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Abstract: The developments in manufacturing technologies are expected to reduce energy input
without compromising product quality. Regarding the material densification process, numerical
simulation methods are applied to achieve this goal. In this case, relevant material models are built
using functions that describe the variation in mechanical parameters of the material in question
due to its deformation. The literature review conducted for this research has revealed a shortage
of experimental research methods allowing a determination of the coefficient of friction at low
temperatures, approximately 200 K. This article proposes a method for determining the friction
coefficient of dry ice sliding against steel. The experimental results were analysed to obtain several
functions describing the variation in the coefficient of friction. These functions were then compared
using goodness-of-fit indexes. Finally, two functions with similar goodness-of-fit values were chosen.
The findings of this research project will complement the already available information and may be
used in various research and implementation projects related to the development or improvement of
currently used crystallised carbon dioxide conversion processes.

Keywords: coefficient of friction; compaction; densification; powders; dry ice; carbon dioxide (CO2)

1. Introduction

Cold compaction is a process of shaping various pulverised materials, including
metallic [1,2], ceramic [3] and pharmaceutical powders [4]. Plastics and biowaste materials
are densified at elevated temperatures [5]. To simulate these processes with mathematical
models, it is necessary to determine the variation in the mechanical parameters as a
function of the changing density of the compacted material. In the case of the Drucker-
Prager/Cap [6], Cam-Clay [7] or Mohre-Columb [8] models, these include a variation
in the Young modulus, Poisson ratio and coefficient of friction (COF) as a function of
density [7]. The required data are, however, not available for many materials, this making
laboratory experiments an indispensable part of any research in this area. The relevant
research methods reported in the literature allow a determination of the above-mentioned
relationships generally at normal or elevated temperatures only [9]. This means that there
is a dearth of studies investigating the relevant mechanical parameters at temperatures
lower than 210 K.

This is the limit temperature that must not be exceeded by the test rig elements if they
are used for testing the mechanical parameters of solid carbon dioxide. This requirement
results from the peculiar properties of this material, the temperature of which is −78.5 ◦C,
as indicated by Dzido et al., 2021, and Yan et al., 2020, and which sublimates in atmospheric
conditions [10,11].
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Solid carbon dioxide is obtained through expansion of liquefied CO2 to atmospheric
pressure [12]. This adiabatic process removes energy from the material at a high rate,
causing a liquid–solid transition. Solid CO2 is commonly referred to as dry ice (DI).
According to Liu et al., dry ice has a density of 550 kg/m3 and is composed of particles of
between 20 and 100 µm in size [13]; the smaller they are, the faster dry ice sublimates [14].

In practical applications, it is, therefore, most desirable to reduce the phase transition
surface by compacting the powder into pellets or blocks, for example. Compressed DI
has found applications in many areas. Zhao et al., 2022, indicated that DI blocks were
successfully used for the rapid cooling of food products [15]. The article by Dzido et al.,
2023, describes numerical studies on the removal of solid deposits on the surface, using the
dry ice blasting method, in which external coatings were removed by hitting the surface
with DI pellets, which rapidly decompressed while penetrating into gaps between the
coating and the substrate [16].

Mathematical models describing the compaction of dry ice have been published in
previous studies by the authors of [17,18]. However, during simulation studies, simplifica-
tion was carried out, assuming that the friction coefficient (µW) during DI contact (Figure 1;
label 1) with the die cavity working surfaces (Figure 1; label 2) of µ = 0.05 did not change
with the changing density of the material being compacted. In reference papers, the coeffi-
cient factor was formulated according to Coulomb’s model, where the friction coefficient
was described as the ratio of the force normal to the surface and the tangential force. As a
result of this physical relationship, the friction coefficient has no assigned unit.
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the COF value against the die cavity surfaces, FW, and two process parameters: the com-
paction force, FC, and force transmitted by the extruded material to the die cavity end, FB 
(Figure 2) [22]. 𝐹ௐ = 𝐹஼ − 𝐹஻. (1)

Figure 1. Model used to simulate dry ice compaction in a closed chamber: 1. barrel, 2. ram, 3. extruded
dry ice, 4. dead-end disc, and 5. force measurement point [17].

