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Abstract: In the present work, we consider two types of bi-warped product submanifolds, M =
M7 Xf M| X5 Mpand M = My X, M7 X, M, in nearly trans-Sasakian manifolds and construct
inequalities for the squared norm of the second fundamental form. The main results here are a
generalization of several previous results. We also design some applications, in view of mathematical
physics, and obtain relations between the second fundamental form and the Dirichlet energy. The
relationship between the eigenvalues and the second fundamental form is also established.
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1. Introduction

Let M = M; X My X M3 X - - X My be the Cartesian product of Riemannian man-
ifolds M1, My, - - - , My and let 7r; : M — M denote the canonical projection maps for
i=1,--- k. If the positive-valued functions fi, - - - , fx are defined such that fi,-- -, f :
M; — (0, 0), then the Riemannian metric g is defined as

M-

I
—_

(X, Y) = g(rm X, 1Y) + (fz o ﬂ)g(m*X, i Y),

1

where * is the symbol for tangent map, for any X, Y tangent to M, then M is called a
multiple warped product manifold [1,2]. If we choose two fibers of a multiple warped
product Mm! Xf M2 x ... X MF, such that M = M; X, Ma X ¢, M3, then M is defined as
a bi-warped product submanifold, which satisfies the following:

gl

. (U1 1n £;)Z;, 1)

Vi, Z =

=2

where Uy € T(TM;),Z € T(T(M; x M3)) and Z,; tangent to M;, for each i = 2,3. Moreover,
V is the Levi-Civita connection and for more details, see [3-5]. An odd-dimensional analog
of the nearly Kdhler metric is the nearly Sasakian metric. The nearly Kéhler cone over a
nearly Sasakian Einstein manifold has applications in physics. The Sasakian geometry has
been extensively studied, due to its recently perceived relevance in string theory. Sasakian
Einstein metrics have received a lot of attention in physics—for example, related to p-brane
solutions in superstring theory and the Maldacena conjecture [6]. On the other hand, the
vanishing of Dirichlet energies is equivalent to the Dirichlet condition with the unique
solution of Poisson’s equation V2f = —4fp. This implies Neumann or Dirichlet boundary
conditions, as classified by the electrostatic problem (see, e.g., [7]). In the present paper,
we consider the bi-warped product submanifolds in a nearly trans-Sasakian manifold,
inspired by the publication of Tagtan’s seminal work [5], and obtained some inequalities
for the Dirichlet energy and the second fundamental form. The study of bi-warped product
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submanifolds with two distinct fibers has been a topic of great interest; see, e.g., Naghi
et al. [4], Ali et al. [8], Siraj et al. [9-11], and Awatif et al. [12]. It has been noted that
the class of bi-warped product submanifolds is a generalization of several classes, such
as CR-warped products, warped product semi-slant submanifolds, and warped product
pseudo-slant submanifolds. On the other hand, as a generalization of nearly cosymplectic,
nearly Sasakian [13], nearly Kenmotsu [8,14], nearly a-Sasakian, and nearly S-Kenmotsu
manifolds, nearly trans-Sasakian manifolds have been studied on a large scale; see [15-19].
Therefore, our objective was to remove the gap in the nearly trans-Sasakian manifold
literature, as they are an interesting structure of the almost contact manifolds that have
generalized many others structures. The main goal of this paper was to discuss the
geometry of bi-warped product submanifolds of the types M1 x g M| X, My and M =
My X ; M1 X ¢, M| in a nearly trans-Sasakian manifold. Some inequalities for the length
of the second fundamental form are obtained, including the length of warping functions
and slant immersions. Various inequalities, which have been derived in [13,14,18-27], can
be recovered from our inequalities under some conditions. Therefore, our results may find
applications in mathematical physics.

2. Preliminaries

An odd-dimensional C*-manifold (M, ¢) associated with an almost contact structure
(1,C, 1) is referred to as an almost contact metric manifold if there exist a (1,1) tensor field ¢,
a vector field ¢ (called a characteristic or Reeb vector field), and a 1-form 7 satisfying the
following conditions:

PP =—I1+7®L 1(0) =1, $(@) =0, oy =0, ¢)
g(WUy, W) = ¢(Uy, W) — 1(U1)n(W2), n(Up) = g(Uy, ), (3)

Y Uy, W, € T(TM). The above structure (1,7, ) can be reduced to a nearly trans-Sasakian
manifold (cf. [18,19]) if the following holds:

(Vu,9)Vi + (Vy, )Up =a (28(U1,V1)§ —n(Up)Vy — U(Vl)Ul>
- (00 + (), @

forany Uy, Vq € [(TM), where is the Riemannian connection associated with the metric g
on M. According to the structure, we have the following classifications:

(i) A nearly trans-Sasakian M is a nearly cosymplectic if & = 0 and, f = 0 in (4).

(i) Ifa=1and B =0in (4), then Misa nearly Sasakian manifold under the condition

(Vo, )1 + (Vy, 9)Us = 2¢(Uy, V1) — (V1) Uy — (U7 Vs )

(iii) A nearly trans-Sasakian Misa nearly Kenmotsu manifold if &« = 0 and g = 1in (4).
(iv) Similarly, nearly a-Sasakian and nearly B-Kenmotsu manifolds can be defined from a
nearly trans-Sasakian manifold by substituting § = 0 and « = 0 in (4), respectively.
The Gauss and Weingarten formulas, which specify the relation between Levi-Civita
connections V on a submanifold M and V on an ambient manifold M, are given by (for
more detail, see [28]):

VU1W2 = VU1W2 + B(Ul,Wz), 6)
V& = —A:Ur + Vi g, @)

for every U, W, € I'(TM) and ¢ € T(T+M). In addition, B and A are the second
fundamental form and shape operator, respectively, having the relation g(B(U;, W>),¢) =
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g(AgUy, W3). If we replace Uy = ¢, Vi = ¢ in (4), we find that (6@[1)6 = 0, which implies
that lp%g = 0. Applying ¢ and using (4), we get @g@' = 0. From the Gauss formula, we
get Ve& = 0and h(g,&) = 0. For more classification, see [18,19]. We also have:

U, = TU; + FUq, (8)

in which FU; and TU; are normal and tangential elements of ¢U;, respectively. If M is
invariant and/or anti-invariant, then FU; and/or TU; are zero, respectively. Similarly,
we have

e =15+ f¢, ©)

where t¢ (respectively f¢) are tangential (respectively normal) components of ¢. The
covariant derivative of the endomorphism 1 is defined by

(Vi, #)Xs5 = Vi, X5 — ¢Vx, X5, VX0, X5 € T(TM). (10)

There is a motivating class of submanifolds, presented as slant submanifolds. For
any non-zero vector U; tangential to M at point p, such that U; is not proportional to {),
0 < ¢(Uy) < /2 refers to the angle between ¢U; and T, M, which is named the Wirtinger
angle. If ¢(U;) is constant for any U; € T,M— < { > at point p € M, then M is referred
to as the slant submanifold [29] and ¢ is the slant angle of M. We consider the following
necessary and sufficient for a submanifold M to be a slant submanifold [29,30]:

T? = cos’ p(— 1+ ®7), (11)

for0 < ¢ < % and T is an endomorphism defined in (8). The following result is from
Equation (11):

g(TU;, TW,) = COSZ(P{g(Ul,Wz) - W(Ul)ﬂ(Ul)}, (12)

g(FU, FW;) = Sin2¢{g(U1/W2) - U(Ul)ﬂ(wz)}/ (13)

vV Uy, W, € T(TM). The following are the definitions of semi-slant and psuedo-slant sub-
manifolds.

