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Abstract

The non-Gaussian height distribution and power spectral density (PSD) characteristics of
rough surfaces have significant effects on the real contact area, local pressure distribution,
oil-film formation, and friction and wear behavior of lubricated contact interfaces in me-
chanical components. Conventional methods for generating non-Gaussian rough surfaces
commonly rely on iterative correction under explicit statistical constraints, which limits
their computational efficiency in large-scale sample generation. To address this issue, this
study proposes a PSD-amplitude-constrained phase conditional variational autoencoder
(phase C-VAE) for generating non-Gaussian rough surfaces. Unlike conventional construc-
tive methods that repeatedly correct surface samples under explicit statistical constraints,
the proposed method learns the conditional distribution of the Fourier phase, while the
spectral amplitude used for reconstruction is directly determined from the prescribed
PSD. By taking the target skewness, kurtosis, and PSD as conditional inputs, the pro-
posed method achieves joint control of higher-order statistical characteristics and spectral
characteristics within a unified generative framework. Under target conditions derived
from measured surfaces, the generated non-Gaussian rough surface samples achieved
mean absolute relative errors of 0.056% and 0.044% for skewness and kurtosis, respectively,
with a generation time of 24.62 s. These results indicate that the proposed method can
effectively match the target skewness and kurtosis while maintaining good consistency
between the generated surfaces and the target PSD. The proposed method alleviates the
efficiency limitation of conventional constructive methods in the large-scale generation of
non-Gaussian rough surface samples and provides an effective machine-learning-based
generative approach for rapid batch modeling of rough surfaces in lubrication, friction, and
contact analyses.

Keywords: non-Gaussian rough surfaces; power spectral density; PSD amplitude
constraint; conditional variational autoencoder; skewness; kurtosis

1. Introduction

Rough surfaces are widely present in functional transmission components such as
rolling linear guides, planetary roller screws, and ball screws. Compared with ideal smooth
surfaces, real rough-surface contact is generally characterized by localized multi-asperity
contact. The peak—valley structure not only affects interfacial load transfer and stress
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concentration, but also changes lubricant storage, flow, and oil-film formation, thereby
influencing contact, friction, and wear analyses [1-4]. In addition, machined surfaces
exhibit pronounced randomness. Even under the same machining process and with
similar statistical parameters, the local peak-valley morphology may differ among different
locations or samples. Rough surfaces can generally be described by Gaussian or non-
Gaussian random processes. Engineering surfaces of practical transmission components,
especially those produced by grinding and turning, commonly exhibit non-Gaussian
characteristics [5]. Their height distributions are governed not only by spectral features
but also by higher-order statistical moments such as skewness and kurtosis. Compared
with Gaussian rough surfaces, non-Gaussian rough surfaces can more accurately represent
the peaks, valleys, and tail-distribution characteristics of real surfaces, and therefore have
greater theoretical and engineering significance in tribology and lubrication analysis.

Existing methods for modeling non-Gaussian rough surfaces can be broadly divided
into statistical-feature-based methods and fractal-feature-based methods. Fractal-feature-
based methods are generally limited in their ability to directly control skewness and
kurtosis, and are therefore not well suited for generating non-Gaussian rough surfaces
with prescribed higher-order statistical characteristics [6]. Among statistical-feature-based
approaches, autoregressive moving average (ARMA) time-series methods and spectral
representation methods have been widely used for rough surface modeling. Davies et al. [7]
established the relationship between the skewness and kurtosis of an output non-Gaussian
random process and those of the corresponding non-Gaussian random noise using a
standard ARMA model. Watson et al. [8,9] further derived the inverse relationship between
the output sequence and the input noise. Based on this relationship, the noise distribution
can be inferred from the target rough surface distribution, and the corresponding non-
Gaussian noise can be obtained using the Johnson transformation [10], thereby completing
the generation of non-Gaussian rough surfaces. However, because the autoregressive
(AR) parameters are difficult to determine, the AR model is commonly converted into
an equivalent moving average (MA) representation [11]. Patir et al. [12] proposed a
method for directly generating rough surfaces using an MA model, in which an exponential
autocorrelation function (ACF) was adopted and the model coefficients were determined
using the Newton-Raphson method. Based on this work, Hu et al. [13] developed a
two-dimensional digital filtering method, in which the PSD is calculated using the fast
Fourier transform (FFT), and the model coefficients are subsequently obtained through the
inverse Fourier transform. This method has been widely applied in rough surface modeling.
To improve the accuracy and efficiency of coefficient determination, Bakolas et al. [14] used
a nonlinear conjugate gradient method and showed that the ACF truncation length affects
the generated rough surface. Liao et al. [15] adopted a nonlinear least-squares method to
solve the model coefficients and indicated that the truncation length should range from 2
to 20 times the correlation length. Minet et al. [16] used the Newton—-Raphson method to
determine the model coefficients and investigated the influence of ACF truncation length
on simulated surfaces. On this basis, Francisco et al. [17] further proposed a high-accuracy
method for generating non-Gaussian rough surfaces over a broad range of skewness and
kurtosis values.

The spectral representation method treats a rough surface as a sampled realization of a
random process. Wu [18,19] proposed an FFT-based iterative method, in which an iterative
procedure consisting of initial sequence generation, input distribution calculation based
on target statistical characteristics, phase determination using the Johnson transformation,
and new sequence construction was established. This method enables mapping between
the spatial and frequency domains of rough surfaces. By fixing the PSD in the frequency
domain and iteratively correcting the phase, it can simultaneously control the spectral
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characteristics and non-Gaussian statistical features of rough surfaces. Wang et al. [20]
introduced the translation random process theory into rough surface generation. In this
method, a Gaussian random surface is first generated using FFT and then transformed into
a target non-Gaussian random field through cumulative distribution function mapping.
This approach converts the non-Gaussian surface generation problem into a nonlinear
mapping problem based on a Gaussian random process, thereby avoiding the complex
solution of frequency-domain phases. As a result, it improves computational efficiency
while enhancing the stability and applicability of the method.

Although existing statistical-feature-based modeling methods for non-Gaussian rough
surfaces can control the PSD, skewness, and kurtosis, they remain constructive methods
that rely on explicit statistical constraints and sample-by-sample iterative correction. There-
fore, when multiple random surface samples are required under the same target conditions,
their computational efficiency and batch-generation capability remain limited. To address
this issue, this study proposes a PSD-amplitude-constrained phase C-VAE. Unlike the con-
ventional spectral representation method and the genetic-algorithm-optimized PSD-based
generation (GA-PSD) method, which construct each surface sample by iteratively correct-
ing its skewness and kurtosis, the proposed method learns the conditional distribution
of the Fourier phase, while the spectral amplitude used for reconstruction is determined
from the prescribed PSD. The target PSD, skewness, and kurtosis are jointly introduced as
conditional inputs, and the higher-order statistical constraint loss and mode-seeking loss
are incorporated to improve statistical matching accuracy and maintain sample diversity.
Therefore, the main novelty of this study lies in integrating phase-based conditional gener-
ation with an explicit PSD amplitude constraint, thereby enabling the rapid generation of
multiple non-Gaussian rough surface samples under prescribed statistical conditions.

