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Abstract: We investigate the stability tendency of a magnetic skyrmion crystal in noncentrosymmet-
ric tetragonal systems with the Dzyaloshinskii–Moriya interaction. We show that the stability region
of the square skyrmion crystal on a square lattice depends on the Ising-type magnetic anisotropic
interaction by performing the simulated annealing for the spin model. The easy-axis anisotropic inter-
action tends to narrow the region where the square skyrmion crystal is stabilized when the magnetic
field is applied in the out-of-plane direction. In contrast, the easy-plane anisotropic interaction tends
to enlarge the stability region. Meanwhile, the square skyrmion crystal induced by the easy-axis
anisotropic interaction is robust compared with that induced by the easy-plane anisotropic interaction
when the magnetic field is tilted from the out-of-plane to the in-plane direction. The results indicate
that the instability toward the square skyrmion crystal in noncentrosymmetric crystals is sensitive to
both magnetic anisotropy and magnetic fields.

Keywords: skyrmion crystal; Dzyaloshinskii–Moriya interaction; magnetic field; square lattice;
magnetic anisotropy

1. Introduction

Spatial inversion symmetry is significant in determining physical properties in materi-
als [1]. The lack of the inversion center in crystals often leads to fascinating entanglement
between spin and momentum, which results in antisymmetric spin splitting in the electronic
band structure depending on the crystal symmetry [2–5], such as Rashba-type spin splitting
under polar symmetry [6–9], Weyl-type spin splitting under chiral symmetry [10,11], and
Ising-type spin splitting under trigonal symmetry [12–16]. Such a spin-momentum coupling
becomes a source of various physical phenomena, including the spin Hall effect [17–21],
the Edelstein effect [22–28], the nonreciprocal transport [29–39], and the magnetoelectric
effect [40–50]. In this way, the system without spatial inversion symmetry provides a
rich playground for new functionalities that might be utilized for future electronic device
applications.

The absence of spatial inversion symmetry also affects the stability of magnetic states.
The most typical example is the Dzyaloshinskii–Moriya (DM) interaction [51,52], which
originates from the relativistic spin–orbit coupling. Since the DM interaction tends to tilt
the neighboring spin moments in a noncollinear way, the competition between the DM
interaction and the ferromagnetic exchange interaction leads to a spiral state at zero field
and a magnetic skyrmion crystal (SkX) in an external magnetic field [53–61], where the
SkX corresponds to a triple-Q state as a consequence of a superposition of three spiral
waves; each skyrmion, which is regarded as a topologically nontrivial particle [62,63], forms
a triangular lattice. Reflecting topologically nontrivial spin textures in the SkX, various
physical properties have been additionally revealed, such as the topological Hall/Nernst
effect [64–72], current-induced motions [73–80], and nucleation by current and electric
field pulses [81–87]. Thus, investigating the stability of the SkX based on the microscopic
magnetic interactions is important. Especially, it is desired to understand the robustness of
the SkX against magnetic anisotropy, which is sometimes neglected, distinct from the DM

Magnetism 2024, 4, 368–382. https://doi.org/10.3390/magnetism4040024 https://www.mdpi.com/journal/magnetism

https://doi.org/10.3390/magnetism4040024
https://doi.org/10.3390/magnetism4040024
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/magnetism
https://www.mdpi.com
https://orcid.org/0000-0001-9186-6958
https://doi.org/10.3390/magnetism4040024
https://www.mdpi.com/journal/magnetism
https://www.mdpi.com/article/10.3390/magnetism4040024?type=check_update&version=1


Magnetism 2024, 4 369

interaction. For that purpose, the effect of magnetic anisotropy on the stability of the SkX
has been studied for different spin models for years [88–92].

