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Abstract

Stewart parallel mechanisms are widely used in motion simulation, posture adjustment,
and active compensation owing to their high stiffness, high load capacity, and high po-
sitioning accuracy. However, under unknown paths or time-varying target trajectories,
their strong multi-chain coupling, limited workspace, and configuration-dependent mo-
tion capability may cause actuator velocity and acceleration violations, especially near
workspace boundaries or low-mobility regions. Moreover, conventional online trajectory
scaling methods are usually designed for acceleration bounds with regular positive and
negative limits. After nonlinear kinematic constraint mapping, the acceleration bounds of
a Stewart mechanism in the path-parameter space may become same-signed, shifted, or
abruptly varying, which can lead to planning failure or motion discontinuity. To address
these problems, this paper proposes a condition-number-aware velocity bound regula-
tion scaling method for online trajectory planning under unknown paths. Path–velocity
decomposition is first used to transform the six-degree-of-freedom trajectory planning
problem into a path-time-law planning problem, and actuator constraints are mapped into
the path-parameter space. Then, a workspace classification model and the dimensionless
Jacobian condition number are introduced to evaluate local motion capability. Based on
the workspace level and condition number, a hierarchical scaling factor is designed to
adaptively adjust the path velocity boundary. In addition, the conventional trajectory
scaling method is improved by introducing a special acceleration-bound handling mecha-
nism. Single-axis and platform experimental results show that the proposed method can
effectively handle special acceleration bounds, reduce actuator constraint violations, and
improve the safety and continuity of online trajectory planning.

Keywords: Stewart parallel mechanism; online trajectory planning; workspace classification;
condition-number-aware; velocity boundary scaling; trajectory scaling

1. Introduction
Parallel mechanisms have been widely used in precision manufacturing, motion simu-

lation, active stabilization, and complex equipment testing because of their high stiffness,
high load capacity, compact structure, and high positioning accuracy [1–3]. As a represen-
tative six-degree-of-freedom parallel mechanism, the Stewart platform can realize coupled
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translational and rotational motions and has been applied in motion simulators, wave
compensation systems, spacecraft docking, and dynamic posture adjustment devices [4,5].

However, trajectory planning for Stewart mechanisms is challenging due to multi-
chain coupling, limited workspace, and configuration-dependent constraints. The desired
end-effector motion must be mapped into the length, velocity, acceleration, and driving
force of six actuated limbs. When the platform configuration changes, the Jacobian matrix,
workspace boundary, singularity state, and local motion capability also vary [6]. Therefore,
a trajectory that is feasible in one configuration may cause actuator saturation, acceleration
violation, or reduced controllability in another configuration. This problem becomes more
evident in online tasks with unknown paths, target changes, or limited future information.

Path–velocity decomposition (PVD) provides an effective framework for constrained
trajectory planning. It separates a trajectory into a geometric path and a path time law, thereby
converting a multi-dimensional trajectory planning problem into a one-dimensional velocity
planning problem along the path parameter [7–9]. Based on this idea, time-optimal path
parameterization and reachability-analysis-based methods have been developed to generate
feasible path time laws under velocity, acceleration, and dynamic constraints [10–12]. For
Stewart mechanisms, PVD enables the actuator constraints of the six limbs to be mapped
into the path-parameter space, which provides a basis for boundary construction and online
trajectory scaling.

Online trajectory scaling methods based on nonlinear filters or variable-structure
filters can modify the path time law in real time according to velocity and acceleration
bounds [13,14]. These methods are computationally efficient and suitable for real-time im-
plementation. Further studies have considered asymmetric, time-varying, or higher-order
constraints to improve the robustness of online trajectory generation [15–18]. Nevertheless,
most existing methods assume that the acceleration bounds have a regular lower–upper
structure. For Stewart mechanisms, nonlinear constraint mapping may lead to special
acceleration bounds in the path-parameter space, such as same-signed bounds, shifted
feasible intervals, or abrupt boundary variations. Under these conditions, conventional
trajectory scaling may suffer from overshoot, discontinuity, or planning failure.

Another limitation is that many trajectory planning methods require a known or
predictable path. In unknown-path tasks, the complete geometric path is unavailable,
and the planner can only construct local paths from the current state to the next target.
If the planner only considers instantaneous actuator constraints, the mechanism may
gradually approach workspace boundaries or low-mobility regions. Although workspace
analysis and singularity evaluation have been widely used in mechanism design and offline
path planning [19,20], they are rarely integrated into online trajectory scaling. For Stewart
mechanisms, online planning should not only satisfy limb constraints but also adjust motion
capability according to the current workspace region and local kinematic performance.