Definition 1. A submanifold M of an almost contact metric manifold M is said to be a semi-slant
submanifold if there exists a pair of orthogonal distributions, D and D?, on M such that

(i)  the tangent bundle TM admits the orthogonal direct decomposition TM = D & D? & {;
(ii)  the distribution D is invariant under ¥ (i.e., yD = D); and
(iii) the distribution D? is slant, with slant angle ¢.

Definition 2. A submanifold M of an almost contact metric manifold M is said to be a pseudo-slant
submanifold if there exists a pair of orthogonal distributions, D and D?, on M such that

(i)  the tangent bundle TM admits the orthogonal direct decomposition TM = D+ @ D? & {;
(ii)  the distribution D is totally real under ¢ (i.e., yD+ C T+-M); and

(iii) the distribution DY is slant, with slant angle ¢.

The mean curvature vector, H, for an orthonormal frame {ey, e, - - - , e, } of the tangent
space TM on M" is defined by

-

I
—_

1
H = ;trace(B) =

S|

B(el-, 81‘), (14)
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where n = dim M. In addition, we set

IBI|* = ﬁZ_ 8(B(ew,ep), Blew ep)), (15)

o 1

where ||B||? is the length of the second fundamental form.
For a nearly trans-Sasakian manifold M, a bi-warped product submanifold M =
M7 x5 M) Xfp My in M, where M7, M |, My refer to holomorphic, totally real, and

proper slant submanifolds of M, respectively. Suppose that TM = D @ D+ @ D? and
TM = D+ @ FD? & u, where y is classified as a -invariant normal sub-bundle of T-M.
The next practical consequence will be used later in this paper.

Proposition 1. Let M = M X, Mp X ¢, M3 be a bi-warped product submanifold of a nearly

trans-Sasakian manifold M. Then, M is only a single warped product if the structure vector field
is tangent to the fiber; that is, either { € T'(D2) or { € T'(D3).

Proof. If we take { € T(Dy), for any U € I'(D3), we then get

Making use of (1), we obtain
U(in f1)& = BU.
By taking the inner product with ¢ and using the fact that € T'(D;), we have
U(infi) =0,
where f; is a constant. Similarly, we can easily obtain that
U(ln f,) =0,
which implies that f; is constant. [J

Proposition 2. Let M = M X 5, My X 7, M3 be a bi-warped product submanifold of a nearly
trans-Sasakian manifold M. Then,

{(Inf,) =B, Va=1,2, (16)

for each structure vector field { is tangent to M.

Proof. For any X € I'(D;), we expand the following:

Vx, & = BXo.

Using (1) and (8), we obtain

g(lnfl)Xo = ’BXO

Taking the inner product with X, we obtain

{(Inf1) = B.

Similarly, we can find that

¢(Infp) = B.
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Therefore, the statement is proved. O

Remark 1. It can be noticed that, if the structure vector field { is tangent to any fiber, then the
warped product will be trivial due to Proposition 1. On the other hand, Proposition 2 assures
that the warped product is always non-trivial if the structure vector field  is tangent to any base

manifold of a nearly trans-Sasakian manifold.

Lemma 1. Let M = Mr X M| X, My be a bi-warped product submanifold of a nearly trans-

Sasakian manifold M. Therefore, we have

8(B(Xo, X4),9Xp) =0,
8(B(Xo,X1),FXy) =0,

¢(B(Xo,Xa), 9X3) = — (wxoanfl) +m<xo))g<xz,xg>,
$(B(y%0,X2), §Xs) = (Xo(lnﬁ) - U(XO))g(Xz,Xa)/
8(B(0,X2), ¥X3) = —ag(Xy, X3),

for any Xo,X; € T(D), Xp, X3 € ['(D') and X4 € T(D?).

Proof. For all Xo,X; € T(D) and X, € I'(D+), we have

8(B(Xo,X1), ¢X3) = g(Vx, X1, ¥X2) = g((Vx, ) X1, X2) — g(Vx, ¥X1, Xp).

Equation (1) gives the following;:

g(B(Xo, Xy), pX2) = g((Vx,¥)X1,X2) + Xo(In f1)g (X1, X).

The normality of vector fields implies that

§(B(Xo, X1), 9X2) = g((Vi, ) X1, X3).

Replacing X with X in (22) gives

8(B(Xo,X1), pX3) = g((Vx, )Xo, X2).

Combining Equations (22) and (23) results in

28(B(Xo, X1), ¥X2) = g (Vo ¥)X1 + (Vx, )Xo, Xa2).

(17)
(18)

(19)

(20)

(21)

(22)

(23)

Then, using Equation (4), we arrive at the first part (17). The second part, (18), can be

obtained through a similar process as the first part. For the next part, we have:

8(B(Xo,X2), ¥X3) = g(Vx, X0, ¥X3) = g((Vx,¥)X0,X3) — g(Vx, X0, X3)
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for all Xy € T'(D) and X, X3 € T(D). From (4), (6), and (1), we obtain
(B0, Xa), YW) = = (T, )2, Xa) + 0 (0, Ka)g (K, o)
~ 1) (o, Xa) — n(Ko)g (Ko ¥a) |

- ﬁ{ﬂ(Xo)g(l,sz, X3) + ﬂ(X2)8(¢X0rX3)} —PXo(In f1)g(X2, X3)

= — ¢(Vx, X2, X3) + (9 Vx, X2, X3) — ¢Xo(In f1)g (X2, X3)
— a1 (Xo)g(Xo, X3).

This implies the following:

2¢(B(Xo, X2), ¥X3) =g(B(Xo, X3), pX2) — pXo(In f1)g (X2, X3)
— a1 (Xp)g(X2, X3). (24)

Replacing X, with X3 in (24) results in

28(B(Xo, X3), pX;) =g(B(Xo, X2), ¥X3) — pXo(In f1)g(X2, X3)
— a17(X0)g (X, X3), (25)
which implies Equation (19) from (24) and (25). Now, replacing X with Xy in (19) and

using (2), we obtain (20). If we substitute Xg = ¢ in (19), we finally reach (21). This
completes the proof of the lemma. O

Lemma 2. Let M = My X g M| X ¢, My be a bi-warped product submanifold of a nearly trans-
Sasakian manifold M. Then, we have
1
8(B(Xo,X2), FXy) = 58(B(Xo,X4), yX2) =0, (26)
1
§(B(Xo,X4), FXs) = ={(XoIn fo) — B (Xo) }(TXy, Xs)
— {9Xo(in f2) + an(Xo) }g(Xa, Xs), 27)

(B(yXo,Xy), FX5) = %(lPXo In f2)g(TXy, X5) + {Xo(In f2) — 7(X0)}8(Xg,X5),  (28)

§(B(Xo, X4, FTXs) = 3 { (XoIn ) — B (o) } cos® 9g(¥Xs, Xs)
— {9Xo(in f) + a (Xo) }g(Xa, TXs), (29)
§(B(y¥o, %), FTXs) = (9Xo In f) cos? gy, X)
+{Xo(n f) = n(Xo) }(Xs, TX5), (30)
§(B(Xo, TXy), FX5) = —%{(Xo Inf>) — ﬁﬂ(xo)} cos” ¢g(X4,Xs)

— {¥Xo(In f2) +an(Xo) }(TXy, Xs), (31)
§(B(yXo, TX,), FXs) = —2 (4o1n f2) cos? (s, Xs)

+{Xo(In f2) - 5(Xo) }g(TXy, Xs), (32)
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8(B(Xp, TXy), FTX5) = *%{Xo(lnfz) - ﬁ’?(Xo)} cos” Ppg(Xy, TXs)

— {#Xo(In f2) +an(Xo) } cos® pg(Xy, Xs), (33)

$(B(yXo, TXy), FTXs) = — £ (In f5) cos” g (X3, TX)
+{Xo(in f2) = 1(X0) } cos® pg(Xa, Xs), (34)
$(B(Z, X4), FX5) = 3(1n fo)g(Ty, Xs) — ag (¥, Xs) (35)

forall Xg € T(D), X, € T(D4) and Xy, X5 € T(D?).