In the present study, we examine the ground-state stability tendency of the double-
Q SkX rather than the triple-Q SkX in noncentrosymmetric tetragonal magnets against
magnetic anisotropy, where the double-Q SkX consists of a superposition of two spiral
waves, and is characterized by the square alignment of the skyrmions owing to lattice
anisotropy. Compared with the triple-Q SkX, the stability of the double-Q SkX has not
been fully elucidated [93,94]. Meanwhile, the square SkX has been recently found in both
noncentrosymmetric magnets, like Co10−x/2Zn10−x/2Mnx [95–99] and Cu2OSeO3 [100,101],
and centrosymmetric magnets, like GdRu2Si2 [102–106] and GdRu2Ge2 [107]. Motivated
by such a situation, we numerically study the stability of the square SkX by focusing on
the role of the easy-axis and easy-plane magnetic anisotropic interactions in frustrated
tetragonal magnets with competing exchange interactions leading to a finite-q ordering.
Through the simulated annealing for the classical spin model with the DM interaction and
easy-axis or easy-plane anisotropic interaction, we investigate the stability of the square
SkX for two situations: One is the stability tendency in terms of the magnitude of the
out-of-plane magnetic field and the other is the stability tendency in terms of the magnetic
field rotation. For the former case, we show that the easy-axis anisotropic interaction tends
to destabilize the SkX, while the easy-plane anisotropic interaction tends to stabilize the
SkX. For the latter case, we show that the SkX with the easy-axis anisotropic interaction
tends to be robust against the field rotation, while that with the easy-plane anisotropic
interaction is sensitive to the field direction.

The remainder of this paper is structured as follows. First, we introduce the spin model
and numerical method based on simulated annealing in Section 2. Then, we show the effect
of the easy-axis and easy-plane anisotropic interactions on the stabilization of the square
SkX in the out-of-plane magnetic field in Section 3. We also discuss the stability tendency
under magnetic field rotation. Section 4 is devoted to a conclusion of the present paper.

2. Model and Method

In order to investigate the stability of the square SkX, we consider the spin model on a
two-dimensional square lattice under polar C4v symmetry; we set the lattice constant as
unity. The effective spin model is given by [108]

H =− 2 ∑
ν

[
JSQν · S−Qν + IzSz

Qν
Sz
−Qν

+ iDQν · (SQν × S−Qν)
]
−
√

NB · S0, (1)

where SQν = (Sx
Qν

, Sy
Qν

, Sz
Qν

) represents the Qν component of the spin, which is related
to the Fourier transform of the classical localized spin Si = (Sx

i , Sy
i , Sz

i ) with a fixed spin
length |Si| = 1. The first term represents the momentum-resolved Heisenberg exchange
interaction with the coupling constant J. We here simplify the interaction by considering
the contribution from a few ordering wave vectors for ν = 1, 2: Q1 = (2π/5, 0) and
Q2 = (0, 2π/5), which are related by fourfold rotational symmetry, as shown in the right
panel of Figure 1; the prefactor 2 means the contribution from −Q1 and −Q2. It is noted
that the magnitude of the interactions at Q1 and Q2 is the same owing to the fourfold
rotational symmetry of the square lattice. We ignore the interactions at the other wave
vectors in the Brillouin zone; such a simplification is justified when the ground-state spin
configuration is characterized by a linear combination of the spin density waves at Q1
and/or Q2 [109]. The microscopic origin of this interaction is the frustrated short-range
exchange interaction or the long-range Ruderman–Kittel–Kasuya–Yosida interaction, the
latter of which is dictated by the nesting of the Fermi surface [110–112].
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Figure 1. Bz dependence of (a) the in-plane magnetization, M⊥, the out-of-plane magnetization, Mz,
and the scalar spin chirality, χsc, and (b) the squared momentum-resolved magnetic moments (mη

Qν
)2

for η =⊥, z and ν = 1, 2 in the absence of the Ising-type magnetic anisotropy Iz = 0 for Bx = 0. The
vertical dashed lines represent the phase boundaries between the SkXs and other topologically trivial
magnetic phases. In the right panel, the ordering wave vectors Q1 and Q2 in the first Brillouin zone
are schematically shown.