In the study on plastic compaction by T. Vu et al., 2020, a significant effect of the degree
of compaction on the value of the coefficient of friction was reported [19]. This finding was
confirmed in the studies by Briscoe et al., 1991, and Saloda et al., 2013 [20,21]. Yusof et al.,
2010, presented the following equation describing the relationship between the COF value
against the die cavity surfaces, FW, and two process parameters: the compaction force, FC,
and force transmitted by the extruded material to the die cavity end, FB (Figure 2) [22].

FW = FC − FB. (1)
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Figure 2. Distribution of forces during extrusion of a pulverised material in a closed chamber.
d—diameter of the compaction chamber; h—specimen height.

Briscoe et al., 1991 [23], pointed out that as regards the compaction of ceramic powders,
the coefficient of friction against the die cavity walls, µW, can be determined using the
following equation:

ln
(

σB
σC

)
= −4µwKW FD

(
h
d

)
, (2)

where the logarithmic value of the ratio of compression stress on the bottom of the chamber,
σB, from the compacting σC is equal to four times the value of the product of the coefficient
of friction, µW, and the following apply:

KW—radial to axial stress ratio [23];
FD—distribution factor dependent on the normal-to-transmitted-stress ratio, calcu-

lated when transmitted stress reached the asymptotic value, which actually occurred
in many systems, and the ratio between the specimen height, h, and its cross-sectional
diameter, d [22].

The distribution of the respective stresses is illustrated in Figure 3 below.
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The above equation gives the value of the natural logarithm of the stress ratio as the
product of constants (parameters) used. As a result, it does not take into account the change
in the properties of individual parameters as a function of material density. Therefore, the
µW value obtained with the Briscoe model does not allow the numerical models developed
in the literature to be expanded with the variability, µW, as a function of the density of the
material being compacted.

Brewin et al., 2008, pointed out the possibility that when compressing cylindrical
specimens in closed chambers, where the ratio of height to diameter is between 1 and 1.5,
it can be assumed that the radial stress value in each direction of the Cartesian system is
similar [24], which can be represented by the following equation:

εW =
1
E
(σR − ν(σC + σR)) = 0, (3)

ν =
σR

σC + σR
, (4)

where εW—absolute radial strain; E—young modulus; ν—Poisson ratio.
Knowing the geometric parameters of specimens h and d, described in Figure 1, and

the above relationship in σC, σB and σR, based on the Coulomb friction model, Equation (1)
can be converted into the following form:

Fw = µwh
4FC

d
·1 − ν

ν
. (5)

Although this equation represents a simplification of the phenomenon of friction
during the compaction of pulverised materials, it has been applied with success in many
other cases [25].

In order to account for the change in the Poisson’s ratio, ν, of the material being
compacted, the equation (Equation (5)) was modified by replacing the constant value of ν,
with the mathematical relationship ν(ρ), describing a change in its value as a function of
density, ρ.

Fw(ρ) = 4µwFC
h
d
·1 − ν(ρ)

ν(ρ)
. (6)

The change in ν as function of ρ was described by Biszczanik et al., 2022 [26]. In the fol-
lowing chapter dealing with the analysis of experimental results, we compare the goodness
of fit of various mathematical functions used for the regression of the studied variations.
On this basis, we proposed representing the variation in ν(ρ) with the following function:

ν(ρ) = −7.12·10−2 0.59 ρ8.22

1.2208.22 + ρ8.22 . (7)

The system of Equations (1) and (6) gives the value of the coefficient of friction, µW,
based on the empirical values of FC, FB and ρ.

This article complements the existing research gap in the measurement of the dry
ice friction coefficient and its change as a function of density. The research methodology
presented in the article together with the description of the results allow us to fill the
identified research gap. The proposed function can be used in numerical simulations
carried out using both discrete and finite element methods.

2. Materials and Methods
2.1. Materials

The material used in this study was pulverised crystalline carbon dioxide (CCD).
Pulverised CCD is obtained by expansion to the atmospheric pressure of liquid CO2, which
is stored in special tanks at a pressure of approx. 18 bar [27,28]. Liu et al., 2012, indicated
that the maximum particle size of this material is 100 µm [7]. It is a loose material, with a
bulk density of 550 kg/m3; see Figure 4. Bisczczanik et al., 2021, in their study on Young’s
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modulus variation as a function of density, showed that the limit of material density is
about 1650 kg/m3 [29,30]. Considering the low cohesiveness of the material, the researchers
decided not to measure this parameter for densities below 1000 kg/m3.
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Figure 4. Dry ice: (a) pulverised dry ice; (b) dry ice extruded into pellets.