The present study focuses on the generation of one-dimensional non-Gaussian rough
surface profiles with prescribed PSD, skewness, and kurtosis. The conventional spectral
representation method and the GA-PSD method are adopted as comparison methods to
evaluate the proposed method in terms of statistical feature matching accuracy, compu-
tational efficiency, and sample diversity. The remainder of this paper is organized as
follows: Section 2 introduces the conventional spectral representation method and its
genetic-algorithm-based improvement of the error-iteration process. Section 3 presents the
proposed machine-learning-based rough surface generation method. Section 4 presents
the experimental setup; compares the three methods in terms of statistical accuracy, height-
distribution consistency, and computational efficiency; and further evaluates the repeata-
bility, adaptability to different target statistical conditions, and sample diversity of the
proposed method. Hyperparameter sensitivity and ablation analyses are also reported.

2. Conventional Non-Gaussian Rough Surface Generation Methods
2.1. Spectral Representation Method

The spatial profile of a one-dimensional rough surface can be represented as a station-
ary random process with statistical characteristics [21]. The spectral representation method
is a random-process construction method based on Fourier spectral decomposition. In this
method, the statistical characteristics of a rough surface are constrained by introducing
the target PSD and ACF in the frequency domain, and the frequency-domain information
is then transformed back into the spatial domain using the inverse Fourier transform to
generate a rough surface with prescribed spectral characteristics. For non-Gaussian rough
surfaces, higher-order statistical characteristics such as skewness and kurtosis need to be
controlled. Therefore, the Johnson transformation system is introduced into the spectral
representation method to jointly control the probability distribution and higher-order sta-
tistical moments of rough surfaces. Assume that a zero-mean discrete height sequence

https://doi.org/10.3390 /machines14080883


https://doi.org/10.3390/machines14080883

Machines 2026, 14, 883 4 of 24

of a one-dimensional non-Gaussian rough surface is given as {z, | r = 0,1,2,...,N — 1}.
The discrete PSD of the one-dimensional non-Gaussian rough surface can be obtained by
applying the FFT to the discretized ACFE. The target discrete PSD is expressed as:

N-1
Rr:ﬁsgozszsﬁ'/ r=012...,N-1 @
1 N=t i27tkr
Pp=— Y R - k=0,1,2,...,N—-1 2
=5 L Rew( 550 ), k=012 @

where R, and P denote the discrete autocorrelation function and the discrete PSD of the
one-dimensional non-Gaussian rough surface, respectively. N is the number of sampling
points of the non-Gaussian rough surface z,. The autocorrelation function is used to
describe the similarity between the rough surface and itself at different sampling points.
In this paper, circular autocorrelation is adopted; that is, when s +7 > N, zs 1, = zs,_N.
In addition, to characterize the higher-order statistical features of the non-Gaussian rough
surface, the target skewness Sk; and kurtosis K; are defined as follows:

Sk = ?r
1 N1 (©)
= 4

N Eo o

Ki=—1

where ¢ denotes the standard deviation of the rough surface height sequence. Because the
height sequence is assumed to have zero mean, i.e., 4 = 0, the centered height z, — u
reduces to z,.

During spectral shaping, the higher-order moments of the Johnson-transformed non-
Gaussian sequence may deviate from the prescribed skewness and kurtosis. Therefore,
correction parameters are introduced for the target skewness and kurtosis before applying
the Johnson transformation. Let Sk; = Sk; and K; = K;, and map Sk; and Kj to the
skewness Sk, and kurtosis K, of a non-Gaussian random sequence:

3 3/2
(mz h3> K
Sky= "7 Sk, K,=

m m—1
O Y K
r=0

m—1 2 m—2 m—1
(zoh%) -6y »L h%h%]
=

r=0 p=r+1

where h, and h), are the weighting coefficients for linear spectral shaping.

The Johnson system is a distribution construction method based on monotonic and
invertible variable transformations. Its core idea is to establish a one-to-one relationship
between the target random variable and a standard normal variable through a parameter-
ized transformation, thereby generating a non-Gaussian random sequence with prescribed
skewness and kurtosis. By taking Sk, and K, as the target skewness and kurtosis inputs
of the Johnson transformation, respectively, the Johnson transformation system is used to
obtain a one-dimensional non-Gaussian rough surface z, that satisfies the target kurtosis
and skewness.

N-1
Y. n,sin(2mtkr/N)

¢ = tan~!

N1 (5)
Y. #y.cos(27tkr/N)
r=0
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N-1
Zt = Z \/Pikexp{iZN[gb,’(%—Z} }, r=20,1,2,...,(N—-1) (6)
k=0

According to Equations (4)—(6), an updated rough surface z; can be generated, and its
skewness Sk, and kurtosis K, can be calculated. The errors between (Sk,, K;) and the
initial target values (Sk¢, K¢) are then used to iteratively correct Sk; and K as follows:

Sky = Ski + le(Skt — Skz),

@)
Ky =K;+ le(Kt - Kz).

The iteration is repeated until the prescribed convergence tolerance is satisfied. Once
this criterion is met, z; is regarded as the required one-dimensional random rough surface.

2.2. Spectral Representation Method with Genetic-Algorithm-Optimized Iteration

In the iterative stage of the spectral representation method, only a simple linear
iteration is adopted, which leads to limitations in both efficiency and accuracy. To address
this issue, a spectral representation method with genetic-algorithm-optimized iteration
is introduced for non-Gaussian rough surface generation. Based on the original power-
spectrum-based generation framework, the spectral representation method and the Johnson
transformation are retained, while the simple linear iteration of skewness and kurtosis is
replaced by a genetic algorithm search.

Taking Skj and Kj as the optimization variables, the deviations between the actual
skewness and kurtosis of the generated sample and their target values are used as the
optimization objective. The objective function is expressed as:

_(Sky—Ski\? Ky — K¢\ ?
J(Skq,Ky) = wy (Skt—|—€> +w2(1<t—|—£ (8)

where wy and w, are weighting coefficients, and ¢ is a small constant introduced to prevent
division by zero. The optimization aims to minimize the objective function. A smaller
objective function value indicates that the higher-order statistical characteristics of the
generated sample corresponding to the current parameters are closer to the target values.

Assume that the i-th individual in the population of the g-th generation is
expressed as:

(sK® k), =12 ,N, 9)

Let the parent individuals in the genetic optimization process be defined as (Sk 4, K ;)
and (Sky p, Ky ). After crossover, the offspring individual can be expressed as:

{Skl,c = ASk1,+ (1 —A)Skyp, 10)

Kie = AKyz+ (1= A)Kqp.

Once the optimization objective is reached, the genetic search is terminated. The cor-
rection parameters Sk and K; corresponding to the current best individual, together with
the generated rough surface sample, are recorded, and this sample is taken as the final
generated non-Gaussian rough surface.

