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Abstract

Superplastic forming (SPF) of titanium alloys exhibits strong deformation path dependence
because microstructural evolution, damage development, and material response are influ-
enced by prior loading history. However, constitutive models for SPF are often evaluated
primarily by fitting accuracy rather than their ability to represent deformation history.
This review examines path-dependent constitutive modeling from a memory-architecture
perspective. The relevant literature was identified through a structured review of titanium-
alloy SPF studies, which were supplemented by selected high-temperature forming studies
from other metallic systems when they provided transferable constitutive frameworks.
Existing constitutive models were classified into four categories according to how deforma-
tion history is retained and represented: stateless models, implicit or projected memory
models, reduced-order memory models, and high-dimensional or explicit memory models.
The analysis shows that many conventional formulations achieve acceptable accuracy
within calibrated monotonic regimes by strongly compressing deformation history, thereby
limiting their ability to distinguish complex loading paths. Internal-state-variable models
provide a practical balance between path representation, interpretability, and implementa-
tion, whereas high-dimensional memory models offer stronger sequence sensitivity at the
cost of greater data and calibration requirements. This memory-architecture framework
clarifies the limitations and applicability of existing constitutive models and provides
guidance for model selection in SPF process simulation.

Keywords: superplastic forming; titanium alloys; path-dependent constitutive modeling;
memory architecture; internal state variables

1. Introduction
1.1. Titanium-Alloy SPF and the Importance of Deformation History

Superplastic forming (SPF) of titanium alloys is an important manufacturing route for
producing complex, near-net-shape components for aerospace and other high-performance
engineering applications. Titanium alloys combine high specific strength, corrosion resis-
tance, and thermal stability, while superplastic deformation enables exceptionally large
elongations at elevated temperatures and low strain rates, allowing complex geometries to
be manufactured with reduced machining and material waste [1–3].
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The mechanical response of titanium alloys under SPF conditions is strongly influ-
enced by deformation history. During high-temperature deformation, grain boundary
sliding, dislocation accommodation, dynamic recovery, dynamic recrystallization, phase
transformation, grain growth, and cavitation evolve continuously and interact with one
another throughout the deformation process [3–7]. As a result, the material response at
a given instant is not determined solely by the current strain, strain rate, or temperature
but also by the preceding thermo-mechanical history.

The consequences of this history dependence are evident at the process level. Experi-
mental studies involving variable strain-rate deformation, maximum-m forming, and multi-
stage deformation strategies have shown that distinct loading schedules can produce
substantially different flow behavior and formability, even under otherwise comparable
processing conditions [8–10]. These observations suggest that superplastic deformation
should be viewed as a history-sensitive process, in which the predictive capability of consti-
tutive models depends not only on their ability to describe instantaneous material behavior
but also on how effectively prior thermo-mechanical information is represented within the
constitutive formulation.

1.2. Research Gap and Rationale for a Memory-Architecture Perspective

Constitutive models provide the foundation for process simulation, forming-path de-
sign, thickness prediction, and optimization of SPF operations. Traditional constitutive for-
mulations, including power-law, hyperbolic-sine, Arrhenius-type, and Johnson–Cook-type
models, remain widely used because of their simplicity, computational efficiency, and rel-
atively low calibration cost [2,11,12]. To improve the representation of evolving material
behavior, physically based constitutive formulations have incorporated microstructure-
related variables such as grain size, dislocation density, recrystallization fraction, phase
fraction, and damage descriptors [7,13,14]. More recently, data-driven and hybrid ap-
proaches have further expanded the range of constitutive modeling strategies available for
high-temperature deformation and SPF applications [15,16].

Despite these advances, existing reviews and model comparisons generally classify
constitutive models according to their mathematical formulation, empirical or physical
basis, alloy system, or prediction accuracy. Such classifications are valuable for describing
model characteristics and application domains, but they provide limited insight into a
fundamental issue underlying path-dependent deformation: how information from prior
deformation history is represented within the constitutive formulation itself.

This limitation becomes particularly important in SPF, where material response is
influenced by evolving microstructure, damage development, and thermo-mechanical
loading history [7,13,17,18]. Under variable strain-rate conditions, multi-stage forming
schedules, or other history-sensitive deformation paths, constitutive models with similar
fitting accuracy may exhibit substantially different predictive capabilities [6,8–10]. However,
the relationship between deformation-history representation and constitutive performance
remains insufficiently discussed in the existing literature.

The central gap addressed in this review is therefore the lack of a systematic framework
for examining constitutive models from the perspective of deformation-history represen-
tation. Existing classifications provide limited guidance regarding the extent to which
prior loading information is retained, transformed, or utilized by different constitutive
formulations, and how these differences influence predictive capability under complex
deformation paths.

To address this gap, the present review introduces a memory-architecture perspective
for analyzing constitutive models used in titanium-alloy SPF and related high-temperature
deformation processes. Rather than focusing primarily on model origin or mathematical
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form, this perspective examines how deformation history is represented within constitutive
formulations and how such representations influence path-dependent prediction. By adopt-
ing this viewpoint, a common framework can be established for comparing empirical,
physically based, and data-driven constitutive approaches.

