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Abstract 

Bimodular materials refer to materials that exhibit distinct elastic properties under tensile 

and compressive loading conditions. This study aims to analyze the buckling problem of 

bimodular thin cylindrical shells under axial compressive loading. In existing studies on 

the buckling behavior of thin shells, the bimodular effect of materials is rarely considered 

due to the complexity of the analysis. Therefore, based on the elasticity theory of different 

moduli, this paper presents a theoretical and numerical study on the buckling problem of 

thin cylindrical shells with bimodular effect under axial compression. Based on the defor-

mation characteristics of thin cylindrical shells under axial compression before and after 

buckling, a simplified mechanical model suitable for the buckling analysis of bimodular 

axially compressed thin cylindrical shells is established. The simplified mechanical model 

proposed in this paper decouples the membrane effect and bending effect during shell 

buckling by introducing the concept of the physical neutral layer. It divides the shell cross-

section into tensile and compressive regions according to the bending effect component, 

thereby fully accounting for the influence of the bimodular effect of materials on the lateral 

bending stiffness of the shell. Subsequently, through this simplified mechanical model, 

the analytical expression for the linear critical load of bimodular thin cylindrical shells 

under axial compression is obtained. Eigen Value buckling analysis of bimodular axially 

compressed thin cylindrical shells based on ABAQUS is carried out to validate the cor-

rectness of the analytical solution. The results indicate that the shell height L, the radius-

to-thickness ratio R/t, and the tension-to-compression modulus ratio E+/E− have significant 

influences on their linear critical load. Moreover, the larger the tensile to compressive 

modulus ratio, the more sensitive the linear critical load of the shell is to the bimodular 

effect of materials. Specifically, when the E+/E− ratio of the shell equals 1/2, the correspond-

ing linear critical load is approximately 10% higher than that predicted by the classical 

solution. Meanwhile, when the E+/E− ratio equals 2, the linear critical load of the shell is 

approximately 21% lower than that predicted by the classical solution. The novelty of this 

study lies in that, for the first time, based on the simplified mechanical model of tension-

compression subarea, the influence of bimodular effect of materials is considered in the 

buckling analysis of thin cylindrical shells under axial compression, which provides a new 

analytical idea for the refined analysis and optimal design on it. 
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1. Introduction 

Outstanding mechanical properties under compression, bending, and torsion are 

conferred by the closed circumferential geometry of cylindrical shells; this geometry also 

permits highly efficient material usage. Consequently, such shells are widely employed 

in the aerospace, marine, and civil engineering sectors [1–6]. In engineering applications, 

these shells often serve as pressure-bearing components and are predominantly subjected 

to axial or radial compressive loads; as a result, the internal forces are dominated by mem-

brane forces and bending moments. In particular, thin-walled cylindrical shells are highly 

susceptible to buckling failure when subjected to axially compressive loading [7]. 

For cylindrical shell structures, the linear critical load derived from small deflection 

buckling theory has long been the core index for the stability design in practical engineer-

ing, as it provides a reliable and conservative prediction of the buckling load for perfect 

shells. The linear buckling of thin cylindrical shells under axial compression has thus long 

stood as a central issue in solid mechanics research. In structural stability analysis, buck-

ling evaluation mainly includes eigenvalue buckling and nonlinear buckling analysis. Ei-

genvalue buckling solves the generalized eigenvalue problem of elastic and geometric 

stiffness matrices, providing a conservative upper bound for perfect structures with high 

efficiency [8]. Nonlinear buckling traces the full equilibrium path via incremental loading, 

capturing nonlinear effects and postbuckling behavior but requiring more computational 

resources [9]. Notably, eigenvalue buckling modes are widely used as initial imperfections 

in nonlinear simulations [9]. This study adopts eigenvalue buckling analysis to derive the 

closed-form critical load solution for bimodular shells, laying a foundation for subsequent 

imperfection-involved postbuckling research. At the same time, progress in materials sci-

ence and advances in shell fabrication methods have allowed engineers to embed high-

performance composites into such shells with increasing frequency. Their efficient em-

ployment in various complex and extreme conditions is consequently made possible. 

However, the intrinsic anisotropy or nonlinear constitutive behavior of composites (e.g., 

the bimodular effect) poses substantial obstacles to theoretical predictions of buckling and 

failure. Hence, linear buckling studies of composite thin cylindrical shells have rapidly 

emerged as a primary focus within shell structure research in recent years [10–16]. 

By incorporating the bimodular effect of materials, this work offers a new extension 

to the buckling problem of axially compressed thin cylindrical shells. Notably, the bimod-

ular effect exists in nearly all engineering materials, whether monolithic or composite, 

with only the degree of its prominence varying [17–19]. Systematic uniaxial tensile and 

compressive tests have confirmed the presence of pronounced tension-compression mod-

ulus asymmetry in typical cast metal alloys, such as zinc-aluminum (ZA) alloys and tin 

bronze matrices. For the widely used ZA27 cast zinc-aluminum alloy, the measured ten-

sile elastic modulus is approximately 77.9 GPa, while the compressive elastic modulus 

reaches about 89 GPa, corresponding to a relative difference of 14.2%. For ZCuSn10P1 tin 

bronze, a representative bearing bronze matrix, the tensile elastic modulus is around 100 

GPa and the compressive elastic modulus is approximately 109 GPa, with a relative dif-

ference of 9.0% [20]. This asymmetry originates from the anisotropy of grain orientations, 

multiphase microstructures, and the asymmetric dislocation motion under tensile and 

compressive loading conditions [21]. Furthermore, the bimodular effect is not exclusive to 

fiber-reinforced composites. It spans multiple length scales, and a large body of experi-

mental evidence has been accumulated over recent decades. For advanced nanocompo-

sites reinforced with carbon nanotube or graphene nanofillers, the mismatch in interfacial 

bonding strength and the preferential orientation distribution of nanofillers further inten-

sify the tension-compression modulus asymmetry. With optimized filler content and dis-

persion state, the ratio of tensile modulus to compressive modulus can exceed 1.5, which 

has been validated by molecular dynamics simulations and quasi-static mechanical tests 
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[22,23]. Meanwhile, from the perspective of tribology and surface engineering, the for-

mation of tribologically induced layers (tribolayers), work-hardened subsurface zones 

and microcrack arrays during wear processes causes pronounced discrepancies in elastic 

properties between the modified surface layer and the bulk substrate. In advanced lubri-

cated mechanical systems employing heterogeneous coating structures—such as dia-

mond-like carbon films and ceramic-reinforced composite coatings—this surface-sub-

strate modulus mismatch becomes more prominent, leading to apparent bimodular char-

acteristics in macroscopic contact stiffness and load-bearing response [24,25]. In the field 

of fracture and damage mechanics, extensive studies have confirmed that internal mi-

crocracks and microvoids exhibit fundamentally different mechanical behaviors under 

tension and compression: cracks open under tensile stress and degrade the overall stiff-

ness, whereas they close under compressive stress and partially restore structural stiffness. 

Combined with the frictional sliding effect on crack surfaces, this unilateral contact mech-

anism ultimately gives rise to macroscopic tension-compression modulus asymmetry. 

This phenomenon has been widely observed in rock, concrete and fatigue-damaged me-

tallic materials, and has become a core basis for developing unilateral damage constitutive 

models [26,27]. 

Practical engineering has seen widespread adoption of composite cylindrical shell 

structures; meanwhile, for composite materials in particular, the combination of distinct 

material constituents typically results in a significant bimodular effect. In marine engi-

neering, for instance, composite cylindrical shells are routinely utilized as principal load-

bearing elements for the structural design of submarines and underwater vehicles; this 

practice stems from their superior mechanical performance and outstanding corrosion re-

sistance [28]. Similarly, within the aerospace sector, these composite shells are widely uti-

lized as critical load-bearing members in solid rocket motors; during launch, they primar-

ily bear axial compressive forces and transmit thrust between rocket stages [29]. These 

components are required to deliver stable and reliable performance under severe and 

harsh operating conditions; thus, their buckling load-carrying capacity is typically subject 

to stringent control. In this context, linear buckling analysis incorporating the bimodular 

effect for composite cylindrical shells is therefore of substantial research value and engi-

neering significance. Explicitly accounting for the bimodular effect in the analysis enables 

the full mechanical potential of composite cylindrical shells to be exploited, offering a the-

oretical reference for refined performance assessment and optimal structural design of 

such components. Unfortunately, the vast majority of existing investigations on shell sta-

bility assume that materials possess identical tensile and compressive moduli, a simplifi-

cation that essentially neglects the inherent bimodular effect. More recently, He et al. [30] 

conducted a series of theoretical studies on the postbuckling behavior of bimodular axi-

ally compressed thin cylindrical shells, their research results are only applicable to the 

analysis of perfect shells, and did not take into account the influence of shell imperfec-

tions. To extend the research on the stability behavior of bimodular axially compressed 

thin cylindrical shells to a more general case, it is necessary to introduce the corresponding 

linear buckling analysis results as the shell imperfection, so as to fully account for the 

influence of the coupling effect between the material bimodular effect and different im-

perfection forms on the postbuckling behavior of axially compressed thin cylindrical 

shells. Therefore, it is necessary to conduct the corresponding analysis of the linear buck-

ling behavior of bimodular axially compressed thin cylindrical shells to serve as an im-

portant supplement. However, in the existing research, studies on this aspect are quite 

scarce. To address this research gap, the present study aims to conduct a systematic theo-

retical and numerical study of the linear buckling behavior of bimodular thin cylindrical 

shells under axial compression. The remainder of this introduction is organized as fol-

lows. First, we will introduce the bimodular material model and its application in struc-
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tural analysis. Next, we will present a brief historical review of the fundamental theories 

related to the linear stability of cylindrical shells under axial compression. Finally, we will 

discuss the key challenges encountered in this research, as well as the main contributions 

of the present study. 

In the framework of classical elasticity theory, it is conventionally assumed that ma-

terials exhibit identical mechanical properties under tensile and compressive loading con-

ditions. Nevertheless, this assumption is merely an idealized approximation. As discussed 

earlier, a vast array of engineering materials exhibit, to varying degrees, different elastic 

moduli in tension and compression—a behavior known as the bimodular effect. The for-

mal concept of bimodular materials was first explicitly introduced by Jones [31] in 1977. 

For mechanical analysis of structures or components fabricated from such materials, the 

principal task lies in establishing and selecting suitable constitutive models that accurately 

capture the material properties. In the existing literature, two main categories of constitu-

tive models are widely employed, and the essential difference between them resides in 

the criterion adopted to distinguish between the tensile and compressive moduli. One of 

them is Bert’s model [32], which was originally developed for anisotropic materials. This 

model takes the sign of the longitudinal strain of fibers as the judgment criterion, and it is 

commonly applied in the analysis of composite laminate structures [33–36]. The other one 

is Ambartsumyan’s model [20], which was proposed for isotropic materials. In this model, 

the sign of the principal stress at a specific material point is used as the judgment criterion. 

This model describes the stress–strain relationship of the material as a piecewise function 

at the origin, as illustrated in Figure 1. Specifically, to differentiate between the tensile 

modulus and the compressive modulus, the tensile modulus E+ is adopted when the stress 

σ is positive (i.e., the material is in a tensile state), while the compressive modulus E− is 

used when the stress σ is negative (i.e., the material is in a compressive state). For conven-

tional materials where the bimodular effect is not considered, the two moduli satisfy the 

relationship E+ = E−, and thus the bi-linear model shown in Figure 1 can be simplified into 

a conventional straight-line stress–strain relationship. Figure 1a presents a dashed curve 

that represents the true stress–strain relationship of bimodular materials, suggesting that 

the actual curve remains smooth and continuous at the origin. Wolf’s experimental find-

ings [37] further confirm this observation. However, incorporating the smoothness of the 

stress–strain curve at the origin renders the entire analytical treatment exceedingly com-

plicated, while offering negligible practical value for engineering applications. For this 

reason, in practical engineering analysis, the bi-linear constitutive model is the most com-

monly used approach to describe the bimodular properties of materials. 

 
(a) (b)  (c) 

Figure 1. Bi-linear constitutive model for materials with bimodular effect: (a) Realistic behavior of 

materials (the red dashed curve); (b) E E+ − ; (c) E E+ −  [30]. 

During the past two to three decades, the growing attention paid to the mechanical 

properties of materials, together with the continuous progress in mathematical solution 

techniques, has promoted a relatively active research period for the application of bimod-

ular material models in structural analysis. During this period, a large number of analyt-

https://doi.org/10.3390/ma19142964


Materials 2026, 19, 2964 5 of 40 
 

https://doi.org/10.3390/ma19142964 

ical and numerical research works have emerged, most of which are based on the Am-

bartsumyan model. One core requirement of this model is that the stress state of each 

material point needs to be determined in advance before the analysis. Such a preliminary 

evaluation is feasible only for certain structural elements under simple loading condi-

tions—for instance, beams or plates in pure bending—where the stress states at material 

points can be reasonably estimated before analysis [38–40]. In more complex practical sce-

narios, structures typically experience complicated stress states, rendering direct applica-

tion of the Ambartsumyan model to obtain analytical solutions extremely difficult. To ad-

dress this limitation, the finite element method (FEM) combined with iterative strategies 

has been widely employed in the relevant literature. In the widely adopted direct iterative 

variable-stiffness method, the principal stress state of each element is reassessed at every 

iteration, so that the stiffness matrix can be updated for the subsequent iteration [41–43]. 

