. mathematics ﬁw\o\w

Article
Normal Partner Curves of a Pseudo Null Curve on
Dual Space Forms

Jinhua Qian ¥*, Xueqian Tian ! and Young Ho Kim 2

Department of Mathematics, Northeastern University, Shenyang 110004, China; 1800107@stu.neu.edu.cn
Department of Mathematics, Kyungpook National University, Daegu 41566, Korea; yhkim@knu.ac.kr
Correspondence: gianjinhua@mail.neu.edu.cn; Tel.: +86-138-8935-7350

2

*

check for
Received: 4 May 2020; Accepted: 1 June 2020; Published: 5 June 2020 updates

Abstract: In this work, a kind of normal partner curves of a pseudo null curve on dual space forms
is defined and studied. The Frenet frames and curvatures of a pseudo null curve and its associate
normal curve on de-Sitter space, its associate normal curve on hyperbolic space, are related by some
particular function and the angles between their tangent vector fields, respectively. Meanwhile,
the relationships between the normal partner curves of a pseudo null curve are revealed. Last but not
least, some examples are given and their graphs are plotted by the aid of a software programme.
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1. Introduction

In differential geometry, the space associate curves for which there exist some relations between
their Frenet frames or curvatures compose a large class of fascinating subjects in the curve theory,
such as Bertrand curve, Mannheim curve, central trace of osculating sphere, involute-evolute
curves etc. [1-3]. Most of the researchers aimed to explore the relationships between the partner
curves. For example, in Euclidean 3-space, the classical Bertrand curves are characterized by constant
distance between the corresponding points of the partner curves and by constant angle between
tangent vector fields of the partner curves. Naturally, the idea of partner curves research can be moved
to other spaces, such as Lorentz-Minkowski space, Galilean space and so on.

The Lorentz-Minkowski metric divides the vectors into spacelike, timelike and lightlike (null)
vectors [4]. Due to the causal character of vectors, some simple problems become a little complicated
and strange, such as the arc-length of null curves can not be defined similar to the definition in
Euclidean space; the angles between different type of vectors need to be classified according to
different conditions [5,6]. In Minkowski space, the curves are divided into spacelike, timelike and
lightlike (null) curves according to the causal character of their tangent vectors. Some particular curves
such as the helix, the Bertrand curve, the Mannheim curve and the normal curve, the osculating curve
and the rectifying curve have been surveyed by some researchers [5,7-12].

Based on pseudo null curves in Minkowski 3-space, in this work, we define a kind of normal
partner curves of a pseudo null curve which lies on de-Sitter space and hyperbolic space, respectively.
In Section 2, some fundamental facts about the pseudo null curves, the space forms and the angles
between any two non-null vectors are recalled. In Section 3, the relationships between a pseudo null
curve and its normal partner curves on dual space forms are explicitly expressed by some particular
function and the angles between their tangent vector fields. Furthermore, the relationships between the
normal partner curves of a pseudo null curve are presented through the pseudo null curve. Last but
not least, some useful and interesting examples of pseudo null curves and their normal partner curves
are shown vividly.

The curves in this paper are regular and smooth unless otherwise stated.
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2. Preliminaries
The Minkowski 3-space E? is provided with the standard indefinite flat metric given by
(-,-) = —dx} + dx3 + dx3
in terms of the natural coordinate system (x1, x, x3). Recall that a vector v is said to be spacelike,

timelike and lightlike (null), if (v,v) > 0orv = 0, (v,v) < 0 and (v,v) = 0, (v # 0), respectively.
The norm (modulus) of v is defined by |[v|| = +/[(v,v)|. For any two vectors x = (x1,x,x3),

v = (y1,¥2,y3) € E3, the vector product is given by
€1 €2 €3
XXY=1|X1 X2 X3 _<— >/
yi Y2 Y3
where {eq, ep, €3} is an orthogonal basis in E?
An arbitrary curve r(t) : I — E? can locally be spacelike, timelike or lightlike (null) if all of its
velocity vectors 1/ (t) are spacelike, timelike or lightlike, respectively. Furthermore, the spacelike curves

X2 X3

Y2 Y3

X3 X1

Y3 N

X1 X2

Y1 ¥

7 7

can be classified into three kinds according to their principal normal vectors are spacelike, timelike or
lightlike, which are called the first and the second kind of spacelike curve and the pseudo null curve,
respectively [13]. Among of them, the pseudo null curve is defined as the following.