1.3. Scope and Review Methodology

This review focuses primarily on titanium alloys under superplastic forming (SPF)
and related high-temperature deformation conditions. The evidence base therefore consists
mainly of studies addressing constitutive modeling, flow behavior, and microstructure-
sensitive deformation responses in titanium alloys.

Because the objective of this review is conceptual framework development rather than
exhaustive evidence synthesis, the literature selection process was designed to identify
representative constitutive architectures rather than to establish a complete census of all
SPF constitutive studies. Studies were therefore selected according to their relevance to
deformation-history representation and constitutive memory structures, while highly repet-
itive variants of similar constitutive formulations were consolidated to avoid redundancy.

The literature survey was conducted primarily using the Web of Science Core Collec-
tion database through a three-stage screening strategy. First, studies related to titanium-
alloy SPF and high-temperature constitutive modeling were collected, yielding more
than 400 records after preliminary filtering. Second, concepts commonly associated with
deformation-history representation, including path dependence, internal-state evolution,
microstructural evolution, and memory-related descriptors, were used to identify poten-
tially relevant studies, reducing the dataset to approximately 200 records for detailed
assessment. Full-text evaluation showed that only a limited subset explicitly incorporated
deformation-history retention into the constitutive architecture.

Because the titanium-alloy literature alone provided only partial coverage of the
constitutive memory architectures considered in this review, the material restriction was
selectively relaxed in a third-stage search. This search yielded more than 300 additional
records from other metallic systems, from which a small number of representative studies
were retained to provide transferable examples of internal-state-variable, physically based,
and sequence-aware constitutive frameworks.

After full-text assessment, removal of redundant model variants, and targeted supple-
mentation through citation tracking, approximately 85 representative publications were
retained as the evidence base for the present review. Earlier landmark studies were addi-
tionally included when necessary to establish the historical development of constitutive
modeling concepts and memory-representation strategies.

The objectives of this review are therefore to: (i) establish a memory-architecture
framework for constitutive models used in titanium-alloy SPF; (ii) classify existing con-
stitutive formulations according to how deformation history is represented and retained;
(iii) evaluate the relationship between memory capacity, path distinguishability, and pre-
dictive capability; (iv) discuss the implications of constitutive memory architecture for
constitutive-model selection and SPF process simulation.

2. Conceptual Foundations of Path-Dependent Constitutive Modeling
for SPF

This section establishes why deformation history must be considered in constitutive
modeling for titanium-alloy SPF. The purpose is not to provide an exhaustive mechanistic
review of superplasticity but to identify the microstructural features that make the macro-
scopic response non-unique with respect to instantaneous strain, strain rate, and tempera-
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ture. These features define the physical requirements that motivate the memory-architecture
classification developed in Section 3.

2.1. Microstructural Origins of Path Dependence in Superplastic Deformation

Superplastic deformation in titanium alloys is governed by irreversible and history-
sensitive microstructural evolution. Grain boundary sliding is widely recognized as
a dominant deformation mode in fine-grained titanium alloys under suitable SPF
conditions, but its continuity depends on accommodation by intragranular disloca-
tion activity, diffusion-assisted processes, boundary migration, and microstructural
rearrangement [19–23]. As deformation proceeds, dislocations accumulate and recover,
grain boundaries migrate, and local accommodation structures are progressively recon-
structed. The instantaneous flow response therefore reflects not only the current loading
condition but also the internal state created by earlier deformation increments.

Dynamic recovery and dynamic recrystallization introduce particularly strong sources
of irreversibility. Recrystallization nucleation is influenced by stored energy accumulated
during prior dislocation activity, while grain growth, grain refinement, and changes in
boundary topology modify later hardening and softening behavior [13,17,24,25]. In two-
phase titanium alloys, α/β phase transformation, strain partitioning, and evolving phase
morphology further amplify path dependence by changing load-sharing and accommo-
dation pathways [3,13,26]. These mechanisms imply that the same nominal strain can
correspond to different microstructural states if it is reached through different temperature
or strain-rate histories.

The staged nature of these mechanisms is illustrated schematically in Figure 1 [1].
The figure summarizes a progressive transition in mechanism dominance, from early
dislocation accumulation and phase-related changes to grain boundary sliding, recovery,
and recrystallization-mediated softening. The key point for constitutive modeling is that
the stress at a given strain reflects a microstructure that has been cumulatively constructed
through the preceding thermo-mechanical path.

Figure 1. Schematic representation of microstructural evolution during superplastic deformation of
Ti60 alloy, including phase transition, dislocation rearrangement, grain boundary sliding, recovery,
and recrystallization. The red arrows along grain boundaries indicate the direction of grain boundary
sliding. The black schematic symbols represent dislocations within grains. Redrawn from Li et al. [1].