Taking into account the properties of pulverised CCD, specifically its high sublimation
rate [31], the material was stored in special polystyrene foam containers with 40 mm
thick walls.

In addition, the test rig parts, as described in a later part of this article, were cooled to
the temperature approximating the CCD temperature. For this purpose, they were placed
in a DRICY 30L dry ice storage container manufactured by Melform of Monasterolo di
Savigliano, Italy (Figure 5). The desired cooling effect was achieved by filling the container
with dry ice pellets (Figure 4b).
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used in this research. 1—insulated container; 2—dry ice; 3—test rig [31].

2.2. Method

The method described by Brewin et al., 2008 [24], was used to determine the CCD
coefficient of friction values depending on the density of the material in question. In this
method the friction force, FW, is determined through the simultaneous measurement of the
force applied on the ram, FC, and the force acting on the die cavity bottom, FB. Now, taking
Equation (1) we can calculate the FW value by deducting the latter from the former value.

In order to measure these values, the test rig described by Biszczanik et al., 2021
(Figure 6) [29], was modified by replacing the die cavity bottom with a movable plastic
piston (Figure 6, label 1). The piston could move reciprocally inside the die cavity (Figure 6,
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label 2) up to the C9C 10 kN load cell manufactured by HBM, Villingen-Schwenningen,
Germany (Figure 6, label 3), fitted at the bottom.

Materials 2024, 17, x FOR PEER REVIEW 6 of 13 
 

 

In order to measure these values, the test rig described by Biszczanik et al., 2021 (Fig-
ure 6) [29], was modified by replacing the die cavity bottom with a movable plastic piston 
(Figure 6, label 1). The piston could move reciprocally inside the die cavity (Figure 6, label 
2) up to the C9C 10 kN load cell manufactured by HBM, Villingen-Schwenningen, Ger-
many (Figure 6, label 3), fitted at the bottom. 

The test rig was mounted in the jaws of an Isight 50 kN universal testing machine 
manufactured by MTS, Boston, MA, USA, which has a special guide system (Figure 6, 
label 4) to ensure the coaxial movement of the ram in relation to the die cavity axis. 

 
Figure 6. Test rig for measuring the variation in the static friction coefficient as a function of dry ice 
density. 1. Moveable bottom of the die cavity; 2. die cavity; 3. strain gauge fitted under the die cavity 
bottom; 4. ram; 5. guide system; 6. crystalline carbon dioxide. 

Before the tests, the machine complete with the C9C strain gauge and ram was kept 
for 60 min in a dry-ice-filled container. The test rig was re-cooled for 10 min after a maxi-
mum of three tests conducted in a series to maintain the desired low temperature of the 
rig components, in order to reduce the influence of CCD sublimation on the measurement 

Figure 6. Test rig for measuring the variation in the static friction coefficient as a function of dry ice
density. 1. Moveable bottom of the die cavity; 2. die cavity; 3. strain gauge fitted under the die cavity
bottom; 4. ram; 5. guide system; 6. crystalline carbon dioxide.

The test rig was mounted in the jaws of an Isight 50 kN universal testing machine
manufactured by MTS, Boston, MA, USA, which has a special guide system (Figure 6,
label 4) to ensure the coaxial movement of the ram in relation to the die cavity axis.

Before the tests, the machine complete with the C9C strain gauge and ram was kept for
60 min in a dry-ice-filled container. The test rig was re-cooled for 10 min after a maximum
of three tests conducted in a series to maintain the desired low temperature of the rig
components, in order to reduce the influence of CCD sublimation on the measurement
results. The tests were carried out in controlled conditions at an ambient temperature
of 18 ± 2 ◦C. The temperature of inside surfaces was also checked, and it was found to
increase by ca. 10 K.
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During the tests, the C9C and MTS output signals were processed on a Spider 8 ampli-
fier manufactured by HBM, Villingen-Schwenningen, Germany. Catman Easy program,
version 3.5, manufactured by HBM, was used for data acquisition at a 100 Hz sampling
frequency. The simultaneous logging of both forces and the load point displacements al-
lowed us to determine the variation in the difference between these two forces as a function
of displacement.

