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Abstract: This investigation focuses on the Goos-Hanchen (GH) and Imbert-Fedorov (IF) shifts on
the surface of the uniaxial hyperbolic material hexagonal boron nitride (hBN) based on the biaxial
hyperbolic material alpha-molybdenum (x-MoO3) trioxide structure, where the anisotropic axis of
hBN is rotated by an angle with respect to the incident plane. The surface with the highest degree
of anisotropy among the two crystals is selected in order to analyze and calculate the GH- and
IF-shifts of the system, and obtain the complex beam-shift spectra. The addition of a-MoOj3 substrate
significantly amplified the GH shift on the system’s surface, as compared to silica substrate. With
the p-polarization light incident, the GH shift can reach 381.76A at about 759.82 cm ™!, with the
s-polarization light incident, the GH shift can reach 288.84) at about 906.88 cm ™!, and with the
c-polarization light incident, the IF shift can reach 3.76Ag at about 751.94 cm~!  The adjustment
of the IF shift, both positive and negative, as well as its asymmetric nature, can be achieved by
manipulating the left and right circular polarization light and torsion angle. The aforementioned
intriguing phenomena offer novel insights for the advancement of sensor technology and optical
encoder design.

Keywords: Goos—-Hénchen shift; Imbert-Fedorov shift; x-MoOj3

1. Introduction

The study of the kinematic effect and physical mechanism of hyperbolic materials
has gained increasing popularity in recent years [1-4]. The momentum space exhibits
hyperbolic behavior on the equifrequency plane. The signs of the principal components of
the dielectric tensor are significant [5], expressed as diag (e, &y, €2). When g, # ¢, = ¢, the
material is uniaxial hyperbolic material, where the characteristic feature of this material
is the presence of hexagonal boron nitride [6-8]. The system possesses two distinct Rest-
strahlen frequency bands (RB), or RB-I corresponding to the longitudinal principal-value
of permittivity and RB-II related to the transverse principal values. When &, # ¢, # ¢, the
material is biaxial hyperbolic material, where the characteristic feature of this material is the
presence of alpha-molybdenum (x-MoQOs3). This crystal exhibits van der Waals bonding and
also possesses an asymmetric crystalline structure, with three dielectric tensor principal
values corresponding to three Reststrahlen frequency bands [9,10]. In contrast to hBN, the
three Reststrahlen frequency bands of alpha-molybdenum trioxide exhibit overlapping
regions that are theoretically more anisotropic. Due to their distinctive optical properties,
these materials have found extensive applications in various fields such as surface phonon
polaritons [11-17], nanoimaging technology [18-20], sensors [21], and waveguides [22,23].

The existing studies indicate that the beam reflected and transmitted from the surface
of the medium will exhibit a certain degree of spatial shift. The GH shift occurs in the
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incident plane, while the IF shift is perpendicular to the incident plane [24]. The GH shift,
initially proposed by Newton, refers to a specific displacement between the incident and
reflected points of a beam in the incident plane during total reflection. This phenomenon
was subsequently experimentally confirmed by Goos and Hanchen in 1947 [25]. The shift
primarily arises from the dispersion properties of the reflection coefficient and refraction
coefficient. The phenomenon of the shift occurs when the incident beam is fully reflected at
the interface, resulting in both a transverse shift within the incident plane and a longitudinal
shift perpendicular to the incident plane. The shift primarily arises from the spin-orbit
interaction [26]. The two types of shift mentioned above have found wide applications
in various fields, including biosensors [27], temperature sensors [28], and high-sensitivity
solution concentration measurement [29]. Consequently, they have garnered significant
attention from scholars. Deng et al. [30] conducted a study on the beam shift occurring at
the surface of a graphene-ITO/TiO, /ITO sandwich structure. The GH shift of a Gaussian
beam incident on a symmetric structure containing two polar dielectric layers separated by
a spacer layer was theoretically calculated by Gupta et al. [31]. The study conducted by
Li et al. [32] examined the occurrence of the GH shift and IF shift on the surface of an hBN
system that was coated with black phosphorus.

The van der Waals structures offer a platform for the design of quantum materials
through the manipulation of weakly bonded atomic layers, employing techniques such as
twisting and stacking [33,34]. The utilization of hyperbolic materials is widespread due to
their unique structural characteristics, which effectively enhance their in-plane anisotropy
through torsional forces. The topological polaron and photon magic angle of the twist
bilayer «-MoO3 molecular layer were experimentally determined by Hu et al. [35]. The
tunable phonon polaron in the twisted molybdenum trioxide system was experimentally
determined by Chen et al. [36].

In this paper, we have chosen an «-MoOsz-based hBN thin film system and successfully
achieved enhanced anisotropy within the hBN plane through torsion. The hBN is a natural
uniaxial hyperbolic material, while x-MoQ3 is a natural biaxial hyperbolic material. The
Reststrahlen frequency band of these two materials partially overlap. Consequently, the
two materials are combined to form a heterostructure. The optical properties at the system’s
surface differ significantly from those of a single medium. These interface optical properties
can be observed through beam shift on the system’s surface. The shift of the hBN surface
beam has been investigated using both the transmission matrix method and the center
beam method. The x-MoOj; substrate demonstrates enhanced anisotropy and enables
greater beam shift compared to the SiO, substrate. Studies on the beam shift using x-MoOj3
as a substrate have been limited. Therefore, beam shifts on the surface of the hBN/o-MoO3
heterostructure is studied. The GH shift on the surface of the hBN/«-MoOj; system is
enhanced by approximately 15 times compared to graphene/hBN [37], without requiring
an increase in bias voltage for the GH shift adjustment.

2. Theoretical Model

The hBN/x-MoO3 material structure is fabricated, as depicted in Figure 1. The
x-z plane has been designated as the incident plane. The x—y plane is selected as the
anisotropic plane. The solid blue line represents both the incident light and the reflected
light, with the incidence angle set to 6. The hBN film has a thickness of d, and its anisotropic
axis is torsioned by an angle ¢ relative to the direction of the incident plane. The three
crystallographic directions of the semi-infinite x-MoOj substrate are denoted as x, y, and
z, respectively. Herein, the x direction corresponds to the [100] crystallographic direction,
the y direction corresponds to the [010] crystallographic direction, and the z direction
corresponds to the [001] crystallographic direction. The polarization angle (8) of incident
light determines its polarization state. When = 0°, the incident light is p-polarization.
At p=90°, it becomes s-polarization. For g = 45°, the incident light exhibits circular
polarization. Ax and Ay denote the GH and IF shifts, respectively. Under this circumstance,



Materials 2024, 17,1625

3o0f14

the reflected light beam on the material surface will generate a transverse GH shift and
longitudinal IF shift in comparison to geometrically reflected light.
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Figure 1. The configuration diagram illustrates the structure of a semi-infinite alpha-molybdenum
trioxide substrate with an hBN film coating.

