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Abstract: Using the power series expansions of the functions cotx, 1/ sinx and 1/ sin?x, and the
estimate of the ratio of two adjacent even-indexed Bernoulli numbers, we improve Cusa-Huygens
inequality in two directions on (0, 7t/2). Our results are much better than those in the existing literature.
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1. Introduction

For x € (0, 71/2), we know that the functions cos x and (sin x)/x are less than 1. In
order to confirm the relationship between (sin x)/x and the weighted arithmetic mean of
cos x and 1, we can examine the Taylor expansion of the following function:

sinx o syl = S(_qrlzp@ntl) oy

X [( /3)+/3 x} ng‘ll( ) (2n+1)! *
B 1. 1 1 1 © L 1-BEn+1) ,,
= xz(iﬁ‘a) _x4(ﬁﬁ_@) L gy "

Obviously, when choosing 8 = 1/3 we can get the following fact:

sinx 2 1 1y 1 & 3
x <3+3C°sx>_ 180" 370" TOW)

which inspires us to prove that for 0 < x < 7/2,

sin x 2 1
. <§+§cosx 1
or 3si
sin x
—_— 2
2+ cosx @)

The existing mathematical historical data (see [1-8]) show that the above inequality (2)
was discovered by Nicolaus De Cusa (1401-1464) using a geometrical method in 1451 and
was later in 1664 confirmed by CHRISTIAN HUYGENS (1629-1695) when considering the
estimation of 77. Because of the contribution of Nicolaus De Cusa and Christian Huygens
to this inequality (1), we call it Cusa—Huygens inequality. Recently, Zhu [9] provided two
improvements of (2) as follows.

Proposition 1 ([9]). The inequalities,

1 5 3sinx
o < x —

180 2+ cosx ®)
and ( )2
3sinx 1—cosx
7
— - 4
21007 < T 27 cosx 9(3 +2cos x) @)
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hold for all x € (0, 7|, where 1/180 and 1/2100 are the best constants in previous inequalities,
respectively.

The results of the previous proposition are corrections of Theorem 3.4.20 from mono-
graph Mitrinovi¢ [7]. MalesSevi¢ et al. made a bilateral supplement to the above two
inequalities.

This paper focuses on the improvement of (1). Chen and Cheung [10] gave the bounds
for (sinx)/x in terms of ((2 + cos x)/3)° as follows:

2+ cosx 9°<sinx< 2+ cosx % 5)
3 X 3

holds for all 0 < x < 7t/2, where 99 = 1 and 6y = (In7t —In2)/(In3 — In2) are the best

possible constants in (5). The double inequality (5) was proved by Bagul [11] and Zhu [12]

in different ways. In Zhu [12] the inequality (1) was found to be true for the broader

interval (—o0,0) U (0,00). There are many useful discussions in the literature about the

above inequality (1) and its related topics; for interested readers, please refer to [13—46].
In Zhu [12], we can find three new improvements to inequality (1):

(1_79;33)2+;osx<sir;x<(1_1x;>cosa?c)+21 ©)
{1+ 8(717.; 3)x2} 2+;osx - 8(777-[; 3)x2 - sin x < <1+310x2)2+§05x B %xz, @)
and
1+%x2+2(240711—577_:53—720) 4 2+§osx7 {31038 2(24%1_5;;_720)4
sil;x ®)
< (1+;—0x2+%x4)2+gosx7(;—Oszr%x‘L),

hold for 0 < x < 71/2.
Bercu [47] used the truncations of the Fourier cosine series to the inequality (1) and
obtained an enhanced form of (1):

sin x B 2+ cosx < 7i(
X 3 45

1—cosx)2,0<x<g. 9)

Recently, Bagul et al. [48] drew two conclusions about the improvement of inequality (1):

2 2 1 . sinx 24 cosx 2 2 1 . 2
_(g_g)m(x—smx)< P <—(3—n)(n/2_1)2(x—smx) (10)

and

2 2 . sinx 2-4cosx 2 2 . 2
—(3—n>(smx—xcosx)< Pl 3 <—<—n)(s1nx—xcosx) (11)

3
hold for 0 < x < 7r/2.
Inspired by inequalities (9)—(11), this paper intends to improve the famous inequal-
ity (1) from two different directions and to draw two results as follows.
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Theorem 1. Let 0 < x < 71/2. Then

sinx 2+ cosx 1 4 /sinx 2/7
x 3 < T180°" ( x ) (12)
holds with the best constant —1/180.
Theorem 2. Let 0 < x < 7t/2. Then
sinx 2-4cosx 2 2 . (m2-12)/ (3n2—n3)
: 3 < <3 n) (sinx — x cos x) (13)

holds with the best constant (2/3 — 2/ ).

