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Abstract: In this paper, we deal with the oscillation of fourth-order nonlinear advanced differential
equations of the form (r (t) (" (t)")" +p (1) f (" (1)) + 9 (1) g (y (¢ (+))) = 0. We provide
oscillation criteria for this type of equations, and examples to illustrate the criteria.
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1. Introduction

The present work deals with the investigation of the asymptotic properties of the solutions of
fourth-order advanced differential equation of the form

(r(t) (0" (f))“)/ +pf (" (D) +a(t)gy (o (1)) =0, (1)

where « is a quotient of odd positive integers. Throughout this work, we suppose that:

(S1) 7, p, g € C([to,0),[0,00)),7(t) >0, > 0,7 (t) +p(t) 20, 0 € C([to, ), (0,00)), o (t) = £,
lim;_,o 0 () = o0 and under the condition

/tw L(ls) P (‘ tj ’Zéi‘i d”)]w ds < co. @)

(S2) f, 8€ (RR), f(u) >kpu >0, g(u) > kgu® > 0for u # 0and k¢, kg are constants.

By a solution of (1) we mean a function y € C” [ty,00), ty > to, which has the property
r(t) (" (t))" € Clty, o), and satisfies (1) on [t,,0). We consider only those solutions y
of (1) which satisfy sup{|y (t)| : t > T} > 0, for all T > T,. We assume that (1) possesses such
a solution. A solution of (1) is called oscillatory if it has arbitrarily large zeros on [t,, ), and
otherwise it is called to be non-oscillatory. The Equation (1) is said to be oscillatory if all its
solutions are oscillatory.

Advanced differential equations have applications in several real- world problems where the
evolution rate depends not only on the present, but also on the future. In addition, differential equations
in the form of (1) can have application in the mathematical modeling of engineering problems; see [1].
Oscillatory properties of differential equations are fairly well studied by authors in [2-27].
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Baculikova [28] examined the oscillation of the second-order advanced equation

y' () +qt)y (T () =0

She used the generalized Riccati substitution, and established some new sufficient conditions for
oscillation. Dzurina [29] established a new comparison principle for advanced canonical equations of
the form

(r(t)y (1) +q )y (t(t) =0.

Many authors, see [9,13,15,30,31] studied the oscillatory behavior of the higher-order advanced
differential equation

(r0 (v )" +a@y () =0 ®

and established the following results.

Theorem 1. (See [31], Theorem 3.6). Let [~ q (s)ds < oo such that

T (t) 00 1/a 9\
liminf s 2 (/ q(u) du> ds > (n—2)!
t Js

t—o0

and
1/0( (niz)'

lim inf tT(t) (T(s)—s)"? (/:Oq (u) du) ds > -,

t—o0

then (3) is oscillatory.

Theorem 2. (See [30]). If for all constants 6 € (0,1),

) -1 o0 Oa © 0 (a+1)/a Va
hl’;fl}supm 1 q (S) ds =+ m /t S </S q (u) du) ds > 1,

then (3) is oscillatory.

Theorem 3. (See [13]) Let « = 1 and f (y) = y. If there exists functions p, ¢ € C ([tg, ), (0,00)) such that

- T YN SRR T- A O B O A P
/to (p(S)q(S)zT (s) 4p(s)1’(5)[P(5) r(s)] )ds_ I

for some p € (0,1), and

[0 L v (58 oo G-

then (1) is oscillatory.

Theorem 4. (See [9]) If there exists functions 61,5, € C! ([tg,00), (0,00)) . Let the equations

y () +a(H)y(e(t) =0

and

y () +a(t)y(e(t) =0,
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are oscillatory, then the equation

is oscillatory.

Theorem 5. (See [15]) If there exists function p € C' ([to, %), (0, 00)) such that

e Y e)r() .
SgomiA (H“’S”’W(S)k(” (*37) <H<t,s>c<s>k<s>>’”>ds_ ’

then the equation

where ® = |s|P 2 s is oscillatory.
1. By applying conditions in Theorem 1, we get

go > 48/ (eln2),
2. By applying conditions in Theorem 2, we get

qo > 18.