Proof. For all Xy € T(D),X, € T(D"') and X, € I'(D?), from which the following can
be derived:

8(B(Xo, X2), FXy) =g(Vx,Xo, pX4) — g(Vx, Xo, TXy)
=2((Vx, )Xo, Xg) — g(Vx, X0, Xg) — g(Vx,Xo, TXy)
= — g((Vx,9)X2, Xy) — 11(Xo)g (X2, Xy) — 1(X2)g (X0, Xy)
— l/)XO lnflg(XZ, X4) —Xp h‘lflg(Xz, TX4).

By the use of (4), (10), and the normality of vector fields, we have

8(B(Xo,Xp), FXy) = — g((Vx, )X, Xy)
= —g(Vx, X2, X4) + (9 Vx, X2, Xy)
=g(Ayx, X0, Xy) — g(Vx, Xo, TXy) — g(Vx, Xo, FXy)
=g(B(Xo, Xy), pXo) — XpIn f18(X2, TXy) — g(B(Xo, X3), FXy).

Therefore, using (8)—(10) results in

1
g(B(XO/XZ)/FX4) - Eg(B(XO/Xﬁl)/ IPXZ)/ (36)
and we reached (i) , as desired. Additionally, we have

8(B(Xo,Xy), ¥X5) _8(v Xo), ¥X2)
=8((Vx, )Xo, X2) — g(Vx, ¥Xo, X)
=¢((Vx, )Xo, X2) — (pXoIn f2)g(Xy, X3).

By the use of (4) and (8), we arrive at

8(B(Xo,Xy), ¢X3) = — g((Vx, )Xy, X2)

=2((Vx, )Xo, X2) + 7(X0) g (¥X4g, Xa) + 17(X4) g (X0, X2)
8(Vx, 90Xy, X2) + g(¥Vx,Xo, X2)
=2(Vx,TXy, Xo) + g(Vx FXy4, X5) — g(Vx, Xo, X2).

Therefore, it follows from (6), (7), and (1) that
8(B(Xo,X4), ¥X3) = (XoIn f2)8(TXy, X2) + g(Arx, X0, X2) — g(B(Xo, Xy4), pX3).
Once more, by the use of (10)—(11), we construct
1
g(B(XO/X4)/ ¢X2) = Eg(B(XO/XZ)/Fxﬁl) (37)

From (36) and (37), we obtain the second part of (i) . For the third part, we calculate
the following:
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8(B(Xo, Xy), FX5) =¢(Vx,Xo, pXs5) — g(Vx,Xo, TX5)

= —g(¥Vx,Xo,X5) — (XoIn f)8(Xy, TX5)

=8((Vx,¥)X0,X5) — 8(Vx, ¥Xo,X5) — (XoIn f2)g (X4, TXs)

= — 8((V, ) %a, X5) + a{ 29(%0, Xa) (¢, Ka)
— 1(Xa)g(Xo, X5) = 1(X0)2(Xs, Xs) |
— B{n(X0)2(TX4, Xs) - 1 (X4)g (%o, X5) }
— (pXoIn £2)8(Xy, X5) — (Xo In f2)g(Xy, TX5)

=8(p(Vx, X4, X5) — g(Vx, Xy, Xs5) — B17(X0)g(TXy, X5)
— (¥XoIn f2)g(Xy, Xs5) — (XoIn f2)g(Xy, TXs5) — an(Xo)g(Xy, X5)

= —g(Vx, TXy, X5) — g(Vx,FXy, X5) — g(Vx, Xy, TX5) — 17(X0)8(TXy, X5)
— 8(Vx, Xy, FX5) — (pXo1In f2)g(Xy, X5) — (Xo In f2)g(Xy, TX5)
—an(Xp)g(Xy, Xs).

By the use of (6)—(7) and (8), we have

Zg(B(X(),X4), FX5) = g(B(Xo, X5),FX4) — (XO lnfz)g(X4, TX5)
— (X0 In £2)8(X4, X5) — p11(X0)g(TX4, X5)
—a17(X0)g(Xy, X5). (38)

Replacing X4 with X5 in (38), we have

22(B(Xo, Xy), FX5) = ¢(B(Xo, Xy), FX5) + (X In f2)g(Xy, TX5)
— (¥XoIn f2)g(Xy, Xs5) — B17(X0)g(TX5, Xy)
— a1 (Xp)g(Xy, X5). (39)

Equations (38) and (39) give the second part. The rest of the terms are derived by
interchanging X with Xy, as well as X4 and X5 with TX, and TXs, respectively. Thus,
the proof is completed. [

Remark 2. If B(U;,X;) = 0 VU; € I(D), and VX, € T(D1), B(Up,X3) = 0 VU; €
[(D), and ¥X3 € T(D?), then the bi-warped product submanifold M = Mr X s M| X1, My
in a nearly trans-Sasakian manifold M refers to a D & D--mixed totally geodesic (respectively,
D © D? —mixed totally geodesic).

Remark 3. It easily proved that a proper bi-warped product submanifold M = Mr X r M| X,
M, of a nearly trans-Sasakian manifold M is trivial, by using the D & D?-mixed totally geodesic
and D @ D+-mixed totally geodesic in (19) and (26).

Now, we are in the position to give the proof of our main result. More precisely, we
give the following inequality theorem for bi-warped product submanifolds of the type
M7 Xfl M, Xf2M¢.
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Theorem 1. Let M = My X5 M| X7, My be a bi-warped product submanifold of a nearly

trans-Sasakian manifold M. Then, the following inequality is satisfied for the second fundamental
form B:

B2 22%2{ IV (n fo) |2 + a® — /52}

+n3{ (écot24>+2csc2 4>) {IV(lnfzﬂl2 - /32} +a2}/ (40)

where ny = dimM |, n3 = dim My. Moreover, V(In f,) is the gradient of In f, fora = 1,2,
while { € Mr, My, and M | are holomorphic, proper slant, and totally real submanifolds of M,
respectively. If the inequality (40) becomes an equality, then M | and My are totally umbilical
and Mr is geodesic totally in M. The D @ D~-mixed totally geodesic and D & D?-mixed totally
geodesic do not exist in M of M.