Direct microstructural evidence of path-sensitive state construction is provided
by EBSD observations under different thermo-mechanical conditions. As shown in
Figure 2 [17], TA15 specimens deformed under different temperatures and strain rates can
exhibit distinct grain morphologies, recrystallization fractions, and grain-size distributions
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even when compared at similar accumulated strains. These observations demonstrate that
strain-equivalent states need not be microstructurally equivalent. For modeling purposes,
this means that accumulated strain alone is an incomplete descriptor of deformation history.

Figure 2. Representative EBSD maps and corresponding pole figures of TA15 alloy de-
formed to comparable strain levels (ε ≈ 0.5) under different thermo-mechanical condi-
tions. Subfigures (a–c) correspond to deformation at 800 °C/10−2 s−1, 800 °C/10−5 s−1, and
900 °C/10−5 s−1, respectively. Despite similar accumulated strain, substantial differences in grain
morphology and grain-size distribution are observed, demonstrating the non-uniqueness of strain-
equivalent states and highlighting the history-sensitive nature of superplastic deformation. Adapted
from Alabort et al. [17].

2.2. Structural Necessity of Path Encoding in Constitutive Modeling

The microstructural mechanisms discussed in the previous section establish that su-
perplastic deformation is inherently history sensitive. For constitutive modeling, however,
the central challenge is not merely the existence of path dependence, but how informa-
tion associated with prior deformation is represented within the constitutive formulation.
Experimental and modeling studies have shown that different thermo-mechanical paths
may lead to distinct material responses even when the current deformation conditions
appear similar [17,27,28]. Consequently, constitutive modeling must address the problem
of representing deformation history in a form that can influence the current material state
and response.

In principle, the constitutive response at a given instant can be viewed as a functional
of the entire preceding thermo-mechanical history. Let Ht denote the deformation history
accumulated up to time t. The constitutive response may then be expressed conceptually as:

σ(t) = F (Ht) (1)

where Ht represents the complete deformation history and F denotes the constitutive map-
ping from history to material response. Such a formulation is conceptually general, but it is
impractical for engineering applications because the amount of information contained in
the full deformation history grows continuously throughout the forming process.

A constitutive model therefore faces an unavoidable information-reduction problem.
Instead of retaining the complete deformation history, the model must construct a reduced
representation that preserves only the information considered relevant to future material
behavior. This process may be represented conceptually as:
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Ht → Mt → σ(t) (2)

where Mt denotes the memory representation available to the constitutive model at time t.
The specific form of Mt may vary considerably depending on the constitutive formulation.
Historical information may be discarded entirely, compressed into accumulated descriptors,
retained through evolving internal states, or represented through more complex physical
or computational structures [7,13,17,29,30].

From this perspective, constitutive modeling may be viewed as a process of history
representation rather than merely stress prediction. The predictive capability of a constitu-
tive model under complex loading conditions depends not only on its mathematical form
but also on the amount and type of historical information that remains available to the
model during deformation. Two constitutive formulations may therefore achieve similar
fitting accuracy under monotonic loading while possessing substantially different abilities
to distinguish alternative deformation paths [27,30,31].

This observation suggests that path dependence should be examined at the level
of constitutive information architecture. The central question is not whether a model
is empirical, physically based, or data driven, but rather how deformation history is
represented within the constitutive structure itself. This viewpoint provides the conceptual
foundation for the memory-architecture framework developed in the following section.

3. Path-Dependent Constitutive Modeling Frameworks
3.1. Memory-Architecture-Based Classification

Based on the memory-architecture perspective introduced in Section 2, four broad
classes of constitutive models are distinguished according to how deformation history is
represented within the constitutive structure.

For clarity, the generic constitutive forms listed in Table 1 use three abstract
memory representations:

P denotes projected descriptors through which deformation history is compressed
into fitted quantities, typically strain-dependent parameters; S denotes a finite set of
independently evolving internal state variables; M denotes high-dimensional memory rep-
resentations, including latent sequence states, physical fields, or other rich state structures.

The defining characteristics of each class are summarized in Table 1.

Table 1. Memory-architecture-based classification of constitutive models.

Type Memory Architecture Memory Representation Generic Constitutive
Form

Representative
Examples

I Stateless None σ = f (ε̇, T) Basic power-law, steady
Arrhenius [32,33]

II Implicit/Projected
Memory

Strain-dependent
descriptors σ = f (ε̇, T, P(ε))

Strain-compensated
Arrhenius, modified
JC [27,31,34]

III Reduced-Order Memory Internal state variables σ = f (ε̇, T, S)
ISV, DRX, grain-size,
damage
models [7,13,35,36]

IV High-Dimensional/
Explicit Memory

Latent states, physical
fields, sequences σ = f (ε̇, T, M)

LSTM, Transformer,
microstructure-resolved
models [30,37,38]
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The following subsections examine each of these four architectures in order of increas-
ing memory capacity, from stateless formulations to high-dimensional memory models.