The second and third terms in the model in Equation (1) denote the magnetic anisotropic
interactions, which arise from the relativistic spin–orbit coupling. The second term stands
for the easy-axis-type anisotropic interaction with the coupling constant Iz; Iz > 0 (Iz < 0)
corresponds to the easy-axis (easy-plane) interaction. Meanwhile, the third term stands for
the DM interaction brought about by the noncentrosymmetric lattice structure [113]; the
appearance of the imaginary number in the coefficient is due to the momentum-space rep-
resentation of the DM interaction. From the polar C4v symmetry, the nonzero component
of the DM vector, DQν , is given by Dy

Q1
= −Dx

Q2
≡ D; other components are zero. The

sign of the DM interaction determines the helicity of the single-Q spiral state and double-Q
SkX, whose difference does not affect the following phase diagrams. Although we suppose
that the DM interaction originates from noncentrosymmetric lattice structures under the
C4v symmetry in bulk, it is possible to take into account the effect of the interfacial DM
interaction when the interface structure is considered. In addition, we ignore the effect of
other symmetry-allowed magnetic anisotropic interactions, such as the bond-dependent
anisotropic interaction, for simplicity [114]. The fourth term in Equation (1) represents
the Zeeman coupling in momentum space to take into account the effect of the external
magnetic field in the zx plane, i.e., B = (Bx, 0, Bz); the g-factor is renormalized into B.
S0 represents the q = 0 component of spins and N is the total number of spins. In the
following calculations, we set J = 1 and D = 0.3, and investigate the stability of the square
SkX while changing Bx and Bz for several Iz.

For the spin model in Equation (1), we construct the magnetic phase diagram at a
low temperature, T/J = 10−4, in the bulk system by performing the simulated annealing
in the following procedure. We start from a random spin configuration at a high tem-
perature, T0 = 1.5, which is taken so as to be larger than J. Then, we gradually reduce
the temperature with a ratio of Tn+1 = 0.999999Tn (Tn is the nth-step temperature) in
each Monte Carlo sweep. At each temperature, we locally update all the spins in real
space for variables θ and ϕ for Si = (cos ϕ sin θ, sin ϕ sin θ, cos θ) based on the standard
Metropolis algorithm. We repeat the above procedure until the temperature reaches the
final temperature, T = 10−4. At the final temperature, we perform 105–106 further Monte
Carlo sweeps for measurements. We confirm that the final state is not affected by the initial
spin configuration. We show the results for the system size with the total number of spins
N = 102 under the periodic boundary conditions, although we confirm that the qualitative
results are not altered for N = 202.
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The magnetic phases obtained by the simulated annealing are identified by the spin
structure factor and the scalar spin chirality. The spin structure factor, which gives the
measure of the correlation between spins, is given by

Sηη
s (q) =

1
N ∑

i,j
Sη

i Sη
j eiq·(ri−rj), (2)

for the spin component η = x, y, z. Here, ri is the position vector at site i and q is the wave
vector in the first Brillouin zone. The Qν component of the magnetic moments is calculated
by using Sηη

s (q) as

mη
Qν

=

√
Sηη

s (Qν)

N
. (3)

We set the in-plane component of mη
Qν

as (m⊥
Qν

)2 = (mx
Qν

)2 + (my
Qν

)2. The uniform magne-
tization is calculated by

Mη =
1
N ∑

i
Sη

i , (4)

for η = x, y, z. We also calculate the in-plane magnetization as M⊥ =
√
(Mx)2 + (My)2.

Meanwhile, we calculate the scalar spin chirality by

χsc =
1

2N ∑
i

∑
δ,δ′=±1

δδ′Si · (Si+δx̂ × Si+δ′ ŷ), (5)

where x̂ (ŷ) represents a shift by the lattice constant of the square lattice in the x (y) direction.
Nonzero χsc implies the emergence of the SkX (or topological spin textures) [115], where the
skyrmion number under discrete lattice structures is calculated in the manner of Ref. [116].

3. Results

We discuss the stability of the square SkX against Ising-type magnetic anisotropy by
considering the two situations. One is the case with the magnetic field along the out-of-
plane direction in Section 3.1, and the other is the case with the magnetic field in the zx
plane in Section 3.2.