To address these issues, this paper proposes a condition-number-aware velocity bound
regulation scaling method for online trajectory planning of Stewart mechanisms under
unknown paths. In each control cycle, a local path is generated from the current pose
and the local target, and the actuator velocity and acceleration constraints are mapped
into the path-parameter space. A workspace classification model and a dimensionless
Jacobian condition number are then used to evaluate the current motion capability. Based
on this evaluation, hierarchical scaling factors are applied to regulate the velocity and
acceleration bounds. In addition, the conventional trajectory scaling method is improved
by introducing a special acceleration-bound handling mechanism, allowing feasible path
acceleration commands to be generated under same-signed, shifted, or abruptly varying
acceleration bounds.

The main contributions of this paper are as follows.
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1. A PVD-based online trajectory planning framework is established for Stewart mecha-
nisms under unknown paths, in which actuator velocity and acceleration constraints
are mapped into the path-parameter space.

2. A condition-number-aware velocity bound regulation method is proposed. Workspace
classification and the dimensionless Jacobian condition number are combined to
evaluate local motion capability, and the path velocity boundary is adjusted according
to the current workspace level and kinematic performance.

3. The conventional trajectory scaling method is improved to handle special acceleration
bounds caused by nonlinear constraint mapping, including same-signed, shifted, and
abruptly varying bounds.

2. Materials and Methods
2.1. Online Trajectory Planning Framework Under Unknown Paths

The online trajectory planning framework under unknown paths is shown in Figure 1.
The framework is constructed based on path–velocity decomposition and nonlinear trajec-
tory scaling. First, the original trajectory is decomposed into geometric path information
and path time-law information through path interpolation and kinematic analysis. In
this process, the direct mapping relationship between the end-effector trajectory and the
motions of the six actuated limbs is established and denoted as T(s). The mapping T(s),
together with its first- and second-order derivatives, is used to describe the relationship
between the path parameter and the actuator displacement, velocity, and acceleration.

Figure 1. Online trajectory planning framework under unknown paths.

Meanwhile, the path information and the current motion state are introduced into the
workspace analysis module. By evaluating the current workspace region and local motion
capability, the coefficient scaling module calculates the boundary scaling coefficient λ. This
coefficient is used to adjust the original motion constraints before they are sent to the bounds
generator. Then, the bounds generator constructs the velocity and acceleration limits
suitable for the nonlinear scaling filter. These limits are expressed in the path-parameter
space and reflect both the actuator constraints and the workspace-related safety margin.

After the feasible bounds are obtained, the nonlinear scaling filter modifies the path
time law according to the tracking error, the current path state, and the scaled constraints.
Instead of changing the geometric path, the filter adjusts the path velocity and path accel-
eration in real time. The scaled path time law is then sent to the path generator, which
reconstructs the feasible trajectory and outputs the final control command. Through this
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closed-loop structure, the proposed framework can continuously update the trajectory
according to the current state, actuator constraints, and workspace conditions.

2.2. Trajectory–Actuator Mapping Based on Inverse Kinematics

In the proposed online trajectory planning framework, the original trajectory is first
decomposed into geometric path information and path time-law information. The geo-
metric path determines the pose variation in the moving platform, while the time law
determines the motion rate along the path. To generate actuator-level constraints for the
nonlinear scaling filter, the relationship between the path parameter and the actuator mo-
tion should be established through kinematic analysis. This relationship is defined as the
trajectory–actuator mapping.

To construct the actuator constraints used by the nonlinear scaling filter, the end-
effector trajectory should first be mapped to the actuator space. Let the geometric path of
the moving platform be expressed as

x = P(s) (1)

where s is the path parameter, and x = [x, y, z, α, β, γ]T is the pose vector of the moving platform.
For the i-th limb, the inverse kinematic equation is

qi(x) = p(x) + R(x)Bi − Ai (2)

li(s) = ∥qi(s)∥ (3)

where Ai is the fixed-platform joint position, Bi is the moving-platform joint position
expressed in the moving coordinate system, p(x) is the position vector of the moving
platform center, and R(x) is the rotation matrix of the moving platform.

For the Stewart mechanism, the inverse kinematic relationship can be written as

l = F(x) (4)

where l = [l1, l2, l3, l4, l5, l6]
T is the actuator length vector, and F(·) denotes the inverse

kinematic function. By substituting the geometric path into the inverse kinematic model,
the trajectory–actuator mapping is obtained as

T(s) = F(P(s)) (5)

Thus, the actuator displacement corresponding to the path parameter is

l = T(s) (6)

Differentiating the inverse kinematic relationship with respect to time, the velocity-
level inverse kinematics of the Stewart mechanism can be written as

.
l = J(x)

.
x (7)

where J(x) is the velocity Jacobian matrix of the mechanism. This equation describes the
mapping from the moving-platform velocity to the actuator velocities.