3.2. Implicit or Projected Memory Models

Implicit or projected memory models denote constitutive formulations in which de-
formation history is not retained through independently evolving state variables. Instead,
historical information is compressed into instantaneous constitutive descriptors, most com-
monly strain-dependent parameters or coupled thermo-mechanical quantities. The defining
feature of this architecture is that deformation history influences the constitutive response
only through its effect on current parameter values. Consequently, the model retains a
limited representation of prior deformation while avoiding explicit state evolution.

3.2.1. Forms of History Projection

The most common form of projected memory is strain-based parameter evolution.
In strain-compensated Arrhenius formulations, constitutive parameters such as the stress
exponent, activation energy, stress multiplier, and prefactor are expressed as functions
of accumulated strain, typically through polynomial fitting or interval-wise calibration
procedures [27,39–49]. Similar approaches are widely adopted in modified Arrhenius and
strain-ratio-based formulations, where strain-dependent scaling functions are introduced
to improve the description of strain hardening and softening behavior without introducing
independent state variables [22,50,51].

Projection can also be distributed across multiple constitutive parameters. In general-
ized Arrhenius formulations, modified Johnson–Cook models, and related phenomenologi-
cal constitutive equations, quantities such as activation energy, stress exponent, hardening
exponent, and thermal softening parameters evolve simultaneously with strain and thermo-
mechanical conditions [34,47,52,53]. Although the constitutive representation becomes
more flexible, the historical information remains embedded within parameter values rather
than retained through independently evolving state variables.

A further extension incorporates process-specific or stress-state descriptors. Examples
include constitutive formulations involving stress triaxiality, Lode angle, electric current
density, machining parameters, or other coupled process variables [54–59]. Similar con-
cepts appear in forming-process studies where loading conditions influence constitutive
calibration or process response [60]. Despite differences in implementation, all of these
approaches share the same architectural principle: deformation history is represented
indirectly through instantaneous descriptors rather than through an explicit memory state.

3.2.2. Predictive Capability and Structural Limitations of Projected-Memory Models

Projected-memory models have demonstrated excellent predictive performance un-
der monotonic deformation paths and within calibrated processing windows. Strain-
compensated Arrhenius formulations, modified Arrhenius equations, and Johnson–Cook-
type models consistently provide improved fitting accuracy compared with fully stateless
formulations, particularly for describing strain hardening, flow softening, and steady-state
flow behavior under proportional loading conditions [27,31,34,44]. In most studies, valida-
tion is performed using constant strain-rate and temperature tests, and model quality is
evaluated primarily through flow-stress prediction accuracy [42,43,47,49].

From a memory-architecture perspective, however, these predictive gains arise from
history projection rather than history retention. Because prior deformation is compressed
into instantaneous descriptors, different thermo-mechanical paths that converge to the
same descriptor values become constitutively indistinguishable. This limitation is structural
rather than a consequence of calibration quality. As a result, projected-memory models
are well suited for interpolation within calibrated monotonic regimes, but their ability to
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represent strain-rate jumps, thermal transients, multi-stage loading, or other sequence-
sensitive deformation paths remains inherently constrained. These limitations motivate
constitutive frameworks that retain deformation history through independently evolving
memory states.

3.3. Reduced-Order Memory Models

Reduced-order memory models retain deformation history through a finite set of
explicitly evolving internal state variables that are directly coupled to the constitutive
response. Rather than storing the full deformation sequence, these models represent
history through selected state descriptors intended to capture the mechanically relevant
consequences of prior loading. Typical examples include dislocation density, grain size,
recrystallized fraction, phase fraction, and damage-related variables, each governed by
prescribed evolution laws [7,18,36,61,62]. Compared with projected-memory models, de-
formation history is not embedded in fitted parameters but retained in the current values
of independently evolving state variables.

3.3.1. Internal-State Representation of Deformation History

The central assumption underlying reduced-order memory models is that the effects of
deformation history can be represented by a low-dimensional internal state vector. Through
incremental evolution laws, variables such as grain size, dislocation density, recrystallized
fraction, phase fraction, and damage indicators continuously accumulate information
associated with strain, strain rate, temperature, and other loading factors [6,35,63]. The con-
stitutive response therefore depends not only on the instantaneous loading condition but
also on the current internal state generated by prior deformation.

This strategy is widely adopted in unified viscoplastic formulations, grain-size evolution
models, dynamic recrystallization models, damage and cavitation models, and multi-phase
constitutive frameworks [7,18,36,62,64,65]. Although the physical interpretation of individ-
ual state variables differs among formulations, they share the same architectural principle:
deformation history is retained in a compressed but explicitly evolving state space. Inter-
nal variables enter the constitutive response directly through hardening, softening, phase-
transformation, grain-growth, or damage-related mechanisms, enabling the model to represent
microstructure-sensitive and partially sequence-dependent behavior [36,62,66].