Proof. AssumethatM = Mr X, M| X, My is a n-dimensional proper bi-warped product
submanifold of the nearly trans-Sasakian manifold M?"*!1. In addition, let the local
orthonormal vector fields vy, ..., v,; of TM be as follows:
D =span{vy,..., 0, Vt1 = Py, ..., 02 = PU;}
D+ =span{vyi1 = 01,..., 0041 = 0}
D? =span{vy; 141 = 07, U241k = Vg, V2t 11kt1 = sec pToy,

..oy = sec¢pTu; }.

Therefore, dimMr = n; = 2t +1, dimM, = np; = [, and dimM, = n3 = 2k.
Furthermore, the orthonormal frame fields vy, ..., U2, 11—, —1_2k Of the normal sub-bundle
TM are as follows:

={v1 = ¢dy,..., v = PO}
FD? :span{le = 01 = csc pFv], ..., vk = T = csc pFuy,
U1 kr1 = cscpsec pFTvY, ..., v o = o = cSC P sec (,bFTv,’;}
# =span{v o1, -+ Vami1—n—i—2k }-
According the definition B, we have
n
B = bzlg( 04,05), B(00,23) ).

a,b=

The above equation can be broken into the components of submanifolds of M, My,
and M as follows:

1+2k  n
|B||2 2 Z g "0,1,’0;, l,bvr + 2 Z g vu,vb )
r=1a,b=1 r=I4+1a,b=1
2m+1—n—1-2k n
+ Y X §(B(va,vp),vr), (41)

r=I+2k+1 a,b=1
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where clearly dim y = 2m + 1 — n — | — 2k. Expanding the above equation, according to
the orthonormal bases of D?, D, and D+ (except for the last term), we arrive at

2t+1

||B||2> 2 2 g B(va, vp), P0y) "‘2 2 8(B(0a, 0p), P0y)
r=1a,b=1 r=1a,b=1
l 2k 2k 2t+1
+3 Y 8B, 00),w0,)+ Y. Y & (B(04,0),0)
r=1a,b=1 r=1a,b=1
2k ! 2k 2k
+Y Y §(B(Ba ), 5)+ ) ). &°(B(v;, %), 5)
r=1a,b=1 r=1a,b=1
241 2t+1 2k
—0—22 2 Zg (Va, Op), Por) +2Z Z Zg (Va,v3), 0y)
r=1a=1 b= r=1a=1 b=
I 2k 1 )
+2222g( Ua/vb +2222g )
r=1a=1b=1 r=1a= 1b
2k 2t+1 2k 2k 2t+1
+2) ) Zgz( (0a, 03),0r) +2) ) Zg (Va, ), By ).
r=1 a=1 b=1 r=1 a=1 b=

Utilizing Equations (17), (18), and (26) in the preceding equation, we obtain

r=1a,b=1 r=1a,b=1
2k 2k 2k 1
+ Z Z g Ua/vb oy) + Z Z SZ(B(ﬁaIﬁb>/57)
r=1ab=1 r=1a,b=1
2k 1 2k I 2k 1
+2)), Zgz(B(ﬁa/vZ Z Y. & (B(v;,0y), ¥y)
r=1a=1b= r=1a=1b=1
2t+1 2t+1 2k
+2Z )y Zg (0a,0p), 0r) + Z Z Z B(0q,0;),0;).  (42)
r=1 a=1 b= r=1 a=1 b=1

Leaving out all terms except for the last two relations in the above equation, we find

HB||2>222 28 (Va, Op), Y0r) +2228 C,p), ¥or)

r=1a=1b= r=1b=

2k 2t 2k 2k 2k
£230 3 Y PBon o), 5 +2) Y S (BE0), 5.

r=1a=1b=1 r=1b=1

From the frame fields of tangent and normal sub-bundles of M, after ignoring the
p-components part in (41), we derive

1 t 1
B2 >2y ) 282( (0a, 0p), 0r) +22 Z 28 ($va, Op), r)

r=1a=1b= r=1a=1b=
2k 2k
+222g (C,Dp), ¥or) —i-ZZZg (C,vp,),0r)
r=1b= r=1b=
+2csc? ¢ Z Z{ B(v,,0}), vﬁ)—i—gz(B(lpva,vZ),Fv;“)}
r,b=1a

k
+ 2csc? psec® ¢ ) i {gz(B(va,TU;j),Fv;‘) + ¢ (B(yo,, TUZ),FU;‘)}

rb=1a=1
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k t
+2cspsec’yp Y Y {gZ(B(zﬁa,vZ),FTv;‘) +g2(B(¢va,vZ),Fij‘)}
r,b=1b=1

k t
+2cs?psectyp Y Y {gz(B(ﬁa, Tv;), FTo}) +gz(B(l[JZJﬂ,TZ)b),FTU:)}.
r,b=1a=1

Utilizing Equations (19), (20), and (21) in the first terms, we substitute (26)-(35) to ob-
tain
) ¢ 2 2
IBIZ =20 )" 3 (= goaln fi +an(en)) + (valn fi = 7(00))
a=1
) t 2 2
+2kesc® ¢ Y ( — v, In fo — my(vﬂ)) + (vaIn fo — 17(0,,))
a=1

t

+ 29kcscz4>sec24>cos44>[;;1 { (va Inf, — ﬁq(v,ﬁ)z + (—yo, lnf2)2}
+ 2fkCsc:2<psec24>cos4</) i (v In f, — (v ))Z—f— (—pvaIn fo)?

9 = a 2 ARY a 2
£ 2 2
+ 2k csc® psec* post p Y { ( —YugIn fo — oc;y(va)) + (vaIn fo — q(va)) }
a=1
+ 21 + dka.

From the orthonormal frame #(v,) = 0 for 1 < i < 2t, and with some rearrangement
in the remaining terms, we arrive at

2t 2t 2t
4k
IB||> > 21 Y (valn f1)? + 21a® + 4k s ¢ Y (valn f1)* + 3 cotzgi)a;(va In f1)? 4 4ka®.

a=1 a=1

Using trigonometric identities and adding and subtracting some terms, we obtain

IB||2 > 21|V 1In f1]|? — 21(vos41 In f1)? 4 21a® + %k (10csc2(p — 1) |V In f>?

4k
-y (10 csc? ¢ — 1> (vpr411n f2)? + 4ka®.

For a nearly trans-Sasakian manifold, two conditions are satisfied: {In f; =  and
¢ In f, = B for the structure vector field { tangent to the base Mr. The following inequality
is obtained by substituting into the proceeding equation:

|B||? >21||V In f1]|* — 218% + 21a?
4% (10 s — 1) IVin fy|2 — 2K (10csc2 ¢ — 1);32 + 4ka?
9 9 ’
from which we reach the final result, (40), which we wanted to prove.
If the inequality (40) becomes an equality, the missing third part in (41) gives:

B(TM, TM) L 4. (43)
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Using terms (i) and (ii), which were not considered in (17), and (42), we can derive
B(D,D)L ¢D* and B(D, D) LFD?. It is obtained that B(D, D) = 0. The missing first and
fourth terms in (42) lead to the following;:

B(D!,D1) LyD!t & B(D*,D')LFD?. (44)