Definition 1 ([6]). A spacelike curve r(t) framed by Frenet frame {T, N, B} in E3 is called a pseudo null curve,
if its principal normal vector N and binormal vector B are linearly independent lightlike (null) vectors.

Proposition 1 ([6]). Let r(s) : I — E3 be a pseudo null curve parameterized by arc-length s, i.e., ||r'(s)| = 1.
Then there exists a unique Frenet frame {r'(s) = T, N, B} such that

T'(s) 0 1 0 T(s)
N'Gs)|=10 «(s) 0 N(s) |,
B'(s) -1 0 —x(s) B(s)

where (T,T) = (N,B) =1, (N,N) = (B,B) = (I,N) = (I,B) =0and Tx N = N, NxB =T,
B x T = B. In sequence, T, N, B is called the tangent, principal normal and binormal vector fields of r(s),
respectively. The function «(s) is called the pseudo null curvature of r(s).

Remark 1 ([8]). Every pseudo null curve r(s) in E3 is planar no matter the value of the pseudo null curoature.
The authors of [14] characterized pseudo null curves with the structure function as the following.

Proposition 2 ([14]). Let r(s) be a pseudo null curve in ES. Then r(s) and its pseudo null curvature x(s) can
be written as

— %(g—i— 1))ds

1) =5 [(cle=1)+ g +1),28,c(g — 1)
and

xk(s) = i,l((;)), @

where 0 # ¢ € R, g = g(s) is non-constant function which is called the structure function of r(s).

Definition 2 ([15]). Let p be a fixed point in E and r > 0 be a constant. Then the pseudo-Riemannian space
forms, i.e., the de-Sitter space S3(p, r), the hyperbolic space H3(p, r) and the lightlike cone Q3 (p) are defined as
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St(p,r)|6=1;
ME0) = {x € B} : (x— p,x—p) = 0%} = J H3(p,r) [ 6 = —1
Qi(p) |6=0.

The point p is called the center of S2(p, r), H3(p, ) and Q3 (p). When p is the origin and r = 1, we simply
denote them by S2, H? and Q3.

For a pseudo null curve (s) framed by {T, N, B} in E3, the planes spanned by {T,N}, {T, B}
and {N, B} are known as the osculating, the rectifying and the normal planes of r(s), respectively.
A curve b(s) is called an associate osculating, an associate rectifying, or an associate normal curve of
r(s) when the position vector b(s) always lies on the osculating, the rectifying, or the normal plane of
r(s), respectively. For an associate normal curve b(s) of a pseudo null curve r(s), we can write

b(s) = u(s)N(s) +v(s)B(s)

for some non-zero differentiable functions u(s) and v(s). In particular, if the associate normal curve
b(s) = u(s)N(s) + v(s)B(s) lies on S? or H?, then u(s) and v(s) satisfy u(s)ov(s) = J or u(s)v(s) = —1.
Without lose of generality, we have the following definition.

Definition 3. Let r(s) be a pseudo null curve framed by {T,N, B} in E3. Then by(s) = \%()\N + 1B),
by(s) = %2 (AN — 1B) is called an associate normal curve of r(s) on de-Sitter space, an associate normal curve

of r(s) on hyperbolic space for some non-zero differentiable function A = A(s), respectively. In a word, by (s) and
by (s) are called normal partner curves of r(s) on dual space forms.

To serve the discussions, some fundamental facts of curves lying on space forms will be reviewed.

Proposition 3 ([15]). Let r = r(s) : I — S? be a curve parameterized by arc-length s. Then there exists a
unique pseudo spherical Frenet frame {«, B,y = r} such that

a'(s) 0 x(s) O a(s)
B'(s) | = | x(s) 0 —=do||B(s) |, @
7'(s) o 1 0/ \10)

where (y(s),v(s)) =1, (B(s), B(s)) = —(a(s),a(s)) = by = £1. The function x(s) is called the pseudo
spherical curvature of r(s).

Proposition 4 ([15]). Let r = r(s) : I — H? be a curve parameterized by arc-length s. Then there exists a
unique hyperbolic Frenet frame {a, B,y = r} such that

' (s) 0 x(s) a(s)
Bs)|=1-x(s) 0 1| [B(s)], 3)
7'(s) 0 10/ \7(s)

where (y(s),v(s)) = —1, (B(s),B(s)) = (a(s),a(s)) = 1. The function x(s) is called the hyperbolic
curvature of r(s).