Because state evolution is integrated incrementally through time, reduced-order memory
models are inherently capable of representing path dependence. Studies involving strain-rate
jumps, loading-path changes, cumulative shear deformation, and transformation-induced
effects have shown that different loading histories can produce different internal states and
stress responses even at identical strain levels [6,7,35,67,68]. However, in many formulations,
path dependence is architecturally present but only partially exercised, as validation is com-
monly performed under monotonic deformation at different strain rates or temperatures
rather than under explicitly path-distinguishing loading schedules [4,61,69,70].

3.3.2. Predictive Capability and Architectural Limitations of Reduced-Order
Memory Models

Reduced-order memory models provide a practical balance between constitutive
fidelity and model complexity. By explicitly coupling internal-state evolution with the con-
stitutive response, these models can represent strain-rate sensitivity, thermal-history effects,
microstructure-driven hardening and softening, dynamic recrystallization, phase evolution,
damage accumulation, and selected classes of sequence-dependent behavior [35,62,67].
As a result, they are particularly attractive for SPF simulations in which microstructural
evolution, cavitation, or formability prediction plays an important role.
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From a memory-architecture perspective, however, the memory capacity of these
models remains finite. As discussed in Section 2.2, the information-reduction problem
implies that distinct loading paths may evolve toward similar internal states despite
differences in their actual deformation histories. The predictive capability of reduced-order
memory models consequently depends strongly on the selection of state variables and the
adequacy of their evolution equations. While they represent a substantial advance beyond
projected-memory approaches, their ability to distinguish highly complex, long-range,
or strongly sequence-dependent deformation histories remains constrained by the reduced
dimensionality of the internal state space.

3.4. High-Dimensional or Explicit Memory Models

High-dimensional or explicit memory models represent deformation history through
rich state representations, including high-dimensional physical states, latent sequence
states, and spatially resolved fields, which preserve substantially more information than
the compressed representations of Type II and III architectures. The defining architectural
characteristic of this class is expanded memory capacity, enabling the constitutive response
to remain sensitive to loading order, temporal interactions, and complex deformation
histories that may be indistinguishable under reduced-order representations.

3.4.1. Forms of High-Dimensional Memory Representation

One route to high-dimensional memory is through physically explicit state spaces. Multi-
variable dislocation-based models, morphology-resolved formulations, and micromechanics-
based approaches retain history by simultaneously tracking large numbers of interacting
microstructural variables, including multiple dislocation populations, grain and subgrain
structures, boundary characteristics, phase fractions, and orientation-dependent quanti-
ties [37,71,72]. Although individual variables may be physically interpretable, the combined
state space becomes high-dimensional and evolves recursively through coupled evolution
laws. Deformation history is therefore retained in the collective state of the system rather
than in a small set of reduced descriptors.

A second route is sequence-based memory learned directly from data. Recurrent
neural networks, particularly LSTM-based constitutive models, encode deformation history
through high-dimensional hidden states that are updated continuously as the loading
sequence evolves [30,73–76]. More recent attention-based and Transformer-inspired archi-
tectures extend this concept by allowing the constitutive response to selectively attend to
different portions of the deformation history [38,77]. In contrast to predefined internal-state
variables, these latent representations are learned automatically from data and can preserve
ordering, timing, and long-range interactions among prior deformation events.

Despite differences in implementation, both physically explicit and data-driven ap-
proaches share the same architectural principle: deformation history is retained in a rich
memory representation whose dimensionality exceeds that of conventional internal-state-
variable models. As a result, loading paths that collapse to similar descriptors or state vec-
tors in lower-dimensional models may remain distinguishable within the high-dimensional
memory space.

3.4.2. Predictive Capability and Architectural Limitations of High-Dimensional
Memory Models

High-dimensional memory models offer the strongest capacity for representing path
dependence among the constitutive architectures considered in this review. Studies have
demonstrated their ability to reproduce strain-rate jump effects, non-isothermal deforma-
tion, complex multi-stage loading histories, orthogonal hardening and softening, and other
sequence-sensitive responses that are difficult to represent using projected or reduced-
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order memory structures [30,37,73,74]. Their flexibility also enables the integration of
microstructural information, physical constraints, and data-driven learning within a uni-
fied constitutive framework [38,71].

From a memory-architecture perspective, however, increased memory capacity is
accompanied by increased complexity. Physically explicit models require large numbers of
state variables, extensive calibration data, and significant computational resources [71,72].
Data-driven architectures depend on path-resolved training datasets and often lack direct
physical interpretability, making extrapolation beyond the training domain difficult to
assess [75,76]. Moreover, despite their theoretical advantages, most published validations
remain concentrated on monotonic or weakly varying loading paths, while applications
involving strongly non-proportional SPF histories remain comparatively limited [38,77].

Consequently, high-dimensional memory models should be viewed not as univer-
sal replacements for reduced-order formulations, but as upper-bound representations of
constitutive memory. Their principal value lies in demonstrating the extent to which path
dependence can be retained when memory constraints are relaxed, thereby providing
useful benchmarks and inspiration for the development of hybrid architectures that balance
predictive capability, interpretability, and practical implementation in SPF simulations.