From the above results it can be observed that [31] improves the results in [30]. The motivation in
this paper is to complement the results in [15] and improve the results in [30,31] while obtaining some
new oscillation criteria for (1).

The paper is organized as follows. In the next section, we will mention some auxiliary lemmas,
and in Section 2 we will use the generalized Riccati transformation technique to give some sufficient
conditions for the oscillation of (1). In the same section examples are given to illustrate our main
results. The method used in this paper is different from that of [15], where they used the integral
averaging technique.

Notation 1. For convenience, we denote

5(tot) = exp(/t:’:g))du)

and

2. Some Auxiliary Lemmas

We provide the following lemmas:
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Lemma 1. ([32], Lemma 2.2.2) Let y € C™ ([tp,o0),(0,00)) such that it and its derivatives up to order
(m — 1) are absolutely continuous and of constant sign in an interval (tg,00) . If y™=1) (£) y("™) (£) < 0 for all
t > t, m is a positive integer, then for every 6 € (0,1) there exists a constant M > 0 such that

y (61) > ME Ly (1),
for all sufficient large t.

Lemma 2. ([33], Lemma 2.1) Let « > 1 be a ratio of two odd numbers. C > 0 and D are constants. Then

o a+1
Dy — Cyla+)/e < “ D C>0.

“ (a4 1)t Ca

Lemma 3. ([34], Lemma 2.2.3)Let y € C™ ([ty,0),(0,00)). Assume that y™ (t) is of a fixed sign, on
[to,00), m is a positive integer, y\™) (t) not identically zero and that there exists a t > to such that for all
t>t,

y" D () y™ (h) <o.

If we have limy_,00 y (t) # O, then there exists t, > tq such that

y(t) > (mﬁl)!tml ‘y(mfl) ()

7

forevery A € (0,1) and t > t).

Lemma 4. ([27], Theorem 2.1) Suppose that y is an eventually positive solution of (1). Then, there exist two
possible cases:

(N1) y(t) >0,y (t) >0,y (t) >0, y¥ (1) <0;
(N2) y(t) >0,y (t) >0,y (t) <0.

for t > ty where t1 > t is sufficiently large.

3. Oscillation Criteria

In this section, we establish new oscillation results for Equation (1) by using a generalized Riccati
technique. First we prove the following two Lemmas:

Lemma 5. Assume that y (t) is an eventually positive solution of Equation (1) and that (N1) holds. If

i e=p (PG o
where p € C! ([ty, ), (0,00)) and M > 0 is constant, then
aMt? a1
") < ko (D) g(t) +p ()P (t) — ———————p =« (t). 5)
¥ () g0 () () +¢(t)p(t) 2(r(t)p(t))1/“1/ﬂ (1)

Proof. Let y (t) be an eventually positive solution of Equation (1) and from Lemma 4, we see that
(N7) holds. From Lemma 1, we get

y'(t/2) > MPy" (t). (6)
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From the definition of ¥ (), we see that i (t) > 0 for t > t;, and

(r ™)) (1)
Oy ir2)

ron e PO @M (1)
l/J (t) - P (t> y"‘ (t/Z) +P

Yy (#/2)r (1) (y")" (1)

—ap (t) 2ytx+1 (t/2)
Using (4) and (6), we obtain
¥ () < ‘;,((tt)) Y () +p(t) L) 0 ;y (2/)2)(t)
r 1\ a+1
aM#p (t) (Z/Sil zt/z)(t) '
From (1), we get
/ p (1) ¥ (t)
Y (t) < P(t) lp(t)ikfp (t) T(t)
) e 9
P OI0 sy M )™
< —kep () q(t) + (’;((tt)) —kf’:(:)>>1p(t) “Mtzz(pft):((:)))l/“'