At last, let us recall the notion of angles between two arbitrary non-null vectors in E3.

Definition 4 ([16]). Let u and v be spacelike vectors in E‘I’

e Ifuand v span a timelike vector subspace. Then we have |(u,v)| > ||u||||v|| and hence, there is a unique
positive real number 0 such that
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[(u,0)| = [[ull[|o]| cosh 6. )

The real number 0 is called the Lorentz timelike angle between u and v.

e Ifuand v span a spacelike vector subspace. Then we have |{u,v)| < |\u||||v|| and hence, there is a unique
real number 6 € [0, 5] such that
[(u,0)| = [[ulll|o]| cos 6. ®)

The real number 0 is called the Lorentz spacelike angle between u and v.

Definition 5 ([16]). Let u be a spacelike vector and v a future pointing timelike vector in E3. Then there is a
unique non-negative real number 0 such that

[(w,0) = [Jul[[o]| sinh . ©6)
The real number 0 is called the Lorentz timelike angle between u and v.

Definition 6. [16] Let u and v be future pointing (past pointing) timelike vectors in E3. Then there is a unique
non-negative real number 0 such that

[{u,0) = [lul[|[o]| coshe. )
The real number 0 is called the Lorentz timelike angle between u and v.

Remark 2 ([6]). Physically, this designation of the future pointing and past pointing timelike vectors
corresponds to a choice of an arrow of time at the given point, therefore Equations (6) and (7) include all
definitions of angles between non-null vectors and timelike vectors.

Remark 3. The angles between a lightlike vector and an arbitrary spacelike vector, timelike vector or another
lightlike vector which is independent to it have been defined in [6]. We do not recall the details here, because they
are not involved in this paper.

3. Main Conclusions

In this section, the associate normal curves of a pseudo null curve on de-Sitter space and hyperbolic
space, respectively will be discussed. At the same time, the relationships between the normal partner
curves will be presented.

3.1. Associate Normal Curves of a Pseudo Null Curve on de-Sitter Space

Let r(s) be a pseudo null curve framed by {T, N, B}, by (s) = % (AN + 1B) its associate normal
curve on de-Sitter space framed by {a1, 1,71 = b1 }. From Proposition 3, we have
Case (1): 5p = 1,1i.e., B is spacelike. In order to distinguish different cases, we rewrite Equation (2)

as the following:

(xf/(§) 0 (5 0 oy (3)
e =@ o 1| [se)].
T 6 0 10 )\ @)
where 5 is the arc-length of b1 (s), and (y{ (5),7{ (5)) =1, (B{ (5), b1 (5)) = —(a] (5),a{ (5)) = 1.
Taking derivative on both sides of ;" (5) = b (s) with respect to the arc-length s of r(s), we get
ds 1 f 1
was L - T _ 1
hi ds \/E/\T+ 2A (AN )\B)’ ®
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where f = f(s) = v/2(A' + Ax). Making inner product on both sides of Equation (8) with itself, we get
()2 = ﬁ(l — f2), (f* < 1). Then, we have

ds 1
€0£ = ﬁ\/ 1—f2, (eo==1), )

substituting it into Equation (8), we get

1 f 1
epy = — T + AN — =B). 10
Due to T, B are spacelike vectors and T x B = %(AN + 1B) is spacelike, then T and B}

span a timelike subspace. According to Equation (4), we have

(T, B1)| = ITIll|By || cosh oy,

where 0 is the Lorentz timelike angle between T and B . Together with (T, B) = — \/50_7, we get
+_ _ 1 inhot = —<f — ici -1
cosh0]” = i thus sinh 0" = i (e = £1,f # 0). Explicitly, when 0 < f < 1,e = 1;
when —1 < f < 0, e = —1. Then, Equation (10) can be rewritten as
€ . 1
€oB; = —cosh6 T+ ﬁsmhefr(/\N — XB)' (11)

Differentiating Equation (11) with respect to s and by Equation (9), we have

(V2A8;" — €) sinh 6 - Alef sinh 6 + ev/2A0]" cosh 6 — 2 cosh 6;") N
e(fsinh 6 — v/2A6;" cosh 6;")

AV2(1-f2)