In this paper, we use the power series expansions of two functions cot x and 1/ sin x
and their derivative functions to prove the main conclusions. We know that the Taylor
coefficients of these power series expansions are closely related to the Bernoulli number,
which is related to the Riemann zeta function through the following identity:

(27,[)271

((2n) = 5,57 |Banl, €N,

The latest research information on the Riemann zeta function can be found in Milovanovié
and Rassias [46].

2. Lemmas

Lemma 1. Let By, be the even-indexed Bernoulli numbers. Then (see [49-51])

cotx = L i 2 |Byy, |21 (14)
ox = (2n)! 2 ’
1 1 & (2n—1)2%" 2n2
= S+ Y T By [x* 2, 15
sinzx ) ,; (27’1)! | Zn‘ ( )
1 1 X222
— = _+ |Bau|2* 1, (16)
sin x x nX::l (2n)t
cos x 1 & (2n—1)(22-2) o
= - By |x*" 2 17
Sin2 x xz n;l (27’1)' | 27‘l| ( )

hold for all x € (0, 7).

Proof. From

1 , CcoS X 1\
—— = csc? x = —(cotx)’ and — == = ,
sin” x sin” x sin x

the power series expansions (15) and (17) follow. O

Lemma 2 ([52-54]). Let By, be the even-indexed Bernoulli numbers,n = 1,2, - - -. Then

22071 —1(2n+2)2n4+1) _ [Bowyo| _ 22" =1 (2n42)2n+1)

2n+1 _ 1 T2 |BZn| 22n+2 _ 1 T2 . (18)

To prove our results, we also need the monotone form of the L'Hospital rule shown
in [55-57] and the criterion for the monotonicity of the quotient of power series shown
in [58].

Lemma 3 ([55-57]). Let f, g : [a,b] — R be two continuous functions, which are differentiable
on (a,b). Further, let §' # 0on (a,b). If f'/§ is increasing (or decreasing) on (a,b), then
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the functions (f(x) — f(b™))/(g(x) — g(b™)) and (f(x) — f(a*))/ (g(x) — g(a™)) are also

increasing (or decreasing) on (a, b).

Lemma 4 ([58]). Let a, and b, (n = 0,1,2,- - -) be real numbers, and let the power series
A(x) = Y5 gapx" and B(x) = Y ;7 byx™ be convergent for |x| < R (R < 4o00). If b, > 0 for
n=20,1,2,---, and if e, = a, /by is strictly increasing (or decreasing) forn = 0,1,2,- - -, then
the function A(x)/B(x) is strictly increasing (or decreasing) on (0, R) (R < +o0).

Lemmas5. Let0 < x < 71/2, and

In(2/7)

Then

(sin(x/Z))"’ _sinx _ <sin(x/2)>¢
(x/2) X (x/2)
holds with the optimal exponents ¢ and ¢.

Proof. Let )
X
o =) _ a7
In Sn2 b(x)’ 2
%
Then
/ 1 .
a(x) = —xsmx(smx—xcosx),
1 .X X 1 . X X 5 X
b(x) = —zxsin%(ZsmE—xcosE):—m(ZsmicosE—xcos E)
1
= —— (sinx—xcoszf> = — 1 (2sinx—2xcoszf)
X sin x 2 2xsinx 2
1
= —zxsinx[Zsinx—x(cosx—l—1)],
and
a/(x) _ _xsilnx(Sinx_xcosx) B sinx — xcos x
b'(x) — 52— [2sinx — x(cos x + 1)] 2sinx — x(cosx +1)
o, e s
2sinx—x(cosx+1) " B(x)’
sin x
where
sinx — x cos x 1 o 021 )
(x) sin x xcotx x[x 1;(2”)!| 20| X
0 22n
— B 2n
n;(zn)!| 2 |x™,
2si — 1
B(x) = SY ?c(cosx—i— ):2—xcotx— -
sin x sin x
1 & 2 ) 1 X222
= 2- - — B n=1| _ — B 2n—1
1o B Etme | x| Lo £ 2
0 2271 00 22n_2 ) 2
— B 2n _ B 2n _ B Z?l'
n;(zn)!' 2nl n; @t 1Bl n;(zn)z' 2nlx
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Since
22n B 2271
W' 20 (2n)! -1
— =2
L| B | _2
@2n)1 1720 2n)!