It can easily be seen that B(D+, D) = 0, by using the missing terms in (43) and (44).
In addition, the second and third terms that were left in (42) give B(D?,D?) LD and
B(D?,D?) LFD?. This leads to B(D?,D?) = 0. In addition, term numbers five and six
that were missed in (42) imply that B(D+,D?) LD+ and B(D*, D?) LFD?. These give us
B(D+,D?) = 0. We obtain B(D, D) C D" by considering the second term in (26), along
with (43). From the first term in (26) along with (43), we obtain B(D, D?) C FD?. As My
is totally geodesic in M, by the use of this point along with B(D,D) = 0, B(Dl, DL) =0,
and B(D+, D?) = 0, we find that M is totally geodesic in M. As M| and M are totally
umbilical in M and we have B(D+,D') = 0, B(D+,D?) = 0, B(D+,D?) Ly D+, and
B(D*, D?) LFD?, it can be concluded that M|, and My together are totally umbilical in M.
Furthermore, B(D+,D?) LyD+ and B(D*, D?) LFD? imply that M is neither D @ D*-
mixed totally geodesic nor D @ D?-mixed totally geodesic at M, in light of Remark 2. This
completes the proof of the main theorem. [

Some Geometric Consequences

If we consider dim My, = 2k = 0, then Theorem 1 gives the following:

Theorem 2. (Theorem 4.1 of [18]) Let M = Mr x f M| be a CR-warped product submanifold in
a nearly trans-Sasakian manifold. Then, we have:

B> Zan{ IV (nfr)? +a® — ﬁz},

where ny = dimM | .
If M vanishes, then Theorem 1 implies the following;:

Theorem 3. (Theorem 4.1 of [19]) Let M = Mt X ¢ My be a warped product semi-slant submani-
fold of a nearly trans-Sasakian M, then inequality (40) implies the following inequality:

B> 2n3{(§cot24)+2csc2¢>{||V(lnf2)||2_ﬁ2}++“2},

where n3 = dim M.

Therefore, Theorem 1 is an extension of Theorem 4.1 of [19]. Similarly, for « = 0,
we have:

Theorem 4. Let M = My X5 M| X7, My be a bi-warped product submanifold of a nearly
B-Kenmotsu manifold M. Then, the second fundamental form B satisfies the following inequality:

| zzz{|v<1nf1>|2 - [‘52} +2k{ (5eoro+2ae) {ITn IR - !32}},

where | = dimM |, k = } dim My. In addition, V (In f,) is the gradient of In f,, while { € Mr,
My, and M | are holomorphic, proper slant, and totally real submanifolds of M, respectively. If
inequality (40) becomes an equality, then M | and My are totally umbilical and Mr is geodesic
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totally in M. The D @ D~ -mixed totally geodesic and D & D?-mixed totally geodesic do not exist
in M of M.

Inserting @ = 0 and B = 1 into Theorem 1, we have

Theorem 5. (Theorem 1 of [8]) Let M = Myt X5 M| X7, My be a bi-warped product sub-
manifold of a nearly Kenmotsu manifold M. Then, the second fundamental form B satisfies the
following inequality:

B zznz{wanmuz - 1} - n3{ (5ot o+ 2esp) { IVl o) - 1}}

where ny = dimM |, n3 = } dim My. In addition, V (In f,) is the gradient of In f,, while { €
Mr, My, and M | are holomorphic, proper slant, and totally real submanifolds of M, respectively.
If inequality (40) becomes an equality, then M | and My are totally umbilical and Mr is geodesic
totally in M. The D & D~-mixed totally geodesic and D & D?-mixed totally geodesic do not exist
in M of ML

If we puta =0, B = 0into Theorem 1, the following is obtained for the bi-warped
product submanifold of a nearly cosymplectic manifold:

Theorem 6. Let M = My X5, M| X7, My be a bi-warped product submanifold of a nearly
cosymplectic manifold M. Then, the second fundamental form B satisfies the following inequality:

B2 22712{ ||v<1nf1>|2} +n3{ (5eororacscty) ||v<1nfz>||2},

where ny = dimM |, n3 = % dim M. Moreover, V (In f;) is the gradient of In f,, while { € Mr,
My, and M | are holomorphic, proper slant, and totally real submanifolds of M, respectively. If
inequality (40) becomes an equality, then M | and M are totally umbilical and Mr is totally
geodesic in M. The D @ D~+-mixed totally geodesic and D & D?-mixed totally geodesic do not
exist in M of M.

Again, we get the following by using « = 0, p = 0, and dimMy = 0.

Theorem 7. (Theorem 3.2 of [31]) Let M = Mt X f M| be a CR-warped product submanifold of
a nearly cosymplectic manifold. Then, we have:

1B >2n2[|V (In f1)1%,
where ny = dimM | .
Insertingw =0, = 0and dimM; = 0into Theorem 1, we obtain the following:

Theorem 8. (Theorem 3.5 of [32]) Let M = Mt X f My be a warped product semi-slant submani-
fold of a nearly cosymplectic M. Then, inequality (40) implies the following inequality:

HB||2 24k{ (; cotng +1csc? qb) ||V(1nf2)||2},

where 2k = dim M.



Mathematics 2021, 9, 847

14 of 24

By inserting B = 0 and « = 1, B = 0 into Theorem 1, the following results for the
bi-warped product submanifolds of a nearly a-Sasakian manifold and a nearly Sasakian
manifold, respectively, can be obtained:

Theorem 9. Let M = My X5 M| X7, My be a bi-warped product submanifold of a nearly
a-Sasakian manifold M. Then, the second fundamental form B satisfies the following inequality:

B> 227’12{|V(1nf1)||2 +0¢2}

+ 1’13{ (5 cot? ¢ + 2 csc? 4)) {||V(lnf2)|2} + 042},

where ny = dimM | ,n3 = %dim M. If the above inequality (40) becomes an equality, then
M, My are totally umbilical and Mr is geodesic totally in M. The D & D -mixed totally
geodesic and D & D?-mixed totally geodesic do not exist in M of M.

Theorem 10. Let M = Mt X g M X g, My be a bi-warped product submanifold of a nearly
Sasakian manifold M. Then, the second fundamental form B satisfies the following inequality:

B2 22712{ |V (n f1)|> + 1} + n3{ <gcot2¢—0—2csc2 (,b) {||V(lnf2)]|2} + l},

where ny = dimM |, n3 =  dim M. If inequality (40) becomes an equality, then M|, M
are totally umbilical and Mr is geodesic totally in M. The D & D~-mixed totally geodesic and
D & D?-mixed totally geodesic do not exist in M of M.

Remark 4. It can be easily seen that Theorem 4.1 of [18], Theorem 4.1 of [19], Theorem 3.2 of [31],
Theorem 3.5 of [32], and Theorem 1 of [8] are special cases of our main Theorem 1.

3. Inequality for Bi-Warped Product Submanifold of the Type M = My x s, M| X7, Mr

In this section, we consider the bi-warped product submanifold of type M = My x ¢
M7 Xr, M} in a nearly trans-Sasakian manifold M, with respect to the tangent spaces of
Mr, M| and My, which are integral manifolds of D, D+, and D?, respectively.