Taking inner product on both sides of Equation (12) with itself, we get

o+ +
Kp&y =7

2067 (A6 — V/2€) + (1 + f2) sinh? 6] — ef sinh 26,

2
1-x{ = = , (13)
: Japs +_ _ 1 o hot — _¢f ;
considering cosh 6" = i P and sinh 6" = i by Equation (13) we have
2 ! ,
ekl = eJM = (V2A0; —€)cosh b, (ef = +1). (14)
1% 3 1 1 1
(1-£2)
Then, by substituting Equation (14) and ;" = \% (AN + %B) into Equation (12), we can obtain
erar = —— i € (AN—1B)= —sinho! T+ - coshor (AN — 1B).
Case (2): 6o = —1,i.e., By is timelike. Similar to the process of Case 1, we can rewrite Equation (2)
as the following:
') 0 56 0\ (46)
O | =[a® o 1] |E6) ],
v, () 0 10/ \r 6
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where 5 is the arc-length of by (s), and (; (5),7; (5)) =1, (B; (5), B1 (5)) = —(a; (5),a; (5)) = —1.
Taking derivative on both sides of 7, (5) = by (s) with respect to the arc-length s of 7(s), we get

_ds 1 f 1
B = ﬁT-f——(AN—XB), (15)

where f = f(s) = v/2(\' + Ax). Making inner product on both sides of Equation (15) with itself,
we get (%)2 = ﬁ(f2 —1), (f* > 1). Then, we have

ds 1
cose = VL =2, (16)

substituting it into Equation (15), we get

1 f 1
€py = \/f2_1T+\/2(f2_1)(AN AB). (17)

Due to T is spacelike, B; is timelike, according to Equation (6), we have

(T, By = ITIHIBy [Isinh 6y,

where 6, is the Lorentz timelike angle between T and B, . Together with (T, ;) = \/}T we get

. - 1 - ef _ . .
sinh0; = \/ﬁ’ thus cosh 6, = T (e = £1). Explicitly, when f > 1, e = 1; when f < —1,
€ = —1. Then, Equation (17) can be rewritten as
€of; = —sinh6; T+ —=coshf; (AN lB) (18)
0P ﬁ AT

Differentiating Equation (18) with respect to s and by Equation (16), we have

(ﬁ/\ef/ —€)cosh T4 A(ef cosh b + eﬁ)\Gf, sinh 6] — 2sinh6;") N+
e(f cosh8; — v/2A0; sinh6;)
207 1)

Taking inner product on both sides of Equation (19) with itself, we get

K+ =

2 2007 (A8 — V2¢) + (1 + f2) cosh? 6 — ef sinh 26,

1+x; = 2 p (20)
considering sinh 6§, = \/% and cosh0; = \/%, by Equation (20) we have
2 / ,
€K1 % = (V2A8; —e€)sinh6;, (e = £1). (21)
(f> 1)
Then, by substituting Equation (21) and y; = % (AN + %B) into Equation (19), we can obtain
- ef € 1 1
€0 = — T+ AN — —B) = —cosh6; T + —=sinh §; (AN — —B).
171 \/](27_1 2(f2 — 1) ( A ) \[ ( A )

Based on above discussions, we can get the following conclusions.
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Theorem 1. Let r(s) be a pseudo null curve framed by {T, N, B}, by (s) = % (AN + }B) its associate normal
curve on de-Sitter space framed by {aq, B1, 71 = b1}.

1. If By = By is spacelike, then the Frenet frame of r(s) and the pseudo spherical Frenet frame of by (s) can
be related by f = /2(A' + Ax) as

_ 1 1
ee{rtxf——\/l_sz—i—\/2(1_f2)(AN—XB),
_ 1 f !
R e N e

'ﬁ—\lﬁ(/\N+/1\B)

or the Lorentz timelike angle 0 between T and B} as

eefaf = —esinh 0 T + \2 cosh 6] (AN — %B),
eegf] = —ecosh 6 T + \1@ sinh 6, (AN — %B),
v = Lonsip

1 \@ A

where eg = +1, e = +1, f = etanh 0, and when 0 < f <1, =1; when -1 < f <0, = —1.

2. If By = By is timelike, then the Frenet frame of r(s) and the pseudo spherical Frenet frame of by (s) can be
related by f = /2(\' + Ax) as

- f 1 1
€€, = — T+ AN — —B),
N VG R
€p; = — ! T+ f (/\N—lB)
VAT VaE-y T A
_ 1 1
M= \ﬁ(AZ\H— +B)
or the Lorentz timelike angle 6, between T and B as
S , - 1
€e; oy = —ecosh6 T+ \ﬁsmhel (AN — XB)'
€egf; = —esinhf; T + 7 cosh6; (AN — %B),
1 1
"= \ﬁ(AN‘f‘ XB)’

where g = +1, e, = £1, f = ecoth 6 and when f > 1,e = 1; when f < -1, = —1.