is increasing for n > 1, by Lemma 4 we have that a’(x) /b’ (x) is increasing on (0, 7r/2). By
Lemma 3 we get that the function Q(x) = a(x)/b(x) = [a(x) —a(0T)]/[b(x) — b(01)] is
increasing on (0, 7t/2). At the same time, we find that

) ) In 2
lim Q(x) =4, lim Q(x) = —3% =4.3004....
x—0t x—(7t/2)" In ZT

This completes the proof of Lemma 5. [

Lemma 6 ([59,60]). Let {ay}3> , be a nonnegative real sequence with a,, > 0and Y32, 1 ax >0,
and

m <)
Sty=—Y at"+ Y atf
k=0 k=m+1

be a convergent power series on the interval (0,r) (r > 0). Then the following statements are true:
(1) IfS(r~) <0, then S(t) < Oforallt € (0,r);
(2) If S(r~) > 0, then there exists ty € (0,r) such that S(t) < 0 for t € (0,ty) and S(t) > 0
fort € (to,r).

3. Proofs of Main Results
3.1. Proof of Theorem 1

The desired conclusion is equivalent to

X

2+cosx_sinx> 1 A sinx 2’7
3 x 180

7
24cosx  sinx 7 S Lx‘} sinx\%/7 B x20 sin® x
3 x 180 x 6122200320 000000

24 cosx sinx x26 gin? x
<= 7In - > In .

3 6122200320 000 000

Let

2+ cosx sinx x20 sin? x
F(x) =71 - ~1
() n( 3 x ) n<6122 200320000000 |’

where 0 < x < 71/2. Then

PO = s e
where
flx) = (99 — 7x?) sin x — 2x% cos? x — 41x cos x sin x — 4x2 cos x — 52x sin x
sin? x
= 99 — 532 —2x2— 12 41 SR g2 L5 T
sin” x sin x sin” x s x

By substituting the power series expansions of all functions involved in Lemma 1 into
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f(x), we obtain that

(4n —13)22" — (16n — 112)

B 2n
(21”1)! | 2n‘x >0

x):i

n=4

due to (4n — 13)22" — (16n — 112) > 0 for n > 4, which can be proved by mathematical
induction. So F/(x) > 0 for all x € (0, 7t/2). Then F(x) increases on (0, 71/2). Therefore,
F(x) > F(0") = 0. At the same time, we find that

24cosx _ sinx 1

lim —3% % —
X0+ x4(51¥)2/7 180

Then the proof of Theorem 1 is complete.

3.2. Proof of Theorem 2

The desired conclusion is equivalent to

2 cosy  sinx > z2_2 (sinx—xcosx)37fr2211w23 0<x< 2
3 x 3 ’ 2°
Let
. 2
G(x) = ln(z —i—;osx - 81;136) —ln<§ — 721> - %In(sinx—xcosx), O<x< g
Then
+ YT
G(0 )—oo,G<<2) ) 0,
and .,
G'(x) = — i ' (sin x)g(.x) /
x(2x — 3sinx + x cos x)(sinx — x cos x) (7T — 3)
where
(sin2 x)g(x) = 2(12 — 7rz>x3(sin x) + x(sin x cos x) [(27‘(2 — 4+ 12) x? — 1872 + 67t3]

+(97r2 — 3 >x + (sm x) [(4713 — 9% — 36) X2+ 97> — 3713].

The proof of G'(x) < 0 on (0, 71/2) is complete when proving g(x) > 0 on (0, 71/2).
In fact, by Lemma 1 we have

g(x) = 2(12—n2) P —

+(on? - 37%) s:;x + [ (47— 9n% — 36) 22 + 972 — 377

- 2(12—n)

[e°]

+ x(cot x) [(an -+ 12) x? — 187 + 6713]

00 22n

+ Z IanxZ’”]

+x

2"—1] [(27% = 7 +12)2% — 187 + 67

+ (9n2 - 37'(3)

> 22n( 2n 2% (2n—1)
2+Z ‘Bn|x2n 2]

+(47r3 —9n2—36)x 1972 — 373
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— 2:2 (12 - 7'(2> +2x3<12 . ) i ‘an|x2n71
+ [6713 —187% + (2n2 S 12) xz} [1 _ ni éz:)!|32n|xzn]
—3%(m—3) |1+ Z 22"821)!1)|32n|xzn]
+(47r 92 )x L9233

= 22(12-m2) +2(12- n?) ; Zzn—)ﬁ By |22

+(6n3—18n + (272 7I3+12)x2

(
_ (67r3 1872 + (2n2

—37%(m - 3) 2n)!