Driven by the convergence difficulties inherent in these iterative methods, Du et al. [44] 

proposed a new computational framework capable of achieving asymptotically quadratic 

convergence for both small- and finite-deformation problems. Studies on the effects of 

bimodular materials have progressively moved beyond conventional structural elements 

such as beams and plates [38–40], and now extend to more intricate structures including 

arches and shells [45,46]. In addition, this research has also been extended to the field of 

road engineering materials, including cement-stabilized base layers [47] and asphalt pave-

ments [48]. Due to these developments, the research on the bimodular effect has been at-

tracting increasing attention from the international academic community. 

Within the domain of solid mechanics, the linear buckling of axially compressed thin 

cylindrical shells has historically stood as a classic problem. The earliest research work in 

this field can be traced back to the pioneering studies by Lorenz [49] and Timoshenko [50]. 

Back in the early 20th century, these two researchers developed the classical linear small 

deflection buckling theory, which provided the complete theoretical formulations for the 

critical buckling load of thin cylindrical shells under uniform axial compression. In this 

theoretical framework, the geometric nonlinearity caused by large deformation was not 

taken into account. In addition, the geometric relationship of shell deformation was sim-

plified by neglecting the nonlinear terms induced by the rotation of the shell mid-surface. 

Based on these simplifications, they successfully derived a closed-form analytical solution 

for the critical buckling load of axially compressed cylindrical shells. By this stage, the 

core framework of shell stability theory had largely been established. Later experiments 

by Robertson [51], however, revealed that the actual critical load of axially compressed 

thin cylindrical shells was far lower than the predictions of Lorenz and Timoshenko—in 

some instances, only one quarter of the theoretical value—and the measured data showed 

substantial scatter. This pronounced discrepancy between theory and experiment drew 

extensive research interest, and a surge of investigations into the linear stability of such 

shells consequently emerged during this period, all aimed at refining the small-deflection 

buckling theory. 

In recent years, researchers have continuously refined the small deflection linear 

buckling theory of cylindrical shells. For instance, Ji [52] proposed a refined linear-elastic 

solution for the elastic critical buckling of axially compressed thin-walled cylindrical 

shells, which re-examined the circumferential closed-loop eigenmode solution of non-ax-

isymmetric periodic buckling, providing a new perspective to understand the discrepancy 

between classical theoretical predictions and experimental results. Meanwhile, Musa et al. 

[53] derived a closed-form formula for the non-axisymmetric buckling stress of axially 

compressed circular cylindrical shells, which fully considered the influence of geometric 

and material parameters, and provided a convenient design tool for engineering practice. 

In addition, Tănase et al. [16] conducted an analytical and numerical study on the linear 

buckling behavior of FRP-reinforced steel cylindrical shells under axial compression, 
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based on the Donnell small deflection shell theory, which verified the effectiveness of the 

small deflection theory in the stability analysis of composite reinforced shells. In addition, 

Civalek [54] applied the discrete singular convolution method to the linear buckling anal-

ysis of composite cylindrical shells, which provided an efficient numerical solution for the 

small deflection buckling problem of composite shells. Panek et al. [55] conducted exper-

imental tests on the buckling of composite cylindrical shells under multiaxial loading, 

which provided experimental verification for the small deflection buckling theory. Shen 

et al. [56] investigated the strain response and buckling behavior of composite cylindrical 

shells under external pressure, which verified the effectiveness of the small deflection the-

ory for different boundary conditions. 

Prior to commencing the formal research work, the primary and foremost task for us 

is to establish a corresponding mechanical model that can provide solid support for the 

subsequent theoretical analysis. Specifically, within the framework that combines classical 

bending theory and membrane theory, a criterion is required to establish whether the 

stress at a given material point along the three mutually perpendicular directions (axial, 

circumferential, and radial) is tensile or compressive. For illustration, the linear buckling 

mode of an axially compressed thin cylindrical shell—which generally assumes a peri-

odic, small-amplitude diamond deformation pattern—is presented in Figure 2. Obviously, 

if we only take the membrane effect into account, the axial stress can be directly deter-

mined as compressive. However, ascertaining whether the circumferential stress (along 

the s-axis in Figure 2) and the radial stress (along the γ-axis) are tensile or compressive 

poses considerable difficulty. This is because the deformation of the shell is quite compli-

cated, which involves both outward bulging and inward concave deformation along the 

radial direction at the same time. What is more, in this case, we also need to take the bend-

ing effect into full consideration. Hence, ascertaining the stress state and reducing the me-

chanical model emerge as a problem of considerable difficulty, and this represents the 

critical issue that must be tackled first in this investigation. 

 
(a) (b) 

Figure 2. Buckling failure model of a thin cylindrical shell under uniformed axial compression: (a) 

Front view of the shell model; (b) Top view of the shell model. 

The buckling behavior of axially compressed thin cylindrical shells exhibiting the bi-

modular effect is investigated theoretically and numerically in this study. From the po-

tential bimodular properties of advanced materials, this study focuses on their effects on 

the mechanical behavior of engineering structures. Compared with classical investiga-

tions into bimodular shell buckling, the proposed tension-compression partitioned model 

delivers a closed-form critical load solution with improved engineering practicability. A 

dedicated UMAT subroutine for eigenvalue buckling analysis of bimodular materials is 

developed and systematically validated through parametric studies, filling the research 

gap in the linear buckling analysis of bimodular axially compressed cylindrical shells. The 

findings of this research can provide theoretical reference and support for the optimal 
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design of composite pressure-bearing shells in aerospace and marine engineering. The 

structure of the paper is as follows. Section 2 proposes a simplified mechanical model with 

tension-compression subarea, and based on the deformation characteristics of the shell 

before and after linear buckling, we determined the tension-compression state of its cir-

cumferential membrane stress. Section 3, based on the simplified mechanical model pro-

posed in this paper, presents the basic equations of bimodular thin cylindrical shells under 

axial compression, including the geometric equations and physical equations, and deter-

mines the calculation formula of the neutral layer during shell buckling. Section 4, through 

the linear buckling governing equations of the shell, obtains the expression of the linear 

critical load of bimodular axially compressed thin cylindrical shells. Section 5 presents 

specific numerical examples, and conducts the corresponding numerical simulation based 

on ABAQUS. In Section 6, the influence of factors such as material properties and geomet-

rical dimensions on the buckling behavior of the shell is discussed in detail. Finally, Sec-

tion 7 presents the concluding remarks. 

2. Theoretical Analysis Model of Bimodular Thin Cylindrical Shells 

This section first presents the geometric dimensions of the solid model of thin cylin-

drical shells fabricated from bimodular materials, as depicted in Figure 3. For this solid 

model, its axial length is denoted by L, the radius R, and the wall thickness by t. Since the 

research object of this paper is thin shells, the ratio of wall thickness to radius must strictly 

satisfy t/R ≤ 0.05. Following Donnell’s thin shell theory [57], the normal stresses and strains 

through the thickness are omitted when the geometrical and physical equations for the 

shell are derived. The geometric mid-surface of the shell wall is indicated by a red dashed 

line in Figure 3, that is, the R adopted in this paper represents the mean radius of the shell. 

It is worth noting that when the bimodular effect of the material is taken into account, the 

position of the physical neutral layer does not coincide with this geometric mid-surface. 

 
(a) (b) 

Figure 3. Solid model of bimodular thin cylindrical shells: (a) Top view of the shell; (b) Front view 

of the shell [30]. 

2.1. Establishment of Simplified Mechanical Models 

Figure 4 presents the mechanical analysis sketch of a thin cylindrical shell subjected 

to uniform axial compression q (denoted by ⊗ in the top view), where the definitions of 

L, R, and t remain consistent with those in Figure 3. An orthogonal curvilinear coordinate 

system (o-αsγ) is set at the top of the shell, with the α-, s-, and γ-axes corresponding to the 

axial, circumferential, and radial directions. The local coordinate origin is o’, θ is the angle 

measured along the s-axis from o’ to any point on the circumference, satisfying ds = Rdθ. 

Meanwhile, a sliding simply supported boundary condition is applied to the top of the 

shell, which restricts all displacements and rotations of the shell except for the radial ro-
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tation and the translational motion along the α-axis. A clamped simply supported bound-

ary condition is imposed on the bottom of the shell, which restricts all displacements and 

rotations of the shell except for the radial rotation. 

Experimental observations confirm that, for isotropic simply supported thin cylin-

drical shells under axial compression, the linear buckling mode consistently adopts a pe-

riodic small-amplitude wrinkling pattern, irrespective of whether the material is mono-

lithic or composite [58–60], as depicted in Figure 2. Therefore, it can be inferred that when 

we take the bimodular effect of the material into account, the main buckling deformation 

mode of a thin cylindrical shell under uniform axial compression should also present a 

series of small alternating internal and external deflections along the γ-axis. In the classical 

stability theory of shells [49], the deflection function w(α, s) describing this deformation 

mode is set as 

( , ) sin sin
mπα ns

w α s f
L R

= , (1) 

in which, f is the amplitude of the deflection function, α and s are the axial and circumfer-

ential coordinates of a point on the shell, respectively, and m and n denote the buckling 

half-wave numbers along the axial (α direction) and circumferential (s direction) direc-

tions of the shell during buckling, respectively. For example, m and n in Figure 2 are 4 and 

24, respectively. 

Additionally, for the small deflection theory of thin plates, it is generally unnecessary 

to consider the mid-surface deformation of the plate caused by bending and the corre-

sponding membrane stress. However, for thin shell structures, according to Donnell’s 

shell theory [57], the mid-surface deformation of the shell must be considered in both the 

small deflection theory and the large deflection theory of shells. That is, once buckling 

occurs, the total stress on the cross-section can be decomposed into the bending stress 

induced purely by flexural deformation and the membrane stress induced purely by neu-

tral-surface deformation. If only the bending deformation is considered, the tensile zone 

and compressive zone in the simplified mechanical model can be determined according 

to the direction of the bending moment applied on the cross-section. 

 
(a) (b) 

Figure 4. Mechanical analysis sketch of the axially compressed thin cylindrical shell under simply 

supported boundary condition: (a) Top view of the shell; (b) Front view of the shell [30]. 

Accordingly, a simplified mechanical model for the thin cylindrical shell exhibiting 

bimodular effects is constructed based on this deformation theory, as shown in Figure 5. 

Without loss of generality, Figure 5a displays a segment with initial curvature, taken from 
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the shell along the circumferential direction. In this segment, the origin o″ of the local 

coordinate system lies on the neutral axis, whose location remains to be determined. Here, 

t1 and t2 denote the thicknesses of the tensile and compressive zones, respectively, obeying 

t1 + t2 = t, where t is the total cross-sectional thickness, namely the shell wall thickness. 

Moreover, in Figure 5, the physical quantities in the tensile zone are identified by the su-

perscript “+”, e.g., the elastic modulus E+ and bending stress σ+, while those in the com-

pressive zone are identified by “−”, e.g., E− and σ−. All subsequent analyses in this paper 

follow this notational convention. 

 
(a) 

 
(b) 

Figure 5. Tension-compression subarea simplified mechanical model of the shell: (a) Under bending 

moments; (b) Under membrane force in pure compressive zone [30]. 

Clearly, in the tension–compression subarea model shown in Figure 5a, the local co-

ordinate origin o″ is placed on the physical neutral surface, rather than on the conventional 

geometric midsurface. This coordinate choice effectively eliminates the coupling stiffness 

that would otherwise arise from the combined action of bending moment and membrane 

force on the cross-section. Consequently, bending deformation and mid-surface defor-

mation can be handled as two independent processes, substantially simplifying the sub-

sequent derivation of the governing equations. It should be emphasized that this is merely 

a change of reference frame, and thus it does not fundamentally alter the intrinsic me-

chanical behavior of the physical system. Strictly speaking, the tensile or compressive 

modulus at any point within the shell should be determined by the actual total stress state 

at that point. For buckling of axially compressed thin cylindrical shells, however, the total 

stress state at an arbitrary point is extremely complex, and its resolution can only be 

achieved through the mechanical analysis itself. In other words, aside from a few partic-

ularly simple problems—such as small-deflection pure bending of a one-dimensional 

beam—it is highly challenging to pre-estimate the stress state at a point in a deformable 

body prior to analysis. This situation makes it impossible to fix the elastic constants in the 

physical equations before the solution procedure. To overcome this difficulty, the simpli-

fied model presented in Figure 5 is introduced. By treating bending and mid-surface de-

formations as independent processes, this model allows the tensile and compressive stress 

states at each cross-sectional point to be predetermined. Through this approach, the de-

finitive form of the physical equations is readily obtained, rendering the problem consid-

ered in this study solvable. 
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Because the simplified mechanical model proposed in this work treats the membrane 

stress and the bending stress at any point inside the shell as two independent components, 

different elastic moduli are assigned to the same material when the bending deformation 

and the mid-surface deformation are analyzed separately. For this reason, the model pre-

sented in Figure 5 possesses only approximate, partial physical consistency. Only when 

the membrane stress in the shell is dominant or the ratio E+/E− approaches unity will this 

approximate treatment avoid introducing significant errors into the theoretical results. 

Meanwhile, classical shell stability theory [57] shows that the membrane stress of axially 

compressed thin cylindrical shells only on axial direction is indeed dominant during buck-

ling. Thus, the simplified model is fully applicable to the problem under investigation. 

Furthermore, this model has already been applied in our earlier studies and its effective-

ness has been validated by corresponding numerical simulations [45,46], which indirectly 

demonstrates the rationality of constructing the simplified model in the present work. 

In summary, when mid-surface deformation alone is considered, the axial membrane 

stress in the shell under compressive loading can be directly identified as compressive. 