Before the tests, the cooled die cavity was filled with crystalline carbon dioxide por-
tions (Figure 6, label 6), the respective weights of which are given in Table 1 below. Next,
the rig was fitted in the bottom socket of the ram guide system. With all the elements in
place, the test was started using the TestWork 4.0 program. In the first phase, the ram was
moved down at a speed of 5 mm/s. until the compaction force increased up to at least
100 N. Next, the ram continued traveling at a load point displacement rate of 0.05 mm/s.
The ram stopped when the distance between its front face and the bottom piston reached
or exceeded 20 mm, equal to the temporary height of the compressed material. Finally, the
ram withdrew to its home position, thus ending the process of compaction.

Table 1. Feed weights before tests. m0
I—specimen mass form group 10 g; m0

II—specimen mass form
group 12 g; m0

III—specimen mass form gruop 14 g; m0
IV—specimen mass form group 16 g.

No. m0
I [g] m0

II [g] m0
III [g] m0

IV [g]

1 10.1 12.0 14.2 16.1
2 10.0 12.1 14.0 16.2
3 9.9 12.0 14.1 16.2
4 10.0 12.1 14.1 16.0
5 10.1 11.9 14.3 16.0
6 10.0 12.0 14.2 16.1
7 10.0 12.0 14.2 16.1
8 9.9 12.0 14.1 16.1
9 10.1 11.8 14.2 16.0
10 10.1 11.9 13.9 16.0

Now, with the displacement values, h (mm), and knowing the die cavity diameter of
DS = 20 mm, we can calculate the volume at the end of test. The sample was removed from
the tester, and its weight, m2 (g), was measured to 0.001 accuracy using the Axis ACN220
analytical balance manufactured by Axis, Gdańsk, Poland. These values were substituted
into the following equation to calculate the densities of the respective specimens:

ρs =
4·m2

h·π·DS
2

[ g
mm3

]
(8)

2.3. Test Rig Calibration

The C9C 10 kN output signal was read within the temperature range specified by the
manufacturer, i.e., −65 ◦C to −78 ◦C. An additional test was done to verify the readings
and derive a signal correction function if required.

During the tests, the rig shown in Figure 6 was cooled down as described earlier in
this article. Next the extrusion barrel assembly, complete with C9C sensor was fitted in the
ram guide system. The load point of the tester was then moved to obtain 0.5 mm distance
between the ram front face and the C9C tip. Finally, the readings from the respective
sensors were reset to zero. The test procedure, using the Test Work program could now
be executed. In this process the ram moves vertically at a constant speed of 0.1 mm/s.
When the force value reached 0.5 kN, the ram travel speed was reduced to 0.01 mm/s. The
ram was stopped when the force reading obtained with the strain transducer fitted on the
universal test machine reached 9 kN.

Throughout the test, the output signals from both load cells were recorded using an
Spider 8 amplifier (manufactured by HBM, Villingen-Schwenningen, Germany_and stored
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in the dedicated CatMan Easy (version 3.5) software program. The above-described test
procedure was repeated 20 times.

The recorded values showed a difference between the two load cell readings. Consid-
ering the surrounding environment conditions, the reading of the MTS Insight 50 kN load
cell was taken as the reference value. This value was then used to determine the correction
factor, calculated as the average ratio between the maximum force readings of HBM C9C
10 kN and MTS Insight 50 kN load cells.

k =
1

20

20

∑
n=1

FC9C
n

FInsight
n

= 1.049 (9)

3. Results and Discussion

The outcome of this research is presented in the following chart (Figure 7). Despite the
repeatable material feed maintained for the four populations, it was not possible to relate
the feed weights to their corresponding populations due to large scatter of the end product
densities. This being so, for the purposes of further analysis, we decided to combine the
populations ascribed to the feed weight, m0, into one data set. The regression value was
ca. 0.928, calculated using the Pearson correlation coefficient. However, the literature
review [32,33] does not support the regression in the experimental results with the use
of linear functions. Therefore, further analysis was limited to non-linear functions with a
goodness of fit index higher than that of the linear function, i.e., R2 = 0.86, and a standard
error below 0.07.
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Figure 7. Distribution of COF values as a function of ρ, calculated based on the obtained experimental
results.