Hence, we obtain

The proof is complete. [

Lemma 6. Assume that y (t) is an eventually positive solution of Equation (1) and that (N) holds. Let kg > 1
be constant. If

w () e OV
S O ?
then
) kep () " d W' ()
W' (t) < T OEIGHC) — ke (t) (502 (t)) - o ®)
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Proof. Since
(=r ) (~y" @) 5 (00) = (=r(e) (~y" 1)") 8 (ko1
(r ) (v 1)) s k0,0 B

IN
—
\
—_
~—~
2
ik
—
—
\
»
=
=
~— o~ —
~
—
—
<
3
—
—-
N—
SN—
b
\
P
0Q
B
—
-
~—
<
R
—
)
—~
-
—
—
~——
>
—~
-
=)
<
-
—

(
= (—zﬂ v (
= (=D (=p () (" ()" (1 —Kr) +kea (1) (4 (@ (1)) 6 (to, )
< —keq ()" (o (1) 8 (to 1) <O,

we conclude that —r () (—=y"” (t))* 6 (to, t) is decreasing. Thus, fors >t >

(r(s) 8 (to,5))/* y"" (s) < (r (1) 6 (to, 1)) "y (1). )

Dividing both sides of (9) by (r (s) 8 (to,s))"/* and integrating the resulting inequality from ¢ to u,
we get
ds

(to,s))/*

u
v () <y () + ()8 (t0,5) " () [
t (r(s)é
Letting u — oo, we arrive that

0<y" (1) + (r(1)6(to, 1) "y (1) E(L),

which yields
B y/// (t)
y" (1)

E(1) (r(1)6 (to, 1)/ < 1.

Hence,
rE" ) . -1
(" ()" T gr(H)o(tot)

From (7), we have
-1

w(t) > IOk (10)
From the definition of w (t), we see that w (t) < 0 for t > t;, and
fpy 2 CrO Y ©)) () ()
w (t) o (}/" (t))tx & (y// (t))ﬂt+1 ’
From (1) and (7), we get
0 = e ()~ ) T - "‘wr;u()t)‘ "
_ p(t) Fe®) W Em)t o
= ORI e )



Mathematics 2020, 8, 590 7 of 11

From Lemma 3, we get that for a constant u € (0,1)

v () = ERy (1), (12)
Thus, from (10) and (12), we get
: kep (1) B\t @ ()
“ < mamsmn W (32 0) —a )

The proof is complete. [

Theorem 6. Assume that (2) holds. Let there exist positive functions p, ¢ € C! ([tg, ), (0,00)) and M > 0
be a constant such that

t “r(s)o(s s))**1
e, (soomor- () 52 Yo o
I
' 8(t) +d (t) <0 (14)
& (1) (r (1) 6 (to,1))""
and, for y € (0,1),
ot 2 4
fimsup | (kgq O (M52 e @) st -9 <s>> ds = o0, (15)

then every solution of (1) is oscillatory.

Proof. Let y be a non-oscillatory solution of Equation (1) on the interval [fy, o0). Without loss of
generality, we can assume that y (¢) is eventually positive. Using Lemma 4, we have two cases (N1)
and (N3). For case (N7), from Lemma 5, we get that (5) holds. Using Lemma 2, and setting

D=¢(t), C=aM?/(20r()p (1)), yv=1,

we have:

« a+1
¥ )< ko 00+ (72) "R TR — 6

Integrating from t; to ¢, we get:

¢ ® (g s s a+1
O R L

which contradicts (13). For the case (N3 ), from the proof of Lemma 6, we have:

y/// (t) > _1 .
v (&) T E) (r(t) 6 (o, )"
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Using the latter inequality and (14), we obtain

(y"(f)>' _ Yo () y'(8) 81 (1)
10)

y' (1) 9 (t) ,
0 (cm (r (£) 8 (to, £)) "/ w0 m) =0

which implies that y” (t) /9 (¢) is nondecreasing. Hence, it follows from ¢ (t) > t that

y' (0 (t) _ 9 (e (1)
GG
Thus, by using (11) and (12), we get
, kep (1) ! (9@ (D))" wt (1)
o0 s 0 (G2 0) (S) e o