Based on the spectral representation method, a genetic algorithm is introduced to
iteratively optimize the correction parameters for skewness and kurtosis, which helps
improve the stability and adaptability of the skewness and kurtosis matching process.
However, this method is still essentially a constructive rough surface generation method
based on explicit statistical constraints. Its core procedure is to construct or iteratively solve
surface samples that satisfy the prescribed target statistical conditions. Therefore, when
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a large number of rough surface samples need to be rapidly generated under the same
statistical conditions, this method still has certain limitations in terms of computational
efficiency, conditional mapping flexibility, and batch generation capability.

3. Improved Phase C-VAE with PSD Amplitude Constraint for
Non-Gaussian Rough Surface Generation

To address the limited computational efficiency of explicit constructive methods for
non-Gaussian rough surface generation in large-scale sample generation scenarios, this
study proposes a phase C-VAE method with a PSD amplitude constraint for generating non-
Gaussian rough surfaces. The proposed method combines an explicit target PSD amplitude
constraint with phase-based conditional generation. On the one hand, the frequency-
domain amplitude is determined from the target PSD, thereby explicitly constraining the
spectral structure of the generated surface. On the other hand, the target skewness, kurtosis,
and normalized PSD are used as conditional inputs, and a C-VAE with a conditional prior
is employed to learn the frequency-domain phase generation pattern under prescribed
statistical conditions. In the generation stage, the model first samples the latent variable
according to the target statistical conditions and generates the frequency-domain phase.
The generated phase is then combined with the target PSD amplitude to construct the
complex spectrum, which is finally transformed using the inverse fast Fourier transform
(IFFT) to obtain the spatial-domain non-Gaussian rough surface. The generation workflows
of the GA-PSD method and the proposed phase C-VAE method are shown in Figure 1.

Condition Construction GA-PSD Generation Workflow
Target Skewness Initialize . v;ohnw(v.l . Sp(ef‘lra: A_mlplinzne (;::::rr:::d Fitness Evaluation
~ ransformation for onstraint an A £ I=relative saua
Initial Random G Non-Gaussian Sequenc IFFT Statistics J=r 9'-"?‘?}‘!“-"9}'
Target Kurtosi Sequence under Population Construction Reconstruction Skg » Kg errors Sk and K
0SIS Discrete PSD T

Constraint !

Selection, Crossover,
Mutation, Population
Update

Output Rough
Surface

PSD

Phase C-VAE Training Workflow

Training Condition and Latent Shared Phase | | ppase prediction and Reconstructed Training Losses
Inputs Latent Networks Sampling Decoder PSD-Constrained and and Parameter
surface x e, = E (¢) posterior zq Dy(ze) IFFT Reconstruction | | Prior-Generated Update

conditions ¢ p,(zle) q,(z|x.e) prior zp target PSD amplitude retained Surfaces Lreo Ly, Lipors Lins

Phase C-VAE Inference Workflow

Condition Encoder Latent PSD-Constrained ‘

. o q Generated
C Tadr'gt’et B Sampling Trained Phase Phase Reconstruction Rough
ndition: ) I f ™
Com(j)iiion \:wac e, =E_(c) Decoder phase and spectrum construction St
P, (zle,) p conjugate symmetry and IFFT

Figure 1. Flowcharts of the GA-PSD method and the phase C-VAE method for generating non-
Gaussian rough surfaces.

3.1. Network Structure of the Phase C-VAE with a Conditional Prior

Let x denote the standardized rough surface sequence sample; ¢ denote the condition
vector composed of the target skewness, kurtosis, and PSD features; and z denote the latent
variable. The condition vector is constructed as follows:

Cc — [Skt,Kt,Pt] (11)

where P; denotes the standardized target PSD feature vector obtained through FFT-
based discretization.
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Considering the significant differences in dimensionality and physical meaning be-
tween skewness, kurtosis, and PSD features, a branched conditional encoding structure
is adopted in this study to represent the condition vector. Specifically, skewness and
kurtosis are encoded as low-dimensional statistical features, while the PSD features are
encoded through a spectral feature branch. The skewness and kurtosis are fed into the
low-dimensional statistical feature encoding branch, whereas the PSD features are fed into
the spectral feature encoding branch. The encoded features from the two branches are then
fused to obtain a unified conditional embedding:

€c = EC(C) (12)

where E.(-) denotes the condition encoder, and e, is the conditional embedding vector. This
design helps enhance the model’s representation capability for heterogeneous statistical
conditions and provides a unified input for subsequent posterior encoding and conditional
prior modeling.

In the training stage, the sample x and the conditional embedding e. are jointly
fed into the posterior encoder to estimate the approximate posterior distribution of the
latent variable:

qy(z | x,ec) (13)

where ¢ denotes the network parameters of the posterior encoder. The approximate pos-
terior distribution is used to extract latent representations related to the random local
morphological variations from real rough surface samples. It should be noted that the
latent variable in this study is not directly used for spatial-domain height sequence regres-
sion. Instead, it is used to control the random variations in the frequency-domain phase
distribution under the same target skewness, kurtosis, and PSD conditions, thereby further
affecting the spatial-domain rough surface morphology obtained after IFFT.

To enable the model to generate samples without relying on real sample inputs during
the generation stage, a conditional prior network is further introduced in this study to learn
the conditional prior distribution of the latent variable from the conditional embedding;:

py(z | ec) (14)

where # denotes the parameters of the conditional prior network. The conditional prior
network enables the latent-variable distribution to adaptively vary with the target skewness,
kurtosis, and PSD conditions. During training, the consistency between the approximate
posterior distribution and the conditional prior distribution is constrained, allowing the
trained model to directly sample latent variables from the target statistical conditions and
thereby achieve conditional generation.

To make the random sampling process differentiable for gradient backpropagation,
the reparameterization trick is adopted to sample the latent variable during training:

zq:yq(x,ec)—i-(rq(x,ec)@g ~N(0,I) (15)

where ( is a random noise vector following the standard normal distribution, and © denotes
element-wise multiplication. Correspondingly, in the generation stage, the latent variable
is sampled from the conditional prior distribution:

zpzﬂp(ec)"’"o'p(ec)@g/ g~ N(0I) (16)

During training, the model learns the local random morphological information of real
samples through the posterior path, whereas during generation, latent-variable sampling is
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directly performed according to the target statistical conditions through the conditional
prior path.

The input to the phase decoder consists of the latent variable and the encoded condi-
tional information. In the detailed implementation, the encoded conditional information
includes the fused conditional embedding and the 32-dimensional skewness—kurtosis
feature described in Table 1. For concise notation, these condition-related inputs are collec-
tively denoted by e, in the decoder mapping. In this study, the C-VAE decoder is defined
as a frequency-domain phase generator. Its direct output is not the spatial-domain rough
surface height sequence, but the frequency-domain phase under the target PSD amplitude
constraint. To avoid confusion between the roles of the conditional prior network and the
decoder, the conditional prior network is denoted as p;(z | ec), which describes the distri-
bution of the latent variable under given conditions, whereas the decoder is represented as
a deterministic phase mapping:

¢ = Dy(z,ec) (17)

During training, the decoder can receive the posterior-sampled latent variable z,
to form the posterior reconstruction path. During generation, the decoder receives the
conditional-prior-sampled latent variable z, to form the conditional generation path.