The hBN film is twisted at a specific angle with respect to the incident plane. The
dielectric tensor matrix is represented by its equivalent form

€xx &y 0
e =¢€|exy &y 0], 1)
0 0 e

where €, = ] cos? Q-+ sin? @, gy = € cos? Q+e sin? ¢, and ey, = (g; — €;) cos @ sin .
The determination of k4 in hBN and k,, in ®-MoOj3 can be achieved by solving
Maxwell’s equations and wave equations

Ky = 2171(—1; + /b2 — 4ac), 2)
ko = \/eyf2 — K2, 3)

ke = \/(sxszfz —exk%) /¢ 4)

The detailed solution procedure is in Appendix A.

The electromagnetic boundary condition dictates that the parallel components of both
electric and magnetic fields remain continuous across any interface, thereby enabling the
determination of the transmission matrix T. The detailed solution procedure can be found

in Appendix B. We obtain E ,Ig,]; =TF,y =TT, 1Fx,y. The representation of each element
in the transmission matrix T is denoted as t;;;. The expressions of the reflection field
components are

pR _ s —tatiz oy fanfss — fasts

= E. + El = allEI + EZQQEI, (5)
Yo hitsz—tistst 0 tatas —tista Y *

f1f43 — ta1f13 41833 — f43f31
R= I E, = anEy + anE,, (6)
f11£33 — t13t31 f11£33 — t13t31

while the reflective electric field (z-component) can be denoted by EX = tan(B)ER.

The amplitude of the electric field for the transverse electric (TE) wave with s-polarization
is accurately represented as EX, while in the reflected beam, the two components of the field
amplitude for the transverse magnetic (TM) wave with p-polarization are denoted by EX
and ER. The reflective electric field is represented in matrix form using the O-xyz coordinate
system. To accurately address the GH and IF shifts in the reflected beam, it is crucial to apply
rotational transformations to both the incident and reflected central waves. According
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to the geometric correlation, the relationship between the transformation of the incident
and reflected electric field can be obtained as EL = E{, cos(B), E; =ELEl = —E{a sin(B),
EII; = —ERcos(B) — ERsin(B), ER = Eﬁ, and ER = cot(B)ER. Consequently, the correlation
equation between the incident and reflective fields in the beam coordinate systems can be

formulated as )

(Eg) — —m _cos](zﬁ) <E}I’> (7)

Eg a1 COS(,B) ax Es

The subscripts “s” and “p” denote the s-polarization and p-polarization of the incident
and reflected central waves, respectively. The previous results were obtained using the
central plane wave. However, if we consider the paraxial wave, the incident beam is
confined to a narrow range of plane waves around the central wave in momentum space.
The incident beam is assumed to be a Gaussian beam, which deviates from the law of
reflection. Equation (7) provides that all elements of the reflection coefficient matrix are
dependent on 6 and ¢. To do so, we can expand the elements of the coefficient matrix
to the first order of 6}, in Equations (5) and (6) to solely consider 6, while ignoring ¢s. If
this dependence arises from the anisotropy of the system, it can be anticipated that both
GH and IF shifts may occur for a linearly polarization incident beam. By applying Taylor
expansion to Equation (7), we can derive

(Eg) _ ( —(an +apBy) - ) (EII;> ®)
E; (a21 + ahy Bp) cos(B)  az +ahyPBp) \Es

Hence, the explanation of the GH shift provided by

9 IR

“_ 1
S

— 1 R
AGH = 2ﬂk0Q1m<E

with ER = Ef + Ef and Q = |ER|2.

The formula for the IF shift is derived as follows. The polarization direction of the
incident or reflected beam can be directly altered by making a slight adjustment to the
orientation of the incident plane. The matrix components in Equation (7), where only ¢; is
considered and 6, is omitted, are also affected. For smaller rotation ¢, the reflected electric

field can be written as < !
E S S E
P\ — 11 12 P

(E§> <521 522> (Esl ) {10)

Elements in this coefficient matrix are obtained to be

s11 = —a;1 + (ps{ [a12/c0s(6) + a1 cos(6)]/tan(6) — a; }, (11)

s12 = —a12/cos(8) + @s [(—an +ap)/tan(6) — allz/cos(ﬁ)} , (12)

So1 = a1 COS(Q) + @s [(ﬂn - azz)/tan(Q) + a;l COS(G)} , (13)

oo = Ay + ¢s {a/zz + [a12/cos(0) + ap1 cos(6)]/tan(0) } (14)

The IF shift is computed numerically using Equation (10) and its derivative, which is

defined as 1 5

. R R

A = 2nk0Qsin(9)Im<E agosE > (15)

If the surface layer and substrate are replaced by an isotropic material, the matrix
elements of Equation (6) will become a1, = a1 = 0, a11 = —f, and ax = f; (Where f, and f;
are the reflective coefficients of the p and s waves). For the high-symmetry configurations
(¢ = 0,90°), the same results can be obtained a1 = a1 = 0, a1 = —fp, and ap = f;.
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Likewise, the expression of the GH and IF shifts upon the isotropic media can be obtained
with the same method. Consequently, Equations (10) and (15) can be simplified to a
well-known result, which was cited in the relevant reference [24].

3. Results and Discussions

The Lorentz model of hBN and «-MoOj is provided to enhance the analysis of beam
shift on the system’s surface, which is respectively expressed as

€ = Eoo {1 + (W%O,i - W%O,i) / (w%o,i —w - iwl")} ¢ (16)

and
£ = eeuj |1+ (who; — who, )/ (@ho, — & —iw;) 47

The parameters are presented in Tables 1 and 2.