Lemma 3. Let M = My X s, M1 X, M| be a bi-warped product submanifold of a trans-Sasakian
manifold M. Then, we construct the following:

g(B(Xo, X1), FXy) = {(TXyIn f1) + a7 (Xs) pg(Xo, X1) (45)
28(B(X2,X3), FXy) = g(B(X4, X3), YX3) + g(B(Xy, X3), X3)
+2{ TXyIn f + a(Xy) bg(Xa, Xa) (46)
8(B(X4, X5), pXa) = g(B(Xy, X3), FX5),
§(B(Xo, X5),FXy) =0

Proof. For any X, X; € I'(D) and X4, X5 € T(D? & {), we have

g(B(Xo, Xl),FX4) = g(vxoxl,FX@ = g(?xoxl,tp&) — (vXOX'l,TXAL)
= g((Vx,9)X1, X4) — 8(Vi, X1, Xu) + 8(Xy, Vi, TXy).
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Using (4), (8), (10), and (1), we get

§(B(Xo,X1), FXs) = — g((Vx, %o, Xa) + {28(X0, X1)g(Z, Xa) — 7(Xo)g (X1, Xa) — n(X1)g(Xo, Xa) |
— B{1(X0)g (41, Xa) + 7(X1) (9, Xo, Xa) } + TX4(In f1)g(Xo, X1)
= — 8(Vx, $Xo,Xs) — 2(Vx, Xo, FXa) — g(Vx, Xo, TXy) + 201 (Xa)g (Xo, X1 )
+ TXy(In f1)g(Xo, X1)
= (XqIn f1)g (X0, X1) — g(B(Xo, X1), FXas) + 20 (X4)g (X0, X1)
+2TXy(In f1)g(Xo, X1) — (XaIn 1) (X0, X1).

This is implies the first part (45) of the lemma. For the next part, we have, from (8),
S(B(X2, X3), FXy) = ¢(Vx, X3, 9Xy) — g(Vx, X3, TXy).

Using (10) and (1), we obtain

8(B(X2,X3), FXy) = g((Vx,9)X3,X4) — g(Vx, X3, Xy) + TXy In fr9(Xo, X3).

By use of (4), (8), and (10), we get

3(B(Xa, X3), FXy) = — g((Vig, )Xo, Xa) + a{ 29(X4)g(X2, Xs)
— 1(X2)g(Xa, Xa) = 1(X5)2(X2, Xa) |

— B{n(X2)g(yXs, Xa) — 1(Xa)g(yX2, Ka) | + TXsIn fr9(X5, Xs)
+3(B

(Xg, X2), 9X3)
=g(B(Xy, X2), ¥X3) + g(B(Xy, X3), X2)
+ TXyIn /r9(Xp, X3) + 2an(Xy)g(Xp, X3)
— 8(Vx,Xp, FXy) — g(Vx, Xo, TXy)
=g(B(Xy, X), ¥X3) + g(B(Xy, X3), X2)
+2TXy1In fr9(Xp, X3) + 2an(Xy) g (Xp, X3).

This is equivalent to (46). For any X4, X5 € I'(D?), X, € T(D%),
8(B(Xy, X5), ¢X2) = g(Vx, X5, ¥X2) = g((Vx,¥)X5,X2) — g(Vx, ¥X5,Xy).
Utilizing (4), we get the following:
S(B(Xy, X5), ¢X) = g(Vx, Xo, ¥X5) = g(Vx,Xo, FX5) + g(V,Xp, FX5).
In view of (6) and (7), we get
8(B(Xy, Xs5), ¥Xo) = g(B(Xy, X2), FX5).
For the last part, we have

g(B(Xo,X5), FXy) = g(Vx Xo, ¥Xy) — g(Vx Xo, TXy),
= —8(Vx,9Xo0, Xg) + (Vs 9) X0, Xy) — X5(In f1)g(Xo, TXy),

for any Xy € I'(D) and Xy, X5 € I'(D?). Using (4), (7), and the normality of vector fields,
we arrive at

8(B(Xo,X5),FXy) = 0.

Thus, the required results are obtained. [
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The following equalities can be derived by exchanging Xy with ¥X( and X; with X4
in Lemma 3:

$(B(Xo, X1), FXy) = { TXy(In f1) + a7 (Xs) b3 (90, Xa), 47)
g(B(Xo, X1),FXy) = {TX4(lnf1) +0”7(X4)}8(X0, ¥X1), (48)

and
g(B(pXo, pX1),FXy) = {(TX4 Inf1) + an(X4)}g(X0, Xy). (49)
Similarly, if we interchange X, with TX, in Lemma 3, (47)-(49), and (16), we can

derive

§(B(Xo,X1), FTX,) = — cos?p{ (Xa In f1) — 1(Xs) pg(Xo, %), (50)
g(B(yXo, X1), FTXy) = —cos o{ (XyIn 1) — 1(X4) (X0, X1) 51)
2(B(Xo, ¥X;), FTXy) = — cos? 4’{ (X4In f1) — W(X4)}g(X0/ ¥Xy), (52)

and
g(B(yXo, pX1), FTX,) = — cos? 4>{ (XyIn fy) — U(X4)} ¢(Xo, X1). (53)

Again, interchanging X4 with TX, in (46), Lemma 3, and (16), we obtain
2g<B(X2, Xg,), FTX,) = g(B(TX4, Xz), leg,) + g(B(TX4, Xg,), IPX2)

—2(:05247( — (X)) + (X4lnf2))g(X2,X3). (54)

Lemma4. Let M = My X s, Mt X, M| be a bi-warped product submanifold of a nearly trans-
Sasakian manifold M. Then, we have

8(B(Xo, X5), pXa) = g(B(Xo, X2), FX5) =0, (55)
forany X € T(D), X5 € T(D? @ () and X, € T(D4).
Proof. For any X € T(D), X5 € ['(D? @ {), and X, € T(D"), we have

8(B(Xo,Xy), FX5) = ¢(Vx,Xo, ¥X5) + g(Vx, TX5,Xo),
= 8((Vx, )Xo, X5) — g(V, X0, X5) + TX5(In f2)g(Xo, Xp).
Equations (4) and (10) imply g(B(Xy, X3), FX5) = 0. For the next equality, we compute

§(B(Xo,Xy), FX5) = g(Vx,Xo, ¥X5) 4 ¢(Vx, TX5,Xz),
= 8((Vx, ) X2, Xs5) — 8(Vx, X2, X5) 4+ TX5(In f1)g(Xo, X2).

Again making use of (4) and (1), we find the following;:

8(B(Xo, X5), X5) = g(B(Xo, X2), FX5),
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which is the first equality. Therefore, the result is proved. O

In this direction, we provide a relationship between the squared norm of the second
fundamental form and the warping function for the bi-warped product. Before giving the
next relationship, we define an orthonormal frame. Taking { tangent to the base manifold
M, of an n-dimensional bi-warped product submanifold M = My X Mt X7, M in

a (2n 4 1)-dimensional nearly trans-Sasakian manifold M, we consider the dimensions
dim(Myr) = ny,dim(M,) = np, and dim(My) = n3. We provide proof of the main
theorem as follows.

For the second type of bi-warped product submanifold, My X g M Xz, M|, we prove the
following result:

Theorem 11. Assume that M = My X 5, M1 X, M is a bi-warped product submanifold of a

nearly trans-Sasakian manifold M. If D+ — D? is mixed totally geodesic and T is tangent to My,
then the length of the second fundamental form B is defined as

BIP > ny esc? p(1 +cos2¢>(|%1nf1>2 ﬁZ) +nzcot2¢(||@1nfz>||2 ﬁ2), (56)

where n; = dim(Mr) and n; = dim(M ). The gradients V(In fi) and V(In f;) of In f;
and In fp are along Mt and M, respectively. If the inequality (56) becomes an equality, then
Mr and M | are totally umbilical submanifolds, and My is a totally geodesic submanifold in M.