3.5. Architecture-Level Synthesis

Figure 3 summarizes the principal mechanisms through which deformation history is
represented within the four constitutive memory architectures introduced in this review.
The figure illustrates a progression from complete history elimination, through history
projection and reduced-order state evolution, to high-dimensional memory representations
capable of retaining richer information about prior deformation. Viewed from this per-
spective, constitutive models differ not only in their mathematical formulation but also
in the amount of historical information retained and made available to influence future
material response.

The practical implications of these architectural differences are summarized in Table 2.
As memory capacity increases, constitutive models generally gain greater ability to rep-
resent path-dependent behavior, but this is accompanied by increasing calibration effort,
data requirements, and implementation complexity. Consequently, no single architec-
ture is universally optimal. The appropriate choice depends on the balance between
predictive requirements and the cost associated with retaining additional deformation-
history information.

Table 2. Cost–benefit comparison of constitutive memory architectures.

Type Memory Capacity Principal Benefit Main Trade-Off

I None Simple and
computationally efficient No path representation

II Low Improved accuracy under
monotonic loading

Limited
path distinguishability

III Moderate Physically interpretable
path representation

Additional calibration and
state evolution

IV High Strong sequence and
history sensitivity

High data and computa-
tional requirements

While the specific implementations differ substantially, the four classes can be viewed
as occupying different positions along a continuum of constitutive memory representation,
providing a unified basis for comparing empirical, physically based, and data-driven
constitutive approaches.
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Figure 3. Conceptual representation of deformation-history retention across constitutive memory ar-
chitectures. The schematic illustrates the progressive transition from stateless constitutive formulations
to high-dimensional memory architectures, highlighting the increasing amount of deformation-history
information retained and made available to influence constitutive response. Colors are used only to
distinguish different constitutive memory architectures. Ellipses (“. . . ”) indicate representative rather
than exhaustive memory descriptors or sequential states.

4. Discussion: Implications of Memory Architecture for SPF
The classification presented in Section 3 highlights that constitutive models differ

primarily in how deformation history is represented. The practical importance of these
differences depends on the prediction task. While some SPF applications require only an
accurate description of the instantaneous flow response, others depend critically on the
ability to track evolving material states and cumulative deformation effects. The following
discussion therefore examines the relationship between constitutive memory and SPF
process requirements, evaluates current modeling practices, and considers future directions
for constitutive development.

4.1. Memory Capacity Versus SPF Process Requirements

For monotonic flow-stress prediction, Type I and Type II architectures are generally
sufficient because the material follows a relatively simple thermo-mechanical trajectory
and the constitutive response is governed primarily by the current strain rate and tem-
perature. Classical power-law, Arrhenius-type, strain-compensated Arrhenius, and mod-
ified Johnson–Cook formulations have repeatedly demonstrated satisfactory predictive
performance within calibrated processing windows [27,31,42]. Under such conditions,
the deformation path contains limited additional information beyond the current load-
ing state, and increasing constitutive memory capacity therefore provides relatively little
practical benefit.

The requirements become more demanding when constitutive models are used for
SPF process simulation. Thickness evolution, strain localization, and pressure-cycle op-
timization involve continuously changing deformation conditions in which local strain
rate, stress state, and deformation history evolve throughout the forming process [7,17,62].
In these applications, the material response depends increasingly on the evolving internal
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state generated by prior deformation rather than on instantaneous loading conditions
alone. Wang et al. demonstrated that an ISV-based constitutive model improved thickness
prediction during hot gas pressure forming of welded titanium-alloy blanks by accounting
for the evolution of dislocation density and damage during deformation [7]. Similarly,
the strain-rate sensitivity index m evolves as microstructure changes during SPF, implying
that optimal pressure schedules depend on the current material state rather than on nomi-
nal forming parameters alone [68]. These requirements favor constitutive architectures that
explicitly retain deformation history through evolving state variables.

The strongest demand for constitutive memory arises when the prediction target itself
is an evolving internal state. Dynamic recrystallization, grain growth, phase transforma-
tion, cavitation, and damage accumulation are cumulative processes whose evolution
depends on the integrated effects of prior thermo-mechanical loading [6,13,17]. Different
deformation histories may therefore produce distinct microstructural states even when
they terminate at similar strain levels [17,78]. Constitutive formulations that represent
history only through projected descriptors are structurally unable to describe such phenom-
ena directly. Reduced-order memory architectures, particularly ISV-based formulations,
provide a natural framework because deformation history is retained through variables
such as grain size, recrystallized fraction, dislocation density, phase fraction, and damage
indicators [6,13,18]. The ability to distinguish internal states generated by different loading
histories consequently becomes essential for reliable prediction of microstructure evolution
and damage development.