The circumferential membrane stress, by contrast, cannot be immediately determined, as 

discussed in the Introduction. A more detailed analysis of the deformation process of a 

thin cylindrical shell under uniform axial compression is therefore required. Because the 

existing literature provides no theoretical proof or discussion on this matter, the next sub-

section addresses this gap by analyzing how circumferential fibers in an axially com-

pressed thin cylindrical shell deform before and after buckling, thereby supplying the the-

oretical basis for judging whether the circumferential membrane stress is tensile or com-

pressive during buckling. 

2.2. Determination of the Circumferential Membrane Stress State 

From the discussion on the simplified mechanical model for bimodular materials in 

the previous subsection, it can be known that to analyze the buckling behavior of bimod-

ular axially compressed thin cylindrical shells through theoretical methods, the initial de-

termination of the tensile or compressive state of the circumferential membrane stress is 

of vital importance, and this subsection will conduct a detailed elaboration on this critical 

issue. Subsequently, the method for determining the state of the circumferential mem-

brane stress in the shell under the linear buckling theory will be introduced. 

For the linear buckling problem of axially compressed thin cylindrical shells under 

simply supported boundary conditions, the most typical buckling mode is that a certain 

number of sinusoidal half-waves form along the axial and circumferential directions of 

the shell, as shown in Figure 2. The deflection function w(α, s) that describes this defor-

mation mode is given by Equation (1). According to the classical plate and shell theory, 

the circumferential membrane strain ,s m
  during the small deflection buckling of thin cy-

lindrical shells can be expressed as: 

,

( , )
( , )


= −


s m

w s
v s

s R


  , (2) 

where the subscript m stands for this strain component is the membrane strain, v is the 

displacement in the s direction, and it is a function of only two coordinate variables, α and 

s. By performing the circumferential closed integral with respect to the variable s on both 

sides of the above equation, the total deformation of mid-surface of the shell on circum-

ferential direction Δlc can be obtained as 

2 2 2

,0 0 0

1
( , ) ( , )


 = = −

  
R R R

c s m
l ds v s ds w s ds

s R

  

   . (3) 
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For cylindrical shell structures, to prevent the material from stacking or overlapping, 

the circumferential displacement should satisfy the closure condition, that is 

2

0
( , ) 0

R

v s ds
s






=
 . (4) 

Substituting Equations (1) and (4) back into Equation (3), it can be found that the total 

deformation of the circumferential fibers Δlc should satisfy 

sin = −
c s

f mπα
l I

R L
, (5) 

in which, the specific expression of Is is given by 

2

0
sin

πn

s

R
I ydy

n
=  , (6) 

here, y is the dimensionless parameter, and it satisfies y = ns/R. Obviously, since the cir-

cumferential buckling half-wave number n can only take positive integer values, the value 

of the definite integral Is is always zero. Combined with this conclusion, it can be inferred 

that, for thin cylindrical shells undergoing non-axisymmetric linear buckling under 

simply supported boundary conditions, the Δlc is always equal to zero, that is, 

2

,0
0 = 

πR

c s m
l ε ds . (7) 

This is consistent with the experimental phenomena observed by Kobayashi et al. 

[60], that is, when the axially compressed thin cylindrical shell structure undergoes buck-

ling failure, the total deformation of mid-surface of the shell on circumferential direction 

on each of its cross-sections is almost equal to the original length, which enables the cir-

cumferential fibers of the shell to achieve non-tensile deformation. Equation (7) strictly 

proves the correctness of this conclusion, providing corresponding theoretical support for 

the above experimental phenomena. Next, by combined with the experimental phenom-

ena observed by Kobayashi et al. [60] or the conclusion obtained from Equation (7), the 

circumferential membrane stress state of the shell can be determined. 

From the introduction to the deformation characteristics of the shell in Section 2.1, it 

can be known that, since the mid-surface of the shell structure has an initial curvature, the 

membrane stress generated solely by the neutral surface deformation of the shell must 

also be considered in the small deflection deformation theory of the shell. However, due 

to the introduction of the bimodular characteristic of materials, when solving the mem-

brane stresses in the shell through the equilibrium equations, the values of the elastic 

modulus and Poisson’s ratio in the equations will depend on the tensile or compressive 

stress state at that material point. To determine the values of the material constants in the 

equilibrium equations, we need to pre-judge only the tensile or compressive stress state 

of the membrane stresses in the axial and circumferential directions of the shell based on 

the deformation and mechanical characteristics of the shell before and after buckling, prior 

to solving the equations. It is worth noting that when only the mid-surface deformation 

of the shell is considered, the tensile or compressive stress state of the axial membrane 

stress induced by the uniform axial compressive load can be intuitively determined as the 

compressive stress state, while the tensile or compressive stress state of the circumferen-

tial membrane stress cannot be intuitively judged before the solution process. For this rea-

son, we divide the entire process of the shell from the initial loading to the occurrence of 

buckling instability into two stages to analyze the change law of the internal circumferen-

tial membrane stress of the shell separately. The specific analysis conclusions are as fol-

lows: 
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Phase I: We take the process of gradually increasing the axial load on the shell from 

zero to before the occurrence of linear buckling failure as the first stage of the analysis. For 

the linear buckling theory, since the bending deformation before buckling is not consid-

ered, it can be considered that, at the moment immediately before buckling, the length of 

the circumferential fibers of the cylindrical shell is always equal to the original perimeter 

2πR. However, due to the existence of the Poisson effect, the cylindrical shell will have a 

tendency of circumferential expansion during the process of axial compression along the 

α direction. It is worth noting that the simply supported boundary conditions at both ends 

of the shell shown in Figure 4 both constrain the displacement along the s-axis. Therefore, 

when only the mid-surface deformation is considered, the constraint along the circumfer-

ential direction brought by these simply supported boundary conditions will cause the 

circumferential fibers of the shells to be always under compression before buckling oc-

curred. In addition, the circumferential deformation of the shell before buckling is ex-

tremely slight, so the membrane forces induced by such mid-surface deformation at this 

stage are neglected within the classical plate and shell stability theory, and this treatment 

is undoubtedly reasonable. Nevertheless, for the analysis carried out in the present work, 

accounting for the tensile or compressive state of membrane forces at this stage facilitates 

the formulation of physical and equilibrium equations, which renders detailed consider-

ation and analysis necessary. 

Phase II: On the basis of the first stage, we continue to increase the axial load until 

the shell undergoes linear buckling failure, and this stage is taken as the second stage of 

the analysis. According to the experimental phenomena observed by Kobayashi et al. [60]. 

(non-tensile deformation of the circumferential fibers) or Equation (7), it can be known 

that, after the shell undergoes linear buckling, the total length of its circumferential fibers 

remains unchanged, and the circumferential membrane stress of the shell has already 

been compressive before linear buckling occurs. Therefore, we can determine in advance 

that the circumferential membrane stress of the shell is always compressive before and 

after linear buckling. 

In summary, we can draw the conclusion that the circumferential membrane stress, 

in the same way as the axial membrane stress, stays in the compressive state both prior to 

and after the occurrence of linear buckling. This conclusion will greatly simplify the con-

struction of the physical equations for thin cylindrical shells under axial compression that 

take the bimodular effect into account. 

3. Basic Equations of Bimodular Thin Cylindrical Shells 

3.1. Geometric Equation 

For the mid-surface strain of axially compressed thin cylindrical shells under the 

small deformation assumption, the geometric nonlinear terms caused by the flexural de-

formation will not be considered. It is assumed that the in-plane displacements of the shell 

along the α and s directions are u and v, then the mid-surface strain caused by this dis-

placement can be expressed as 

, , ,
,  ,  

α m s m αs m

u v v u
ε ε

α s α s

   
= =  = +
   

, (8) 

the subscript m in above equation indicates that this strain is caused by the mid-surface 

deformation. However, since the cylindrical shell structure has an initial curvature 1/R 

along its circumferential direction, the change of the shell deflection will cause strain along 

the circumferential direction. As shown in Figure 6, it is assumed that the distance that 

the original arc length ab translates towards the center of the circle is w, the new arc length 

after translation is a’b’, then the strain of the arc length ab can be expressed as 
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,

( )
s m

ds ds R w dθ Rdθ w
ε

ds Rdθ R

 − − −
 = = = − . (9) 

 

Figure 6. Mid-surface strain components due to circumferential deflection w. 

Combining Equations (8) and (9), the total mid-surface strain of the shell under the 

small deformation assumption can be obtained as 

, ,

, , ,

, ,

α m α m

s m s m s m

αs m αs m

u
ε ε

α
v w

ε ε ε
s R

v u

α s

 
= =





= +  = −


 

 =  = +   . 

(10) 

Meanwhile, considering that Equation (10) describes the in-plane deformation of the 

shell, it can also be referred to as the in-plane geometric equation. 

Moreover, the bending strain induced by cross-sectional torsion may be expressed as 

, , ,
,  ,  2= − = −  = −

α b α s b s αs b αs
ε χ γ ε χ γ χ γ , (11) 

where the subscript b identifies this strain component as the bending strain; χa, χs, and χas 

respectively represent the curvature and twist rate along the associated directions, which 

are defined as 

2 2 2

2 2
,  ,   

α s αs

w w w
χ χ χ

α sα s

  
= = =

  
. (12) 

Equations (11) and (12) together constitute the out-of-plane geometrical equation. 

In summary, the total strains of the shell along the α, s, γ directions eα, es, eγ can be 

expressed as 

,  = ,   = 2= − − −
α α α s s s αs αs αs

e ε χ γ e ε χ γ e ε χ γ . (13) 

3.2. Physical Equation 

Based on the stress-state analysis given in Section 2.1, the total stress on the cross-

section of an axially compressed thin cylindrical shell that exhibits the bimodular effect 

may be regarded as the sum of two separate contributions: the bending stress and the 

membrane stress. For this reason, the present section will develop separate physical equa-

tions to describe these two types of stress, respectively. To begin with, when considering 
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the membrane stress component, the circumferential membrane stress state we have de-

termined in Section 2.2 reveals that the membrane stresses along both the circumferential 

and axial directions remain in the compressive state across the entire thickness of the 

cross-section. Accordingly, the physical equations corresponding to this part of the anal-

ysis can be formulated as follows 

, , ,2

, , ,2

, ,

( )
1 ( )

( )
1 ( )

2(1 )

α m α m s m

s m s m α m

αs m αs m

E
σ ε μ ε

μ

E
σ ε μ ε

μ

E
τ

μ

−
− −

−

−
− −

−

−
−

−


= +

−


= +
−


 = 

+

, (14) 

where σi and τi designate the normal and shear stresses, while εi and ϒi designate the cor-

responding normal and shear strains. Since the membrane stress is uniformly distributed 

through the cross-sectional thickness, the resulting internal forces are given by 

, , ,2

, , ,2

, ,

( )
1 ( )

( )
1 ( )

2(1 )

α m α m s m

s m s m α m

αs m αs m

E t
F ε μ ε

μ

E t
F ε μ ε

μ

E t
F

μ

−
−

−

−
−

−

−

−


= +

−


= +
−


 = 

+

. (15) 

where Fα,m, Fs,m, and Fαs,m are the resultants of membrane stress. 

For the bending stress, the corresponding bending strain is shown in Equation (11). 

Meanwhile, considering the bimodular effect of the material, when deriving the physical 

equations related to the bending deformation, it is necessary to classify the bending stress 

of the tensile and compressive subarea according to the simplified mechanical model 

shown in Figure 5a. For the tensile region of the structure (0 ≤ γ ≤ t1), 

, , ,2 2

, , ,2 2

, ,

( ) ( )
1 ( ) 1 ( )

( ) ( )
1 ( ) 1 ( )

2(1 ) (1 )

α b α b s b α s

s b s b α b s α

αs b αs b αs

E γE
σ ε μ ε χ μ χ

μ μ

E γE
σ ε μ ε χ μ χ

μ μ

E γE
τ χ

μ μ

++
+ + +

+ +

++
+ + +

+ +

++
+

+ +


= + = − +

− −


= + = − +
− −


 =  = −

+ +

, (16a) 

and for the compressive region of the shell (−t2 ≤ γ ≤ 0), 

, , ,2 2

, , ,2 2

, ,

( ) ( )
1 ( ) 1 ( )

( ) ( )
1 ( ) 1 ( )

2(1 ) (1 )

α b α b s b α s

s b s b α b s α

αs b αs b αs

E γE
σ ε μ ε χ μ χ

μ μ

E γE
σ ε μ ε χ μ χ

μ μ

E γE
τ χ

μ μ

−−
− − −

− −

−−
− − −

− −

−−
−

− −


= + = − +

− −


= + = − +
− −


 =  = −

+ +

. (16b) 

According to the definitions of bending moment and torque, by integrating Equation 

(16) along the γ axis according to the corresponding tensile and compressive subarea, it 

can be obtained that 
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3 3

1 2

2 2

3 3

1 2

2

2

3

2

3

1

( ) ( )
3[1 ( ) ] 3[

(

1

1 ( ) ]

( ) ( )
3[1 ( ) ] 3[1 ) ]

(1 ) (13 )

α s α s

s α

α

s

α αss

s α

M
E t E t

χ μ χ χ μ

M

χ
μ μ

E t E t
χ μ χ χ μ χ

μ μ

E E
χ

μ μ

M

t t

+ −

+ −

+ −

+ −

+ −

+ −

+ −

+ −


= − −

= − −

 
= −  

  


+ +

− −



+ +
− −


 +

+ +

, (17) 

where Mα, Ms, and Mαs are the bending moment and torque. If we let 

3 3

1 2

2 2
,   

3[1 ( ) ] 3[1 ( ) ]

E t E t
D D

μ μ

+ −

+ −

+ −
= =

− −
, (18) 

which satisfies 

* + −= +D D D , (19) 

where D* is the equivalent bending stiffness of the bimodular shell introduced to facilitate 

subsequent derivations and simplify the expressions of equilibrium equations. Since 