Since the geometric path is expressed as (1), the end-effector velocity is obtained as

.
x = P’(s)

.
s (8)
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Substituting this expression into the velocity inverse kinematics gives

.
l = J(x)P’(s)

.
s (9)

Since the trajectory–actuator mapping is defined as (6), its time derivative can also be
written as

.
l = T’(s)

.
s (10)

where T’(s) = J(P(s))P’(s).
This relationship is used to map actuator velocity constraints into the path-parameter

space.
Differentiating the velocity-level inverse kinematics, the acceleration-level inverse

kinematics can be expressed as

..
l = J(x)

..
x +

.
J(x,

.
x)

.
x (11)

where
.
J(x,

.
x) is the velocity-dependent nonlinear term caused by configuration variation.

For the acceleration-level inverse kinematics, the second-order trajectory–actuator
mapping is defined as

T”(s) = J(x)P”(s) + J’
s(x)P

’(s) (12)

where J’
s(x) is the derivative of the Jacobian matrix with respect to the path parameter.

Therefore, the actuator acceleration can be directly expressed as

..
l = J(x)P’(s)

..
s +

[
J(x)P”(s) + J’

s(x)P
’(s)
] .
s2 (13)

Substituting T’(s) and T”(s) into the above equation gives the complete acceleration-
level inverse kinematic relationship:

..
l = T’(s)

..
s + T”(s)

.
s2 (14)

This equation indicates that the actuator acceleration is affected by both the path
acceleration

..
s and the path velocity

.
s. The term related to

.
s2 reflects the nonlinear influence

of path curvature and configuration variation.

2.3. Bound Generation and Improved Trajectory Scaling

Based on the trajectory–actuator mapping T(s) obtained in Section 2.2, the bounds
generator converts the actuator velocity and acceleration limits into the feasible bounds of
the path time law. For the i-th actuator, the velocity bound of the path parameter is first
calculated as

v+i =


.
l
+

i
T′

i(s)
, T′

i(s) > 0

∞, T′
i(s) = 0

.
l
−
i

T′
i(s)

, T′
i(s) < 0

(15)

where
.
l
−
i and

.
l
+

i are the lower and upper velocity limits of the i-th actuator, respectively.
For a monotonic path parameter, the lower bound is usually set to zero, and the

velocity constraint becomes
0 ≤ .

s ≤ v+(s) (16)

with
v+ = mini=1,...,6v+i (17)

v− = 0 (18)
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Similarly, the acceleration bound of the path parameter is generated from the actuator
acceleration constraints. For the i-th actuator, the acceleration constraint is

..
l
−
i ≤

..
l i ≤

..
l
+

i (19)

According to the acceleration mapping in Section 2.2, the actuator acceleration is
affected by both

..
s and

.
s. Therefore, the acceleration bound contributed by the i-th actuator

can be expressed as

a+i =


..
l
+

i −Ti
′′ (s)

.
s2

Ti
′(s) , Ti

′(s) > 0

∞, Ti
′(s) = 0

..
l
−
i −Ti

′′ (s)
.
s2

Ti
′(s) , Ti

′(s) < 0

(20)

a−i =


..
l
−
i −Ti

′(s)(s)
.
s2

Ti
′(s) , Ti

′(s) > 0

−∞, Ti
′(s) = 0

..
l
+

i −Ti
′(s)

.
s2

Ti
′(s) , Ti

′(s) < 0

(21)

By intersecting the acceleration constraints of all six actuators, the global acceleration
bounds are obtained as

a+ = mini=1,...,6a+i (22)

a− = maxi=1,...,6a−i (23)

Thus, the acceleration constraint sent to the nonlinear scaling filter is

a− ≤ ..
s ≤ a+ (24)

In the general case, the acceleration bounds generated by the bounds generator satisfy
a+ > 0 > a− which means that both positive and negative path accelerations are feasible.
However, due to the nonlinear mapping between the Stewart mechanism and the path
parameter, the generated bounds may become same-signed in some configurations, namely
a+ > a− > 0 or 0 > a+ > a−. In addition, when a+ < a− the feasible acceleration interval
does not exist, indicating that no path acceleration can satisfy all actuator constraints at
the current state. Since the conventional trajectory scaling method is mainly designed for
the regular case a+ > 0 > a−, it is necessary to improve the scaling process to handle
same-signed or infeasible acceleration bounds.

When the bounds generated by the bounds generator satisfy this condition, the orig-
inal input variables are directly used. When the acceleration bounds do not satisfy this
condition, the proposed method introduces a converter before the nonlinear scaling filter.
The converter reconstructs the local input variables in the current sampling period so that
the transformed acceleration bounds satisfy the regular form required by the conventional
filter, as shown in Figure 2.

Figure 2. Structure of the improved trajectory scaling filter with trajectory transformation.
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When the acceleration bounds have the same sign, an acceleration offset ∆a is introduced
to transform the original acceleration interval into an equivalent interval containing zero.