Figure 4 provides a schematic framework linking representative SPF prediction tasks
to the constitutive memory architectures that are generally most advantageous for their
description. At the lowest tier, monotonic flow-stress prediction under constant strain-rate
and temperature conditions can often be adequately represented using Type I–II archi-
tectures, where the deformation path contributes relatively little information beyond the
instantaneous loading state. Thickness evolution and forming-path prediction under contin-
uously changing deformation conditions increasingly benefit from Type II–III architectures,
as the material response becomes more dependent on the evolving internal state generated
by prior deformation. When the prediction target includes microstructural evolution, such
as dynamic recrystallization, grain growth, or phase transformation, Type III architectures
provide a natural framework through explicit internal-state variables, including grain size,
recrystallized fraction, and dislocation density. Damage and cavitation prediction, which
depends on the cumulative effects of prior thermo-mechanical loading, may benefit from
Type III–IV architectures when greater representation of loading history and sequence
effects is required. At the highest tier, adaptive SPF control applications involving real-time
state estimation, process optimization, or strongly non-proportional loading histories can
particularly benefit from the enhanced deformation-history retention capacity of Type
IV architectures. This progressive mapping contextualizes the practical roles of the four
memory architectures and supports memory-aware constitutive-model selection in SPF
process simulation.

4.2. Critical Assessment of Current SPF Constitutive Modeling

Two broad observations emerge from the reviewed literature.

4.2.1. Dominance of Accuracy-Oriented Modeling Strategies

Despite increasing recognition that superplastic deformation is fundamentally his-
tory dependent, most constitutive studies continue to rely on projected-memory formula-
tions such as strain-compensated Arrhenius, modified Arrhenius, and Johnson–Cook-type
models [27,34,47,53]. These approaches remain attractive because they are computation-
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ally efficient, relatively straightforward to calibrate, and capable of providing satisfactory
predictive accuracy within calibrated processing windows.

Figure 4. Memory-aware framework for selecting constitutive architectures according to SPF pre-
diction requirements. The framework links representative SPF prediction tasks with constitutive
memory architectures of increasing memory capacity, illustrating how the need for deformation-
history retention grows from monotonic flow-stress prediction to microstructural evolution, damage
prediction, and adaptive process-control applications.

Their continued dominance has influenced not only constitutive-model develop-
ment but also the criteria used to evaluate constitutive performance. In much of the
SPF literature, model quality is assessed primarily through agreement with monotonic
flow-stress data, and improvements are commonly reported in terms of fitting accuracy,
correlation coefficients, or prediction errors [31,42,44]. Such metrics are undoubtedly im-
portant for practical implementation, particularly in finite-element simulations and process
optimization studies.

However, for path-dependent deformation processes, predictive accuracy and con-
stitutive capability are not necessarily equivalent. A model may reproduce monotonic
flow curves with high accuracy while providing limited information about how prior
thermo-mechanical history influences subsequent material response. Consequently, consti-
tutive fidelity is often implicitly equated with fitting performance, whereas the ability to
represent deformation history is evaluated far less frequently. The widespread adoption of
projected-memory formulations therefore reflects not only their practical advantages but
also a broader tendency within the literature to prioritize predictive accuracy over explicit
assessment of path-dependent behavior.

4.2.2. Gap Between Memory Capacity and Demonstrated Path-Dependent Capability

A distinction should first be made between studies conducted directly on titanium-
alloy SPF and studies drawn from other high-temperature deformation systems. Because ex-
plicitly path-distinguishing validation remains relatively uncommon in the titanium-SPF
literature, evidence in this review is supplemented by selected investigations on aluminum
and magnesium alloys, where similar history-sensitive deformation behavior, microstruc-
tural evolution, and constitutive-memory challenges have been examined. These studies are
not used to infer titanium-alloy behavior directly, but rather to evaluate general principles
of deformation-history representation and constitutive validation.
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Many Type III and Type IV constitutive architectures are structurally capable of retain-
ing deformation history through evolving internal states, latent sequence representations,
or physically explicit state variables. In practice, however, direct evidence demonstrating
path-distinguishing predictive capability remains comparatively limited.

Only a relatively small number of studies have employed explicitly path-distinguishing
loading schedules, including strain-rate jumps [7,30,79], multi-directional deformation [6],
multi-stage loading [80], cyclic or reversal loading [81], and non-constant thermo-mechanical
histories [73].

A representative example is provided by the work of Pei et al. [79], who compared
several constitutive formulations under strain-rate-jump conditions in a superplastic mag-
nesium alloy. Although the artificial neural network achieved the highest fitting accuracy
under monotonic loading, the ISV-based formulation produced superior predictions dur-
ing strain-rate transitions because deformation history was explicitly retained through
evolving internal states. The study illustrates a broader principle that is directly relevant
to SPF constitutive modeling: predictive performance under monotonic loading does not
necessarily indicate predictive capability under path-dependent conditions.

Table 3 summarises representative validation strategies reported in the reviewed
literature. A clear trend emerges: while constitutive memory capacity generally increases
from Type II to Type IV architectures, the number of studies employing correspondingly
demanding path-distinguishing validation procedures remains comparatively limited. As a
result, the advantages of higher-memory constitutive architectures are often inferred from
their structure rather than demonstrated through systematic validation.

Table 3. Representative validation strategies reported for constitutive models with different mem-
ory architectures.