Table 1. The parameters of hBN [38].

t l
€oo,i 452 4.95
wro,; (cm™1) 1610 825
wro,; (cm™1) 1360 760
I'(em™1) 2
Table 2. The parameters of x-MoOj3 [39,40].
x Yy z
.y 4.0 5.2 24
wro,j (cm™) 972 851 1004
wro,j (cm™) 820 545 958
Tj(em™h) 4 4 2

The Reststrahlen frequency band (RB) is defined as the frequency interval in which
the product of the transverse dielectric real part and the longitudinal dielectric real part is
less than 0. The material exhibits hyperbolic behavior within the residual frequency range
and ellipsoidal behavior outside this range. When the real part of the dielectric in only one
direction within the residual frequency band is negative, it manifests as a type I hyperbolic
material. Conversely, when the real part of the dielectric in both directions within the
residual frequency band is negative, it corresponds to a type Il hyperbolic material. The
relationship between the dielectric real part of hBN and «-MoOj3 with frequency is numeri-
cally simulated based on the given parameters. The relationship between the real dielectric
part of hBN and frequency change is illustrated in Figure 2a. Here, & and ¢ represent the
transverse and longitudinal dielectric constants, respectively. It can be observed that the
hBN crystal exhibits two Reststrahlen frequency bands within the mid-infrared region.
The range of w is 760 cm ™! < w < 825 cm™! (green region), indicating the presence of a
type I hyperbolic material. Similarly, the range of w is 1361 em~ ! <w <1610 cm™! (pink
region), suggesting the existence of a type Il hyperbolic material. The relationship between
the real part of x-MoOj3’s dielectric and frequency is illustrated in Figure 2b, while &, &y,
and ¢, represent the dielectric constants of -MoQOj in three orthogonal directions. The
alpha-MoOs exhibits five residual frequency bands in comparison to hBN. These include
a Type I hyperbolic material with frequencies ranging from 545 cm ! to 820 cm ! (green
region), a Type Il hyperbolic material with frequencies ranging from 820 cm ! to 851 cm ™!
(blue region), another Type I hyperbolic material with frequencies ranging from 851 cm !
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to 958 cm ! (yellow region), a Type Il hyperbolic material with frequencies ranging from
958 cm ™! to 972 cm~! (pink region), and finally, a Type I hyperbolic material with fre-
quencies ranging from 972 cm~! to 1004 cm ! (purple region). The region where the real
part of the dielectric function approaches zero is referred to as the epsilon-near-zero (ENZ)
region, while the region where the dielectric function tends toward infinity is known as
the epsilon-near-pole (ENP) region. This will provide crucial theoretical support for our
subsequent analysis of the beam shift.

(@) I 1l (b) I il I 11
20 20 ,l
]
15, 15 F
10f 10
-
s - - - - - e st
70 z 0 . === —E
-4 / (- - 3
o
s &t . St >
1 ! /7 < &,
0 Wt | -7 & 10 F Y
I / ——
E /
BT 15 ; =
| /
220 1 1 1 il i =20 1 1 L 1 .
800 1000 1200 1400 1600 600 700 800 900 1000
@(cm?) o(enr!)

Figure 2. Illustrates the relationship between the real part of the dielectric constant and frequency for:
(a) hBN crystal; (b) «-MoQj crystal.

The physical mechanism of the beam shift is investigated by employing Comsol
Multiphysics to simulate the beam shift of x-MoOs covered by hBN near the ENP region,
as depicted in Figure 3a. The displacement of the incident light and reflected light centers
can be observed, accompanied by a significant enhancement and localization of the electric
field intensity. The hybridization of hBN and a-MoOj3; phonon polaron gives rise to the
formation of a surface polaron with enhanced professionalism. The |E| profile of the
hBN/ x-MoOj surface incident and reflected beams is illustrated in Figure 3b. The solid
green line depicts the electric field of the incident light. The solid blue line depicts the
electric field of the reflected light in a precise and technical manner. The presence of a
disparity in height can be observed at the summit of |E| when x = 48 um. The highly
localized electric field strength of the hBN/a-MoOs3 surface enables the construction and
integration of relatively compact devices.

0.16
(b)
0.12 incident
reflect
0.08
0.04
0.00 . L "
-50 0 50 100 150

X(um)

Figure 3. (a) The simulation of the GH shift on the hBN/MoO3 surface. (b) The distribution of electric
field for incident and reflected light on the surface of the ENP region.

The special case is chosen when the torsion angle ¢ = 0°, under which circumstance

the wave vectors in hBN can be expressed as ky = \/e;f2 — kZ and k— = /e f2 — e;:k% /€.
The surface GH shift of hBN/SiO, and hBN/«-MoOj3 systems is investigated in the current
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study. The solid lines of varying colors in Figure 4 depict different thicknesses of hBN.
The relationship between the GH shift on the hBN/SiO, surface and the frequency change
is simulated in Figure 4a. In this case, the GH shift on the system’s surface reaches
up to 1.8Ag. The frequency-dependent variation of the GH shift on the hBN/x-MoOs3
surface under the p-wave incident is illustrated in Figure 4b. The surface GH shift of the
system exhibits rapid transitions from negative to positive within the frequency range
of 759.5 cm™~! < w < 760 cm~!. The GH shift can achieve a maximum value of 381.76) at
the frequency w = 759.82 cm~!. At this juncture, in conjunction with Figure 2a, it can be
observed that the value of Re(gj)~2c0 at this frequency is situated within the ENP region of
hBN. The combination of Figure 2a,b reveals an overlap in the residual frequency bands
between hBN and x-MoQOj3; within this particular region. Compared with Figure 4a,b,
the GH shift on the surface of the hBN/«-MoOj3 system is enhanced by about 212 times.
The surface of the hBN/SiO; system under s-wave irradiation is depicted in Figure 4c,
illustrating the observed GH shift. The GH shift value generated on the system’s surface
is negligible. However, due to the pronounced anisotropy of the a-MoOj substrate, the
surface of the system also exhibits a significant GH shift under s-wave irradiation, as
illustrated in Figure 4d. Under s-wave irradiation, the GH shift on the surface of the hBN/«-
MoOj3 system exhibits a transition from negative to positive within the frequency range of
906.5 cm™! < w <907.25 cm™!, with a peak value of 288.84A observed at w = 906.88 cm~ 1L,
This frequency falls within the Reststrahlen frequency band of x-MoOs.