Based on the generated phase and the frequency-domain amplitude determined by
the target PSD, the complex spectrum is constructed as follows:

Xk = Ak exp (l(i)k) (18)

where Ay = /P is the amplitude of the k-th frequency component determined by the
target PSD, and ¢ is the phase of the k-th frequency component generated by the decoder.
To ensure that the rough surface obtained after IFFT is real-valued, the complex spectrum
should satisfy the conjugate symmetry condition:

Xn-k = X{ (19)

where (-)* denotes the complex conjugate. Accordingly, the complete complex spectrum X
is constructed and then transformed by IFFT to obtain the spatial-domain rough surface:

& = Re{IFFT(X)} (20)

To address the inconsistency between the representation forms of the generated sam-
ples and the training samples, as well as the interference caused by differences in absolute
amplitude scale during model learning, the spatial-domain rough surface obtained after
IFFT is normalized to have zero mean and unit standard deviation:

D 1)
Oy +¢€

Zero-mean and unit-standard-deviation normalization ensures consistency in repre-
sentation between the generated samples and the training samples. It weakens the influence
of the absolute amplitude scale of rough surfaces on network training, enabling the model
to focus more on the PSD structure and higher-order statistical features themselves, thereby
improving its ability to learn and represent the target statistical constraints.

In this study, the decoder directly outputs the frequency-domain phase, whereas the
spatial-domain rough surface is the final output obtained by combining the generated phase
with the target PSD amplitude in the frequency domain followed by IFFT. The subsequent
reconstruction loss, higher-order statistical constraint loss, and mode-seeking loss do not act
directly on the frequency-domain phase, but instead act on the normalized spatial-domain
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rough surface. To address the problem that the decoder may rely too strongly on the
conditional input, leading to an insufficient role of the latent variable in representing local
morphological randomness, a dropout mechanism is introduced into the conditional em-
bedding. By randomly deactivating part of the conditional embedding, the model is forced
to use the latent variable for phase generation when part of the conditional information is
suppressed. This helps alleviate the problem of latent-variable collapse and improves the
ability of the model to express sample diversity under the same statistical conditions.

All neural-network modules in the proposed phase C-VAE were implemented using
fully connected layers. For a standardized surface profile of length L = 1025, the real-valued
fast Fourier transform contains M = L/2 4+ 1 = 513 frequency components. Therefore,
the condition vector consisted of the target skewness, target kurtosis, and a 513-dimensional
standardized PSD feature vector, resulting in a total dimension of 515. Because the higher-
order statistical parameters and PSD features have different dimensions and numerical
scales, they were first encoded separately and then fused into a 256-dimensional conditional
embedding. Both the posterior and conditional prior distributions were parameterized
using a 16-dimensional latent variable, and the decoder produced a 513-dimensional
phase vector. During training, dropout with a rate of 0.20 was applied to the conditional
embedding before it was provided to the phase decoder. The numbers of layers and neurons
and the activation functions of the main network components are summarized in Table 1.

Table 1. Detailed network architecture of the proposed phase C-VAE.

Main Component

Layers and Numbers of Neurons Activation Function

Condition encoder

The two-dimensional skewness—kurtosis input is processed by
two fully connected hidden layers with 64 neurons each; the
PSD input is processed by two fully connected hidden layers
with 256 neurons each; the extracted features are then fused by
one fully connected layer with 256 neurons.

ReLU for all hidden layers

Posterior encoder

The surface profile is first processed by one fully connected
hidden layer with 128 neurons; after fusion with the conditional
embedding, it is processed by one fully connected hidden layer
with 256 neurons; two independent linear output layers with
16 neurons each subsequently produce the latent mean and
log-variance.

ReLU for the hidden
layers and linear
activation for the
output layers

Conditional prior
network

The conditional embedding is processed by one fully connected
hidden layer with 256 neurons, followed by two independent
linear output layers with 16 neurons each that produce the
mean and log-variance of the conditional prior.

ReLU for the hidden layer
and linear activation for
the output layers

Phase decoder

The target skewness and kurtosis are first projected into a
32-dimensional feature. After concatenation with the latent
variable and conditional embedding, the resulting feature is
processed by two fully connected hidden layers with

512 neurons each, followed by a 513-neuron output layer.

ReLU for the hidden
layers and 7t tanh(-) for
the output layer

3.2. Multi-Objective Loss Function and Training—Generation Strategy

To meet the training requirements of the phase C-VAE with a PSD amplitude constraint
for statistically constrained generation of non-Gaussian rough surfaces, a multi-objective
loss function is constructed in this study. The loss function consists of a reconstruction
loss, a conditional prior alignment loss, a higher-order statistical constraint loss, and a
mode-seeking loss. A progressive training strategy is also adopted to improve training
stability. Since the frequency-domain structure of the generated surface is mainly achieved
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through the explicit constraint imposed by the target PSD amplitude, PSD is not included
as an independent optimization loss term during training. This study focuses on evaluating
the matching accuracy of higher-order statistical features, generation efficiency, and sample
diversity under the same statistical conditions, while the PSD constraint is ensured at the
methodological level through the frequency-domain amplitude construction process.

Let Xpost denote the reconstructed surface obtained by applying IFFT to the complex
spectrum. The reconstruction loss does not directly constrain the frequency-domain phase
output by the decoder, but instead constrains the consistency between the spatial-domain
reconstructed surface generated from the phase and the input standardized surface. It is
defined as follows:

(xi - fpost,i)z- (22)

™=z

Lrec =
1

where N is the sequence length of the rough surface sample, and x; and Xpost,; denote the
values of the input sample and the reconstructed sample at the i-th point, respectively. This
loss is used to constrain the model to recover the basic morphological features of the input
rough surface in the spatial domain.

To maintain consistency between the approximate posterior distribution learned
during training and the conditional prior distribution used during generation, a conditional
prior alignment loss is introduced in this study. By constraining the discrepancy between
the approximate posterior distribution and the conditional prior distribution, the model can
directly sample latent variables from the conditional prior after training, without relying
on real sample inputs. This loss is expressed using the Kullback-Leibler (KL) divergence:

Lkt = D[99 (z | x,e0) |1y (z | ec)] @3)

The reconstruction loss and conditional prior alignment loss mainly constrain the sam-
ple reconstruction capability and the consistency of the latent-space distribution, but they
cannot directly ensure that the higher-order statistical features of the generated surfaces
satisfy the target skewness and kurtosis constraints. Therefore, a higher-order statistical
constraint loss is further introduced for the posterior path to explicitly constrain the consis-
tency between the higher-order statistical features of the posterior reconstructed samples
and the target statistical conditions. Let wy and wy denote the weighting coefficients of
the skewness and kurtosis terms, respectively, and let s; denote the normalization scale for
the kurtosis error. The higher-order statistical constraint loss for the posterior path can be
expressed as:

2 2
Sk(x — Sk; K(x — K

To improve the ability of the model to directly generate samples satisfying the target
statistical constraints by sampling from the conditional prior during the generation stage,
a higher-order statistical constraint loss is further introduced into the conditional prior
path. Under the same conditional embedding, two sets of latent variables, z,, 1 and z 5, are
sampled from the conditional prior distribution. After decoder-based phase generation,
PSD amplitude synthesis, IFFT, and normalization, two generated surfaces from the prior
path, ¥prior,1 and Xprior,2, are obtained. The higher-order statistical constraint loss for the
prior path is defined as:

2 2
i 12 Sk (Zpriorm) — Skt K (Zprior,m) — Kt
prior __ 1 prior,m prior,m
Liom = mX::l Wgk ( |Skt s + wy s (25)

N
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By combining the constraint losses from the posterior path and the prior path, the over-
all higher-order statistical constraint loss is constructed as follows:

Limom = 5 (Lhiom + i) 20

This loss simultaneously constrains the higher-order statistical features of the posterior
reconstructed samples and the conditional-prior-generated samples, which helps improve
the responsiveness of the model to the target skewness and kurtosis.

To prevent the decoder from ignoring random latent perturbations and consequently
generating overly similar surfaces under the same statistical conditions, a mode-seeking
loss is introduced. This loss follows the basic idea of mode-seeking regularization [22],
which increases the difference between generated outputs induced by a unit random
latent perturbation. Under the same conditional embedding e., two independent standard
Gaussian noise vectors, {; and {,, are sampled, and

Gk = Tply,

(27)
zp,k :Vp(ec)‘f‘o'p(ec)@gk/ k: 1/2/

where T, = 0.8 is the prior-sampling temperature used during training. The two conditional-
prior latent variables are processed through phase decoding, target-PSD amplitude syn-
thesis, IFFT, and normalization to obtain two generated surfaces, Xprior,1 and Xprior,2-
The random-perturbation distance and generated-surface distance are respectively de-

fined as
1 d
Dg = =) 181 — &l
= (28)
1 _
Dy = N Z‘xprior,l,i — Xprior,2,i |-

Il
_

1

Because the desired objective is to increase Dy/Dg, whereas model training is per-
formed through loss minimization, its reciprocal is used to construct the mode-seeking loss:

D¢

Lyns=E| ————— =10"°. 2
ms {max(Dx,sms)]' éms 0 (29)

where d and N denote the latent dimension and the number of surface sampling points,
respectively. The mean L; distances eliminate the influence of the different dimensions
on the distance magnitudes. For a given pair of random perturbations, minimizing Lms
encourages an increase in Dy, thereby preventing different random perturbations from
producing nearly identical surfaces. Because the two surfaces share the same statistical
conditions and target PSD amplitudes, their differences mainly correspond to changes in
local peak—valley positions and morphological fluctuations induced by phase variations.
Therefore, this loss improves local morphological diversity under the same statistical
conditions, while the higher-order statistical constraints and PSD amplitude constraint
ensure that the generated surfaces continue to satisfy the prescribed statistical features.
Based on the above loss terms, the overall loss function is constructed as follows:

L= )\reCLrec + ﬁLKL + AmomLmom + /\msLms (30)

where Arec, B, Amom, and Ams denote the coefficients of the corresponding loss terms,
respectively.

According to the roles of the individual loss terms during training, their corresponding
weights were scheduled over different training stages. Both the conditional prior alignment
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weight  and the higher-order statistical constraint weight Amom were linearly increased
to 1.0 over the first 30 epochs, thereby progressively strengthening the latent-distribution
regularization and statistical-moment constraints. The reconstruction-loss weight A was
maintained at 1.0 during the first 20 epochs and then gradually reduced to 0.20 using cosine
annealing between epochs 20 and 80, after which it remained unchanged. A fixed weight of
Ams = 0.10 was assigned to the mode-seeking loss to improve the diversity of the generated
samples without allowing this term to dominate the overall optimization. These weight
settings enabled the model to balance surface reconstruction, latent-space regularization,
higher-order statistical feature preservation, and generated-sample diversity.

4. Experimental Validation and Results Analysis
4.1. Experimental Setup and Evaluation Metrics

The complete dataset consisted of 10,000 numerically generated rough surface samples
and 100 measured rough surface profile samples. The numerical samples were obtained
using the non-Gaussian rough surface generation method proposed by Chen et al. [23],
whereas the measured samples were extracted from ground-surface profiles acquired from
rolling linear guide pairs. The 100 measured samples were fixed-length one-dimensional
profile samples obtained by segmenting the original measured profiles using a unified
sampling length. The numerical samples were mainly used to increase the training-data
volume and extend the range of statistical conditions, whereas the measured samples
introduced the morphological characteristics of actual ground surfaces. For each sample,
the skewness, kurtosis, and PSD were calculated, and the height sequence was standardized
to have zero mean and unit standard deviation. The standardized PSD was used as the
spectral condition input, whereas the corresponding unstandardized PSD was used to
determine the target frequency-domain amplitude during generation. After preprocessing,
the numerical and measured samples were separately divided into training, validation,
and test sets at a ratio of 8:1:1, with segmented samples originating from the same measured
profile assigned to the same data subset. The training set was used for model-parameter
optimization, the validation set was used for model selection, and the test set was used
only for final performance evaluation.

Based on the constructed dataset, the proposed method was trained. The model inputs
consisted of normalized rough surface samples and their corresponding statistical condition
vectors. The condition vector was first transformed into a conditional embedding through
the branched condition encoder. The posterior encoder then sampled the latent variable
based on x and e, and the decoder output the frequency-domain phase. Subsequently,
the generated phase was combined with the frequency-domain amplitude determined
by the target PSD to construct the complex spectrum, which was further processed by
IFFT and normalization to obtain the reconstructed surface. The model was trained for
100 epochs using the Adam optimizer with a batch size of 256. The complete training
hyperparameters and loss-weight settings are summarized in Table 2. Model training and
inference were performed on a computing platform equipped with an Intel Core i7-13700KF
central processing unit (CPU) and an NVIDIA GeForce RTX 4060 Ti graphics processing
unit (GPU).

To quantitatively evaluate the performance of the proposed method in generating non-
Gaussian rough surfaces, an evaluation framework is established from four aspects: higher-
order statistical feature matching accuracy, height-distribution similarity, computational
efficiency, and sample diversity. The relative errors of skewness and kurtosis are used
to characterize the differences in higher-order statistical features between the generated
samples and the target values. To further evaluate the consistency of the overall height

probability distributions, the first-order Wasserstein distance W is introduced. Let E(i) and
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Eé) denote the i-th order statistics of the standardized height samples of the target and

generated surfaces, respectively. For the target and generated surfaces, each containing N

samples, the first-order Wasserstein distance is defined as:

1

Wy = —
1 Nl'

8 _ it
(i h

(31)

OOl

Table 2. Values and Settings of Network Training Hyperparameters.