3.1. In an Out-Of-Plane Magnetic Field

In this section, we consider the situation where the magnetic field is applied along the
out-of-plane direction, i.e., Bx = 0 and Bz ̸= 0. Figure 1a shows the Bz dependence of the
in-plane and out-of-plane magnetizations, M⊥ and Mz, and the scalar spin chirality, χsc, at
D = 0.3 in the absence of the Ising-type anisotropic interaction (Iz = 0). At zero field, the
single-Q cycloidal spiral state is stabilized, where the spiral plane lies on the zx (yz) plane
for the ordering wave vector Q1 (Q2). The stabilization of such a single-Q cycloidal state is
attributed to the interplay between the Heisenberg-type exchange interaction and the DM
interaction. Since there is no preferable spin direction in the single-Q spiral state, the spiral
plane becomes circular, which results in the equal intensity of (m⊥

Q1
)2 and (mz

Q1
)2, as shown

in Figure 1b. Owing to the coplanar spin configuration, there is no scalar spin chirality.
When the z-directional magnetic field is applied, the magnetization Mz is linearly

induced, as shown in Figure 1a. The introduction of the magnetic field changes the
spiral plane from a circular shape to an elliptical shape, as found in the relationship of
(m⊥

Q1
)2 ̸= (mz

Q1
)2 in Figure 1b; (m⊥

Q1
)2 tends to be larger than (mz

Q1
)2 due to the spin-flop

tendency against the magnetic field direction; the perpendicular spin component to the
magnetic field is enhanced, while the parallel spin component is suppressed. We show the
real-space spin configuration of the single-Q state at Bz = 0.7 in Figure 2a, where the region
with the positive z-spin component is wider than that with the negative z-spin component.
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Figure 2. Real-space spin configurations of (a) the single-Q spiral state at Iz = 0 and Bz = 0.7, (b) the
SkX at Iz = 0 and Bz = 1.4, (c) the single-Q spiral state at Iz = 0 and Bz = 1.75, and (d) the SkX at
Iz = −0.4 and Bz = 0.65 for Bx = 0. The arrows show the direction of the spin moments and the
colors show the z-spin component. The spin configurations are obtained by the simulated annealing.

With the increase in Bz, the single-Q state turns into the square SkX with a jump of
Mz, as shown in Figure 1a; their transition is characterized by a first-order phase transition.
The spin configuration of the square SkX consists of a superposition of the double-Q
spin density waves at Q1 and Q2. As shown in Figure 1b, the magnitudes of both xy
and z components in magnetic moments are equal for the Q1 and Q2 components, i.e.,
(m⊥

Q1
)2 = (m⊥

Q2
)2 and (mz

Q1
)2 = (mz

Q2
)2. The SkX spin texture is found in the real space,

as shown in Figure 2b; the skyrmion core denoted as Sz
i = −1 periodically aligns in a

square-lattice way, which is located at the center of the square plaquette rather than the
lattice site [117]. According to the noncoplanar spin configuration, the scalar spin chirality
becomes nonzero [Figure 1a]. Since the winding number around the skyrmion core is +1,
the skyrmion number defined by the product of the z-spin polarization and the vorticity is
given by −1 [59]. It is noted that the vortices with the opposite winding number appear
between the skyrmion cores.

With further increasing Bz, the SkX turns into the single-Q state again; the magnetiza-
tion and the scalar spin chirality show discontinuous changes, as shown in Figure 1a. This
single-Q spin configuration shows a nonzero transverse magnetization, M⊥ ̸= 0, which
indicates that the spiral plane is tilted from the zx (or yz) plane to the xy plane in order
to gain energy by the Zeeman coupling; the real-space spin configuration is shown in
Figure 2c. Although the high-field single-Q state is characterized by the noncoplanar spin
configuration, the uniform scalar spin chirality becomes zero. The single-Q state finally
changes into the fully polarized state at Bz = 2.

Next, we consider the effect of Iz on the stability region of the square SkX. We show the
case for the easy-axis anisotropic interaction; the result for Iz = 0.2 is shown in Figure 3a,b
and the result for Iz = 0.4 is shown in Figure 3c,d. Compared with the result for Iz = 0 in
Figure 1a,b, the phase sequences against Bz for Iz > 0 are qualitatively similar to each other.