+(4n — 952 —36)x 1972 — 373

© 221 (D — 1
1+ 2 H|an|x2”]

- 2x2<12 -~ 712> + 2(12 ~ n2) i %mm\xz”” + (67r3 1872 + (2n2 By 12)x2)
n=1 :

0 22n B ) ) 3 1 00

_( )n;()“ﬂx (n—n+)§;
o 27 (2n — 1) 2 | (4783 _ 92 2,92 53

—37%( 3)) o | Bon | x <47I -9 —36)x"+91° - 31

n=1
_ & 221 -2 mi2 (3 2\ & 2 2
= 2(12—7‘[ ) Z o |B ulx (67‘( — 187 )7;3 (2n)!|BZﬂ|x
) ©0 2
—(2n s +12) Z |B W32 32 (- 3) ¥ 2 M2n 1) g
1’!12 n=3 (27’1)
0 2271_2 00 2271
— _ 2 2n+2 2 3 2n+2
- 2(12 7 )7;27(2”) |Bay | (27r T +12)n;2(2n)!\32 Ix
0 22n ) 3 ) 00 22n
—37r B — (6° — 187 B
7; | 2n|x ( )}12:3 (2n)'| onx
oo 21172 0 22;1 2
_ (12 7 )n; TR |B2n o |32 —(2n 7 +12)n§)( |an 2|2
a2 wzzn(zn— ) o 3 -
3ne(m 3)127(2”)! | Bon |x (67‘[ 187 )n:3 |2

(e}
= ) g™
n=3
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where

227172 -9 22n72

s Z|By, ol — (272 -7 +12)———— By,
(2n_2)!|2n 2| (7T T+ >(2n_2)!|2n 2

221 (2n —1)
(2n)!
(72 +12 — 47%)22" 4 1672 — 19

B 2
- 4(2n—2)! [B2n-2| =

a, = 2(12—n2)

2 3 2 22”
—372(7 - 3) |Boy| — (67‘( — 187 )W'BZ’”

(2n)
3(m — 3)m?(2n + 1)22"

(2n)! |Ban

We can compute to get

1
— g2 3T 3
as 07[ T+ 5 4.4518 x107° > 0,

and prove g, < 0 for n > 4. The latter is equivalent to

| Bo| - (7% 4+ 12 — 47%)2%" + 167> — 192] (2n) (2n — 1)

: 19
Bl 12(7 = 3) 7222 (21 1) (19)
By Lemma 2, we have
|Ban| _ 22"7°—1(2n)(2n—1)
|B2n—2| 22n—1 _ 1 T2 4
so the proof of (19) is complete when proving that for n > 4,
2213 — 1 (2n)(2n — 1) - (7 +12 — 47)2%" + 167> — 192] (2n) (2n — 1)
22n-1 1 2 12(rr — 3) 72221 (2n + 1) ’
that is,
2213 1 - (73 +12 — 47%)2%" + 167% — 192
22n-1_ 1 12(r — 3)(2n +1)22n ’
or
(222 —1)12(m = 3) (20 +1)2%" — (22771 —1) [ (7 + 12— 472 ) 22" 4 1672 — 192
= -h(n) >0,
where
hn) = 2% o2n2 [24n(m — 3) + 127 4 1272 — 7% — 144]
6n(m—3) + 3w +4n2 — 13 —21
2(192 — 167?
20 ten) o
6n(m—3) 43w+ 412 — 3 —21
with

32(—535687 — 80017% + 20327 4 183 564)
h4) = 277 — 4 + 7% 1 93 ~ 74463 > 0,

32(—10728967 — 13030572 + 32 7047t + 3605 004) .
) = T A 0 ~1.0519 x 10° > 0,

32(—20407 29671 — 2094 081772 + 524 03277 + 67 485 708) ;
he) = —or LT 1109 ~1.6771 x 107 > 0.
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Since

2 2[24n(m = 3) + 1271 4 1272 — 7% — 144] . 2(192 — 167%)
6n(m—3)+3m+4m2 -3 —21 on(m—3)+ 3w +4mn? — 3 —21’

we complete the proof of (1) > 0 when proving

4[24n(m —3) + 127 + 1272 — 7% — 144]

21
6n(m—3)+ 3w +4n? — 3 —21 @D

22 >

for n > 6. We proved (21) by mathematical induction. When n = 6, this inequality (21) is
obviously true. Now let us say that (21) is true for n = m, so

4[24m(r —3) + 127 + 1272 — 7% — 144]

22m
7 T 6m(n—3) + 3w At _ 21

(22)

Since

16[24m(m — 3) 4+ 127 + 127 — 713 — 144]
[6m (T — 3) 4 37 + 4% — 713 — 21]