Parameter Name Symbol Value or Setting
. Adam, with 1 = 0.9, B2 = 0.999,
Optimizer B € = 1.0 x 1078, and a weight decay of 0
Learnine rate ] Initial value of 1.0 x 10~3; multiplied by
& ! 0.3 after epochs 70 and 90
Training epochs epochs 100
Batch size batch_size 256
Gradient clipping gmax Maximum L, norm of 5.0
Reconstruction-loss 1.0 for the first 20 epochs; cosine-annealed
weight Arec to 0.20 between epochs 20 and 80;

& maintained at 0.20 thereafter
Conditional prior 8 Linearly increased to 1.0 over the first
alignment weight 30 epochs

Skewness and kurtosis
error weights Wk /W 8.0/4.0
Higher-order statistical A Linearly increased to 1.0 over the first
constraint weight fom 30 epochs
Mode-seeking loss weight Ams Fixed at 0.10

A smaller Wy indicates that the height probability distribution of the generated surface

is closer to that of the target surface. The sample generation time is recorded to evaluate
the computational efficiency of different methods, while sample diversity is evaluated
using the pointwise standard deviation and pairwise RMSE in Section 4.3. Under the same
evaluation framework, the conventional spectral representation method and the GA-PSD
method are adopted as comparison methods. In the GA-PSD method, the error-iteration
procedure is improved using a genetic algorithm.

4.2. Comparison and Evaluation of Generation Performance

To verify the effectiveness and advantages of the proposed method in generating
non-Gaussian rough surfaces, a representative rough surface profile was selected from the
measured test set that was not involved in either model training or model selection, and its
statistical features were used as the target conditions. Under the same target skewness,
kurtosis, and PSD conditions, the conventional spectral representation method, the GA-PSD
method, and the phase C-VAE method with a PSD amplitude constraint were each used to
generate one rough surface sample. The results are shown in Figure 2.
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Surface Profile Comparison
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Figure 2. Comparison of the measured target surface and the rough surface samples generated by the
three methods.

To further evaluate the height-distribution similarity of the generated surfaces, the em-
pirical cumulative distribution functions of the standardized heights of the measured target
surface and the three generated surfaces were compared, as shown in Figure 3. Under the
same target conditions, the W values of the conventional spectral representation method,
GA-PSD method, and phase C-VAE method with a PSD amplitude constraint were 0.0627,
0.0640, and 0.0660, respectively. The results show that the empirical CDF curves of the
three generated surfaces are close to that of the target surface and that the corresponding
W values are similar, indicating that all three methods can effectively preserve the target
height probability distribution.

A Empirical Height-Distribution Comparison

& = e
= (o] [oe]
T T T

Empirical CDF

=
N
T

Standardized Height

—— Measured target surface
- — -Conventional spectral representation method (W1 =0.06273)

~-=--GA-PSD method (W, = 0.06395)
——Phase C-VAE method (W, = 0.06602)

Figure 3. Empirical cumulative distribution functions of the standardized heights of the measured
target surface and the rough surfaces generated by the three methods.

Based on the rough surface samples generated by the three methods, the generation
time was recorded, and the skewness and kurtosis of the generated samples were calculated.
The three rough surface generation methods were compared in terms of higher-order
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statistical feature matching and generation efficiency. Under the same target conditions,
the relative skewness errors of the conventional spectral representation method, GA-PSD
method, and phase C-VAE method with a PSD amplitude constraint were 0.11%, 0.012%,
and 0.0014%, respectively. The corresponding relative kurtosis errors were 0.026%, 0.019%,
and 0.020%, respectively, and the generation times were 98.26 s, 797.8 s, and 24.62 s,
respectively. The corresponding W results are also listed in Table 3, while the relative
skewness and kurtosis errors are compared in Figure 4.

The results show that the skewness and kurtosis errors of the proposed phase C-VAE
method remain at low levels. Compared with the conventional spectral representation
method, the skewness and kurtosis errors are reduced by approximately 98.73% and
23.08%, respectively. Compared with the GA-PSD method, the skewness error is reduced
by 88.33%, whereas the kurtosis error increases slightly by 5.26%. These results indicate
that the proposed phase C-VAE method can effectively preserve the target higher-order
statistical features. Although the W; value of the phase C-VAE method is slightly higher
than those of the two comparison methods, the differences among the three methods are
small. Combined with the high consistency among the empirical CDF curves, this result
indicates that the proposed method achieves height-distribution matching performance
comparable to that of the two comparison methods. Meanwhile, its generation time is only
24.62 s, which is shorter than those of the conventional spectral representation method and
the GA-PSD method, demonstrating a clear advantage in computational efficiency. Overall,
the proposed method achieves high statistical feature matching accuracy while enabling the
rapid generation of non-Gaussian rough surfaces, making it suitable for friction, lubrication,
and contact analyses that require the batch generation of rough surface samples.

Table 3. Higher-order statistical errors, first-order Wasserstein distances, and generation times of
rough surface samples generated by the three methods.

Metric Measured Power Spectrum Method GA-PSD Method Phase C-VAE

Method

Skewness —0.38185 —0.38144 —0.3818 —0.3818

Relative error of skewness 0 0.11% 0.012% 0.0014%
Kurtosis 3.7092 3.7082 3.7085 3.7084

Relative error of kurtosis 0 0.026% 0.019% 0.020%
First-order Wasserstein 0 0.0627 0.0640 0.0660

distance W;

Computation time (s) / 98.26 797.8 24.62

To further evaluate the repeatability of the proposed stochastic generative model
under different random seeds, five independent random seeds were used to generate five
non-Gaussian rough surface samples while keeping the target PSD, skewness, kurtosis,
and trained model parameters unchanged. For each generated sample, the relative skew-
ness error, relative kurtosis error, and first-order Wasserstein distance were calculated,
and the results were summarized in the form of mean =+ standard deviation. As shown
in Figure 5, the absolute relative skewness error over the five independent generations
was (0.00257 + 0.00093)%, the absolute relative kurtosis error was (0.02109 =+ 0.00286) %,
and the first-order Wasserstein distance was 0.07368 = 0.00833. These results indicate that
the proposed phase C-VAE method can consistently maintain low higher-order statistical
errors and stable height-distribution matching performance under different random seeds,
demonstrating good stochastic generation repeatability.
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Figure 4. Comparison of higher-order statistical errors for rough surfaces generated by the

three methods.
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Figure 5. Repeatability evaluation of the phase C-VAE method over five independent random seeds.

To further evaluate the adaptability of the proposed model to different higher-order
statistical conditions, Pawlus et al. reported that, for the ground surface topographies
examined in their study, the skewness Sy ranged from —0.85 to —0.10, while the kurtosis
Sky ranged from 3.2 to 6.0, with a strong inverse correlation between these two parameters
(R = —0.82) [24]. In the present study, these reported areal-parameter ranges were used
as reference bounds for defining the statistical conditions of one-dimensional profiles.
Four target conditions were selected along the reported joint variation trend of skewness
and kurtosis: (—0.85, 6.0), (—0.60, 5.0), (—0.35, 4.0), and (—0.10, 3.2). In all four tests,
the model architecture and parameters were kept unchanged, without retraining or param-
eter adjustment. Only the target skewness and kurtosis were varied in each test, and one
rough surface profile was generated for each condition. The generated results and their
relative errors are summarized in Table 4.