Equation (18) is obtained by integrating over different regions on the same cross-section 

of the shell, the bending stiffness of the bimodular shell over the entire cross-section can 

be directly obtained by superposing the two terms in Equation (18). Meanwhile, with the 

aid of Equation (18), Equation (17) can be rewritten as 

( ) ( )

( ) ( )

(1 ) (1 ])[

α

s

αs

α s α s

s α s α

αs

M

D

D χ μ χ D χ μ χ

D χ μ χ χ μ χ

μ D μ D χ

M

M

+ + − −

+ + − −

+ + − −

 + +


+ +


= − −

−

= − −

− += −

. (20) 

Equations (15) and (17) are the internal force equations associated with membrane 

forces, bending moments and torque. Furthermore, given the selection characteristic of 

the coordinate system origin in the simplified mechanical model of this work, the bending 

deformation and the mid-surface deformation are uncoupled with each other. Therefore, 

when solely the bending deformation of the shell is taken into account, the normal result-

ant forces on the cross-sections along the two principal curvature directions must fulfill 

Nα = Ns = 0. Together with Equation (16), this condition yields 

1

2

2 2
0

1 2
, , 2 20

( ) ( ) 0
2[1 ( ) ] 2[1 ( ) ]

t

α α b α b α s α st

E t E t
N σ dγ σ dγ χ μ χ χ μ χ

μ μ

+ −

+ − + −

+ −−
= + = − + + + =

− −
  , (21a) 

and 

1

2

2 2
0

1 2
, , 2 20

( ) ( ) 0
2[1 ( ) ] 2[1 ( ) ]

t

s s b s b s α s αt

E t E t
N σ dγ σ dγ χ μ χ χ μ χ

μ μ

+ −

+ − + −

+ −−
= + = − + + + =

− −
  . (21b) 

Adding Equation (21a,b) will yield 

2 2

1 2

1 1

E t E t

μ μ

+ −

+ −
=

− −
, (22) 

combining above equation with t1 + t2 = t, the neutral surface position can be determined 

by the formula as follows 

1 2
(1 ) (1 )

,   
(1 ) (1 ) (1 ) (1 )

E μ E μt t

t tE μ E μ E μ E μ

− + + −

+ − − + + − − +

− −
= =

− + − − + −

, (23) 

where t1 and t2 are the tensile zone thickness and compressive zone thickness, respectively. 
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It is worth noting that Equation (23) indirectly determines the position of the neutral 

layer by obtaining the respective thicknesses of the tensile and compressive regions, and 

it does not directly represent the specific coordinate of the neutral layer on the cross-sec-

tion of the shell. That is, the final position of the neutral layer can only be obtained by 

determining the bending direction of the shell. Since the internal force Equation (17) were 

derived based on the direction of bending moment shown in Figure 5a, it can be seen from 

the schematic diagram of the non-axisymmetric buckling mode of the simply supported 

axially compressed thin cylindrical shell presented in Figure 2 that Equation (17) repre-

sents the physical equations for the regions of the shell exhibiting an inward concave de-

formation tendency. However, it can be seen from Figure 2 that in addition to the inward 

concave regions, a considerable portion of the shell regions exhibits an outward convex 

deformation tendency. Therefore, for the outward convex regions, the physical equations 

corresponding to the bending moment with the opposite direction to that in Figure 5a 

need to be considered. When the bending moment in Figure 5a is reversed (i.e., the cross-

section is located in the outward convex region), the position of its physical neutral layer 

will change accordingly. Nevertheless, since the simplified mechanical model of this work 

always places the coordinate origin o” on the neutral layer, the bending stress distribution 

in the tensile and compressive regions under the reversed bending moment can still be 

described by Equation (16). It is assumed that the thickness of the tensile region under the 

reversed bending moment Mr is denoted by δ1, and that of the compressive region is de-

noted by δ2, and the corresponding subarea model is shown in Figure 7. Similarly, by the 

aforementioned method of setting the normal resultant force to zero, we can solve that 

2

1

2 2
0

1 2
, , 2 20

( ) ( ) 0
2[1 ( ) ] 2[1 ( ) ]

δ

α α b α b α s α sδ

E δ E δ
N σ dγ σ dγ χ μ χ χ μ χ

μ μ

+ −

+ − + −

+ −−
= + = + − + =

− −
  , (24a) 

and 

2

1

2 2
0

1 2
, , 2 20

( ) ( ) 0
2[1 ( ) ] 2[1 ( ) ]

δ

s s b s b s α s αδ

E δ E δ
N σ dγ σ dγ χ μ χ χ μ χ

μ μ

+ −

+ − + −

+ −−
= + = + − + =

− −
  . (24b) 

Similarly, from Equation (24) and δ1 + δ2 = t, we can obtain the respective thicknesses 

of the tensile and compressive regions under the reversed bending moment as 

1 2
(1 ) (1 )

,   
(1 ) (1 ) (1 ) (1 )

E μ E μδ δ

t tE μ E μ E μ E μ

− + + −

+ − − + + − − +

− −
= =

− + − − + −

. (25) 

Clearly, the above equation indicates that δ1 and δ2 are numerically identical to t1 and 

t2 in Equation (23), with the only difference being the positions of the tensile and compres-

sive regions on the cross-section. Given that δ1 ≠ δ2, the shift of the tensile-compressive 

region positions will in turn cause the shift of the neutral layer. 

 

Figure 7. Tension-compression zones under reversed bending moments Mr in the outward convex 

region of the shell. 
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Furthermore, by integrating Equation (16) over the region shown in Figure 7, we can 

obtain the expression of the bending stiffness under the reversed bending moment as 

3 3
* 1 2

2 23[1 ( ) ] 3[1 ( ) ]
r r r

E δ E δ
D D D

μ μ

+ −

+ −

+ −
= + = +

− −
. (26) 

since δ1 = t1 and δ2 = t2, the bending stiffness under the reversed bending moment D*r is 

also numerically identical to D*. That is, under the reversed bending moment, although 

the position of the neutral layer of the shell shifts, its internal force equations can still be 

described by Equation (20). Therefore, the subsequent derivation of the governing equa-

tions will no longer distinguish or discuss the influence of the shell’s bending direction. 

4. Theoretical Solution of the Linear Critical Load 

4.1. Derivation of the Governing Equations 

Based on the general shell stability theory [61], the differential equations of equilib-

rium for the buckling problem of axially compressed thin cylindrical shells can be approx-

imately derived from the bending theory of constant-curvature shallow shells. When the 

constant-curvature shallow shells undergo small deflection bending under transverse 

loads, the equilibrium equations and compatibility equations are, respectively 

, , , ,

, , ,

0,  0 

0,  0 

( ) 2 ( ) 0

α m sα m s m αs m

α sα s αs
α s

α s
α m α α sα m αs s m s s L

F F F F

α s s α
M M M M

Q Q
α s s α

Q Q
F χ k F χ F χ k q

α s

   
+ = + =

   
   

+ − = + − =
   
 

+ + + + + + + =
 

, (27) 

and 

2 2 2

, , ,

2 2

1s m α m αs m

α

ε ε
χ

α s Rα s

   
+ − = −

  
, (28) 

where Qα and Qs are the lateral shear forces per unit width, and qL is the lateral load; kα 

and ks represent the initial curvatures of the constant-curvature shallow shells along the α 

and s axes, respectively. For cylindrical shell structures, their initial curvature can be easily 

determined as 

1
0,   

α s
k k

R
= = . (29) 

To fulfill the first two relations of Equation (27), the membrane forces may be repre-

sented by the Airy stress function Φ(α, s) as 

2 2 2

, , ,2 2
,   ,   

α m s m αs m
F F F

α ss α

     
= = = −

  
. (30) 

Because the thin cylindrical shell now bears only an axial compressive load with no 

lateral component, the term qL in Equation (27) is set to zero. By combining with the last 

three expressions of Equation (27), and substituting Equations (12), (20) and (29) into 

them, we obtain 

2 2 2
4

, , ,2 2

1
2

α m sα m s m

w w w
D w F F F

α s Rα s


   

 = + + + 
   

, (31) 

where 4  is the biharmonic operator, which is defined as 
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4 4 4
4

4 2 2 4
2

α α s s

  
 = + +

   
. (32) 

In addition, substituting Equations (12), (15), (29) and (30) into Equation (28) yields 

2

2

41 1

E

w

R αt−


−=


  . (33) 

4.2. Derivation of the Linear Critical Load 

Through the above derivation, we have obtained the linear buckling governing equa-

tions of the bimodular axially compressed thin cylindrical shells, that is, Equations (31) 

and (33). According to the classical shell stability theory, to obtain the analytical expres-

sion of its linear critical load, it is also necessary to rewrite the above governing equations 

into a coupled form. Now, multiplying both sides of Equation (31) by 4 , and substitut-

ing into Equation (33), we can obtain a linear buckling governing equation in coupled 

form as 

4 2 4 2 4 2 4
4 4

, , ,2 4 2 2

( ) ( ) ( )
2

α m αs m s m

E t w w w w
D w F F F

α sR α α s

−
       
  + = + +

   
, (34) 

in which, the membrane forces on the right-hand side are only related to the initial loading 

state of the shell. Since the shell is merely subjected to axial compressive force at this stage, 

the external forces Fs,m and Fαs,m along the circumferential direction of the shell are both 

equal to zero. Let the magnitude of the uniform axial compressive force acting on the shell 

be Fαs,m = ‒ qαt, then the above equation can be further simplified as 

4 2 4
4 4

2 4 2

( )
0

α

E t w w
D w q t

R α α

−
   
  + + =

 
, (35) 

which is exactly the linear buckling governing equation in coupled form for bimodular 

axially compressed thin cylindrical shells. By substituting the specific expression of the 

deflection function w(α, s), the corresponding linear critical buckling load can be obtained. 

Substituting the deflection function shown in Equation (1) into Equation (35), we obtain 

4 22 22 2 2 4 4 2 2 2

2 2 2 4 2 2 2

* sin sin 0αD
q tm πm π n E tm π m π n mπα ns

L RL R R L L L R
f

−       
+ + + =       

   

 
−

   

. (36) 

It is worth noting that the deflection function in the above equation w = 

fsin(mπα/L)sin(ns/R) has a non-vanishing amplitude when the shell undergoes buckling. 

Therefore, we can only set the coefficient of the deflection function in Equation (36) to be 

identically zero, that is, 

4 22 22 2 2 4 4 2 2 2

2 2 2 4 2 2 2

* 0α
q tm πm π n E

D
tm π m π n

L R R L L L R

−   
+ + + =   

 
−

 
, (37) 

from which, the axial compressive load qα of the shell can be expressed as 

2 2
2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2

*

α

L m π n E m π m π n
q

t m π L

D

R R L L R

−
−   

= + + +   
   

. (38) 

To evaluate the critical load, we introduce the following inequality 
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2
1

0aX b
X

 
−  

 
, (39) 

in which, a and b are arbitrary positive real numbers, and X is the variable. Clearly, this 

equation holds identically for any real number X. Meanwhile, by expanding the above 

equation into a perfect square, we can further obtain the following inequality 

2

2

1
2aX b ab

X
+  . (40) 

By combining Equations (38) and (40), we obtain 

*2
α

q E tD
tR

− . (41) 

From the above equation, we can derive the minimum value qmin of the shell’s axial 

compressive load qα, which is exactly the linear critical load qcr of the bimodular axially 

compressed thin cylindrical shells 

3 3

* 1 2

2 2min 3

2 2

1 ( ) 1 ( )
cr

E
q

t

t tt E E
D

t t
q

μ
t

R μ
E

R

+ −

+ −

−
−

 
 =
 

   
= = +   

    
− −

. (42) 

5. Examples and Numerical Simulation 

In this section, we conduct numerical simulations to verify the validity of the simpli-

fied mechanical model and the theoretical solution proposed in this work. Furthermore, 

we compare the results with those of previous researchers to further demonstrate the ad-

vantages of the theoretical solution in this study. 

5.1. Computational Examples 

This study employs the material parameters of aluminum alloy 6061-T6 (AA 6061-

T6) as the reference for numerical simulation and computation. The basic mechanical 

properties of AA 6061-T6 are: density = 2700 g/mm3, elastic modulus E = 68.9 GPa, and 

Poisson’s ratio μ = 0.33. 

To facilitate the subsequent analysis, the mean values of the elastic modulus and 

Poisson’s ratio are kept constant when the bimodular characteristic is taken into account; 

i.e., E = (E+ + E−)/2 and μ = (μ+ + μ−)/2 are held fixed. Moreover, to retain the symmetry of 

the material Jacobian matrix, the tensile and compressive elastic moduli and Poisson’s 

ratios are typically assumed to satisfy μ+/E+ = μ−/E−. Without loss of generality, we consider 

five different combinations of E+/E−, which are sequentially 1/2, 2/3, 1, 3/2, and 2. Under 

the above conditions, all the specific values of E+, E−, μ+, and μ− corresponding to these five 

combinations can be calculated individually, as listed in Table 1. 

Table 1. Tensile-compressive elastic moduli and Poisson’s ratio under different E+/E− combinations 

[30]. 