∆a =


a− + ε, 0 ≤ a− < a+

a+ − ε, a− < a+ ≤ 0

0, otherwise

(25)

where ε is a small positive value. To make the converted system equivalent in the current
sampling period, the reference input is modified as[

õ
.
õ

]
=

[
o − 1

2 ∆aT2
s

.
o + ∆aTs

]
(26)

The converted acceleration bounds are

ã+ = a+ − ∆a (27)

ã− = a− − ∆a (28)

Thus,
ã+ > 0 > ã− (29)

The nonlinear scaling filter calculates the acceleration command ac under the con-
verted bounds. The acceleration command in the original path-parameter space is then
recovered by

ac = ãc + ∆a (30)

For the velocity constraint, the reference velocity is also processed by saturation:

.
o = sat(

.
o, 0, v+) (31)

where the saturation operator is defined as

sat(x, x−, x+) =


x+, x > x+

x, x− ≤ x ≤ x+

x−, x < x−
(32)

At the current sampling instant k, the original error state is defined as

ek =

[
ek
.
ek

]
=

[
sk − ok
.
sk −

.
ok

]
(33)

Accordingly, the transformed error state is

ẽk =

[
ẽk.
ẽk

]
=

[
sk − õk
.
sk −

.
õk

]
(34)

Therefore, the trajectory update in the original path-parameter space is performed as

.
sk+1 =

.
sk +

..
skTs (35)

sk+1 = sk +
.
skTs +

1
2

..
skT2

s (36)
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where sk =
[
sk,

.
sk
]T , rearranged to

sk+1 = Ask + B
..
sk =

[
1 Ts

0 1

]
sk +

[
Ts

2

2
Ts

]
..
sk (37)

ek+1 = Aek + B
..
sk (38)

ek+1 = Aẽk + Bãc (39)

This transformation does not require the next-step errors of the original and trans-
formed systems to be identical. Instead, it ensures that the acceleration command obtained
from the transformed error input can be mapped back to the original path-parameter space
and produce the corresponding trajectory update result. Therefore, ẽk can be used as the
input of the nonlinear scaling filter under the converted acceleration bounds.

Since the online trajectory planner updates the path state, constraint bounds, and scaling
command at every sampling period, this transformation is only a local equivalent treat-
ment within the current cycle. It does not establish a fixed long-term error model, and the
approximation introduced by the transformation will not accumulate over multiple cycles.

After this transformation, the trajectory scaling process follows the nonlinear scaling
method reported in Ref. [18], where the normalized error state is used to determine the
acceleration command under the converted bounds.

The normalized error vector is defined as

zk = Wẽk (40)

where

W =

[
1

T2
s

1
2Ts

0 1
Ts

]
(41)

The trajectory scaling problem is then converted into driving the normalized error
state toward the origin. The transformed error system can be written as

zk+1 = Azzk + Bz ãc

=

[
1 1
0 1

]
zk +

[
1
1

]
ãc

(42)

After the above reconstruction, the controller can be simplified because the converted
acceleration bounds satisfy the regular form required by the scaling filter. The control law
is defined as follows

ãc =

−ã−sat
(

δ
ã−

)
, δ ≥ 0

−ã+sat
(

δ
ã+

)
, δ ≤ 0

(43)

where δ is an intermediate variable used to describe the relationship between the current
system state and the constraint boundaries. The calculation process is given below.

To determine the switching variable, two boundary states are first defined according
to the relationship between the velocity bounds and the target velocity.

z+2 =
v+ − .̃

o
Ts

(44)

z−2 =
v− − .̃

o
Ts

(45)

https://doi.org/10.3390/machines14070794

https://doi.org/10.3390/machines14070794


Machines 2026, 14, 794 9 of 20

z+1 = −
(⌊

−
z+2
ã−

⌋
+ 1

)(
z+2 +

⌊
−

z+2
ã−

⌋
ã−

2

)
(46)

z−1 = −
(⌊

−
z−2
ã+

⌋
+ 1

)(
z−2 +

⌊
−

z−2
ã+

⌋
ã+

2

)
(47)

To describe the position of the system state in different regions, the piecewise variable
µ is defined as

µ =


z+1 , z1 < z+1
z1, z+1 ≤ z1 ≤ z−1
z−1 , z1 > z−1

(48)

The control direction variable is defined as

ν =

ã−, z1 < 0

ã+, z1 > 0
(49)

Then, the integer parameter m is calculated by

m =

⌊
1
2
+

√
1
4
+ 2
∣∣∣µ

ν

∣∣∣⌋ (50)

The switching variable is obtained as

δ = z2 +
µ

m
+

m − 1
2

ν (51)

According to the above definitions, the nonlinear switching surface in the (z1, z2)
T

plane can be expressed as

z2 =


z+2 , z1 ≤ z+1
− µ

m − m−1
2 ν, z+1 < z1 < z−1

z−2 , z1 ≥ z−1

(52)

The corresponding sliding boundary is given by

−ã+ ≤ δ ≤ −ã− (53)

Based on the switching variable δ, the nonlinear scaling controller determines the
converted acceleration command. The command is then transformed back to the original
path-parameter space and constrained by the original acceleration bounds.