Study Material Type Validation Path-Sensitive?

Arrhenius [27,31,42] Ti II Monotonic No
Johnson–Cook [53] Ti II Monotonic No
ISV models [13,17,18] Ti III Monotonic No *
Wang [7] Ti III Rate jump Yes
Guo [6] Ti III Multi-path Yes
Zhang [80] Ti III Multi-stage Yes
Bambach [30] Al IV Rate jump Yes
Gao [73] Al IV Variable history Yes
Li [81] Metal IV Reversal loading Yes
Wang [75] Metal IV Monotonic No *
Pei [79] Mg III Rate jump Yes

* Architecture capable but not experimentally demonstrated.

The evidence reviewed here therefore suggests that constitutive memory capacity and
demonstrated path-dependent predictive capability should not be treated as equivalent
concepts. Distinguishing between architectural potential and experimentally validated
performance provides a more reliable basis for comparing constitutive models intended for
SPF applications.

4.3. Future Directions
4.3.1. Hybrid and Physics-Informed Memory Architectures

The preceding discussion suggests that future constitutive development should not
aim to maximize memory capacity indiscriminately, but rather to retain the deformation-
history information necessary for the intended SPF prediction task. From this perspective,
hybrid constitutive architectures that combine physically interpretable internal state vari-
ables with data-driven learning components appear particularly promising.
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Recent studies have demonstrated the feasibility of integrating machine learning
with internal-state-variable frameworks. He and Chen developed a thermodynami-
cally consistent approach in which internal state variables are inferred from recurrent
neural-network representations [82]; although originally demonstrated on soil materials,
the thermodynamic-ML-ISV architecture is material-agnostic and directly applicable to
titanium-alloy constitutive modeling. Meyer and Ekre further showed that neural networks
can be embedded within constitutive evolution laws while preserving thermodynamic
consistency [83]. Such approaches offer a potential pathway for combining the interpretabil-
ity and FEM compatibility of Type III architectures with the enhanced sequence-learning
capability of Type IV models.

Physics-informed machine learning provides a complementary direction. By in-
corporating physical constraints directly into model architecture or training procedures,
these approaches improve robustness while reducing dependence on large path-resolved
datasets [84,85]. For SPF applications, where experimental data are often costly to obtain,
physics-informed frameworks may provide an effective means of representing complex
deformation histories without sacrificing physical consistency or practical implementability.

4.3.2. Path-Distinguishing Validation and Memory-Aware Evaluation

As Section 4.2.2 highlighted, constitutive memory is frequently assumed rather than
explicitly validated. Future progress therefore depends not only on developing new
constitutive architectures but also on establishing validation strategies capable of assessing
deformation-history representation directly.

Particular value may be found in benchmark datasets incorporating strain-rate jumps,
multi-stage deformation, non-proportional loading, and other path-distinguishing condi-
tions [6,7,30,73,80]. Such datasets would enable constitutive architectures with different
memory capacities to be evaluated on a common basis and would provide a more rig-
orous assessment of path-dependent predictive capability than conventional monotonic
testing alone.

More broadly, constitutive-model assessment may benefit from moving beyond fitting
accuracy as the sole performance criterion. Models intended for SPF applications should
increasingly be evaluated according to their ability to distinguish alternative deformation
histories, reproduce evolving material states, and retain the information required for the
prediction task of interest. From a memory-architecture perspective, the ultimate objective
is not to maximize constitutive memory but to determine the amount of memory that is
necessary, measurable, and practically useful for reliable SPF process prediction.

5. Conclusions
This review examined constitutive modeling for titanium-alloy superplastic forming

(SPF) from the perspective of deformation-history representation. A memory-architecture
framework was proposed to classify constitutive models according to how prior thermo-
mechanical information is retained and utilized during deformation. Four broad constitu-
tive architectures were identified: stateless models, implicit or projected memory models,
reduced-order memory models, and high-dimensional memory models.

The analysis suggests that differences among constitutive models extend beyond their
mathematical formulation or predictive accuracy. More fundamentally, they differ in the
amount and type of deformation-history information available to influence the current
material response. From this perspective, constitutive modeling may be viewed as a prob-
lem of history representation. The review further indicates that the practical value of
constitutive memory depends strongly on the prediction objective. Conventional Type I–II
architectures are often sufficient for monotonic flow-stress prediction, whereas Type III
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architectures become increasingly important for thickness evolution, microstructural evo-
lution, and damage-related SPF simulations. Type IV architectures offer greater sequence
sensitivity but currently face challenges associated with data requirements, interpretability,
and industrial implementation.

The memory-architecture perspective provides a common framework for comparing
empirical, physically based, and data-driven constitutive approaches. More importantly, it
suggests that constitutive-model selection should be guided not only by fitting accuracy
but also by the amount of deformation-history information required for the intended
prediction task. The central challenge for future SPF constitutive modeling is therefore not
to maximize constitutive memory, but to retain the history information that is necessary,
measurable, and practically useful for reliable process prediction.
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