E+/E− E+ (GPa) E− (GPa) μ+ μ− 

1/2 45.93 91.87 0.22 0.44 

2/3 55.12 82.68 0.264 0.396 

1 68.9 68.9 0.33 0.33 

3/2 82.68 55.12 0.396 0.264 

2 91.87 45.93 0.44 0.22 
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Meanwhile, to facilitate the subsequent parametric analysis, we select several groups 

of cylindrical shells with different geometric dimensions. Specifically, the radius R takes 

values of 200 mm and 250 mm, the shell height L takes values of 200 mm, 300 mm, and 

400 mm, and the shell thickness t takes values of 1 mm and 2 mm. Among the above 

values, the minimum radius-to-thickness ratio R/t of the shells is 100, which satisfies the 

basic definition of thin shells (R/t > 20). The specific combinations of geometric parameters 

are listed in Table 2. In addition, in the buckling analysis of cylindrical shells, the Batdorf 

parameter Z = (1‒μ2)1/2(L2/Rt) is usually adopted to characterize the geometric properties 

of the shells. A smaller value of Z indicates a shorter, squatter shell, while a larger value 

indicates a taller, slenderer one. To eliminate the influence caused by the variation of Pois-

son’s ratio, in this work we adopt Z = L2/Rt to replace Z, and the value of Z  is also pro-

vided in Table 2. 

Table 2. Value combinations of each geometric parameter of the shells. 

L (mm) R (mm) t (mm) L/R R/t Z  

200 

200 
1 

1 
200 200 

2 100 100 

250 
1 

0.8 
250 160 

2 125 80 

300 

200 
1 

1.5 
200 450 

2 100 225 

250 
1 

1.2 
250 360 

2 125 180 

Based on the data in Tables 1 and 2, we can obtain the linear critical loads of the 

bimodular thin cylindrical shells under axial compressive load, which can be further com-

pared with the numerical simulation results. Furthermore, as early as more than 50 years 

ago, Jones [62] has investigated the small-deflection biaxial buckling behavior of bimodu-

lar thin cylindrical shells under combined axial compression and external pressure. Nev-

ertheless, different from the simplified mechanical model proposed in this work, Jones 

strictly adopted the original bimodular material constitutive relation proposed by Am-

bartsumyan, i.e., the tensile or compressive stress state at a point in the material is deter-

mined by the sign of the principal stress at that point, and based on this, he derived the 

calculation formula for the critical load qx
cr of bimodular thin cylindrical shells under pure 

axial compression as follows 

2

(1 ) (1 )
1

1 ( ) / (1 )3 (1 / )

cr

x
q

E μ μ μt E E

R μ E E μ EE E E

+ + − +− −

− + − − +− + −

 − +
 + 

− 

=
+ + 

. (43) 

With the above equation, we will, in the next subsection, compare it with the theo-

retical solution of this work and the numerical simulation results together in the same 

numerical example. 

It is worth noting that Jones’ solution does not fully account for the influence of the 

bimodular effect of materials on the bending stiffness of the shell. Specifically, when de-

riving Equation (43), Jones indiscriminately assigned the elastic constants in the bending 

stiffness as either the tensile or compressive elastic modulus over the entire cross-section 

of the shell based on the sign of the principal stress. However, when considering the bend-

ing deformation of the shell cross-section, as shown in Figure 5a, the fibers on both sides 

of the physical neutral layer do not elongate or shorten simultaneously. Consequently, the 

calculation of the lateral bending stiffness of the shell in Jones’ solution is insufficiently 

accurate and inconsistent with actual conditions. Furthermore, Jones’ solution assumes 
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that the total circumferential stress of the shell after buckling is entirely tensile, which is 

clearly inconsistent with the actual situation. It is readily apparent from the schematic 

diagram of the shell buckling mode shown in Figure 2 that the circumferential fibers of 

the shell are actually in an alternating tension-compression stress state. Therefore, the con-

sideration of the stress state of the circumferential fibers of the shell in Equation (43) is 

also insufficiently accurate and deviates from the actual stress state of the shell. 

To address the deficiencies of Jones’ solution, the mechanical model proposed in this 

paper re-derives a critical load calculation formula that fully accounts for the influence of 

the bimodular effect of materials on the bending stiffness of the shell. Moreover, although 

the mechanical model in this paper concludes that the circumferential fibers in the mid-

surface deformation part of the shell are always in a compressive stress state, when this 

stress state is superposed with that from the bending deformation part to obtain the total 

circumferential fiber stress state of the shell, the total circumferential fiber stress state will 

be in an alternating tension-compression state, which depends on the bending direction 

of the circumferential buckling half-waves of the shell. The implications of these theoreti-

cal improvements will be further elucidated through comparisons with a series of numer-

ical examples in the subsequent sections. 

5.2. Numerical Simulation 

In this section, we conduct numerical simulations and compare the simulation results 

with the theoretical solution of this work as well as the theoretical results of Jones. In 

ABAQUS, the Eigen Value buckling analysis in the Standard module is commonly 

adopted as the simulation method for the linear buckling behavior of axially compressed 

thin cylindrical shells. Since the constitutive model of bimodular materials is not included 

in the material library of current commercial finite element software, for this purpose, 

based on our previous studies on this material [45], we developed a user material subrou-

tine (UMAT) in ABAQUS/CAE 2021, which is applicable to the Eigen Value buckling anal-

ysis of axially compressed thin cylindrical shells. 

When using the UMAT subroutine to conduct secondary development for ABAQUS, 

the first issue we need to consider is the constitutive model of the material. The existing 

numerical calculation models for bimodular materials are mainly established based on the 

sign criterion of principal stress proposed by Ambartsumyan [20]. For this purpose, in this 

work, we define the elastic modulus at a point in the material based on Ambartsumyan’s 

model for judging the principal stress state. The main calculation steps of this program 

are as follows 

(i) At the first increment, we receive the material parameters from the ABAQUS main 

program, and respectively define the elastic moduli along the thickness direction of the 

bimodular material under tensile and compressive states. 

(ii) Based on the classical Jacobi method, we can calculate the Eigen Values and ei-

genvectors of the stress matrix to obtain the principal stresses and principal directions. 

(iii) According to the obtained principal stress directions, we can determine the cor-

responding constitutive relation of each element, and assemble the stiffness matrix of each 

element to form the global stiffness matrix. Its two-dimensional tensor form is as follows 

11 12 13

21 22 23

31 32 33

0 0 0

0 0 0

0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

a a a

a a a

a a a
D

G

G

G

 
 
 
 

=  
 
 
 
  

, (44) 
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where aij (i, j = 1, 2, 3) are the compliance coefficients at the current material integration 

point, and G is the shear modulus of the material. For bimodular materials, the compliance 

coefficients aij (i, j = 1, 2, 3) can be defined as 

3

11 2 2 3 1 3 1 2 3

3

11 2 2 3 1 3 1 2 3

1
1

1 2
, 1,2,3

1

1 2

i
k

ki

ij

i
j k

ki

E
μ i j

μ μ μ μ μ μ μ μ μ μ
a i j

E
μ μ i j

μ μ μ μ μ μ μ μ μ μ

=

=

  
− + =   − + + + +  

= =
 −
− +    − + + + +  




, (45) 

where Ei and μi are the elastic modulus and Poisson’s ratio in the direction i, which are 

determined by the calculated principal stress directions; meanwhile, for bimodular mate-

rials, the value of the shear modulus G in Equation (44) is determined by the following 

calculation formula 

( )

( ) ( )( )
1

2 1 2 1 1

ηE η E
G

η μ η μ

+ −

+ −

+ −
=

+ + − +
, (46) 

in which, η is the acceleration convergence factor, which determines the value of G by the 

weight of the sum of principal tensile stresses relative to the sum of the absolute values of 

principal stresses at the material integration point. For example, if the tensile-compressive 

state of the principal stresses at the current integration point satisfies σ11 > 0, σ22 < 0, σ33 < 0, 

then η can be written as 

11

11 22 33

σ
η

σ σ σ
=

+ +
. (47) 

Obviously, the value of η satisfies 0  η  1. 

(iv) After obtaining the Jacobian matrix of the bimodular material, the next step is to 

update the stress state at the current moment. In the ABAQUS/Standard module, the ob-

jective rate adopted for the stress update of solid elements is the Jaumann rate; therefore, 

we only need to implement one step in the UMAT subroutine, that is 

T

t t t
σ R σ R σ

+
=    +  , (48) 

where σt+t is the updated stress matrix within the time increment t. The co-axial rotation 

of the stress at time t, i.e., R·σt·RT, has been implemented in the ABAQUS program; 

therefore, the UMAT only needs to calculate the stress increment σ at time t to update 

the stress state. If the equilibrium condition is satisfied based on the stress matrix σt+t, the 

next increment step will be executed; otherwise, the size of the iteration step will be read-

justed until the equilibrium condition is met. 

Based on the parameters in Tables 1 and 2, we can conduct numerical simulations 

under five different modulus ratio combinations. It is worth noting that, in the numerical 

simulation of the Eigen Value buckling problem of bimodular axially compressed thin 

cylindrical shells, to eliminate the influence of local load effects, the common practice is to 

create a coupling constraint in the Interaction module, which constrains the displacement 

of the cylindrical shell edge to the reference point at the center of the circle, as shown in 

Figure 8. The yellow dashed line in Figure 8 represents the coupling constraint, which can 

synchronize the specified displacement of the shell edge to the reference points RP1 and 

RP2. Furthermore, to facilitate the constraint of displacement in the specified direction, 

we establish a local R −T − Z cylindrical coordinate system at the bottom of the shell, where 

R, T, and Z represent the radial, tangential, and axial directions of the shell, respectively. 

After setting the boundary conditions, a unit force with a magnitude of 1 is applied to the 

top of the shell, and the output Eigen Value is exactly the linear critical load of the shell. 
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(a) (b) 

Figure 8. FEM solid model for the Eigen Value buckling analysis of bimodular thin cylindrical shell 

under axial compression. (a) Front of view and (b) bottom of view. 

For the meshing of this model, since the UMAT subroutine of the bimodular material 

used in this work is based on the Jaumann rate for stress update, the element type adopted 

for the Eigen Value buckling analysis of the shell is C3D20R. With regard to the selected 

element type, there is no need for overly dense mesh discretization, and four element lay-

ers laid out through the wall thickness are capable of delivering acceptable computational 

accuracy. When direct meshing is implemented on the solid cylindrical shell model in the 

simulation, simply boosting the absolute mesh density fails to effectively improve the 

computational precision as expected. This can be attributed to the fact that a monotonous 

growth in element quantity not only increases the computational burden and extends the 

solving duration, but also triggers element distortion on the curved geometry of the cy-

lindrical shell. To address this issue, the solid cylindrical shell model is processed via da-

tum cutting in this work, which effectively guarantees the shape regularity of elements 

during meshing and yields sound computational results, as depicted in Figure 9. Moreo-

ver, the geometric parameters of the shell model employed herein are consistent with 

those in Reference [30], which has elaborated on the meshing principles for axially com-

pressed bimodular thin cylindrical shells in detail. Accordingly, the specific arrangement 

of mesh sizing is not further described in the current manuscript. 

  
(a) (b) 

Figure 9. Schematic diagram of mesh division for the Eigen Value buckling analysis of the shell. (a) 

Front of view and (b) bottom of view. 

Subsequently, based on the above numerical model, we compare the linear critical 

loads obtained from the simplified mechanical model of this work, the pure axial com-

pression solution proposed by Jones, and the finite element solution, and present the cor-

responding errors between these solutions. According to the values of geometric param-
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eters in Table 2, the calculation results of these linear critical loads are presented in four 

subsections in ascending order of the radius-to-thickness ratio of the shells, and the dis-

placement contours calculated by ABAQUS and their corresponding Eigen Values are 

provided in the corresponding subsections. 

5.3. Example of R/t = 100 

5.3.1. For L = 200 mm 

We first consider the linear critical load of the shell with a height of 200 mm and a R/t 

ratio of 100, where the geometric parameter Z  of the shell is 100. With different combi-

nations of E+/E− ratio in Table 1, we can calculate a series of corresponding critical loads. 

The calculation results of each theoretical solution and numerical solution are listed in 

Table 3, and the error analysis between the theoretical solution of this study and other 

solutions is presented in Table 4. Figure 10 shows the displacement contours of the finite 

element results and their corresponding Eigen Values under different modulus ratios. It 

is worth noting that the Eigen Value calculated by the finite element method is actually 

the critical concentrated force Fecr applied at the center of the top of the shell. We need to 

convert the Eigen Values Fe
cr into qe

cr through the relation qe
cr = Fe

cr/(2πRt) before putting it 

into Table 3 for comparison. The same processing method is adopted for all subsequent 

R/t cases, so it will not be repeated hereinafter in the follow-up analysis. 

 

Figure 10. Displacement contours and corresponding Eigen Values under different E+/E− ratios 

when Z  = 100. 

Table 3. Calculation results of each theoretical solution and finite element solution under different 

E+/E− ratios when Z  = 100. 

E+/E− L(mm) 

Critical Load qcr (MPa) 

Analytical Solution 

(Jones [62]) 

Analytical Solution 

(This Study) 
FEM Solution 

1/2 

200 

447.805 466.872 489.668 

2/3 443.799 455.131 469.809 

1 421.401 421.401 425.385 

3/2 380.812 371.613 382.525 

2 344.013 330.128 347.833 
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Table 4. Error analysis between the present theoretical solution and other solutions when Z  = 100. 

E+/E− L(mm) 

Error (%) 

Comparison with 

Jones Solution 

Comparison with 

FEM Solution 

1/2 

200 

4.258 4.655 

2/3 2.553 3.124 

1 0.000  0.937  

3/2 2.416  2.853  

2 4.036  5.090  

5.3.2. For L = 300 mm 

When the shell height is 300 mm and the R/t ratio remains 100, the geometric param-

eter Z  of the shell is 225. Since the expressions of each theoretical solution do not contain 

the shell height L, the change of L will not affect the theoretical calculation results of the 

linear critical load of the shell. However, the finite element solution is affected by the 

change of shell height, so Table 5 only presents the finite element calculation results under 

different shell heights and their corresponding errors. Furthermore, Table 6 also presents 

the error between the theoretical solution of this work and the finite element results when 

L is changed to 300 mm. Meanwhile, Figure 11 also shows the displacement contours of 

the finite element results and their corresponding Eigen Values of the bimodular axially 

compressed thin cylindrical shells under this R/t ratio when L=300 mm. 