Meanwhile, one finds that the region of the square SkX for Iz = 0.2 becomes narrower
than that for Iz = 0. Such a feature is also found for Iz = 0.4 in Figure 3c,d. Thus, the easy-
axis anisotropic interaction tends to make the square SkX unstable, which is opposite to the
SkX in centrosymmetric magnets; the SkX is more stabilized when the easy-axis anisotropic
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interaction increases [118,119]. We also find that the easy-axis anisotropic interaction makes
the high-field single-Q state unstable. This is because the easy-axis anisotropic interaction
favors the cycloidal spiral state on the zx (or yz) plane rather than the conical spiral state
on the xy plane.
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Figure 3. Bz dependence of (a,c) the in-plane magnetization, M⊥, the out-of-plane magnetization,
Mz, and the scalar spin chirality, χsc, and (b,d) the squared momentum-resolved magnetic moments
(mη

Qν
)2 for η =⊥, z and ν = 1, 2 at (a,c) Iz = 0.2 and (b,d) Iz = 0.4 for Bx = 0. The vertical dashed

lines represent the phase boundaries between different magnetic phases.

On the other hand, the easy-plane anisotropic interaction Iz < 0 leads to an opposite
tendency to the easy-axis interaction Iz > 0. As shown in the cases of Iz = −0.2 in
Figure 4a,b and Iz = −0.4 in Figure 4c,d, the regions of both the square SkX and the
high-field single-Q state become wider. Since the easy-plane anisotropic interaction tends
to favor the conical spiral state instead of the cycloidal spiral state, the spiral plane in the
low-field single-Q state is also tilted from the zx (or yz) plane to the xy plane. Accordingly,
the low-field single-Q state also accompanies the in-plane magnetization, M⊥, as shown
in Figure 4c. It is noted that the size of the skyrmion is not changed for both positive
and negative Iz, since the periodicity of the skyrmion is characterized by the momentum-
resolved interactions at Q1 and Q2.

Moreover, we find a rectangular SkX at Bz = 0.65 and Iz = −0.4. In contrast to
the square SkX, this state is characterized by the anisotropic double-Q spin modulations
at Q1 and Q2. In other words, (m⊥

Q1
)2 and (mz

Q1
)2 are not equal to (m⊥

Q2
)2 and (mz

Q2
)2,

respectively. Reflecting such an anisotropic double-Q structure, the skyrmion core is
elongated along the y direction so that the fourfold rotational symmetry is broken, as
shown by the real-space spin configuration in Figure 2d. A similar rectangular SkX has also
been found in centrosymmetric magnets with easy-axis single-ion anisotropy [94]. Thus,
the present result indicates that the rectangular SkX can emerge in the noncentrosymmetric
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magnets when the easy-plane anisotropic interaction is relatively large, although the
stability region is much narrower compared with the square SkX.
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Figure 4. Bz dependence of (a,c) the in-plane magnetization, M⊥, the out-of-plane magnetization,
Mz, and the scalar spin chirality, χsc, and (b,d) the squared momentum-resolved magnetic moments
(mη

Qν
)2 for η =⊥, z and ν = 1, 2 at (a,c) Iz = −0.2 and (b,d) Iz = −0.4 for Bx = 0. The verti-

cal dashed lines represent the phase boundaries between the SkXs and other topologically trivial
magnetic phases.

3.2. In a Tilted Magnetic Field

In this section, we further examine the stability of the square SkX by rotating the
magnetic field in the zx plane. In the absence of Iz, the phase diagram in the plane of Bx

and Bz is shown in Figure 5a. The square SkX becomes unstable when the in-plane field
Bx is introduced; no SkX is stabilized for Bx ≳ 0.19 and all the regions are occupied by the
single-Q state. Thus, the stability of the square SkX induced by the DM interaction on the
square lattice is sensitive to the magnetic field direction. This might be attributed to the
fact that we suppose that the position of the ordering wave vectors is not changed against
the magnetic field direction. Such a feature has been found in the noncentrosymmetric
SkX-hosting material EuPtSi [120–126], where the appearance of the SkX largely depends
on the magnetic field direction [123,125,127–129].