2.0 300
(2) (b)

2004
100

0

< <
& & 9=0° p=0°
-100 F ——d=41nm
——— =42nm
=43nm
-2002
T —— =44nm
——— =45nm
-1.5E L L L L 400 L L L L
754 756 758 760 762 759.5 759.6 759.7 759.8 759.9 760.0
o(cm!) w(cm)
-0.386 300

b @
-0.388 @=0° B=90°

W 200
-0.390 =42nm

=43nm
=——_=44nm

-0.392 ——— =45nm
©=0° B=90°

fon
\ ——d=41nm
-0.394 - -100k& —— =42nm L
T =43nm |
\ —— =44nm
-0.396 | i

L L 1 L 2300 L L
898 900 902 904 906 908 906.50 906.75 907.00 907.25
o(em™) w(em™)

Ay
Ayhy

Figure 4. The relationship between the GH shift on the system surface and frequency when ¢ = 0°:
(a) p-polarization light incident on hBN/SiO;; (b) p-polarization light incident on hBN/ a-MoOj;
(c) s-polarization light incident on hBN/SiO;; (d) s-polarization light incident on hBN/ «-MoOs.

In the analysis of the beam shift, it is crucial to consider not only the distinct residual
frequency bands of the material but also place significant emphasis on the reflectivity parameter.
The reflection coefficient of p-polarization light is as follows: Ry, = (efcosp — kz)/ (efcosp — kz). The
reflection coefficient of s-polarization light is being studied: R = (fcosp — k;)/(fcosp + k).
The critical angle is defined as sin?g < ¢, where ¢ is a positive value between 0 and 1. The
Brewster angle can be defined as the angle of incidence at which the reflectance R ~ 0
corresponds to a specific frequency. The reflectance of the p-wave and s-wave exhibits
frequency-dependent variations for an hBN thickness of 43 nm, as illustrated in Figure 4.
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Analysis of Figure 5a,b reveals that the reflectance R ~ 0 coincides with the occurrence of
the GH shift peak at frequencies w = 759.82 cm ™! and w = 906.88 cm ™!, respectively, for
incident p-polarization and s-polarization light, both aligning with the Brewster angle.

0.20

(a) e (b)
0.6

0.15F

T 0=0° p=0° 50810 ——————————— 04} \
e d=43nm ! o \ ¢=0° p=90°

(.m.‘-‘ 1 d=43nm
0.05 A ‘
0.00 ' i ' 0.0 ' ' =
740 750 760 770 780 900 902 904 906 908
w(em?) o(em™)

Figure 5. When ¢ = 0° and d = 43 nm, the reflectance of the system surface varies with frequency
under: (a) p-polarization light incidence; (b) s-polarization light incidence.

The previous discussion focused on the GH shift of p-polarization and s-polarization
light, followed by a numerical simulation of the IF shift of the system’s surface. The IF
shift of the system surface is primarily attributed to the interaction of spin orbital angular
momentum, which arises from the interaction between elliptically polarization beams
comprising p-polarization light and s-polarization light. Consequently, our focus lies in
discussing the IF shift under circularly polarization light incidence. When the polarization
angle B = 45°, it corresponds to right-handed circularly polarization light. Conversely,
when § = —45°, it corresponds to left-handed circularly polarization light. The frequency
variation of the IF shift for incident right-handed circular-polarization light and left-handed
circular-polarization light on hBN surfaces with varying thicknesses is investigated under
two specific torsion angle conditions, ¢ = 0° and ¢ = 90°, as illustrated in Figure 6. The
dielectric tensor of hBN is represented as diag(e, ¢, &) and diag(e;, €, &) at two torsion
angles, respectively. Similarly, the dielectric tensor of x-MoQj is expressed as diag(ey, €,
€;), both of which are denoted by diagonal matrices. Under identical conditions, it can be
observed that the positive and negative symmetry of the IF shift induced by right-handed
circularly polarization light and left-handed circularly polarization light is attributed to the
material’s dielectric tensor in the form of a diagonal matrix.

We conducted numerical simulations to investigate the reflectance of the system under
circularly polarization light incidence, as depicted in Figure 7. Our findings indicate that
both right-handed and left-handed circularly polarization light have no impact on the
reflectance of the system under identical conditions. Moreover, due to a small incident
angle 6, when the torsion angle ¢ is 0° and the hBN thickness is 100 nm at a frequency
w = 852 cm ™!, the reflectance R approaches approximately 0.5. In this scenario, the induced
IF shift can reach up to 1.55A¢. Conversely, when ¢ = 90° with an hBN thickness of 500 nm
and frequency w = 852 cm ™!, we observe a similar reflectance R ~ 0.5 leading to an IF
shift of approximately 2.53A¢. Notably, the high reflectivity of the material eliminates
the need for weak measurement technology during observation, highlighting its practical
application value.
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(a) (b)
0.0 0.0
-0.5
-0.5F
-1.0
‘| = e 90° p=45°
) L R = LA
§=0° p=45 ——d=100nm
——d=100nm 20F ——— =200nm
-5t — =200nm ——— =300nm
— =300nm 25} —— =400nm
— =400ain —— =500nm
= =500nm
20 L . R h . 3.0 L L . L .
800 850 900 950 1000 800 850 900 950 1000
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(c) (d)
2.0 3.0
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——d=100nm =00 B=—45°
—— =200nm 25F
1.5 ~= =300nm
—— =400nm
— =500nm
< 10t I
> -
4 4
05 F
0.0 L L . L ) L .
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w(em!) ocm?)

Figure 6. The frequency-dependent variation of the shift of an hBN surface with different thickness is
observed at incidence angles 6 = 10°: (a) ¢ = 0°, B =45°; (b) ¢ =90°, B =45°; (c) ¢ =0°, B = —45°;

and (d) ¢ =90°, g = —45°.

1.0 1.0
©=90° B=45°
——d=100nm
0.8 0.8 F ~200nm
= =300nm
0.6 0.6 —— =400nm
=500nm
~ ¢=0° p=45° o
04 F ——d=100nm 0.4
—— =200nm
~——— =300nm
02 —— =400nm 02
——— =500nm
0 s L L L L { L L s s L
. 800 850 900 950 1000 Lo 800 850 900 950 1000
o(em!) o(em)
() (d)
1.0 1.0
¢=90° p=—45°
——d=100nm
o - —— =200nm
= =300nm
0.6 0.6 —— =400nm
——— =500nm
o ¢=0° B=—45° &
04 ——d=100nm 0.4
~——— =200nm
~= =300nm
02F —— —400nm 0.2
——— =500nm
0.0 L L L L L L L L L L
800 850 900 950 1000 800 850 900 950 1000
o(cm™) w(emr!)