Table 4. Skewness, kurtosis, and corresponding relative errors of rough surface profiles generated by
the phase C-VAE under different target conditions.

Target Skewness Target Kurtosis Generated Relative Error Generated Relative Error of
Skewness of Skewness Kurtosis Kurtosis
—0.85 6.0 —0.85029 —0.034% 6.0017 0.028%
—0.60 5.0 —0.59977 +0.038% 4.9978 —0.045%
—0.35 4.0 —0.34991 +0.025% 3.9979 —0.052%
—0.10 32 —0.10003 —0.030% 3.2090 0.281%

As shown in Table 4, when the target skewness varies from —0.85 to —0.10 and the
target kurtosis varies from 6.0 to 3.2, the proposed phase C-VAE generates rough surface
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profiles whose higher-order statistical features remain close to their target values under all
four substantially different statistical conditions. The tested conditions cover the variation
from strong negative skewness and high kurtosis to weak negative skewness and low
kurtosis. The absolute relative skewness errors range from 0.025% to 0.038%, while the
absolute relative kurtosis errors range from 0.028% to 0.281%. Although the kurtosis error
is relatively larger for the target condition (—0.10, 3.2), it remains below 0.3%. These
results demonstrate that, within the tested literature-based reference range, the proposed
model maintains high higher-order statistical feature-matching accuracy despite substantial
variations in the target skewness and kurtosis, indicating good adaptability to different
statistical conditions.

4.3. Generation Capability and Diversity Analysis Under the Same Statistical Conditions

To meet the demand for multiple rough surface samples in friction and contact anal-
yses of non-Gaussian rough surfaces, a single measured surface was used as the target
surface, with its PSD, skewness, and kurtosis specified as the target statistical conditions.
Using the trained phase C-VAE model described above, eight rough surface samples were
generated. The skewness and kurtosis of each generated sample were calculated to eval-
uate the capability of the proposed method to generate diverse samples under the same
statistical conditions. The generation time was also recorded to evaluate statistical-feature
preservation, sample diversity, and computational efficiency. The statistical results and
generated profiles are presented in Table 5 and Figure 6, respectively.

Table 5. Statistical results of eight rough surface samples generated by the phase C-VAE method
under the same target conditions.

Sample Skewness Relative Error Kurtosis Relative Error
of Skewness of Kurtosis

Measured —0.38185 / 3.7092 /
Sample 1 —0.38184 +0.0014% 3.7084 —0.020%
Sample 2 —0.38146 +0.1018% 3.7099 +0.020%
Sample 3 —0.38207 —0.057% 3.7076 —0.043%
Sample 4 —0.38179 +0.016% 3.7061 —0.081%
Sample 5 —0.38147 +0.099% 3.7119 40.073%
Sample 6 —0.38156 +0.074% 3.7121 +0.079%
Sample 7 —0.38174 +0.029% 3.7103 +0.030%
Sample 8 —0.38210 —0.066% 3.7089 —0.008%

Mean absolute / 0.056% / 0.044%

relative error
Time (s) 24.62

As shown in Figure 6, the eight generated profiles are consistent with the measured
target surface in terms of the overall amplitude range and fluctuation characteristics.
However, differences can be observed among the profiles in the local peak-valley positions,
peak amplitudes, and detailed fluctuations, indicating that the proposed method has a
strong capability to generate morphologically diverse samples under the same statistical
constraints. As shown in Table 5, the skewness and kurtosis of the measured surface are
—0.38185 and 3.7092, respectively. The skewness values of the eight generated samples are
all close to the target value, and their kurtosis values remain within a small fluctuation range.
The maximum absolute relative errors of skewness and kurtosis among the generated
samples are 0.1018% and 0.081%, respectively. The mean absolute relative errors of the eight
samples are 0.056% and 0.044%, respectively. Meanwhile, the time required to complete the
generation and statistical analysis of the eight samples is 24.62 s. Because the phase C-VAE
generates multiple surface profiles through batch inference, its multi-sample generation
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time does not increase linearly with the number of generated samples. By comparison,
the generation times of the conventional spectral representation method and the GA-PSD
method are approximately 800 s and 6400 s, respectively. These results demonstrate that
the proposed method can generate multiple rough surface samples while preserving the
target higher-order statistical features. It exhibits good statistical consistency and greatly
improves the generation efficiency in multi-sample generation scenarios.

Overlay of 8 generated rough surfaces

1

——Measured target surface
——Sample 1
Sample 2
——Sample 3
——Sample 4
Sample 5
——Sample 6
——Sample 7
——Sample 8

Height

-15 1 1 1 1 i 1 1 ]

Figure 6. Eight rough surface samples generated by the phase C-VAE method under the same
target conditions.

To further characterize sample diversity, Figure 7 shows the mean profile and point-
wise standard-deviation band of the generated samples, whereas Figure 8 presents the
corresponding pairwise RMSE matrix.

4 Mean Profile and Pointwise Standard Deviation
) I I I ) I |
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| Mean =+ one standard deviation Mean generated profile — — -Target proﬁle|

Figure 7. Mean profile and standard deviation band of the generated samples.
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Figure 8. RMSE heatmap among the eight rough surface samples.

4.4. Ablation and Sensitivity Analysis

To investigate the influence of important hyperparameters on the performance of
the proposed phase C-VAE, a one-factor-at-a-time sensitivity analysis was first conducted.
The final model configuration was used as the baseline, and only one hyperparameter was
varied in each experiment while the training dataset, number of training epochs, optimizer
settings, and generation procedure were kept unchanged. The investigated hyperparame-
ters included the latent dimension 4, the higher-order statistical constraint weight Amem,
the mode-seeking loss weight As, and the dropout probability of the conditional embed-
ding pgrop- For each trained model, eight surfaces were generated under the same target
conditions. The mean absolute relative errors of skewness and kurtosis, the mean first-order
Wasserstein distance Wi, and the mean pairwise RMSE of the eight samples were used as
evaluation metrics. The results are summarized in Table 6.