Furthermore, M is a D?-totally geodesic submanifold of M.

Proof. Suppose the orthogonal frames of the corresponding tangent spaces of D, D+, and
D?, are as follows:

D =span{vy,. VP, Vpy1 = YUY, ..., Upy = Vpp = Yo},
1 _ _
D~ =span{v,, 41 = 01,...,On;4n, = On, },
=SpaniVy, tn,+1 = vl,... Uny+mp+q = Ogr Unymy gl = Ugyq = sec ¢To;
* *
o Unynp42q = = sec¢pToy, v = vy, = 03041 = ¢}

Then, the orthonormal frame fields of the normal sub-bundles of wDL, FD?, and U,
respectively, are as follows:

l/’DL =span{vy11 = 01 = Y01, ., Vmtn, = On, = Y0, },
FD? =span{v,,,,+1 = Op,11 = cscpFo}, ..., Umtngtq = Onptq = CSC quvZ;,
Uty +q+1 = Onyrqi1 = cSCPec 9FTOT, - Oy 1y —1 = Opyyny—1 = csc psec pFTog },
p =span{Vminytny = Opy4n3, "+, V2nt1 = [T 2

From the definition of the second fundamental form, we have

5 2n+1  m )
HBH Z g Uarvh (Uﬂ,’Uh)) = Z Z g va,vb ) .
a,b=1 r=m+1a,b=1

The above expression can be expanded, according the frame vector fields, as

1y m ny+nz—1
|IBJJ? = ;( ) g(B(Uu/Ub)rﬁr)2> + )

a,b=1 r=npy+1

2(n—ny—nz+1)—n1 [ m
+ ) (Zg (va,0p), )2>. (57)

r=np+ns a,b=1
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Ignoring the y-components and implementing the constructed frame fields of D, D+,
and D?, we obtain

ny M
B> Y Y g(B(va,vp), ¢7,) +Z 2 §(B(a, 0p), 0r )

r=1ab=1 r=1a,b=1
1y N3 np Ny np
+Y Y g(B(v;,0p), ¢or) +22 Y Y g(B(va, ) ), ¥,)?
r=1a,b=1 r=1a=1b=1
ny, ny ns Ny My ng
+2222g (v, v}), Y0r) +2222g (0a,0}), 90,)?
r=1a=1b= r=1a=1b=
np+nz—1 mny ny+nz—1 np
Y Y eBlLu) e+ Y Y g(B(8,3,),5)
r=ny+1 ab=1 r=ny+1 ab=1
ny+nz—1 ns np+nz—1 ny np
+ Y., ) g(B(v;,vp) ,T,)% 42 Y ) Zg (va, Bp), Br)?
r=np+1 a,b=1 r=ny+1 a=1b=
ny+n3—1 ny n3 ny+nz—1 ny n3 )
+2 ), ZZg a)2+2 Y ZZg (0a,9}),5)%.  (58)
r=ny+1 a=1b= r=npy+1 a=1b=

As we assumed that M is a D+ — DY mixed totally geodesic, this forces the third,
sixth, and twelfth terms to vanish. In view of Lemma 4, the fifth and tenth terms are zero.
Similarly, we ignore the first, second, fourth, and ninth terms, due to the lack of connections
for warping functions. Now, the rest of the terms (i.e., the seventh and eighth) can be

written as
9 m
IBJ? > Z Z g(B(va,vp),cscpFui)> + Y Y 2(B(v4,vp), csc ¢ sec pF T} )?
r=1a,b=1 r=1a,b=1
9 n2
+ Z Z §(B(04,0p), cscpFui)> + Y Y ¢(B(0a, By), csc p sec pFTo; ).
r=1a,b=1 r=1a,b=1

Inserting the equations from Lemma 3 with (47)—(54), we derive
9 2
||BJ|* > 17 csc® (1 + sec® ¢) Z(TU (Inf1) +an(ov ))
q 2
+ 1y csc® (1 + cos? ¢) Z( (Infy) — (:‘))

+nzcsc2¢z (Tv;‘(lnfl)—i-my(v;‘)) + 13 csc? ¢ cos 4)2( (Info) —7(v :‘))2
r=1

From the orthornomal frame #(e;) = 0, for 1 < r < g, we have

2q+1 2q
[IBJI* = nycsc® p(1 +sec® p) ) (Toy(Inf1))? — nyesc® p(1+sec9) Y g(vf, TV(Inf1))?
r=1 r=q+1

— 1y esc® ¢(1 + sec? (,b)(Tv;qH(lnfl))2 + 11 esc? (1 + cos? ¢) i (vf (In f1)?

r=1
2q+1 24 .
+ 11y csc? ) (Tvi(In f2))? — np csc? ¢ ) g(v;, TV(In f,))?
r=1 r=q+1

— 1y csc? ¢(Tv§q+1(lnf2)) + 115 esc? ¢ cos® ¢ Z (In f»))>.
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The third and seventh terms are equal to zero by eéq 41 = ¢and T¢ = 0. Thus, the
preceding inequality takes the following form:

— 9 —
[B]|? > 11 csc® ¢(1 +sec? @) || TV (In f1)|[> — 11 esc® ¢(1 + sec? ¢) sec? ¢ ) ¢(Tov}, TV (In f1))?
r=1

q
4 11 esc? (1 + cos? ¢) Y (05 (In £1))? + ny csc? @[TV (In f)] 2
r=1

q —
— 11y csc? psec? ¢ ) ¢(To}, TV (In f,))?
r=1

+ 1 esc? ¢ cos? ¢ Zq: (v (In f2))%.
r=1

Using (11) and the fact that {(In f;) = B, i = 1, 2 from Proposition 2, we finally
obtain

[1BI2 = 1 csc? (1 -+ cos? ) (19/(In fo)|[2 = B2) + ma co p(|| ¥ (In f2) |2 = 62).
For the equality case in (56), considering the third y-component term in (57), we derive
B(TM,TM) L pu. (59)
By using the missing first, second, and fourth terms in (58), we find that
B(D,D) L yD*, B(D+,D+) L yD+, B(D,D+) L yD*. (60)
Evaluating the ninth term of (58), we get
B(D?,D?) L FD?. (61)
Then, from (59) and (60), we obtain
B(D,D) € FD?, B(D*,D') € FD?, B(D,D') € FD?. (62)
As M is D+ — D? mixed totally geodesic, we can conclude the following:
B(D+,D?) = 0. (63)
From the vanishing third term of (58), we get
B(D?,D?) L yD*. (64)
From (59), (61), and (64), we get
B(D?,D?) = 0. (65)
Evaluating the fifth, tenth, and eleventh terms of (58), we can derive
B(D,D?) L ¢yD*, F(D,D') L FD?, B(D,D?) L FD?. (66)
Therefore, with (59), (60), and (66), we obtain
B(D,D?) =0, B(D,D) = 0. (67)

It is well-known that My is a totally geodesic submanifold in M and we can analyze
that M, is totally geodesic 12 M by (63), (65), and (67). Additionally, M7 and M, are totally
umbilical submanifolds in M by (62), as M and M are totally umbilical in M. Equations
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(60)—(67) show that M is a D?-totally geodesic submanifold in M. This completes the proof
of the theorem. [

3.1. Geometric Applications

In this section, we find a particular case of our main results. Particularizing f = 0 and
« =1 or a = 0, along with n; = dim Mt = 0, in Theorem 11, we get the following;:

Theorem 12. (Theorem 3.1 of [13] and Theorem 3.1 of [33]) Let M = My X f M L be a mixed
totally geodesic warped product pseudo-slant submanifold of a nearly Sasakian manifold or a nearly
cosymplectic manifold. Then, we have

|IB]* > npcot? ||V In fo| %,
where dimM | = n».
If we assume that « = 0, B =1 with dimM; = 0, we find another theorem:

Theorem 13. Let M = My x ¢ My be a warped product semi-slant submanifold of nearly Ken-
motsu manifold. Then, we have

BIP > n, csc24>(1+cosz¢>(IWlnf1)||2—1>-

Remark 5. It can be noted that only on a nearly Kenmotsu manifold does the warped product
semi-slant submanifold of the type M = My X ¢ My exist; in other structures, it becomes a trivial
case (see [22]).