 

Figure 11. Displacement contours and corresponding Eigen Values under different E+/E− ratios 

when Z  = 225. 

Table 5. Comparison of the FEM solutions for shells with different heights when R/t = 100. 

E+/E− 
Critical Load qcr (MPa) 

Error (%) 
L = 300 mm L = 200 mm 

1/2 481.651  489.668 1.664  

2/3 462.194  469.809 1.648  

1 418.645  425.385 1.610  

3/2 376.591  382.525 1.576  

2 342.523  347.833 1.550  
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Table 6. Error analysis between the present solution and FEM solution for different E+/E− ratios 

when Z  = 225. 

E+/E− 

Critical Load qcr (MPa) 

Error (%) Analytical Solution 

(This Study) 
FEM Solution 

1/2 466.872 481.651  3.068  

2/3 455.131 462.194  1.528  

1 421.401 418.645  0.658  

3/2 371.613 376.591  1.322  

2 330.128 342.523  3.619  

5.4. Example of R/t = 125 

5.4.1. For L = 200 mm 

Consider the linear critical load of the shell with a height of 200 mm and a R/t ratio 

of 125, where the geometric parameter Z  of the shell is 80. In this case, Table 7 presents a 

series of critical load values under different E+/E− ratios, and Table 8 presents the error 

analysis between the theoretical solution of this study and other solutions. Figure 12 

shows the displacement contours of the finite element results and their corresponding 

Eigen Values under different E+/E− ratios. 

 

Figure 12. Displacement contours and corresponding Eigen Values under different E+/E− ratios 

when Z  = 80. 

Table 7. Calculation results of each theoretical solution and finite element solution under different 

E+/E− ratios when Z  = 80. 

E+/E− L(mm) 

Critical Load qcr (MPa) 

Analytical Solution 

(Jones [62]) 

Analytical Solution 

(This Study) 
FEM Solution 

1/2 

200 

358.244 373.498 395.882  

2/3 355.040 364.105 379.963  

1 337.121 337.121 344.294  

3/2 304.650 297.290 309.810  

2 275.211 264.103 281.745  
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Table 8. Error analysis between the present theoretical solution and other solutions when Z  = 80. 

E+/E− L (mm) 

Error (%) 

Comparison with 

Jones Solution 

Comparison with  

FEM Solution 

1/2 

200 

4.258  5.654  

2/3 2.553  4.174  

1 0.000  2.083  

3/2 2.416  4.041  

2 4.036  6.262  

5.4.2. For L = 300 mm 

Consider the linear critical load of the shell with a height of 300 mm and a R/t ratio 

that remains 125, where the geometric parameter Z  of the shell is 180. In this case, Table 

9 presents the finite element solution under different shell heights and their corresponding 

errors, and Table 10 presents the error between the theoretical solution of this study and 

the finite element solution. Figure 13 shows the finite element displacement contours and 

their corresponding Eigen Values when L = 300 mm and R/t = 125. 

 

Figure 13. Displacement contours and corresponding Eigen Values under different E+/E− ratios 

when Z  = 180. 

Table 9. Comparison of the FEM solutions for shells with different heights when R/t = 125. 

E+/E− 
Critical Load qcr (MPa) 

Error (%) 
L = 300 mm L = 200 mm 

1/2 387.234  395.882  2.233  

2/3 371.576  379.963  2.257  

1 336.536  344.294  2.305  

3/2 302.703  309.810  2.348  

2 275.301  281.745  2.341  
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Table 10. Error analysis between the present solution and FEM solution for different E+/E− ratios 

when Z  = 180. 

E+/E− 

Critical Load qcr (MPa) 

Error (%) Analytical Solution 

(This Study) 
FEM Solution 

1/2 373.498 387.234  3.547  

2/3 364.105 371.576  2.011  

1 337.121 336.536  0.174  

3/2 297.290 302.703  1.788  

2 264.103 275.301  4.068  

5.5. Example of R/t = 200 

5.5.1. For L = 200 mm 

Consider the linear critical load of the shell with a height of 200 mm and a R/t ratio 

of 200, where the geometric parameter Z  of the shell is 200. In this case, Table 11 presents 

a series of critical load values under different E+/E− ratios, and Table 12 presents the error 

analysis between the theoretical solution of this study and other solutions. Figure 14 

shows the displacement contours of the finite element results and their corresponding 

Eigen Values under different E+/E− ratios. 

 

Figure 14. Displacement contours and corresponding Eigen Values under different E+/E− ratios 

when Z  = 200. 

Table 11. Calculation results of each theoretical solution and finite element solution under different 

E+/E− ratios when Z  = 200. 

E+/E− L (mm) 

Critical Load qcr (MPa) 

Analytical Solution 

(Jones [62]) 

Analytical Solution 

(This Study) 
FEM Solution 

1/2 

200 

223.903 233.436 242.791 

2/3 221.900 227.565 233.067 

1 210.700 210.700 211.265  

3/2 190.406 185.806 190.162  

2 172.007 165.064 173.036  
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Table 12. Error analysis between the present theoretical solution and other solutions when Z  = 200. 

E+/E− L (mm) 

Error (%) 

Comparison with  

Jones Solution 

Comparison with  

FEM Solution 

1/2 

200 

4.258  3.853  

2/3 2.553  2.361  

1 0.000  0.267  

3/2 2.416  2.291  

2 4.036  4.607  

5.5.2. For L = 300 mm 

Consider the linear critical load of the shell with a height of 300 mm and a R/t ratio 

that remains 200, where the geometric parameter Z  of the shell is 450. In this case, Table 

13 presents the finite element solution under different shell heights and their correspond-

ing errors, and Table 14 presents the error between the theoretical solution of this study 

and the finite element solution. Figure 15 shows the finite element displacement contours 

and their corresponding Eigen Values when L = 300 mm and R/t = 200. 

 

Figure 15. Displacement contours and corresponding Eigen Values under different E+/E− ratios 

when Z  = 450. 

Table 13. Comparison of the FEM solutions for shells with different heights when R/t = 200. 

E+/E− 
Critical Load qcr (MPa) 

Error (%) 
L = 300 mm L = 200 mm 

1/2 242.115  242.791 0.279  

2/3 232.432  233.067 0.273  

1 210.441  211.265  0.392  

3/2 189.231  190.162  0.492  

2 172.068  173.036  0.563  
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Table 14. Error analysis between the present solution and FEM solution for different E+/E− ratios 

when Z  = 450. 

E+/E− 

Critical Load qcr (MPa) 

Error (%) Analytical Solution 

(This Study) 
FEM Solution 

1/2 233.436 242.115  3.585  

2/3 227.565 232.432  2.094  

1 210.700 210.441  0.123  

3/2 185.806 189.231  1.810  

2 165.064 172.068  4.070  

5.6. Example of R/t = 250 

5.6.1. For L = 200 mm 

Consider the linear critical load of the shell with a height of 200 mm and a R/t ratio 

of 250, where the geometric parameter Z  of the shell is 160. In this case, Table 15 presents 

a series of critical load values under different E+/E− ratios, and Table 16 presents the error 

analysis between the theoretical solution of this study and other solutions. Figure 16 

shows the displacement contours of the finite element results and their corresponding 

Eigen Values under different E+/E− ratios. 

 

Figure 16. Displacement contours and corresponding Eigen Values under different E+/E− ratios 

when Z  = 160. 

Table 15. Calculation results of each theoretical solution and finite element solution under different 

E+/E− ratios when Z  = 160. 

E+/E− L (mm) 

Critical Load qcr (MPa) 

Analytical Solution 

(Jones [62]) 

Analytical Solution 

(This Study) 
FEM Solution 

1/2 

200 

179.122 186.749 195.035  

2/3 177.520 182.052 187.134  

1 168.560 168.560 169.460  

3/2 152.325 148.645 152.427  

2 137.605 132.051 138.592  
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Table 16. Error analysis between the present theoretical solution and other solutions when Z  = 160. 

E+/E− L (mm) 

Error (%) 

Comparison with  

Jones Solution 

Comparison with  

FEM Solution 

1/2 

200 

4.258  4.248  

2/3 0.000  0.531  

1 2.416  2.481  

3/2 4.036  4.720  

2 0.000  0.531  

5.6.2. For L = 300 mm 

Consider the linear critical load of the shell with a height of 300 mm and a R/t ratio 

that remains 250, where the geometric parameter Z  of the shell is 360. In this case, Table 

17 presents the finite element solution under different shell heights and their correspond-

ing errors, and Table 18 presents the error between the theoretical solution of this study 

and the finite element solution. Figure 17 shows the finite element displacement contours 

and their corresponding Eigen Values when L = 300 mm and R/t = 250. 

 

Figure 17. Displacement contours and corresponding Eigen Values under different E+/E− ratios 

when Z  = 360. 

Table 17. Comparison of the FEM solutions for shells with different heights when R/t = 250. 

E+/E− 
Critical Load qcr (MPa) 

Error (%) 
L = 300 mm L = 200 mm 

1/2 242.115  242.791 0.279  

2/3 232.432  233.067 0.273  

1 210.441  211.265  0.392  

3/2 189.231  190.162  0.492  

2 172.068  173.036  0.563  

Table 18. Error analysis between the present solution and FEM solution for different E+/E− ratios 

when Z  = 360. 
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E+/E− 

Critical Load qcr (MPa) 

Error (%) Analytical Solution 

(This Study) 
FEM Solution 

1/2 233.436 242.115  3.585  

2/3 227.565 232.432  2.094  

1 210.700 210.441  0.123  

3/2 185.806 189.231  1.810  

2 165.064 172.068  4.070  

In summary, it can be easily observed from all the above figures and tables that alt-

hough there are differences between the numerical simulations and the theoretical solu-

tions, these differences are within the acceptable range. The validity of the theoretical so-

lution of this work and the reasons for the above differences will be analyzed in the next 

section. 

6. Results and Discussion 

In Section 5, based on the material parameters in Table 1 and the geometric parame-

ters in Table 2, we obtained the numerical calculation results of the small-deflection theo-

retical solution and the FEM solution when R/t equals 100, 125, 200, and 250, respectively. 

In this section, taking these calculation results as the reference, we first verify the validity 

of the theoretical solution of the linear critical load in this study, and then discuss the 

influence of the material’s bimodular effect on the linear critical load of the shell. 

6.1. Validation of the Theoretical Solution 

By observing the data in Tables 3–18 and Figures 10–17, it is not difficult to find the 

following phenomena: 

(i) Compared with the linear critical load theoretical solution proposed by Jones, the 

theoretical solution in our study is closer to the FEM solution than Jones solution when 

the modulus ratio satisfies E+/E− > 1; however, when the modulus ratio satisfies E+/E− < 1, 

Jones theoretical solution is closer to the FEM solution, and the gap between it and the 

FEM solution is smaller. In particular, when E+/E− = 1, the calculation results of Jones the-

oretical solution and the theoretical solution of this study are always consistent. 

(ii) For the FEM solution, under the condition of the same R/t ratio of the shell, the 

critical load when the shell height L = 300 mm is generally reduced compared with that 

when L = 200 mm. Moreover, the smaller the R/t ratio of the shell, the more obvious the 

overall reduction in the critical load is. That is, under the same R/t ratio, the Eigen Value 

obtained from the finite element model of the shell with a height of L=300 mm is closer to 

the theoretical solution of this study than that with a height of L = 200 mm. Furthermore, 

the smaller the geometric parameter Z  of the shell is, the more obvious the reduction in 

the Eigen Value caused by the increase in height is. 

Through the above phenomena, we can make the following discussion on the validity 

of the theoretical solution of this work 

From phenomenon (i), it can be seen that although Jones solution is closer to the FEM 

solution than the theoretical solution of this study when the modulus ratio satisfies E+/E− 

< 1, for the case of E+/E− > 1, the maximum difference between Jones theoretical solution 

and the FEM solution can reach about 8% to 10%. However, the maximum difference be-

tween the theoretical solution in our work and the FEM solution is only about 6%, and the 

error values are basically symmetrically distributed with respect to the case of E+/E− = 1. 

That is, the theoretical solution of this work is closer to the FEM solution on the whole. 

Therefore, from this aspect, it can be illustrated that the assumption proposed in our study 

that the circumferential membrane stress of the shell is always compressive before and 
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after buckling is reasonable, and the calculation formula of the linear critical load of the 

shell, i.e., Equation (42), is also valid. Furthermore, when E+/E− = 1, Jones theoretical solu-

tion is always consistent with the theoretical solution of our work. This phenomenon il-

lustrates that when the bimodular effect of the material is not considered, the two solu-

tions can both reduced to the same expression. If we substitute the reduced conditions E+ 

= E− = E and μ+ = μ− = μ into Equations (18), (42), and (43), the unified reduced solution can 

be obtained as follows 

23(1 )
cr

E t
q

Rμ
=

−
, (49) 

which is exactly the well-known classical calculation formula of the linear critical load for 

axially compressed thin cylindrical shells. The inversion property of above solutions also 

indirectly proves the validity of the theoretical solution of this study. 