Figure 7. When the hBN thickness of the system varies, the surface reflectance R exhibits frequency-
dependent changes under an incidence angle 6 = 10°: (a) ¢ = 0°, B = 45°; (b) ¢ = 90°, B = 45°;
(c) p=0°, B =-45% (d) ¢ =90°, B =—45°.
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As mentioned above, the positive and negative symmetry of the IF shift generated
by right-handed and left-handed circular-polarization light under identical conditions
is attributed to the diagonal form of the dielectric tensor matrix of the material. The
expression form of the dielectric matrix can be altered through twisting. Subsequently,
hBN with thicknesses of 100 nm and 500 nm, respectively, were selected. By varying the
torsion angle, we explored the positive and negative symmetry of the IF shift as depicted
in Figure 8. It is observed that altering the torsion angle of hBN'’s anisotropic axis resulted
in a nondiagonal dielectric tensor matrix for hBN, and therefore eliminated the positive
and negative symmetry in the IF shift on system surfaces under identical conditions. This
unique optical phenomenon provides novel insights for designing and fabricating optical
encoders. The surface anisotropy of the system is enhanced due to the specific twisting
angle of hBN’s main optical axis. The IF shift is observed in the reststrahlen frequency
band of x-MoQ3, as depicted in Figure 8b,d. The IF shift with frequency and twisting
angle is depicted in Figure 8b when right-handed circular polarizing light is incident.
Narrow peaks are observed within the Reststrahlen frequency band of «-MoQOj3, specifically
between frequencies 700 cm~! < w < 750 ecm~! and 850 cm™! < w < 900 cm~!. The IF
shift with frequency and twisting angle is depicted in Figure 8d when left-handed circular
polarizing light is incident on the surface of the system. Narrow peaks were observed
800 cm ! < w < 850 cm ™. The frequency range in question is situated at the interface
between the Reststrahlen frequency band of hBN and «-MoOs, specifically within the ENZ
region of x-MoOs. It should be noted that x-MoOj3 exhibits Type II hyperbolic material
behavior with a notable degree of anisotropy.

1 (@) (b)

g
571 p=45° d=1000m s
&g e &2 [B=45° d=500nm
2F — =30° —0=I5°
=45° — =30°
3b T =60° S3r =45°
—_ =750 — =)0
— =750
4 L L L I 1 -4 L 1 L L I
600 700 800 900 1000 600 700 800 900 1000
w(cm) w(cm)
2.0

(d)
3b p=—45°d=500nm
2
—_— 3
sl =45°
—_— :600
— =750

(©)

1.5F p=—45°d=100nm
—=15°
—_— =300
< =45°
Z — =G0
—_— =750

Avig

R 700 500 %00 1000 600 700 500 900 1000
w(em) o(em!)

Figure 8. The IF shift of the system surface exhibits frequency-dependent variations when the torsion

angle is altered, with an incident angle 6 = 10°: (a) 8 = 45°, d = 100 nm; (b) B = 45°, d = 500 nm;

(c) p=-45°d =100 nm; (d) p =—45°, d = 500 nm.

Next, we investigate the maximum value of the system’s IF shift, as depicted in
Figure 9a,b. It is observed that for an hBN thickness of 100 nm, torsion angle ¢ = 60°,
incident angle 6 = 10°, and right-circularly polarization incident light, the system exhibits an
IF shift of 3.76A at frequency w = 751.94 cm ™!, thereby enhancing the in-plane hyperbolism
of hBN. Additionally, when the hBN thickness is increased to 500 nm with a torsion angle
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¢ =45° and left-handed circularly polarization incident light, the IF shift can reach 3.18A¢
at frequency w = 820 cm~! within the Reststrahlen frequency band of Type II hyperbolic
material x-MoOs. Based on Figure 2a,b analysis reveals that this frequency corresponds to
an overlap between the Reststrahlen frequency band of hBN and «-MoOj.

@ ®) B=—45° d=500nm
3t —=15°
—_— g

~45°

P e

e

S B=45° d=100nm -
g ¢=15° =

2t — =30°

=45° 1+
sl — =60°
—_ =750
4 : ; : 0 : .
740 750 760 770 780 800 850 900
w(cm!) o(em™)

Figure 9. When the torsion angle is adjusted, the frequency-dependent shift of the interface on the
system’s surface varies. The incident angle 6 is set at 10°: (a) f = 45°, d = 100 nm; (b) § = —45°,
d =500 nm.

4. Conclusions

This present study investigates the GH shift and IF shift on the hBN/x-MoOj3 by
using the transmission matrix method and the central beam method. The formula for beam
shift on the structure’s surface is derived using a torsion coordinate system, followed by
numerical simulation. Under p-polarization light incidence, GH shift reaches its maximum
value of 381.76)\ at frequency w = 759.82 cm ™!, with a corresponding reflectance R ~ 0
and an incidence angle equal to the Brewster angle. We also examine the IF shift of
right-handed and left-handed circularly polarization light reflected on the hBN/«-MoOs3
system’s surface. When the dielectric tensor of the system is diagonal, both right-handed
and left-handed circularly polarization light exhibits positive and negative symmetry under
identical conditions with matching frequencies. However, this symmetry ceases to exist
when torsion coordinates alter the dielectric tensor to a nondiagonal matrix. By applying
torsion at d = 100 nm and ¢ = 60°, an IF shift of 3.76A( can be achieved. These findings offer
theoretical guidance for advancing novel nano-optical devices and optical encoders.
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Appendix A. Derivation of Wave Vector k+ and ko

The induced electric field, as described by Maxwell’s equations, can be expressed in
the following manner:

k% —sxxfz —sxyfz kyks E,
ME = | —exyf?> K+k—eyf? 0 E, | =0, (A1)
kk 0 k2 —e.f?) \E.
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The value of f in Equation (A1) is ypeow?. The satisfaction of Equation (A1) is a

necessary to be satisfied det(AM) = 0. The electric field components of the hBN in the x and
z directions can be represented by the electric field components in the y direction under
this condition, thereby indicating that the equation k2 can be transformed into a quadratic
equation with one variable. The wave vector in the z direction of hBN needs to be solved.