We show the Bx dependence of spin and chirality quantities at Bz = 1.3 in Figure 6a,b.
In the SkX region, the scalar spin chirality and the squared magnetic moments are almost
constant against Bx, as shown in Figure 6a and 6b, respectively. Reflecting such a feature,
the real-space spin configuration of the SkX at Bx = 0.1 in Figure 7a is almost the same as
that at Bx = 0 in Figure 2b. The SkX is replaced by the single-Q spiral state at Bx ≃ 0.18
with the jumps of Mz and M⊥; the spin configuration of the single-Q spiral state is shown
in Figure 7b.
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Figure 5. Mangetic phase diagrams in the tilted magnetic field on the zx plane at (a) Iz = 0,
(b) Iz = 0.2, (c) Iz = 0.4, (d) Iz = −0.2, and (e) Iz = −0.4. 1Q and SkX stand for the single-Q and
skyrmion crystal, respectively.
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Figure 7. Real-space spin configurations of (a) the SkX at Iz = 0, Bx = 0.1, and Bz = 1.3 and (b) the
single-Q spiral state at Iz = 0, Bx = 0.2, and Bz = 1.3. The arrows show the direction of the spin
moments and the colors show the z-spin component. The spin configurations are obtained by the
simulated annealing.

For the easy-axis anisotropic interaction Iz > 0, the phase diagrams are shown in
Figure 5b for Iz = 0.2 and Figure 5c for Iz = 0.4. As shown in Section 3.1, the region of the
square SkX against Bz becomes narrower when Iz becomes larger. Meanwhile, the square
SkX is more robust against Bx for larger Iz. For example, the SkX is stable up to Bx ≃ 0.24 at
Bz = 1.5 for Iz = 0.2, as shown in Figure 8a,b, and up to Bx ≃ 0.28 at Bz = 1.7 for Iz = 0.4,
as shown in Figure 8c,d. In both cases, the SkX turns into the single-Q spiral state with a
further increase in Bx.
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Mz, and the scalar spin chirality, χsc, and (b,d) the squared momentum-resolved magnetic moments
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vertical dashed lines represent the phase boundaries between the SkXs and other topologically trivial
magnetic phases.
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Meanwhile, the opposite stability tendency is found in the case of the easy-plane
anisotropic interaction Iz < 0. As shown by the phase diagrams for Iz = −0.2 in Figure 5d
and for Iz = −0.4 in Figure 5e, the SkX is more robust against Bz for smaller Iz, while it is
more fragile against Bx for smaller Iz. The SkX shows the transition to the single-Q state
at Bx ≃ 0.14 for Bz = 1.2, in the case of Iz = −0.2 in Figure 9a,b, and at Bx ≃ 0.09 for
Bz = 1.0, in the case of Iz = −0.4 in Figure 9c,d. Such a stability feature is common to the
SkX in centrosymmetric magnets; the SkX becomes robust against Bx when the easy-plane
anisotropic interaction is weak [130–132].
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Figure 9. Bx dependence of (a,c) the in-plane magnetization, M⊥, the out-of-plane magnetization,
Mz, and the scalar spin chirality, χsc, and (b,d) the squared momentum-resolved magnetic moments
(mη

Qν
)2 for η =⊥, z and ν = 1, 2 at (a,b) Iz = −0.2 and Bz = 1.2 and (c,d) Iz = −0.4 and Bz = 1.0.

The vertical dashed lines represent the phase boundaries between the SkXs and other topologically
trivial magnetic phases.

4. Conclusions

We have investigated the stability of the square SkX in noncentrosymmetric tetragonal
magnets by focusing on the easy-plane and easy-axis anisotropic interactions. The system-
atic numerical analysis based on the simulated annealing for the spin model reveals the
opposite stability tendency of the square SkX in the presence of the magnetic anisotropic
interaction when the in-plane and out-of-plane magnetic fields are varied. We have shown
that the SkX in the presence of the easy-plane anisotropic interaction is more robust than
that in the presence of the easy-axis one when the out-of-plane magnetic field is changed.
On the other hand, the opposite stability tendency is found when the magnetic field is
tilted to the in-plane direction; the SkX under the easy-axis anisotropic interaction is more
robust than that under the easy-plane one. Our results indicate that the degree of the easy-
axis/easy-plane anisotropy does not affect the stability of the square SkX at the qualitative
level, but affects the quantitative level. Since the present discussion can be applied to the
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SkX induced by the DM interaction, a similar stability tendency is expected in the SkX in
centrosymmetric magnets with the staggered-type DM interaction [133–135].
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