The regression values were calculated using the CurveExpert Professional software,
version 2.7.3, program by D. Hyams, version 2.7.3. The following non-linear functions
were used in the analysis: exponential (10), geometric (11), sinusoidal (12), and natural
logarithmic (13). The equations relevant to these functions are described below. These
functions allow regression, taking into account the assumption related to the physical
interpretation of the friction coefficient, the value of which should fall in the range from 0 to
1. In all of the indicated equations, the variable ρ was determined and expressed in kg/m3.

µ = a·ebρ, (10)

µ = a·ρbρ, (11)

µ = a + b·cos(c·ρ + d), (12)
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µ = a + b·ln(ρ). (13)

The calculated parameters of the respective functions are given in Table 2 below.

Table 2. Parameters of the functions used for determination of regression of µ variation as a function
of ρ.

Exponential Geometric Sinusoidal Natural Logarithmic

a 7.16·102 2.93·102 6.79 2.36
b −5.62·10−3 −6.89·10−4 6.77 −3.23
c - - 4.44·10−4 -
d - - 8.76 -

The accuracy of representation of the experimental results by the relevant functions
was verified using the R-squared coefficient of determination, Akaike information criterion,
corrected for a small samples (AICc) [34], and the confidence and prediction band, as
satisfactorily used by Shah M. et al., 2017, in catchment runoff mathematical modelling [35].
The curves obtained with the respective functions are represented in Figures 8–11, together
with the corresponding confidence and prediction bands, and the goodness of fit indexes
are given in Table 3.
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Table 3. Values of the criteria used to verify the goodness of fit between the regression functions and
experimental results.

Exponential Geometric Sinusoidal Natural Logarithmic

R2 0.95 0.95 0.94 0.93
R 0.91 0.91 0.90 0.87

AICc −131.04 −130.93 −123.77 −123.43
Standard Error 0.057 0.059 0.064 0.068

Among all these functions, the highest R-squared values were obtained for the expo-
nential and geometric functions. In turn, a comparison of the confidence and prediction
bands showed no significant differences between the applied regression functions. Finally,
the lowest AICc test value was obtained for the exponential function, indicating the best
goodness of fit with the experimental results.

Middelgof et al., 2020, and Ku et al., 2023, demonstrated the exponential nature of the
relationship between mechanical parameters and the density of porous materials [36,37].
The results of our analysis and the above-mentioned literature allow us to conclude that
exponential and geometric functions yield similar results, appropriate for the variation
pattern of this parameter.

4. Conclusions

The proposed method was found to be an effective tool for the determination of
the static coefficient of friction as a function of the changing density of dry ice sliding
on steel. Similarly to the findings of published studies on other pulverised materials,
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mechanical parameters such as the Poisson factor or Young modulus value evolve as a
result of compaction, up to the limit density of the material in question.

Chapter 3 presents four mathematical models that were used in this research to
represent the variation in µ as a function of ρ. Two of them are characterised by a very
high goodness of fit index value and a low AICc value at the same time. For the maximum
density of ρ = 1625 kg/m3, the values of ca. 0.07 and ca. 0.08 were obtained with the
exponential (Equation (10)) and geometrical (Equation (11)) functions, respectively. In
addition, for ρ in the range from 1200 to 1625 kg/m3, the µ values obtained with these
two functions did not differ by more than 0.02, and this difference tended to decrease with
increasing density, ρ. Thus, both models were found to feature adequate goodness of fit
with the experimental data and low AICc values.

This finding is particularly significant because, on this basis, we can now represent the
variation in µ depending on the density of extruded dry ice. This allows a prediction of the
behaviour of this material at different degrees of compaction. The interest in the practical
application of this material in various industries has been growing recently, as previously
mentioned in Chapter 1. Furthermore, the findings of this research may turn to be useful in
future studies of geological and construction aspects related to the planned exploitation of
the planet Mars [38,39].

The authors also intend to apply the obtained results in studies on modelling the
failure of compacted dry ice, to obtain a more reliable representation of DI extrusion
through multiple cavity dies. For this purpose, at this stage, we are considering using the
modified Doraivel model that was used by Xu et al. in 2022 to the model cold compaction
in the PEKK (Poly-Ether-Ketone-Ketone) powder cold compaction process [40].
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