Its solution k; is read as
K= i(—b + /b2 — 4ac), (A2)

where 1 = 4,0 = exy (k3 — &%) + e (K2 — ey f2); 0 = exx (k3 — &%) (k3 — ey f2) + £xy£yx
f? (k2 — ¢;f2). The three components of the electric field in hBN intersect: EX = (k2 + k3 —
ey fP)Ey /eynf? = ALEj EE = kako ALES / (K — e1f?).

The a-MoOj substrate, being a semi- 1nf1n1te crystal, imposes restrictions on the in-
cident wave vectors, limiting them to only two options: k, and k. The formulas for both

are

ke =/ (exeaf? — exk2) /. (A4)

The wave vectors k, and k. correspond to the transverse electric (TE) and transverse
magnetic (TM) modes of x-MoOj3, respectively. The TE(s-polarization) mode is perpendicu-
lar to the incident plane while the TM(p-polarization) mode lies within it.

and

Appendix B. Determine the Transmission Matrix forz=0and z=d

The electric field components in the x and y directions in the air and «-MoQOj3 base, as
well as the electric field component in the y direction in the hBN, need to be proposed as

Ery = EL, e + EX o7, (2 < 0) (A5a)
E, = Ae*+2 4 Bem 7z 4 Celk-2 4 De=ik-Z, (0<z<d) (A5Db)
Ex = Fee™™* E, = Fje'™* (z > d) (A5c)

The term “z = 0” denotes the interface between the vacuum and hBN; The term

“z = d” denotes the interface between the hBN and bulk «-MoQj3. In accordance with the

electromagnetic boundary conditions, the correlation transmission matrix of the incident
field and the transmitted field can be derived.

From Equation (A5), the magnetic fields in different directions can be obtained from

= V x E/ippw. The electromagnetic boundary conditions dictate that the parallel

components of both electric and magnetic fields remain uninterrupted across any interface.

The boundary value relationship between the vacuum and hBN can be obtained as follows:

Ey+Ef=A+B+C+D, (A6a)

k k-

I _pR _ %+ i
E, — E, kZ(A B)+k (C—D), (A6b)
EL+ER=AL(A+B)+A_(C+D), (A60)
EL-ER=A,(A-B)+A_(C—-D), (A6d)

where Ay = Arkik,e,/ (sz f 2 _ ki) The interface between the hBN layer and the a-MoO3
crystal reveals

AelF+d 4 Be=ik+d 4 Colb-d 4 pe=ik-d — (A7a)
k . . k_ /. .
k—+ (Ae’k“j — Be*lk”i) + o (Ce’k*d - De*’k*d) =F, (A7Db)
0 . . 0 . .
A (Ae®sd 4 Bemked) 4 A_(Ced 4 Det) ~ (A70)

7+ (At 4 Bed) 4o (Ceftd 4 pehT) = (A7d)
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where v+ = Askier(e2f? — k3) /keez (erf> — k3). Equations (A6) and (A7) are transformed
into matrix forms for the sake of convenience. The electric field’s amplitude is ascertained by

E}Z 1+ 5 AR R R T =AW A
k k k— k_

Gl I I SRR R R S S A Y (48)

Ey 21 A 4+Ay Ar—Ay A+A- A_—A_||C C

EX Ar—Ar Ay+Ay A-—A_ A_+A_) \D D

— — —1

Oty i-% 1+ 1-m I+n [T B =l B, (A9)
Fy 2V A7+ Ar =7 Ao—g- A || € C C
0 Ay =74 Ai+ae Ao—q- Ao—q ) \e™4/ D D

with Ay = kak.er Ay /(e f? —k2) and v = kerAs(e2f> — k2) /keez (e f> — k2). Eliminat-
ing the ABCD yields, we obtain Eyy = TFy,, = T1 T, 'Fy.

References

1.  Korzeb, K.; Gajc, M.; Pawlak, D.A. Compendium of Natural Hyperbolic Materials. Opt. Express 2015, 23, 25406. [CrossRef]
[PubMed]

2. Palermo, G.; Sreekanth, K.V.; Strangi, G. Hyperbolic Dispersion Metamaterials and Metasurfaces. EP] Appl. Metamater. 2020, 7, 11.
[CrossRef]

3. Pustovit, VN.; Zelmon, D.E,; Eyink, K.; Urbas, A.M. Optical Phase Transitions in Bilayer Semiconductor Hyperbolic Metamaterials.
Photonics Nanostructures Fundam. Appl. 2022, 51, 101049. [CrossRef]

4. Diaz-Valencia, B.F.; Moncada-Villa, E.; Gémez, ER.; Porras-Montenegro, N.; Mejia-Salazar, ].R. Bulk Plasmon Polariton Modes
in Hyperbolic Metamaterials for Giant Enhancement of the Transverse Magneto-Optical Kerr Effect. Molecules 2022, 27, 5312.
[CrossRef] [PubMed]

5. Drachev, V.P; Podolskiy, V.A ; Kildishev, A.V. Hyperbolic Metamaterials: New Physics behind a Classical Problem. Opt. Express
2013, 21, 15048. [CrossRef] [PubMed]

6.  Caldwell, J.D.; Kretinin, A.V,; Chen, Y.; Giannini, V.; Fogler, M.M.; Francescato, Y.; Ellis, C.T.; Tischler, ].G.; Woods, C.R.; Giles, A ] ;
et al. Sub-Diffractional Volume-Confined Polaritons in the Natural Hyperbolic Material Hexagonal Boron Nitride. Nat. Commun.
2014, 5, 5221. [CrossRef] [PubMed]

7. Maestre, C.; Li, Y.,; Garnier, V.; Steyer, P.; Roux, S.; Plaud, A.; Loiseau, A.; Barjon, ]J.; Ren, L.; Robert, C.; et al. From the Synthesis of
hBN Crystals to Their Use as Nanosheets in van Der Waals Heterostructures. 2D Mater. 2022, 9, 035008. [CrossRef]

8.  Giles, AJ.; Dai, S.; Glembocki, O.].; Kretinin, A.V.; Sun, Z.; Ellis, C.T.; Tischler, ].G.; Taniguchi, T.; Watanabe, K.; Fogler, M.M.; et al.
Imaging of Anomalous Internal Reflections of Hyperbolic Phonon-Polaritons in Hexagonal Boron Nitride. Nano Lett. 2016, 16,
3858-3865. [CrossRef]

