM 

model, a deep learning surrogate model and a genetic algorithm for the design of angular-
contact ball bearings, with particular emphasis on optimizing the groove curvature 
coefficient under multi-physics coupling conditions. The primary conclusions are as 
follows: 

(1) An efficient and accurate modeling strategy was developed by coupling a 
corrected 2D-AxFEM with a dynamic model. This approach significantly reduces 
computational cost while maintaining high fidelity in predicting key performance 
indicators, enabling large-scale parametric analysis that is impractical with a conventional 
3D FEM model. 

(2) A deep learning surrogate model was constructed to capture the nonlinear 
relationships between design variables and multiple performance metrics. The model 
achieves high predictive accuracy (R2 exceeding 0.95 across different operating conditions) 
and provides rapid evaluation capability, making it well-suited for iterative optimization 
tasks. 

(3) The optimization results reveal intrinsic trade-offs among stiffness, heat 
generation, contact stress, and dynamic load rating. In stiffness-constrained optimization, 
the optimal solutions consistently lie at the constraint boundary, quantitatively 
demonstrating that reducing heat generation inevitably requires sacrificing stiffness. In 
multi-constraint scenarios, the feasible design space is significantly narrowed, 
highlighting the necessity of coordinated constraint handling in practical engineering 
design. 

In summary, the proposed framework enables efficient exploration of the design 
space under complex constraints, allowing a reduction in heat generation while 
simultaneously maintaining acceptable stiffness, stress levels, and load capacity. This 
demonstrates its effectiveness for constrained multi-objective optimization in bearing 
design. However, the current framework is developed based on a limited parametric 
space of groove curvature coefficients, which may restrict its applicability to more 
complex bearing design scenarios. Future work will extend the framework to higher-
dimensional design variables and more realistic operating conditions to enhance its 
generalization capability. 
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