Finally, the output path acceleration is constrained by the original physical bounds:

..
s = ac = ãc + ∆a (54)

The updated path parameter is then sent to the path generator to reconstruct the
feasible output trajectory. In this way, the original geometric path is preserved, while the
path time law is modified according to the actuator constraints and the converted acceler-
ation bounds. Since the conversion is performed at each sampling period, the algorithm
does not rely on a fixed long-term equivalent model. Instead, it uses a local equivalent
transformation to make the nonlinear scaling filter applicable to special acceleration bounds
and updates the trajectory state in a receding manner.
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2.4. Workspace- and Condition-Number-Based Scaling of the Velocity Boundary

For the Stewart mechanism, the reachable position range alone is not sufficient to
describe the actual motion capability, because different positions may correspond to dif-
ferent posture-adjustment ability, constraint margins, and local kinematic performance.
Therefore, the workspace is divided into three nested regions: the reachable workspace, the
total-orientation workspace, and the rated workspace. The reachable workspace denotes
the largest position set that the moving platform reference point can reach under basic
structural constraints. The total-orientation workspace further requires that, at each posi-
tion, the platform can realize the prescribed posture range while satisfying the constraints.
The rated workspace is the core stable region determined by engineering requirements,
where the platform has sufficient posture margin and motion capability.

The three workspaces have a hierarchical relationship. The reachable workspace has
the largest range but does not guarantee complete posture capability. The total-orientation
workspace is located inside the reachable workspace and ensures that the required posture
range is available. The rated workspace is located inside the total-orientation workspace
and corresponds to the preferred operating region for online trajectory planning. Therefore,
in the proposed method, the rated workspace is treated as the safe inner region, the
remaining part of the total-orientation workspace is treated as the intermediate region, and
the area outside the total-orientation workspace but still within the reachable workspace is
treated as the outer region with degraded motion capability.

After the current workspace region is identified, the local motion capability is evalu-
ated using the dimensionless Jacobian condition number. Since the Stewart mechanism
contains both translational and rotational motion components, the original Jacobian matrix
should be normalized before calculating the condition number. Let the Jacobian matrix at
the current pose be divided into translational and rotational parts:

J =
[
Jp Jr

]
(55)

where Jp is the translational part and Jr is the rotational part. To balance the numerical scales
of the two parts, a length-related scaling coefficient lc is introduced. The dimensionless
Jacobian matrix is constructed as

Jn =
[
Jp lcJr

]
(56)

where lc is calculated by

lc =

√√√√ tr(JT
p Jp)

tr(JT
r Jr)

(57)

Based on the dimensionless Jacobian matrix, the condition number is defined as

κ =
σmax(Jn)

σmin(Jn)
(58)

where σmax(Jn) and σmin(Jn) are the maximum and minimum singular values of Jn, respec-
tively. A smaller κ indicates better local motion transmission, whereas a larger κ indicates
that the mechanism is approaching a low-mobility or near-singular region.

To further guarantee the overall motion capability, the scaled velocity boundary is
combined with the joined velocity boundary. The joined velocity boundary is introduced
to ensure that the corresponding acceleration bounds remain feasible, namely a+ > 0
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and a− < 0. Therefore, the final velocity boundary sent to the nonlinear scaling filter is
expressed as

a+(s,
.
s) > 0, a−(s,

.
s) < 0, 0 ≤ .

s ≤ v+a (s) (59)

The joined velocity boundary can be expressed as

V+(s) = min
(
v+(s), v+a (s)

)
(60)

where v+a denotes the maximum path velocity that guarantees the regular acceleration
condition a+ > 0 and a− < 0. After the joined velocity boundary is obtained, the scaling
coefficient is applied as

ṽ+ = λvV+ (61)

where λv ∈ (0, 1] is the velocity scaling coefficient. In the rated workspace, the mechanism
has sufficient motion margin, and the original velocity boundary is directly used:

λv = 1, x ∈ Ωrated (62)

For the intermediate region, the mechanism is still inside the total-orientation
workspace but outside the rated workspace. In this region, the velocity boundary is
continuously adjusted according to the dimensionless Jacobian condition number. Let κ

be the condition number at the current pose, κ0 be the normal threshold, κc be the critical
threshold, and λmin be the minimum safe scaling coefficient. The condition-number-based
scaling coefficient is defined as

λκ =


1, κ ≤ κ0

1 − (1 − λmin)
κ−κ0
κc−κ0

, κ0 < κ < κc

λmin, κ ≥ κc

(63)

When the condition number is smaller than κ0, the local motion performance is
considered sufficient, and the boundary is not scaled. When the condition number increases
from κ0 to κc, the scaling coefficient decreases linearly from 1 to λmin. When κ ≥ κc, the
minimum safe scaling coefficient is used to prevent the trajectory from further moving
toward a low-mobility or near-singular region.