9.  Wei, C,; Abedini Dereshgi, S.; Song, X.; Murthy, A.; Dravid, V.P.; Cao, T.; Aydin, K. Polarization Reflector/Color Filter at Visible
Frequencies via Anisotropic x-MoOj3. Adv. Opt. Mater. 2020, 8, 2000088. [CrossRef]

10. Abedini Dereshgi, S.; Folland, T.G.; Murthy, A.A.; Song, X.; Tanriover, I.; Dravid, V.P; Caldwell, ].D.; Aydin, K. Lithography-Free
IR Polarization Converters via Orthogonal in-Plane Phonons in a-MoOj3 Flakes. Nat. Commun. 2020, 11, 5771. [CrossRef]

11. Bergeron, A.; Gradziel, C.; Leonelli, R.; Francoeur, S. Probing Hyperbolic and Surface Phonon-Polaritons in 2D Materials Using
Raman Spectroscopy. Nat. Commun. 2023, 14, 4098. [CrossRef]

12.  Konet¢na, A.; Li, J.; Edgar, J.H.; Garcia De Abajo, FJ.; Hachtel, J.A. Revealing Nanoscale Confinement Effects on Hyperbolic
Phonon Polaritons with an Electron Beam. Small 2021, 17, 2103404. [CrossRef]

13. Feres, EH.; Mayer, R.A.; Wehmeier, L.; Maia, F.C.B.; Viana, E.R.; Malachias, A.; Bechtel, H.A.; Klopf, ] M.; Eng, L.M.; Kehr, S.C,;
et al. Sub-Diffractional Cavity Modes of Terahertz Hyperbolic Phonon Polaritons in Tin Oxide. Nat. Commun. 2021, 12, 1995.
[CrossRef]

14. Maurya, K.C,; Caligiuri, V.; Pillai, A.LK.; Garbrecht, M.; Krahne, R.; Saha, B. Radiative Volume Plasmon and Phonon-Polariton
Resonances in TiN-Based Plasmonic/Polar-Dielectric Hyperbolic Optical Metamaterials. Appl. Phys. Lett. 2023, 122, 221704.
[CrossRef]

15. Wang, X.-G.; Hao, S.-P; Fu, S.-F,; Zhang, Q.; Wang, X.-Z. Ghost Surface Polaritons in Naturally Uniaxial Hyperbolic Materials. J.
Opt. Soc. Am. B 2023, 40, 1667. [CrossRef]

16. Zhang, Y.; Wang, X.; Zhang, D.; Fu, S.; Zhou, S.; Wang, X.-Z. Unusual Spin and Angular Momentum of Dyakonov Waves at the
Hyperbolic-Material Surface. Opt. Express 2020, 28, 19205. [CrossRef] [PubMed]

17.  Pavlidis, G.; Schwartz, ].].; Matson, ].; Folland, T.; Liu, S.; Edgar, ].H.; Caldwell, J.D.; Centrone, A. Experimental Confirmation of

Long Hyperbolic Polariton Lifetimes in Monoisotopic (10B) Hexagonal Boron Nitride at Room Temperature. APL Mater. 2021, 9,
091109. [CrossRef] [PubMed]


https://doi.org/10.1364/OE.23.025406
https://www.ncbi.nlm.nih.gov/pubmed/26480060
https://doi.org/10.1051/epjam/2020015
https://doi.org/10.1016/j.photonics.2022.101049
https://doi.org/10.3390/molecules27165312
https://www.ncbi.nlm.nih.gov/pubmed/36014552
https://doi.org/10.1364/OE.21.015048
https://www.ncbi.nlm.nih.gov/pubmed/23787692
https://doi.org/10.1038/ncomms6221
https://www.ncbi.nlm.nih.gov/pubmed/25323633
https://doi.org/10.1088/2053-1583/ac6c31
https://doi.org/10.1021/acs.nanolett.6b01341
https://doi.org/10.1002/adom.202000088
https://doi.org/10.1038/s41467-020-19499-x
https://doi.org/10.1038/s41467-023-39809-3
https://doi.org/10.1002/smll.202103404
https://doi.org/10.1038/s41467-021-22209-w
https://doi.org/10.1063/5.0150185
https://doi.org/10.1364/JOSAB.486975
https://doi.org/10.1364/OE.395594
https://www.ncbi.nlm.nih.gov/pubmed/32672202
https://doi.org/10.1063/5.0061941
https://www.ncbi.nlm.nih.gov/pubmed/37720466

Materials 2024, 17,1625 14 of 14

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Folland, T.G.; Fali, A.; White, S.T.; Matson, J.R.; Liu, S.; Aghamiri, N.A.; Edgar, ].H.; Haglund, R.F,; Abate, Y.; Caldwell, J.D.
Reconfigurable Infrared Hyperbolic Metasurfaces Using Phase Change Materials. Nat. Commun. 2018, 9, 4371. [CrossRef]
Barcelos, I.D.; Canassa, T.A.; Mayer, R.A ; Feres, FH.; De Oliveira, E.G.; Goncalves, A.-M.B.; Bechtel, H.A ; Freitas, R.O.; Maia,
F.C.B.; Alves, D.C.B. Ultrabroadband Nanocavity of Hyperbolic Phonon-Polaritons in 1D-Like x-MoOj3. ACS Photonics 2021, 8,
3017-3026. [CrossRef]

Vasilantonakis, N.; Wurtz, G.A.; Podolskiy, V.A.; Zayats, A.V. Refractive Index Sensing with Hyperbolic Metamaterials: Strategies
for Biosensing and Nonlinearity Enhancement. Opt. Express 2015, 23, 14329. [CrossRef] [PubMed]

Alsalhin, A.A.; Lail, B.A. A Systematic Investigation of Coupling Between Dark and Bright Polaritons for Infrared Sensing Design.
IEEE Sens. . 2021, 21, 14899-14905. [CrossRef]

Janaszek, B.; Tyszka-Zawadzka, A.; Szczeparnski, P. Influence of Spatial Dispersion on Propagation Properties of Waveguides
Based on Hyperbolic Metamaterial. Materials 2021, 14, 6885. [CrossRef]

Zaitsev, A.D.; Demchenko, P.S.; Kablukova, N.S.; Vozianova, A.V.; Khodzitsky, M.K. Frequency-Selective Surface Based on
Negative-Group-Delay Bismuth-Mica Medium. Photonics 2023, 10, 501. [CrossRef]