Theorem 2. Let r(s) be a pseudo null curve framed by {T, N, B}, by (s) = % (AN + 1B) its associate normal
curve on de-Sitter space framed by {aq, B1, 71 = b1}.

1. If By = B is spacelike, the pseudo spherical curvature k| of by (s) can be expressed by

+ +_€f2+ﬁ)\f/—1

efxi = = (V2A6] — €) cosh 6.
1% 1- )1 ( 1 1
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2. If By = By is timelike, the pseudo spherical curvature x; of by (s) can be expressed by

_ ,:6f2+\/§)\f’—1

€K = (V2A07 —¢ sinh 6;,
1% (fz—l)% ( 1 ) 1

where €, €, 0, e, 0 and f as stated in Theorem 1.

It is obvious that the case f = 0 is excluded in the first case of Theorems 1 and 2. In fact,
when f = 0,ie., A + Ax = 0, by solving the differential equation, we get

As) = ce” /X)) (0 #c € R).

g'(s)

Furthermore, from Equation (1), by substituting x(s) = F O]

into above equation, we have

A(s) = g,ES>, (0 #c € R).

Corollary 1. Let r(s) be a pseudo null curve framed by {T,N, B} with pseudo null curvature «(s) and

structure function g(s), bi(s) = %(/\N + 1B) its associate normal curve on de-Sitter space framed by

{af, 85,7 = b1} IfA(s) = ce™ [ ¥0)ds = 767- (0 # ¢ € R), then we have

o thearc-length 5 of by (s) can be expressed by 5 = cpg(s), (0 # co € R);
e the pseudo spherical curvature of by (s) is x; = £1;
e the Frenet frame of r(s) and the pseudo spherical Frenet frame of by (s) can be related by

AL
eq g 0 =% )\ (T
efy |=[-1 o0 0 N |, (e ==1€ ==1).
+ A 1
g 0 7 T/ \B

Proof of Corollary 1. When A(s) = ce~ [ ¥()ds — g/ES)’ (0 # ¢ € R), by taking derivative on both

sides of 7, (5) = by (s) with respect to the arc-length s of 7(s), we get

ds 1
+* _ -
Bl T = ﬁ/\T. (22)

Making inner product on both sides of Equation (22) with itself, we get (% )? = 5

= 532 Then, we get
s _ 1 cg(s)
Yds T VoA V2
Obviously, the arc-length § = cpg(s), (0 # ¢o € R) from Equation (23). Substituting Equation (23)
into Equation (22), we get

, (€g=+1,0 #c €R). (23)

Bt = —T. (24)

Taking derivative on both sides of Equation (24) with respect to s and by Equation (23), we have

Ko — 1 = —V2AN. (25)
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Making inner product on both sides of Equation (25) with itself, we have x;” = +1. Then from
7= %(AN + %B) and Equation (25), we can obtain

1 1
efaf =——=(AN- XB), (ef = =£1).

V2

The proof is completed. [

Remark 4. Obviously, the corresponding results in Theorems 1 and 2 still hold for f = 0, i.e., A(s) =
ce™ [ x()ds — %, (0 #c €eR).

3.2. Associate Normal Curves of a Pseudo Null Curve on Hyperbolic Space

Let r(s) be a pseudo null curve framed by {T, N, B}, by(s) = \% (AN — 1B) its associate normal
curve on hyperbolic space framed by {ay, B2, 72 = by }. From Proposition 4, we can rewrite Equation (3)

as the following:

ay(3) 0 () 0) [ax(5)
28) | =106 0 1] |B6)],
75(5) 0 10/ \70)

where 5 is the arc-length of by (s), and (72(5), 12(5)) = —1, (B2(5), B2(5)) = (a2(5), a2(5)) = 1.
Taking derivative on both sides of 7, (5) = by (s) with respect to the arc-length s of r(s), we get

1 f 1
[32 T \[/\T+—(AN+ AB) (26)

where f = f(s) = v/2(A + Ax). Making inner product on both sides of Equation (26) with itself,
we get (%)2 = 51z (1+ f2). Then, we have

s 1
eod% - ﬁ‘/l 12, (e = +£1), 27)

substituting it into Equation (26), we get

1
€op2 = (AN + B) (28)
V1+ f2 \/ f2
Due to T, B, are spacelike vectors and T x , = %(AN — IB),(f #0) is timelike, then T

and B, span a spacelike subspace. According to Equation (5), we have

(T, B2)| = Tl B2l cos 02,

where 6, is the Lorentz spacelike angle between T and f;. Together with (T, B,) = m, we can get
= 71 1 = 7€f = 1cl = M = —
cos by = eyl thus sin 6, Wil (e = %1). Explicitly, when f > 0,6 = 1; when f < 0,¢ 1.