For the outer region, the mechanism is outside the total-orientation workspace but
still inside the reachable workspace. In this region, the posture-adjustment ability and
local motion continuity are degraded. Therefore, a fixed conservative scaling coefficient
is adopted:

λv = λout, x ∈ Ωreach ∖ Ωtotal (64)

where
0 < λout ≤ λmin < 1 (65)

Thus, the complete workspace-aware velocity scaling coefficient is written as

λv(x) =


1, x ∈ Ωrated

λκ , x ∈ Ωtotal ∖ Ωrated

λout, x ∈ Ωreach ∖ Ωtotal

(66)

The scaled velocity boundary ṽ+ is then sent to the nonlinear scaling filter. In this
way, the original boundary is fully used in the rated workspace, continuously reduced
according to the condition number in the intermediate region, and conservatively limited
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in the outer region. This allows the online planner to actively reduce the path velocity
when the mechanism approaches a low-mobility or near-singular region.

3. Results
3.1. Single-Axis Test Under Special Acceleration Bounds

To verify the effectiveness of the improved nonlinear scaling filter under special
acceleration bounds, a single-axis trajectory scaling test was first carried out. This test
was designed to reproduce the boundary condition in which the lower acceleration bound
becomes positive. In the conventional case, the acceleration bounds satisfy a+ > 0 > a−,
and the trajectory scaling filter can directly generate a feasible acceleration command.
However, after boundary modification, the lower acceleration bound a− was forced to
become positive within a short time interval, resulting in a+ > a− > 0. Under this
condition, the path acceleration must remain positive, and the conventional scaling method
may fail because its basic assumption on the acceleration bounds is no longer satisfied.

In the test, the reference trajectory, velocity bound, and upper acceleration bound
were kept unchanged. Only the lower acceleration bound a− was modified during the
selected interval to generate the same-sign acceleration-bound condition. The proposed
boundary conversion method was then applied before the nonlinear scaling filter. The
acceleration offset ∆a was calculated according to the current acceleration interval, and
the converted acceleration bounds were used to compute the scaling command. After the
filter output was obtained, the acceleration command was transformed back to the original
path-parameter space and limited by the original physical bounds.

The comparison mainly includes the path response, velocity response, acceleration
response, and local enlarged curves near the boundary-change interval. The results shown
in Figure 3 show that the conventional scaling method may produce acceleration overshoot
or local discontinuity when a− becomes positive. In contrast, the proposed method can keep
the output acceleration within the feasible interval and maintain continuous path velocity.
This confirms that the improved scaling filter can handle same-sign acceleration bounds
and is suitable for the special boundary conditions caused by actuator constraint mapping.

3.2. Experimental Verification of Velocity Scaling

After the single-axis verification, the proposed condition-number-aware velocity
bound regulation method was further tested on an electric-cylinder-driven Stewart experi-
mental platform, as illustrated in Figure 4. The experimental system consists of a PC host,
a Speedgoat real-time controller, Delta servo slaves, six electric-cylinder actuators, and
the Stewart platform body. The geometric parameters of the platform were Rb = 1.1 m,
Rp = 0.82 m, with short-side angular intervals of 15.7◦ and 14.0◦ for the base and moving
platforms, respectively. The limb stroke range was 1.425 m < li < 2.1 m, and the velocity
and acceleration limits were

∣∣∣ .li

∣∣∣ ≤ 0.2 m/s and
∣∣∣..l i

∣∣∣ ≤ 0.6 m/s2. The online planner was
executed with a sampling period of Ts = 0.002 s. Two methods were compared: one
without velocity boundary scaling, where λv = 1, and the other with workspace-aware
scaling based on the workspace region and dimensionless Jacobian condition number with
λmin = 0.8, λout = 0.4, κ0 = 10, κc = 20.

The experimental trajectory is shown in Figure 5. The reference path contains both
translational and rotational components so that the platform passes through regions with
different local motion capabilities. The selected trajectory was designed to pass from the
rated workspace to the region with reduced motion capability.
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Figure 3. Single-axis trajectory scaling results under special acceleration bounds. (a) Path displacement
comparison; (b) displacement comparison local magnification image; (c) path speed displacement
comparison; (d) speed comparison local magnification image; (e) path acceleration comparison; (f) accel-
eration comparison local magnification image.

Figure 4. The motion simulation platform.
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Figure 5. Experimental Path. (a) Experimental position; (b) experimental pose.

The path time law is defined as

s(t) =

{
0.5
(
1 − cos

(
πt
5
))

, t < 5
1, t ≥ 5

(67)

The optimized target path displacements obtained by the two methods are compared
in Figure 6. Both planned curves try to track the desired displacement o. However, when
the platform moves away from the rated workspace, the local motion capability of the
mechanism becomes limited, and the planned displacement cannot completely follow the
desired displacement.