Multiplying (17) by &* (¢) 6 (¢, t) and integrating from t; to ¢, we get

£ (1) 6 (o, ) w (1) — &% (1) 6 <foff1>“)<f1>‘/tff<(ss>)ds

“ra/tt ()glx 1() (tOS)(p()w()
+/t]tkgq(s) (go. ( O'(S >tx
i /t]t wr;(s()s) §" () (to,s)ds

< 0

Using Lemma 2 we set
C="(5)0(t0,5) /7% 5), D= [ 1 ()T ()6 (t0,5) 0 (5), y = @ r).

'tl

Thus, we get

g8 () 6 (to, t) w () = ¢ (1) 6 (o, 1) w (1) — /t P(S) g

b (s)
+fra (5707 (S5 m

. /f &tV () 91 () 0 (t, )
h &(s)r* (t)

<

< 0

Hence, by using (10), we obtain

2 S S "
[ (kgq @ (15 @) ot -0 <s>> ds <2 (16 (to ) () 1,

which contradicts (15). Theorem 6 is proved. [
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If we define the function

by using it into (1), we prove the following corollary:

Corollary 1. Assume that (2) holds. If there exist positive functions p,® € C! ([tg, ), (0,00)) such that (14)
is satisfied and

r(s)o(s s)) !
lim sup t: (kgp ()q(s)— =4 )’(Ja( +) i(fagf ) ) ds = oo, (18)
lim sup t: (kgq (s) (ﬂ E&S)) ¢ (s)) 5 (to,s) — @ (s)) ds = oo, (19)

then every solution of (1) is oscillatory.

Remark 1. By using similar methods to [22,23] , we can easily establish Philos-type, Hille and Nehari-type
oscillation criteria for (1).

Example 1. Consider the differential equation

(P " @) + 55" 0+ By @) =0, 0)

where qo > 0 is constant. Please note thata =1, tg =1, r (t) =2, p(t) = /2, q(t) =t, o (t) = 2.
We now set p (t) =t, ky = kg =1, then:

- ) = _ [ ds 24732
o = eXp( fo r(“)du> =t e _/t (r(s)8(ts))* 3
24-3/2 1 E(H)p () ri=e/e () 2471/2 1
o) = o) = — - ) P
(t) 3 t 5T (to,t) o 3 (t) T
and
5 () = p(t) N zx("“”)p (t) q)zx—H (1) 6 (to, 1) _ 0173
¢ r(t) 207 () 3
Thus, we get
i : 2 \* a+1
s [ (ke 9009~ (12 7220 o
and "
cO s =0

Furthermore, for u € (0,1),

2 14
limsup [ (kgq (s) (V‘TZ(SW ;”(SD ¢ (s)) 5 (to,s) — ¢ (s)> ds = co.

t—oo  Jho

Hence, by using Theorem 6, every solution of Equation (20) is oscillatory.

Example 2. Consider the differential equation

(P @) + 39 () + a0y 1) =0, @1
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where g > 0 is constant. Please note thata = 1, tg =1, r (t) = 12, p (t) = t/2, q(t) = qo, o (t) = 2t.
We now set p (t) = ks = kg =1, then & (t) = 8 (t) = 2t=%/2/3.

It is easy to observe that condition (18) holds and that condition (19) is satisfied for qo > 24/2.
Hence, by using Corollary 1, every solution of Equation (21) is oscillatory if gg > 2v/2.

4. Conclusions

In this paper, we provided new oscillation criteria for (1) by using a Riccati
transformationtechnique. As a further extension of this article, one can consider the case of
z(t) =y(E)+p )y ((c(t))), and try to get some oscillation criteria of (1) by using a method of
comparison with first-order delay equations and the integral averaging technique.
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