Then, Equation (28) can be rewritten as

1
€oB2 = cos0,T + \% sin 6 (AN + XB)' (29)

Differentiating Equation (29) with respect to s and by Equation (27), we have
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(V2M05 + €) sin 6, T+ A(ef sin 0y + €v/2A0% cos 0, + 2 cos 6,) N_

VA AP0

—Kalp + Y2 = —

(30)
e(f siny — v/2A0} cos 62) B
2P+ 1)
Taking inner product on both sides of Equation (30) with itself, we get
2 2705 (A0 + V/2€) + (1 — f?)sin? 0, — ef51n292
Ky —1= 5 (31)
fe+1
. . _ 1 . o ef .
considering cos 6, = 7 and sinf, = T by Equation (31) we have
2 Af +1
ey = LTV HL 5o ) costa, (er = 1), (32)
(1+/)3

Then, by substituting Equation (32) and v, = % (AN — %B ) into Equation (30), we can obtain

1 1
(AN + — B)—SII’IGQT—iCOSGZ(/\N-f— —B).

ef
Vs tverza )l V2 )

Summarize above discussions, we have the following conclusions.

€20y =

Theorem 3. Let r(s) be a pseudo null curve framed by {T, N, B}, by(s) = % (AN — 1B) its associate normal

curve on hyperbolic space framed by {az, B2, 2 = ba}. Then the Frenet frame of r(s) and the hyperbolic Frenet
frame of by(s) can be related by f = /2(A' + Ax) as

_ 1 1
Y ANV T ) KPR
_ 1 f 1
0Pz = V1 +f2T+ V2(1+ f2) ON+5B)

1 1
’Yzz\ﬁ(/\N*XB)

or the Lorentz spacelike angle 6, between T and B as

1 1
eerny = €sin0,T — —= cos0,(AN + —B),

V2 A

1 1
€€ =€cos0 T+ —sinbB (AN + —B),
0B2 b 7 2( 1 )
1

1
(/\N - XB)/

Y2 = \ﬁ
where g = £1, e = £1, f = etan 0y and when f > 0,6 = 1; when f < 0,e = —1.

Theorem 4. Let r(s) be a pseudo null curve framed by {T, N, B}, by(s) = % (AN — 1B) its associate normal
curve on hyperbolic space framed by {az, B2, v2 = ba}. Then the hyperbolic curvature xy of by(s) can be
expressed by
2 !
€Ky = Gm (\f)\92+€) COSQz,
(1+f2)3

where €, €3, 0, and f as stated in Theorem 3.
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Similar to the procedure of the associate normal curve of a pseudo null curve on de-Sitter space
by (s), for the associate normal curve of a pseudo null curve on hyperbolic space by(s), when f =0, i.e.,

A(s) = ce™ Jr(s)ds — g/ES)’ (0 # ¢ € R), we have the following conclusions.

Corollary 2. Let r(s) be a pseudo null curve framed by {T, N, B} with pseudo null curvature x(s) and

structure function g(s), ba(s) = \%(AN — 1B) its associate normal curve on hyperbolic space framed by

{a2, B2, 12 = ba}. If A(s) = ce™ J¥(8)ds — (ﬁ, (0 # ¢ € R), then we have

o thearc-length 5 of by(s) can be expressed by 5 = cpg(s), (0 # cp € R);
e the hyperbolic curvature of by (s) is ky = +1;
e the Frenet frame of r(s) and the hyperbolic Frenet frame of by (s) can be related by

0 —4A __L
€20 ﬁ ﬁ)\ T
e = |1 0 0 N |, (e==xle ==1).
A 1
" 0 v v/ \P

Remark 5. The proof of Corollary 2 is omitted here since it is very similar to Corollary 1. Obviously, the results
in Theorems 3 and 4 still hold for f = 0, i.e., A(s) = ce~ J *(s)ds = ﬁ, (0 #c €eR).