Furthermore, from phenomenon (ii), we can also know that when the value of the 

geometric parameter Z  of the shell is small, appropriately increasing the height of the 

shell can make the FEM solution closer to the theoretical solution of our study. For exam-

ple, for the case of R/t = 125, the maximum error between the FEM solution and the theo-

retical solution of this work when the shell height L = 200 mm is 6.262%, but when the 

shell height is increased to L = 300 mm, the maximum error is reduced to 4.068%. That is, 

the calculation results of the theoretical solution of our study are actually more suitable 

for the prediction of the linear critical load of relatively slender shells. This view can also 

be obtained by observing all the numerical examples of shells with larger Z  values in 

Section 5. It can be seen from Table 13 that when Z  = 450 (the maximum in the above 

examples), the influence of the increase in shell height on the Eigen Value is within 0.6%. 

This phenomenon is consistent with the view in the classical shell stability theory that 

Equation (49) is only applicable to moderately long shells. Therefore, this view in the clas-

sical shell stability theory is also applicable to the calculation formula of the linear critical 

load of the bimodular axially compressed thin cylindrical shells. 

In summary, the above analysis by comparing Jones theoretical solution, the theoret-

ical solution of this work, and the FEM solution, illustrates the rationality of the simplified 

mechanical model in our study and the validity of the small-deflection theoretical solution 

of this work. Moreover, the above analysis results show that, just like the classical shell 

stability theory, for the bimodular axially compressed thin cylindrical shells with moder-

ate length, the calculation formula of the linear critical load proposed in our study is suf-

ficiently accurate. However, for shells that are too slender or too shorter and squatter, the 

theoretical solution in our study may produce large errors compared with the FEM solu-

tion. Meanwhile, it should be noted that Jones theoretical research is strictly based on Am-

bartsumyan’s original constitutive model of bimodular materials based on the sign crite-

rion of principal stress, while the theoretical solution in our study is based on the tensile-

compressive subarea simplified mechanical model shown in Figure 5. This inconsistency 

of the constitutive model will also lead to large differences between the two theoretical 

solutions. Nevertheless, from the results of the analysis of the above numerical examples, 

compared with the theoretical solution from Jones, the theoretical solution of our study is 

obviously closer to the ABAQUS simulation results on the whole. 

Notably, the simplified mechanics model in this paper is established based on the 

small-deflection linear buckling assumption for perfect shells, and therefore cannot cover 

nonlinear buckling scenarios with initial geometric imperfections. The actual buckling of 

imperfect shells presents as limit point buckling, with its load-bearing capacity signifi-

cantly lower than the critical load of ideal linear buckling. Hence, the analytical results of 

this work can only serve as the theoretical upper bound of the ideal load-bearing capacity, 
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leading to conservative predictions. Accordingly, the findings of this study are only ap-

plicable to the preliminary design and conservative load capacity estimation of medium-

length perfect bimodular thin cylindrical shells, or can be incorporated as an initial im-

perfection baseline into the post-buckling analysis of bimodular axially compressed thin 

cylindrical shells. For practical engineering components with imperfections, the results 

shall be modified in combination with imperfection sensitivity analysis and nonlinear 

post-buckling investigations. 

6.2. Influence of the Bimodular Effect on the Buckling Behavior 

From the data in Tables 3–18 as well as Figures 10–17, we can further analyze how 

the introduction of bimodular effect influences the linear critical load and buckling mode 

of shells with different geometrical dimensions. To more intuitively illustrate the variation 

trend of the shell’s linear critical load with the R/t ratio, we plotted the data from Tables 

3–18 in Figures 18 and 19. Through Figures 18 and 19 and the ABAQUS displacement 

contours presented in Section 5, it is not difficult to draw the following conclusions: 

(i) Figure 18 uses a shell height L = 200 mm as an example, presenting the variation 

trend of the FEM solution and the present analytical solution with the R/t ratio under 

different E+/E− ratios. It can be seen that for both the FEM solution and the present theo-

retical solution, when the modulus ratio E+/E− > 1, the critical load of the shell is more 

sensitive to the bimodular effect of materials; when E+/E− < 1, the influence of the bimod-

ular effect of materials on the shell’s critical load is relatively small. 

 

Figure 18. Influence of bimodular effect on the present analytical solution of linear critical load and 

the corresponding FEM solution. 

(ii) Figure 19 presents the variation trend of the shell’s linear critical load obtained 

from FEM with the R/t ratio under different shell heights and modulus ratios. It can be 

learned from this figure that only when the R/t ratio of the shell R/t  180 does the differ-

ence in linear critical load between shells of different heights caused by the bimodular 

effect of materials gradually become noticeable. In other words, when R/t ≥ 180 and the 

variation range of the shell height is small, the influence of height variation on the shell’s 

linear critical load can be neglected. 
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Figure 19. Influence of bimodular effect on the FEM simulation results for the shell with different 

heights. 

(iii) From the series of Eigen Value buckling displacement contours presented in Sec-

tion 5, it can be seen that for a fixed combination of R/t ratio and shell height, the variation 

of the E+/E− will not change the axial and circumferential buckling half-wave numbers m 

and n of the shell during linear buckling. Furthermore, from Figures 18 and 19, it can be 

further learned that when the shell height L = 200 mm, regardless of the R/t ratio, the 

maximum transverse bending deflection of the shell during buckling reaches its peak 

when E+/E− = 2, and reaches its minimum when E+/E− = 1/2; whereas when the shell height 

L = 300 mm, the situation is slightly different, and the peak of the shell’s transverse bend-

ing deflection does not necessarily occur when the E+/E− ratio reaches its extreme value. 

In summary, from conclusion (i), it can be seen that for both the FEM solution and 

the analytical solution, the weakening effect of the bimodular effect on the shell’s linear 

critical load is greater than its corresponding enhancing effect. Specifically, this phenom-

enon becomes more pronounced when the R/t ratio of the shell is small. Meanwhile, from 

conclusion (ii), when considering the influence of shell height on the linear critical load 

via the FEM solution, for shells with a large R/t ratio (R/t ≥ 180), the influence caused by 

the variation of shell height can be neglected to a certain extent. This holds true for both 

the classical small-deflection solution and the small-deflection solution considering the 

bimodular effect of materials. Finally, from conclusion (iii) and Figures 10–17, we can 

clearly observe that although the bimodular effect of materials cannot change the axial 

and circumferential half-wave numbers m and n of the shell during Eigen Value buckling, 

it can change the amplitude of the transverse bending deflection during buckling. This 

indicates that the bimodular effect of material can alter the shell’s lateral bending stiffness, 

and thus influence the shell’s linear critical load. Meanwhile, in view of the fundamental 

principles of linear buckling, the buckling mode morphology of thin cylindrical shells—

as reflected by the distribution characteristics of axial and circumferential half-wave num-

bers—is governed by the shell’s geometric parameters and boundary conditions, and cor-

responds to the deformation pattern that minimizes the total potential energy of the sys-

tem at the onset of instability. The bimodular effect uniformly modifies the membrane 

stiffness and bending stiffness of the shell without introducing spatial inhomogeneity in 

stiffness. As a result, it does not alter the energy-optimal buckling waveform, but only 

adjusts the critical load and the amplitude of transverse deflection through the variation 

of the overall structural stiffness. Furthermore, the maximum transverse bending deflec-

tion of the shell depends not only on the bimodular effect of materials, but also on the 

shell’s height. 

https://doi.org/10.3390/ma19142964


Materials 2026, 19, 2964 36 of 40 
 

https://doi.org/10.3390/ma19142964 

7. Conclusions 

In this study, we theoretically analyzed the linear buckling problem of bimodular 

thin cylindrical shells under uniform axial compression load, and obtained the corre-

sponding theoretical solution for the critical load. The numerical simulation based on 

ABAQUS has also verified the validity of the present simplified mechanical model and 

the theoretical solution. We have discussed in detail the influence of various important 

parameters on the shell’s linear critical load; these parameters include the E+/E− ratio from 

the material aspect, as well as the R/t ratio, the shell height L, and the shell’s Z  parameter 

from the geometrical aspect. The following conclusions can be drawn. 

1. Incorporating the bimodular behavior of a material substantially alters the linear crit-

ical load of thin cylindrical shells under axial compression. Essentially, the bimodular 

effect governs the linear buckling response by modifying the lateral bending stiffness 

of the shell. Hence, a suitable distribution of tensile and compressive moduli can ef-

fectively improve the load-carrying capacity of axially compressed thin cylindrical 

shells. 

2. Since the expression of the linear critical load derived from the present simplified 

mechanical model does not contain the shell height L, the present theoretical solution, 

is only applicable to the critical load prediction of moderately long shells. Only when 

the R/t ratio of the shell (R/t ≥ 180) can the influence of shell height variation be ne-

glected to a certain extent. 

3. The R/t ratio of the shell exerts a significant influence on the linear buckling behavior 

of bimodular axially compressed thin cylindrical shells. The smaller the R/t ratio of 

the shell, the more sensitive its linear critical load is to the bimodular effect. There-

fore, it is essential to account for the bimodular effect of materials during the design 

of shells with a small R/t ratio. 

4. For the linear buckling behavior of axially compressed thin cylindrical shells, the in-

troduction of the bimodular effect of materials will not change the buckling mode of 

the shell, but will influence its maximum transverse bending deflection. Furthermore, 

under different E+/E− ratios, the maximum transverse bending deflection of the shell 

depends on both its R/t ratio and the shell height L. 

In summary, the results obtained in this study are generally consistent with the core 

mechanical assumptions underlying the proposed analytical model. Both the continu-

ously compressive state of the circumferential membrane stress and the invariance of the 

buckling mode with changes in modulus ratio are supported by evidence from numerical 

post-processing. The maximum discrepancy between the theoretically predicted critical 

loads and the finite element results is within 6%, which arises from the assumption of 

idealized decoupling between membrane stress and bending stress. In addition, the par-

ametric variation trends of buckling performance also conform to the expected physical 

principles. 

From a practical engineering standpoint, the solution in present study is suitable for 

preliminary bearing capacity estimation of medium-length thin shells with minor initial 

imperfections; it requires targeted correction when applied to extremely long shells prone 

to Eulerian global buckling or short shells dominated by boundary constraint effects. 

Given that initial geometric imperfections will degrade the actual buckling capacity of 

shell structures, the ideal solution derived in this work serves as the theoretical upper 

bound of bearing capacity, and the imperfection sensitivity of bimodular shells remains 

to be further quantified. For subsequent experimental validation, it is recommended to 

select typical bimodular cast alloys such as ZA27 as test materials, calibrate tensile and 

compressive elastic moduli with test error controlled within 2% via standard uniaxial tests, 

and carry out axial compression buckling tests on shell specimens with pre-defined im-
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perfection amplitudes to systematically verify the model performance. For instance, 

standard uniaxial tensile specimens and compressive specimens can be fabricated from 

the same batch of bimodular material, conforming to the geometric specifications of 

ASTM E8/E8M [63] and ASTM E9 standards [64], respectively. Quasi-static monotonic 

loading tests will be performed to acquire complete stress–strain curves. Through linear 

regression of the linear elastic portion, the tensile elastic modulus E+, the compressive 

elastic modulus E−, and the corresponding Poisson’s ratios μ+ and μ− can be determined. 

On this basis, axial compression buckling tests on full-scale cylindrical shell specimens 

can be conducted to systematically validate the accuracy and applicability of the analytical 

solution proposed in this work. Finally, we would also like to point out that the solution 

of many important problems needs to be based on the linear small-deflection solution. For 

example, in the existing postbuckling analysis of thin cylindrical shells under axial com-

pression, the linear buckling mode of the shell is usually introduced as an imperfection. 

Therefore, based on the research of this paper, the postbuckling behavior analyze of bi-

modular axially compressed thin cylindrical shells with imperfection can be taken as a 

possible future research direction. 

Author Contributions: Conceptualization, X.-T.H. and J.-Y.S.; methodology, X.-T.H. and J.-S.R.; val-

idation, J.-S.R. and J.-Y.S.; writing—original draft preparation, X.-T.H., J.-S.R. and J.-Y.S.; writing—

review and editing, X.-T.H., J.-S.R. and J.-Y.S.; visualization, J.-S.R.; funding acquisition, X.-T.H. and 

J.-Y.S. All authors have read and agreed to the published version of the manuscript. 

Funding: This research was funded by the National Natural Science Foundation of China (Grant 

No. 11572061 and 11772072). 

Data Availability Statement: The original contributions presented in this study are included in the 

article. Further inquiries can be directed to the corresponding author. 

Conflicts of Interest: The authors declare no conflicts of interest. 

References 

1. Priyadarsini, R.S.; Kalyanaraman, V.; Srinivasan, S.M. Numerical and experimental study of buckling of advanced fiber com-

posite cylinders under axial compression. Int. J. Struct. Stab. Dyn. 2012, 12, 1250028. 

2. Lezgy-Nazargah, M.; Yaylacı, M.; Shad, H. Double superposition shear deformation theory for buckling analysis of layered 

composite circular closed cylindrical shells in underwater environments. Ocean Eng. 2025, 340, 122230. 

3. Moghaddasi, H.R.; Amabili, M. Nonlinear vibrations of cantilevered circular cylindrical shells partially filled with liquid pre-

senting large-amplitude sloshing. Mech. Syst. Signal Proc. 2025, 233, 112787. 

4. Yadav, A. Vibration behavior of sandwich circular cylindrical shells with auxetic lattice core and CNT-reinforced facesheets. 

Thin-Walled Struct. 2025, 207, 112716. 

5. Zhu, Y.M.; Guan, W.; Wang, W.L.; Dong, C.H.; Zhang, J. Buckling performance of stiffened polymer composite cylindrical shell. 

Eng. Struct. 2023, 295, 116848. 

6. Hu, R.Q.; Wang, W.Z.; Zhang, C. Effect of preloading on vibration and buckling responses of variable stiffness composite cy-

lindrical shells. Eng. Struct. 2023, 287, 116193. 