Figure 6. Comparison of optimized target path displacements. The desired path displacement is
denoted by o, the planned displacement without velocity boundary scaling is denoted by s1, and the
planned displacement with workspace-aware velocity scaling is denoted by s2.

Compared with s1, the proposed method generates a more conservative planned
displacement s2 by reducing the velocity boundary according to the workspace state. To
further explain this difference, the actuator velocities and accelerations are compared
in Figure 7.

Figure 7 compares path velocity, path acceleration and their respective boundaries
for the two schemes. Without velocity scaling (Figure 7a,c), planned velocity converges to
the combined velocity boundary within motion-limited regions. In the region outlined by
dashed lines, an imminent velocity-bound violation compels the planner to tune path accel-
eration, which may yield infeasible acceleration ranges; path acceleration is thereby forced
to zero to sustain planning, resulting in a local acceleration-constraint violation despite pre-
served velocity compliance. By contrast, with the proposed velocity scaling (Figure 7b,d),
velocity limits are adaptively lowered based on workspace status and condition numbers
when motion capacity is inadequate. Although slight local exceedances of the conservative
scaled boundary can be observed, the joined boundary and acceleration feasibility are still
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maintained. Consequently, the presented approach mitigates acceleration-bound violation
risks without degrading performance within feasible workspace areas.

Figure 7. Comparison of path velocity, path acceleration, and corresponding boundaries. (a) Path
velocity without velocity boundary scaling; (b) path velocity with velocity boundary scaling; (c) path
acceleration without velocity boundary scaling; (d) path acceleration with velocity boundary scaling.

To further evaluate the influence of velocity scaling on actuator-level motion, the
displacements, velocities, and accelerations of the six limbs are compared in Figure 8.
Since the planned path is finally executed through the six electric-cylinder actuators,
actuator responses can directly reflect whether the optimized path time law satisfies the
physical motion constraints. As shown in Figure 8, after introducing the velocity scaling
coefficient, the limb displacement curves remain continuous, while the actuator velocity
and acceleration fluctuations are reduced. This indicates that the proposed method can
improve actuator-level motion smoothness by regulating the path velocity boundary before
the mechanism enters the region with limited motion capability.

Due to the limited motion capability of the Stewart mechanism, the actual platform
motion cannot completely track the desired trajectory when the platform moves away
from the regions with sufficient local motion capability. In the regions, both methods can
normally follow the target trajectory. Therefore, the comparison mainly focuses on the
position contour error and pose error in the region with reduced motion capability.

The position contour error is defined as

ep(s) =
∥∥∥pact(s)− pre f (s)

∥∥∥
2

(68)

where p(s) = [x(s), y(s), z(s)]T is the position vector, and pact(s) is the actual position
vector, pact(s) is the reference position vector.
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Figure 8. Comparison of actuator displacements, velocities, and accelerations with and without
velocity scaling. (a) Actuator displacements without velocity boundary scaling; (b) actuator dis-
placements with velocity boundary scaling; (c) actuator velocities without velocity boundary scaling;
(d) actuator velocities with velocity boundary scaling; (e) actuator accelerations without velocity
boundary scaling; (f) actuator accelerations with velocity boundary scaling.

The pose error is defined as

eθ(s) =
∥∥∥θact(s)− θre f (s)

∥∥∥
2

(69)

where θ(s) = [γ(s), β(s), α(s)]T is the attitude vector, and θact(s) is the actual attitude
vector, θact(s) is the reference attitude vector.

The comparison results are shown in Figure 9.
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Figure 9. Comparison of position contour error and pose error without and with velocity scaling.
(a) Position contour error over the entire path; (b) enlarged view of the position contour error in
the selected region; (c) pose error over the entire path; (d) enlarged view of the pose error in the
selected region.

The mean value and standard deviation of the errors were further compared, as listed
in Table 1. The mean value reflects the overall tracking accuracy, while the standard devia-
tion reflects the fluctuation of the tracking error along the path. Since the two methods show
similar tracking performance in most of the rated workspace, the statistical comparison
was carried out over both the entire path and the selected boundary region.

Table 1. Statistical comparison of position contour error and pose error over the entire path and
selected boundary region.

Region Method Mean Position
Contour Error (m)

Std. of Position
Contour Error (m)

Mean Pose Error
(◦)

Std. of Pose Error
(◦)

Entire path Without velocity
scaling 5.56 × 10−4 2.07 × 10−4 0.126 0.026

Entire path With velocity
scaling 5.23 × 10−4 1.34 × 10−4 0.123 0.023

Boundary region Without velocity
scaling 6.47 × 10−4 3.36 × 10−4 0.147 0.023

Boundary region With velocity
scaling 5.28 × 10−4 1.24 × 10−4 0.141 0.012

For the entire path, the differences between the two methods are relatively limited,
because both methods can normally track the target trajectory in the rated workspace.
However, in the selected boundary region, the proposed method achieves lower mean
errors and smaller error variances for both the position contour error and pose error. This
indicates that the proposed scaling strategy mainly improves the tracking stability in the
region with reduced motion capability while maintaining comparable performance in the
normal workspace.