3.3. The Relationships of the Normal Partner Curves

In this section, we state the relations of the normal partner curves on dual space forms using the
knowledge of linear algebra and the results obtained in Sections 3.1 and 3.2.

Theorem 5. Let r(s) be a pseudo null curve framed by {T,N,B}, bi(s) = %(/\N + 1B) framed by

{1, B1,71 = b1} and by(s) = \%(AN — %B) framed by {ay, B, v2 = by} be normal partner curves of
r(s) on dual space forms.

1. If By = By is spacelike, then the pseudo spherical Frenet frame of by (s) and the hyperbolic Frenet frame of
by (s) can be related by f = v/2(A' + Ax) as

i f 1
eef o Vi-fio /1-p VI-F2 | [eer
‘50.31+ - - L 1 . T 2 €o0p2
) Vi-ft o V1f Vi-f
71 1 f 0 2

VIHZ 112

or the Lorentz timelike angle 6, between T and B, the Lorentz spacelike angle 6, between T and By as

eelaf sinh 6 sinf, sinh6; cosf, — cosh6; €€rnty
eeoff | = — | coshb sinf, cosh6) cosf, —sinh6 eeB2 |,
v cos 6, —sin6, 0 Y2

where €y, €], 0] and €, 0, as stated in Theorems 1 and 3, respectively. f = e tanh 6, = e tan 6, and
when0 < f <1,e =1, when -1 < f <0,e = —1.

2. If By = By is timelike, then the pseudo spherical Frenet frame of by (s) and the hyperbolic Frenet frame of
ba(s) can be related by f = /2(\' + Ax) as
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i f __1
ey ay VO?—l vﬁf—l v0;—1 ey
N Bl v/ v/ v/l
T 1 f 0 T2

VT2 J11£2

or the Lorentz timelike angle 6, between T and B, the Lorentz spacelike angle 6, between T and B; as

€€ oy cosh 0 sinth coshf; cost —sinh6; €€y
€€ ,Bf = — | sinh 9; sinf, sinh 9; cosfly — cosh 9; eeoPa |,
42l cos 6, —sin 6, 0 Y2

where €g, €, , 0, and €;, 0 as stated in Theorems 1 and 3, respectively. f = € coth0; = e tan 6, and when
f>1e=1Lwhen f<-1,e=-1.

Proof of Theorem 5. From Theorems 1 and 3, by some matrix calculations, it is easy to get the
conclusions. O

At the same time, from Theorems 2 and 4, the following conclusions are straightforward.

Theorem 6. Let r(s) be a pseudo null curve framed by {T,N,B}, bi(s) = %(/\N + 1B) framed by
{1, B1,71 = b1} and by(s) = %()\N — %B) framed by {ay, Ba,v2 = by} be normal partner curves of

r(s) on dual space forms. Then the pseudo spherical curvature kq of by (s) and the hyperbolic curvature x, of
by(s) satisfy

1. if By = By is spacelike, ky = ", then we have

2 (VA 1)

_ L N2 a2
K] (S2E = (V2A8," —€)?cosh® 6",
2 _ (VS 41 2 og?
Ky = FYE = (V2A8) + €)? cos 6,

and they are related by f = etanh 6" = etan 6y, when 0 < f <1,e =1; when -1 < f <0,e = —1.
Qi" and 6y as stated in Theorems 1 and 3, respectively;

2. if By = By is timelike, k1 = K , then we have

2 (fPHV2Af 1)
K= (f2,1)3

= (\fZ)\Gl’I — €)? sinh? 07,

(f2+V2Af +1)2
(17
and they are related by f = e coth0; = etan, when f > 1,e = 1; when f < —1,e = —1. 0] and

0, as stated in Theorems 1 and 3, respectively.

K3 = = (V2A6 + €)? cos? 0,

Considering Corollaries 1 and 2, when f = 0,i.e, A(s) = ce™ J *(5)ds = ﬁ, (0 # ¢ € R), wehave
the following conclusions.