7. Zhang, D.L.; Chen, Z.P.; Li, Y.; Jiao, P.; Ma, H.; Ge, P.; Gu, Y.A. Lower-bound axial buckling load prediction for isotropic cylin-

drical shells using probabilistic random perturbation load approach. Thin-Walled Struct. 2020, 155, 106925. 

8. Daliri, O.; Farahani, M.; Farhang, M. A combined numerical and statistical analysis for prediction of critical buckling load of 

the cylindrical shell with rectangular cutout. Eng. Solid Mech. 2019, 7, 35–46. 

9. Bruggi, M.; Guerini, C. Energy-based form-finding of reticulated shells accounting for eigenvalue buckling. Compos. Struct. 2025, 

354, 118742. 

10. Wang, M.L.; Chen, Y.; Gao, W.Q.; Li, Z.; Zhang, J. Theoretical and numerical study of the buckling of steel-composite cylindrical 

shells under axial compression. Appl. Ocean Res. 2024, 153, 104221. 

11. Cong, F.L.; Zhang, R.B.; Li, W.D.; Jin, Y.; Yu, G.C.; Wu, L.Z. Buckling analysis of moderately thick carbon fiber composite cylin-

drical shells under hydrostatic pressure. Appl. Ocean Res. 2024, 153, 104272. 

https://doi.org/10.3390/ma19142964


Materials 2026, 19, 2964 38 of 40 
 

https://doi.org/10.3390/ma19142964 

12. Fan, H.G.; Hou, Y.H.; Gu, W.G. Buckling design of bending-induced variable stiffness composite cylindrical shells based on the 

local probing method. Thin-Walled Struct. 2025, 215, 113566. 

13. Guo, Y.J.; Hu, Z.J.; Zhu, H.T.; Yan, H.; Hong, Z.; Wei, X.H. Dynamic buckling analysis of variable stiffness composite cylindrical 

shells based on isogeometric analysis. Thin-Walled Struct. 2025, 217, 113749. 

14. Kalhori, A.; Bayat, M.J.; Asemi, K. Torsional and axial buckling analysis of bio-inspired helicoidal laminated composite cylin-

drical shells. Results Eng. 2025, 26, 104808. 

15. Zhang, L.; Li, M.; Lai, C.L.; He, W.P.; Zhu, S.Y.; Fan, H.L. Unified buckling computational framework of hydro-statically-loaded 

stiffened composite cylindrical shells. Int. J. Mech. Sci. 2023, 256, 108514. 

16. Tănase, M.; Lvov, G. Analytical and Numerical Study of the Buckling of Steel Cylindrical Shells Reinforced with Internal and 

External FRP Layers under Axial Compression. CMES.-Comp. Model. Eng. 2025, 144, 717–737. 

17. Destrade, M.; Gilchrist, M.D.; Motherway, J.A.; Murphy, J.G. Bimodular rubber buckles early in bending. Mech. Mater. 2010, 42, 

469–476. 

18. Barak, M.M.; Currey, J.D.; Weiner, S.; Shahar, R. Are tensile and compressive Young’s moduli of compact bone different? J. 

Mech. Behav. Biomed. Mater. 2009, 2, 51–60. 

19. Bertoldi, K.; Bigoni, D.; Drugan, W.J. Nacre: An orthotropic and bimodular elastic material. Compos. Sci. Technol. 2008, 68, 1363–

1375. 

20. Ambartsumyan, S.A.; Wu, R.F.; Zhang, Y.Z. Elasticity Theory of Different Moduli; China Railway Publishing House: Beijing, 

China, 1986. 

21. Queyreau, S.; Devincre, B. On the Origins of Tension—Compression Asymmetry in Crystals and Implications for Cyclic Behav-

ior. arXiv 2020. https://doi.org/10.48550/arXiv.2012.15540. 

22. Shamsieva, A.; Evseev, A.; Piyanzina, I.; Nedopekin, O.; Tayurskii, D. Molecular dynamics modeling for the determination of 

elastic moduli of polymer-single-walled carbon nanotube composites. Int. J. Mol. Sci. 2023, 24, 11807. 

23. Zhou, Y.F.; Liu, L.; Bao, R.; Yi, J.H.; Tao, J.M.; Li, C.J. Achieving good strength-plasticity compatibility in cu composites via 

carbon nanotube-induced heterogeneous bimodal structure. Adv. Eng. Mater. 2023, 25, 2300144. 

24. Yang, Y.L.; Shang, H.F.; Pei, H.P.; Xu, J.M.; Liang, Y.; Pan, M.H. Role of temperature in tribolayers in fretting wear of γ-TiAl 

alloy. Friction 2024, 12, 981–996. 

25. Zhang, Y.P.; Liang, F.; Lin, Y.; Chen, X.; Zhu, Y.T. Mitigating friction and wear by pre-designed or tribo-induced heterostruc-

tures: An overview. Mater. Res. Lett. 2024, 12, 535–550. 

26. Zhu, Q.Z. A new rock strength criterion from microcracking mechanisms which provides theoretical evidence of hybrid failure. 

Rock Mech. Rock Eng. 2017, 50, 341–352. 

27. Zhou, J.J.; Shao, J.F.; Lydzba, D. Micromechanical study of damage and permeability variation in brittle rocks. In Modern Trends 

in Geomechanics; Springer: Berlin/Heidelberg, Germany, 2006; Volume 106, pp. 289–300. 

28. Ross, C.T.F. A conceptual design of an underwater vehicle. Ocean Eng. 2006, 33, 2087–2104. 

29. Rudd, M.T.; Eberlein, D.J.; Waters, W.A.; Gardner, N.W.; Schultz, M.R.; Bisagni, C. Analysis and validation of a scaled, launch-

vehicle-like composite cylinder under axial compression. Compos. Struct. 2023, 304, 116393. 

30. He, X.T.; Ran, J.S.; Sun, J.Y. Postbuckling analysis of thin cylindrical shells with different moduli in tension and compression 

under axial compression. Thin-Walled Struct. 2026, 229, 115109. 

31. Jones, R.M. Stress-Strain Relations for Materials with Different Moduli in Tension and Compression. AIAA J. 1977, 15, 16–23. 

32. Bert, C.W. Models for fibrous composites with different properties in tension and compression. J. Eng. Mater. Technol.-Trans. 

ASME 1977, 99, 344–349. 

33. Patel, B.P.; Gupta, S.S.; Sarda, R. Free flexural vibration behavior of bimodular material angle-ply laminated composite plates. 

J. Sound Vibr. 2005, 286, 167–186. 

34. Khan, K.; Patel, B.P.; Nath, Y. Dynamic characteristics of bimodular laminated panels using an efficient layerwise theory. Com-

pos. Struct. 2015, 132, 759–771. 

35. Khan, K.; Patel, B.P.; Nath, Y. Free and forced vibration characteristics of bimodular composite laminated circular cylindrical 

shells. Compos. Struct. 2015, 126, 386–397. 

36. Patel, B.P.; Gupta, S.S.; Joshi, M.; Ganapathi, M. Transient response analysis of bimodulus anisotropic laminated composite 

plates. J. Reinf. Plast. Compos. 2005, 24, 795–821. 

37. Wolf, F.P. Elastic behavior of rubber under small uniaxial extension and compression. Polymer 1972, 13, 347–354. 

38. Li, X.; Sun, J.Y.; Dong, J.; He, X.T. One-Dimensional and two-dimensional analytical solutions for functionally graded beams 

with different Moduli in tension and compression. Materials 2018, 11, 830. 

https://doi.org/10.3390/ma19142964


Materials 2026, 19, 2964 39 of 40 
 

https://doi.org/10.3390/ma19142964 

39. He, X.T.; Li, W.M.; Sun, J.Y.; Wang, Z.X. An elasticity solution of functionally graded beams with different moduli in tension 

and compression. Mech. Adv. Mater. Struct. 2018, 25, 143–154. 

40. He, X.T.; Pei, X.X.; Sun, J.Y.; Zheng, Z.L. Simplified theory and analytical solution for functionally graded thin plates with 

different moduli in tension and compression. Mech. Res. Commun. 2016, 74, 72–80. 

41. Ye, Z.M.; Chen, T.; Yao, W.J. Progresses in elasticity theory with different moduli in tension and compression and related FEM. 

Chin. J. Mech. Eng. 2004, 26, 9–14. 

42. Yao, W.J.; Zhang, C.H.; Jiang, X.F. Nonlinear mechanical behavior of combined members with different moduli. Int. J. Nonlinear 

Sci. Numer. Simul. 2006, 7, 233–238. 

43. Chen, T.; Ye, Z.M.; Ya, W.J.; Yu, H.R. Numerical study for load-carrying capacity of beam-column members having different 

Young’s moduli in tension and compression. In Proceedings of the 5th International Conference on Nonlinear Mechanics, 

Shanghai, China, 11–14 June 2007; pp 371–376. 

44. Du, Z.L.; Zhang, Y.P.; Zhang, W.S.; Guo, X. A new computational framework for mechanical with different mechanical re-

sponses in tension and compression and its applications. Int. J. Solids Struct. 2016, 100, 54–73. 

45. He, X.T.; Wang, X.G.; Sun, J.Y. Application of perturbation-variation method in large deformation bimodular cylindrical shells: 

A comparative study of bending theory and membrane theory. Appl. Math. Model. 2024, 129, 448–478. 

46. He, X.T.; Chang, H.; Sun, J.Y. Axisymmetric large deformation problems of thin shallow shells with different moduli in tension 

and compression. Thin-Walled Struct. 2023, 182, 110297. 

47. Lv, S.T.; Yuan, J.; Liu, C.C.; Wang, J.Q.; Li, J.L.; Zheng, J.L. Investigation of the fatigue modulus decay in cement stabilized base 

material by considering the difference between compressive and tensile modulus. Constr. Build. Mater. 2019, 223, 491–502. 

48. Pan, Q.X.; Zheng, C.C.; Song, X.J.; Lv, S.T.; Yu, H.A.; Zhang, J.H.; Cabrera, M.B.; Liu, H.L. Mechanical analysis of asphalt pave-

ment based on bimodulus elasticity theory. Constr. Build. Mater. 2021, 301, 124084. 

49. Lorenz, R. Achsensymmetrische verzerrungen in dünnwandigen hohlzylindern. Z. Vereines Dtsch. Ingenieure 1908, 52, 1706–

1713. 

50. Timoshenko, S.P. Einige stabilitӓ ts probleme aus der elastizitӓ ts theorie. ZAMM 1910, 58, 337–385. 

51. Robertson, A.; Southwell, R.V. The strength of tubular struts. Proc. R. Soc. Lond. A 1928, 121, 558–585. 

52. Ji, M. Critical circumferential wavelength of elastic buckling of longitudinal compressed thin-walled cylindrical shells. Sci. Rep. 

2023, 13, 16697. 

53. Musa, A.E.S.; Dehwah, O.H.A.; Al-Shugaa, M.A.; Al-Gahtani, H.J. Non-Axisymmetric Buckling Stress of Axially Compressed 

Circular Cylindrical Shells: Closed-Form and Simplified Formulae. J. Press. Vessel Technol. 2022, 145, 021303. 

54. Civalek, Ö. Buckling analysis of composite panels and shells with different material properties by discrete singular convolution 

(DSC) method. Compos. Struct. 2017, 161, 93–110. 

55. Panek, S.; Reuter, N.; Hartwich, T.S.; Kriegesmann, B.; Krause, D. Buckling Tests of Cylindrical Composite Shells in Multiaxial 

Loading. AIAA. J. 2025, 63, 5527–5536. 

56. Shen, K.C.; Liu, X.J.; Huang, Y.H.; Pan, G. Strain Response and Buckling Behavior of Composite Cylindrical Shells Subjected to 

External Pressure with One End Fixed and the Other under Free Boundary Conditions. Sensors 2022, 22, 6781. 

57. Vol’Mir, A.S. Flexible Plates and Shells; Gosudarstvennoe Izdatel’stvo Tekhnichesko-Teoreticheskoĭ Literatury: Moscow, Russia, 

1967. 

58. Naseri Ghalghachi, R.; Showkati, H.; Eyvazinejad Firouzsalari, S. Experimental, numerical and analytical study on axial com-

pression buckling of chopped glass fibre-reinforced polymer cylindrical shells. Structures 2023, 58, 105368. 

59. Yamaki, N. Elastic Stability of Circular Cylindrical Shells; Elsevier: Amsterdam, The Netherlands, 1984; Volume 27. 

60. Kobayashi, T.; Mihara, Y.; Fujii, F. Path-tracing analysis for post-buckling process of elastic cylindrical shells under axial com-

pression. Thin-Walled Struct. 2012, 61, 180–187. 

61. Calladine, C.R. Buckling of shells: Non-classical analysis. In Theory of Shell Structures; Calladine, C.R., Ed.; Cambridge University 

Press: Cambridge, UK, 1983; pp 550–594. 

62. Jones, R.M. Buckling of circular cylindrical shells with different moduli in tension and compression. AIAA J. 1971, 9, 53–61. 

63. ASTM E8/E8M-25; Standard Test Methods for Tension Testing of Metallic Materials. ASTM International: West Conshohocken, 

PA, USA, 2025. 

64. ASTM E9-19; Standard Test Methods of Compression Testing of Metallic Materials at Room Temperature. ASTM International: 

West Conshohocken, PA, USA, 2019. 

https://doi.org/10.3390/ma19142964


Materials 2026, 19, 2964 40 of 40 
 

https://doi.org/10.3390/ma19142964 

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual au-

thor(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to 

people or property resulting from any ideas, methods, instructions or products referred to in the content. 

 

https://doi.org/10.3390/ma19142964