The statistical results in Table 1 further confirm the effectiveness of the proposed
method. Over the entire path, the differences between the two methods are relatively small,
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because most of the trajectory is located in the rated workspace where the mechanism has
sufficient motion capability. Nevertheless, the proposed method still reduces the mean
position contour error by approximately 5.9% and the fluctuation of the position error
by approximately 35.3%. The pose error also shows a slight decrease, indicating that the
introduced velocity scaling does not degrade the overall tracking performance.

In the selected boundary region, the improvement becomes more significant. The
mean position contour error is reduced by approximately 18.4%, and the fluctuation of
the position error is reduced by approximately 63.1%. Meanwhile, the mean pose error
is slightly reduced, and its fluctuation decreases by approximately 47.8%. These results
indicate that the proposed velocity scaling mainly takes effect in regions with limited
motion capability. By reducing the velocity boundary before the mechanism approaches the
boundary region, the proposed method suppresses local error fluctuations and improves
the stability of contour tracking.

4. Discussion
The experimental results demonstrate that the proposed method improves the feasibil-

ity and stability of online trajectory planning for the Stewart platform under limited motion
capability. The single-axis test first verifies the effectiveness of the improved nonlinear
scaling filter. When the lower acceleration bound becomes positive, the conventional as-
sumption a+ > 0 > a− is no longer satisfied. In this case, the conventional scaling process
may fail to generate a feasible acceleration command. By introducing the acceleration-
bound conversion, the proposed method transforms the same-signed acceleration bounds
into a regular form that can be handled by the nonlinear scaling filter. Therefore, the
planned acceleration remains continuous and feasible under special boundary conditions.

In the Stewart platform experiment, the main challenge comes from the configuration-
dependent motion capability of the mechanism. When the dimensionless Jacobian condition
number increases, the local velocity transmission becomes less favorable, and the original
joined velocity boundary may no longer provide sufficient safety margin. Without velocity
scaling, the planned path velocity can approach or locally exceed the joined boundary,
which may further lead to an infeasible acceleration interval and local acceleration-bound vi-
olation. By reducing the velocity boundary according to the condition number, the proposed
method regulates the path time law before the mechanism reaches a low-mobility state.

The actuator-level results explain why the contour tracking performance is improved.
Since the six electric-cylinder actuators are strongly coupled through the Stewart structure,
excessive path velocity can be converted into large actuator velocity and acceleration
fluctuations. The proposed scaling strategy suppresses these fluctuations by limiting the
path velocity in advance. Therefore, the improvement is more evident in the boundary
region or low-mobility configurations, while the difference over the entire path remains
relatively small because both methods can track the target trajectory normally when the
local motion capability is sufficient.

It should also be noted that the proposed method is not a global velocity reduction
strategy. The original velocity boundary is preserved when the condition number indicates
sufficient local motion capability, and the boundary is reduced only when performance
degradation is detected. This makes the method more adaptive than directly applying
a conservative global limit. However, its effectiveness depends on the accuracy of the
Jacobian-based performance evaluation and the selected condition-number thresholds.
Improper thresholds may lead to overly conservative or insufficient scaling. Future work
will further incorporate dynamic constraints, load variation, and predictive optimization to
improve adaptability under stronger disturbances and high-speed motion.
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5. Conclusions
This paper proposed a condition-number-based velocity boundary scaling method for on-

line trajectory planning of Stewart parallel mechanisms. The method combines path–velocity
decomposition, actuator constraint mapping, nonlinear trajectory scaling, and Jacobian-based
local performance evaluation. An acceleration-bound conversion strategy was also introduced
to improve the nonlinear scaling filter under special acceleration bounds.

The single-axis test verified that the improved scaling filter can handle the case where
the lower acceleration bound becomes positive. The experimental results on the electric-
cylinder-driven Stewart platform further showed that the proposed velocity scaling method
can reduce the path velocity boundary when the local motion capability degrades, thereby
improving the feasibility of the planned trajectory and smoothing the actuator velocity and
acceleration responses.

Quantitative contour error analysis showed that the proposed method mainly im-
proves tracking stability in the boundary region. In the selected boundary region, the
mean position contour error was reduced by approximately 18.4%, the fluctuation of the
position error was reduced by approximately 63.1%, and the fluctuation of the pose error
was reduced by approximately 47.8%. These results indicate that the proposed method can
effectively improve online trajectory planning performance in configurations with limited
motion capability while maintaining the geometric consistency of the target path.

Future work will further incorporate dynamic constraints, load variation, and pre-
dictive optimization into the proposed framework. This will improve the adaptability
of the method under stronger disturbances, higher-speed motion, and more complex
real-time tasks.
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