Corollary 3. Let r(s) be a pseudo null curve framed by {T, N, B} with pseudo null curvature x(s) and

structure function g(s), bi(s) = %(AN + 1B) framed by {a1, 1,71 = b1} and by(s) = \%()\N — 1B)

framed by {ay, By, 12 = ba} be normal partner curves of r(s) on dual space forms. If A(s) = ce~ J*(s)ds —

glfs), (0 # ¢ € R), then we have
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e thearc-length of by (s) and by(s) all can be expressed by 5§ = cpg(s), (0 # co € R);
e the pseudo spherical curvature x; of by (s) and the hyperbolic curvature i of b(s) satisfy

+2_ 2 1.
K =Kk =1

e the pseudo spherical Frenet frame of by (s) and the hyperbolic Frenet frame of by (s) can be related by

€0ty 0 0 1\ [efaf
B |=—10 1 0 Tl (e =£1e =+1).
72 100 v

Remark 6. In Corollaries 1-3, for a given pseudo null curve r(s), when the smooth function A(s) =
ce~ Jx(s)ds — g’ES)’ (0 # ¢ € R), the pseudo spherical curvature ;' = =£1 of by(s) and the hyperbolic
curvature xy = £1 of by(s). How about the converse statement? i.e., when a pseudo spherical curve with
spacelike normal vector field by (s) has pseudo spherical curvature ki = +1 or a hyperbolic curve by(s) has
hyperbolic curvature x; = %1, how to find out the corresponding pseudo null curve r(s) and what is the
relationship between the smooth function A(s) and the null curvature function «(s) or the structure function

g(s) of r(s) ? These problems are still in the air and can be considered in the future.

4. Examples

Example 1. Consider a pseudo null curve r(s) = (Ins, —Ins,s) framed by {T, N, B} whose curvature is
«(s) = —2. From the Frenet formula of r(s), then we know

11 241 s2—1
N = YA Y 0 ’ B = ’ ’ .
(o) o= (57)
Assuming A(s) = cosh 3, then the normal partner curves of r(s) on dual space forms are written as (see
Figures 1-3)

1,1 241 1 21 1
by(s) = —2(—5—2 cosh% + 3 ;_ sech%, 2 cosh% +32 5 sech%, = sech%),
by(s) = = (—lCOShE _t 1sechE lcoshE e 1sechE —Lsechg)
TR 2T 2 3273 2 3 s 13”7

Figure 1. r(s) (black) and by (s) (green) in Example 1.
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Figure 3. by (s) (green) and by (s) (red) in Example 1.

Example 2. Consider a pseudo null curve r(s) = — (2 cos \%,Zcos %,s) framed by {T,N, B} whose
curvature is x(s) = —\% tan % From the Frenet formula of r(s), then we know

N—(cos °_cos— 0> B—(cos ° —3sec °_ cos —1sec °_ V2tan S)

V2l v V2o 22 v 2 Y vV2/)'
Assuming A(s) = €°, then the normal partner curves of r(s) on dual space forms can be written as (see

Figures 4-6)

1 S 3 S S 1 s s
bi(s) = —((¢f +e %) cos — — e Ssec —, (¢ +e %) cos —— — —e Ssec ——,v2¢ Stan —),
by(s) = L((es —e°)cos — + §efs sec —— (ef —e s)cosi + lefs sec ——, —/2¢~* tan i)

2 V2 2 V2’ V2 2 V2’ V2

Figure 4. r(s) (black) and by (s) (green) in Example 2.
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Figure 6. b (s) (green) and by (s) (red) in Example 2.

Example 3. Consider a pseudo null curve r(s) = (In(1 —e™*), —In(1 —e~%),s) framed by {T, N, B} whose

curvature is k(s) = 1-%. From the Frenet formula of r(s), then we know

N = (_(1 ¢ a )2,0)’32 ((1—65)2'1'1,(1—65)2—1165—1)‘

—e5)2" (1 —¢s 2¢° 2¢s es
When A(s) = e~ [ x(9)ds — ﬁ, then the normal partner curves of r(s) on dual space forms can be
written as (see Figures 7-9)
1 1 (1—e )+ (1—e¢)? 1 (1—e5)*—(1—¢)2 3
bl(S):ﬁ(_(l_es)4+ > ,(1_65)4+ 5 ,—(1—¢%)%),
b (S) — L(_ 1 o (1_65)4_'_(1_65)2 1 . (1_65)4_(1_65)2 (1—65)3)
2 V2' (1—e)d 2 "A—e)t 2 ’ ‘

Figure 7. r(s) (black) and by (s) (green) in Example 3.
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A N
A'A\"‘m
ek
s

Figure 9. by (s) (green) and by (s) (red) in Example 3.
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