Bliokh, K\Y.; Aiello, A. Goos-Héanchen and Imbert-Fedorov Beam Shifts: An Overview. J. Opt. 2013, 15, 014001. [CrossRef]
Goos, F; Hanchen, H. Ein Neuer Und Fundamentaler Versuch Zur Totalreflexion. Ann. Der Phys. 1947, 436, 333-346. [CrossRef]
Takayama, O.; Sukham, J.; Malureanu, R.; Lavrinenko, A.V,; Puentes, G. Photonic Spin Hall Effect in Hyperbolic Metamaterials at
Visible Wavelengths. Opt. Lett. 2018, 43, 4602. [CrossRef] [PubMed]

Zakirov, N.; Zhu, S.; Bruyant, A.; Lérondel, G.; Bachelot, R.; Zeng, S. Sensitivity Enhancement of Hybrid Two-Dimensional
Nanomaterials-Based Surface Plasmon Resonance Biosensor. Biosensors 2022, 12, 810. [CrossRef]

Wang, X.; Yin, C; Sun, J.; Li, H.; Wang, Y.; Ran, M.; Cao, Z. High-Sensitivity Temperature Sensor Using the Ultrahigh Order
Mode-Enhanced Goos-Hénchen Effect. Opt. Express 2013, 21, 13380. [CrossRef]

Cai, Y.-P; Wan, R.-G. Bistable Reflection and Beam Shifts with Excitation of Surface Plasmons in a Saturable Absorbing Medium.
Opt. Express 2022, 30, 20725. [CrossRef]

Ding, Y.; Deng, D.; Zhou, X.; Zhen, W.; Gao, M.; Zhang, Y. Barcode Encryption Based on Negative and Positive Goos-Héanchen
Shifts in a Graphene-ITO/TiO2/ITO Sandwich Structure. Opt. Express 2021, 29, 41164. [CrossRef]

Sinha Biswas, S.; Remesh, G.; Achanta, V.G.; Banerjee, A.; Ghosh, N.; Dutta Gupta, S. Enhanced Beam Shifts Mediated by Bound
States in Continuum. J. Opt. 2023, 25, 095401. [CrossRef]

Li, Y;; Song, H.; Zhang, Y.; Zhou, S.; Fu, S.; Zhang, Q.; Wang, X.-Z. Spatial Shifts of Reflected Light Beam on Black Phospho-
rus/Hexagonal Boron Nitride Structure. Opt. Laser Technol. 2023, 159, 108968. [CrossRef]

Novoselov, K.S.; Mishchenko, A.; Carvalho, A.; Castro Neto, A.H. 2D Materials and van Der Waals Heterostructures. Science 2016,
353, aac9439. [CrossRef]

Ribeiro-Palau, R.; Zhang, C.; Watanabe, K.; Taniguchi, T.; Hone, J.; Dean, C.R. Twistable Electronics with Dynamically Rotatable
Heterostructures. Science 2018, 361, 690-693. [CrossRef]

Hu, G,; Ou, Q.; Si, G.; Wu, Y.; Wu, J; Dai, Z.; Krasnok, A.; Mazor, Y.; Zhang, Q.; Bao, Q.; et al. Topological Polaritons and Photonic
Magic Angles in Twisted x-MoO3 Bilayers. Nature 2020, 582, 209-213. [CrossRef] [PubMed]

Chen, M; Lin, X,; Dinh, TH.; Zheng, Z.; Shen, J.; Ma, Q.; Chen, H.; Jarillo-Herrero, P; Dai, S. Configurable Phonon Polaritons in
Twisted a-MoQO3. Nat. Mater. 2020, 19, 1307-1311. [CrossRef] [PubMed]

Wu, S; Song, H.; Li, Y,; Fu, S.; Wang, X. Tunable Spin Hall Effect via Hybrid Polaritons around Epsilon-near-Zero on Graphene-
hBN Heterostructures. Results Phys. 2022, 35, 105383. [CrossRef]

Dai, S.; Fei, Z.; Ma, Q.; Rodin, A.S.; Wagner, M.; McLeod, A.S; Liu, M.K.; Gannett, W.; Regan, W.; Watanabe, K.; et al. Tunable
Phonon Polaritons in Atomically Thin van Der Waals Crystals of Boron Nitride. Science 2014, 343, 1125-1129. [CrossRef] [PubMed]
Eda, K. Longitudinal-Transverse Splitting Effects in IR Absorption Spectra of MoOs. ]. Solid. State Chem. 1991, 95, 64-73.
[CrossRef]

Py, M.A.; Schmid, PE.; Vallin, ].T. Raman Scattering and Structural Properties of MoOs. Nuov. Cim. B 1977, 38, 271-279. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1038/s41467-018-06858-y
https://doi.org/10.1021/acsphotonics.1c00955
https://doi.org/10.1364/OE.23.014329
https://www.ncbi.nlm.nih.gov/pubmed/26072797
https://doi.org/10.1109/JSEN.2021.3074177
https://doi.org/10.3390/ma14226885
https://doi.org/10.3390/photonics10050501
https://doi.org/10.1088/2040-8978/15/1/014001
https://doi.org/10.1002/andp.19474360704
https://doi.org/10.1364/OL.43.004602
https://www.ncbi.nlm.nih.gov/pubmed/30272693
https://doi.org/10.3390/bios12100810
https://doi.org/10.1364/OE.21.013380
https://doi.org/10.1364/OE.461124
https://doi.org/10.1364/OE.442226
https://doi.org/10.1088/2040-8986/acd391
https://doi.org/10.1016/j.optlastec.2022.108968
https://doi.org/10.1126/science.aac9439
https://doi.org/10.1126/science.aat6981
https://doi.org/10.1038/s41586-020-2359-9
https://www.ncbi.nlm.nih.gov/pubmed/32528096
https://doi.org/10.1038/s41563-020-0732-6
https://www.ncbi.nlm.nih.gov/pubmed/32661384
https://doi.org/10.1016/j.rinp.2022.105383
https://doi.org/10.1126/science.1246833
https://www.ncbi.nlm.nih.gov/pubmed/24604197
https://doi.org/10.1016/0022-4596(91)90376-S
https://doi.org/10.1007/BF02723496

	Introduction 
	Theoretical Model 
	Results and Discussions 
	Conclusions 
	Appendix A
	Appendix B
	References