As shown in Table 6, the baseline configuration provides a favorable balance between
higher-order statistical accuracy and sample diversity. When the latent dimension is
reduced to d, = 8 or increased to d, = 32, the skewness and kurtosis errors increase
compared with those of the baseline model, indicating that an excessively small latent
space limits phase-distribution representation, whereas an excessively large latent space
does not further improve generation performance under the present training conditions.
For the higher-order statistical constraint weight, Amom = 0.5 leads to larger skewness
and kurtosis errors, suggesting that the statistical constraint is insufficient. Increasing this
weight to Apmom = 2.0 maintains similar skewness accuracy but reduces the mean pairwise
RMSE, indicating a decrease in generated-sample diversity.
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Table 6. Hyperparameter sensitivity analysis of the proposed phase C-VAE method.
Hyperparameter Mean Absolute Relative Mean Absolute Relative W Mean Pairwise

Setting Skewness Error Kurtosis Error 1 RMSE
Baseline 0.0557% 0.0442% 0.0698 0.7343

d, =8 0.0906% 0.0668% 0.0820 0.7231

d, =32 0.0985% 0.1367% 0.0834 0.6391
Amom = 0.5 0.1104% 0.1171% 0.0711 0.8115
Amom = 2.0 0.0557% 0.0515% 0.0705 0.6053
Ams =0 0.0157% 0.0163% 0.0698 0.0313

Ams = 0.05 0.0504% 0.0422% 0.0744 0.6379
Ams = 0.20 0.0795% 0.0753% 0.0852 0.8072
Pdrop = 0 0.0772% 0.0732% 0.0815 0.7153
Pdrop = 0.30 0.0979% 0.0819% 0.0739 0.6521

The mode-seeking loss weight mainly affects the diversity of generated samples. When
Ams = 0, the skewness and kurtosis errors remain small, but the mean pairwise RMSE
decreases sharply to 0.0313, indicating that the generated samples tend to become highly
similar. Increasing Ams improves morphological diversity, but an excessively large value,
such as Aps = 0.20, increases both the statistical errors and W;j. For the conditional dropout
probability, both pgrop = 0 and pgrop = 0.30 result in larger statistical errors than the
baseline setting, suggesting that a moderate dropout probability helps stabilize conditional-
feature learning. Overall, the baseline setting with d, = 16, Ajmom = 1.0, As = 0.10,
and pgrop = 0.20 achieves a balanced performance in terms of statistical-feature matching,
height-distribution consistency, and generated-sample diversity.

To evaluate the effects of individual loss terms on the generation performance of
the proposed phase C-VAE and analyze the balance between statistical feature matching
and sample diversity, an ablation study was conducted. With the network architecture,
training parameters, and generation parameters kept unchanged, the mode-seeking loss,
higher-order statistical constraint loss, conditional prior alignment loss, and reconstruction
loss were removed separately. The resulting changes in skewness error, kurtosis error,
and generated-sample diversity were then compared among the models. This analysis
clarifies the contribution of each loss term and verifies the necessity and rationality of the
final loss-function design.

The quantitative ablation results are summarized in Table 7. The higher-order statisti-
cal errors, diversity metrics, and trade-off between statistical accuracy and diversity are
presented in Figures 9, 10, and 11, respectively.

Table 7. Mean absolute relative higher-order statistical errors and mean pairwise RMSE of generated
rough surface samples in each ablation group.
Group Mean Absolute Relative Mean Absol.ute Relative Mean Pairwise
Skewness Error Kurtosis Error RMSE
Full model 0.056% 0.044% 0.73
Without mode-seeking loss 0.016% 0.016% 0.031
Without higher—grder statistical 2 79% 3.50% 132
constraint loss
Wlthoujf conditional prior 0.092% 0.076% 0.78
alignment loss
Without reconstruction loss 0.087% 0.073% 0.70
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Higher-Order Statistical Errors in the Ablation Study
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Figure 9. Mean absolute relative errors of higher-order statistics of generated rough surface samples.
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Figure 10. Diversity of generated rough surface samples.

As shown in Table 7, the full model achieves a good balance between higher-order
statistical matching accuracy and sample diversity. Its mean absolute relative errors of
skewness and kurtosis are 0.056% and 0.044%, respectively, and the mean pairwise RMSE
is 0.73. After removing the mode-seeking loss, the skewness and kurtosis errors remain at
low levels, but the mean pairwise RMSE decreases to 0.031, indicating that the generated
samples are highly similar to each other and that the model exhibits obvious diversity
degradation. After removing the higher-order statistical constraint loss, the mean pairwise
RMSE increases to 1.32, whereas the mean absolute relative errors of skewness and kurtosis
increase to 2.79% and 3.50%, respectively. This indicates that although the generated
samples show greater morphological differences, their higher-order statistical features
fail to satisfy the target requirements. After removing the conditional prior alignment
loss or the reconstruction loss, the model can still generate rough surfaces satisfying the
basic statistical constraints, but both the skewness and kurtosis errors increase compared
with those of the full model. This suggests that these two loss terms play auxiliary roles
in maintaining latent-variable distribution consistency and improving phase-structure
representation capability, respectively.
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Figure 11. Trade-off between higher-order statistical accuracy and diversity of generated rough
surface samples. The mean statistical error is defined as the average of the mean absolute relative
skewness and kurtosis errors.

In summary, the higher-order statistical constraint loss is the key term for ensuring
skewness and kurtosis matching accuracy, whereas the mode-seeking loss is the key term for
maintaining sample diversity under the same conditions. The conditional prior alignment
loss and reconstruction loss further improve model stability and generation accuracy.
The ablation study verifies the rationality and necessity of the constructed multi-objective
loss function.

5. Conclusions

To meet the demand for rapid multi-sample modeling of non-Gaussian rough surfaces
in friction, lubrication, and contact analyses, this study proposed a phase C-VAE method
with a PSD amplitude constraint and validated it against the conventional spectral represen-
tation method and the GA-PSD method. The experimental results show that the proposed
method can rapidly generate diverse non-Gaussian rough surfaces while preserving the
target PSD, skewness, and kurtosis constraints. Under the statistical conditions of the same
measured surface, the relative skewness error, relative kurtosis error, and generation time
of the sample generated by the phase C-VAE method were 0.0014%, 0.020%, and 24.62 s,
respectively, demonstrating higher generation efficiency than the conventional spectral
representation method and the GA-PSD method. For the eight rough surface samples
generated under the same target conditions, the mean absolute relative errors of skewness
and kurtosis were 0.056% and 0.044%, respectively, and the mean pairwise RMSE was 0.73,
indicating that the proposed method can preserve the consistency of higher-order statistical
features while maintaining local morphological differences among samples. The ablation
study further shows that the higher-order statistical constraint loss plays a key role in
skewness and kurtosis matching accuracy, whereas the mode-seeking loss is important for
maintaining sample diversity under the same conditions. Overall, the proposed method
alleviates the reliance of conventional constructive methods on sample-by-sample iterative
solution and the associated efficiency limitations in batch generation, providing an effec-
tive machine-learning-based generation method for non-Gaussian rough surface sample
augmentation and batch modeling in lubrication, friction, and contact analyses.
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The present study focuses on the conditional generation of one-dimensional non-
Gaussian rough surface profiles with prescribed PSD, skewness, and kurtosis. Extension of
the proposed method to two-dimensional rough surface generation will be investigated in
future work.
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AR Autoregressive
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C-VAE Conditional Variational Autoencoder

CPU Central Processing Unit

FFT Fast Fourier Transform

GA Genetic Algorithm

GA-PSD  Genetic-Algorithm-Optimized PSD-Based Generation Method
GPU Graphics Processing Unit

IFFT Inverse Fast Fourier Transform

KL Kullback-Leibler

MA Moving Average
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CDF Cumulative Distribution Function
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