Similarly, if « = 0, = 1 with dim M7 = 0, then we have:

Theorem 14. (Theorem 4.2 of [14] ) Let M = My X M L be a mixed totally geodesic warped
product pseudo-slant submanifold of a nearly Kenmotsu manifold. Then, we have

[1BI[2 > nycot? ¢ |V In fol[2 ~ 1),
where dimM | = no.

3.2. Some Applications Related to Mathematical Physics

In this section, we investigate the Dirichlet energy, which satisfies the following for a
compact submanifold M and differentiable function 6 : M — R:

E©) =5 [ IVolav, (68)

where 4V is a volume element. Considering this, we give the following Theorem by
combining (40) and (68), where Mt is compact without boundary.

Theorem 15. Let M = Mr X7 M| X, My be a bi-warped product submanifold of a nearly
trans-Sasakian manifold M, such that My is compact without boundary. Then, we have

4nyE(In f1)+2n3 (%k cot® ¢ + 2 csc? 47) E(In f>)

2
< B|2 + 1382 (= cof? ¢+ 2csc
= Mo {ng}xia} {H 1=+ nsp (9(:0 ¢+ 2csc 4))

+2ny (/52 - 042) — nza’ }dV,
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where E(In f1) and E(In f,) are the Dirichlet energies of the warping functions fi and f,, respec-
tively. The equality cases are the same as in Theorem 1

Similarly, if My is a compact base without boundary, then Theorems 11 and (68) give
the following:

Theorem 16. Let M = My X 5 Mt X7, M| be a bi-warped product submanifold of a nearly
trans-Sasakian manifold M. such that My is compact without boundary. Then, we have

21 csc? ¢ (1+ cos? gb) E(In f1) + 12 cot> pE(In f,)

< 2, g2 2 2 2 .
_/M¢X{n1}x{n2} {||B| + B <n2cot ¢ + ny csc ¢<1+cos ¢)>}dV

As immediate applications of Theorem 15, we give corollaries in the following.

Corollary 1. Assume that M = Mt X ¢ M is a CR-warped product submanifold of a nearly
trans-Sasakian manifold M, such that My is compact without boundary. Then, we have

1 ) -
Bnfi) < g [ (1B + 20 (2= s2) Jav.

Corollary 2. Assume that M = Mr X r, My is a warped product semi-slant submanifold of a
nearly trans-Sasakian manifold M, such that Mt is compact without boundary. Then, we have

9sin® ¢ 2 2(2 0 2
E(lnfo) < <8k(10_sin2¢)> /MTX{nS}{Hm + 2k2 (5 cot? ¢+ 2csc0) paV.

On the other hand, substituting 7; = 0 and 1y = 0 into Theorem 16, we can derive the
following corollaries.

Corollary 3. Let M = My x s, M| be a warped product pseudo-slant submanifold of a nearly
trans-Sasakian manifold M, such that M is compact without boundary. Then, we have

1

E(1 < —
(Inf2) < 1y cot? ¢ IMyx{ny}

{||B||2 + B%ny cot24>}dV.

Corollary 4. Let M = My Xy, Mt be a warped product semi-slant submanifold of a nearly
trans-Sasakian manifold M, such that Mg is compact without boundary. Then, we have

2mq csc2<p<1+ cos? gb)E(lnfl) < /MTX{nl} {||B|2 + By csc24>(1 + cos? cp) }dV.

For the Laplacian, many applications in mathematics as well as in physics can be
found. This is possible due to the eigenvalue problem of A. The corresponding Laplace
eigenvalue equation is defined as follows: A real number A is called an eigenvalue if there
exists a non-vanishing function 8 which satisfies the following equation:

AB = A0, on M,
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with appropriate boundary conditions. Considering a Riemannian manifold M" with no
boundary, the first non-zero eigenvalue of A, defined as A1, includes variational properties
(cf. [34]):

| lIve|[Fav 12
AM=infd H—F——| § € W (M" 0,/9dV:0.
1 m{ [ 6124V | (M")\{0} M

Inspired by the above characterization, using the first non-zero eigenvalue of the
Laplace operator and the maximum principle for the first non-zero eigenvalue A;, we
deduce the following:

Theorem 17. Let M = Mr X g M X g, My be a bi-warped product submanifold of a nearly
trans-Sasakian manifold M with { € Mt and such that My is a compact base without boundary.
If A1 and yq are the first eigenvalues of eigenfunctions f1 and fp, respectively, then we have
following inequality:

B4V 22712/

M(n fi)? +a? — 2 pdV
-/MTX{"Z}X{V!3} ~MT><{”2}X{”3}{ vinfi) p

‘ 2
s er{nz}x{m}{<9C0t2¢+zcscz¢>{Vl(lan)z/SZ}JF“z}dV. (69)

Proof. Assuming that 6 is a non-constant warping function, by use of the minimum
principle for the first eigenvalue A1, one can obtain (p. 186, [34]):

Py / (G)Zdvg/ V6|24V (70)
B M]‘l Mﬂ

The equality holds if and only if A = A10. Taking the integral in (40) and using (70),
we get the required result (69). O

Similarly, using Theorem 11, we have

Theorem 18. Let M = My X s Mt X7, M be a bi-warped product submanifold of a nearly

trans-Sasakian manifold M. If D+ — D? is mixed totally geodesic and { is tangent to the compact
base My, then we get

ny csc® ¢ (1+ cos? ¢>) M /

My x {ng} x{ny}
< B|? 2( t? 2o (1 2 ) dv.
_/M¢X{n1}x{n2}{| |* + B*( 12 cot® ¢ + nq csc 4>< + cos 4))

4. Conclusions

In f1)2dV 2 In £,)2dV
(In f1)°dV +nz co ¢V1/M¢X{nl}x{n2}(nf2)

It is noted that the nearly trans-Sasakian structures generalize some remarkable geo-
metric structures on manifolds, like nearly cosymplectic, nearly Sasakian, nearly Kenmotsu,
nearly a-Sasakian, and nearly f-Kenmotsu. The main target of this paper is to discuss
the geometry of bi-warped product submanifolds of some special types in nearly trans-
Sasakian manifolds. In particular, we derived some basic inequalities, which turn out to
be generalization of various known results obtained by several mathematicians in the last
decade. The eigenvalues inequalities are established and the Dirichlet energy inequalities
are derived that give the new motivation of such studies.
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