22m+2 =4. 22111 >

7

we just proved that (21) is true for n = m + 1 when proving

16[24m(m — 3) + 127 + 1271% — 71> — 144]
6m(m —3) 43w +4n? — 3 —21

4[24(m+1)( — 3) + 12 + 1212 — 71° — 144]
6(m—+1)(r—3)+ 3w +4m? — 13 —21

7

or

A 4[24m(m—3) + 121 + 12702 — 710 — 144]
B 6m(m—3)+ 3w +4m? — 13 —21
[24(m+1)(m—3)+12n+127n* —1° —144]  C

6(m+1)(mr—3)+3n+4n2—m3—-21 =~ D’

which is equivalent to

AD — BC
= 93971 — 2736712 — 565271 4+ 997t* — 4877° + 371° + 17,928
_ (7992n + 64872 — 7747% + 907* — 16, zoo) m—+ (432n2 — 259277 + 3888) m2
- (8928712 — 146,91677 + 558377 — 4417 — 48715 + 376 + 255, 096)
+ (4536712 — 39,0967 + 7747% — 907t* + 62, 856) (m —6)
+ (4327 — 259277 43888 ) (11 — 6)°
> 0

for m > 6. So those coefficients in the power series of —g(x) satisfy the conditions of
Lemma 6, and —g((71/2)" ) = 0. From Lemma 6, it follows that —g(x) < 0 on (0, 77/2).
Therefore, g(x) > 0on (0, 77/2). So G'(x) < 0 forall x € (0,71/2). Then G(x) decreases on
(0,7t/2). Then G(x) > G((rt/2)") = 0forall x € (0, 77/2). At the same time, we find that

24cosx _ sinx
lim : (71273{2)/(37127713) -2-2
x=0% (sinx — x cos x) 3




Mathematics 2021, 9, 2101 10 of 13

Then the proof of Theorem 2 is complete.

4. Remarks
In this section, we compare new conclusions (12) and (13) with (9)—(11).

Remark 1. The inequality (12) is better than the one (9) because

1 4(sinx 2/7 1 2
_ ——(1—
130" ( . ) < 45( oS X)

. 2/7
xt <s1nx> > 4(1 — cosx)* = [2(1 — cos x)]?

x
. 1/7 5
x2<S12x> >2(1—cosx) = (Zsing)

P11

(sinx)1/7 (sin§>2
> X
x 2
<sinx) (sin”zf)14
> .
x x
2
The last inequality follows from Lemma 5 due to
sin\ ¢ sin ¥\ sin ¥
2 2 2
( % ) > ( 7 ) — —- <1
2 2 2

_ InQ2/m) _
? = @) = 4.3004....

where

Remark 2. It is pointed out in [48] that

sinx 2+ cosx 2 2 . )
- < —\37 % (sinx — x cos x)

x 3 3
2 2 1 N2
< ~(3-%) Gt

Now we can obtain that the inequality (13) is better than the right-hand side ones of (10)
and (11), that is,

sinx 2-+4cosx (2
< —
X 3

2 .
= — — |(sinx —xcosx
U

)(712—12)/(37'[2—7'(3)
3

2 2
- (3 - n) (sinx — x cos x)*

holds for all x € (0,7t/2) due to

220 (n2-12)/ (3n% ) 220\ . 2
<3 n)(smx X COsS X) < 3= (sinx — x cos x)

e (sinx—xcosx)(@ /BT ) S (sinx — xcosx)?

<— (0<sinx—xcosx <1.
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Remark 3. We can find that the inequality (12) is better than the right-hand side one of (13) on
(0,1.4117) while (13) is better than the one (12) on (1.4117, 7t/2). So the inequality (12) has the
advantage on the left-hand side of the interval (0, 7t/2) and the advantage of the inequality (13)
lies near this point 7t /2.

Remark 4. We also note that the following inequality conclusion appears in [29]:

sinx 2+ cos(x/2") k B
< 3 gcos<x/2 ),n—O,l,... (23)

holds for all x € (0,7t/2). From (23) we have that the inequality

1 n n
sinx 2+4cosx 2+ cos(x/2 )Hcos(x/zk)_Z—i—cosx H=01,... (24)
k

x 3 3 : 3
holds for all x € (0,7t/2). In particular, letting n = 3 in the above inequality gives that for all
x € (0,71/2),

sinx 2+4cosx 2+ cos(x/2%) 3 )
T 3 < 3 cos(x/Z)cos(x/Z)cos(x/Z)—

2+ cosx
3

It is not hard to find that the inequality (25) is better than the one (13) on (0,1.5446) but
the inequality (13) is stronger than the one (25) on (1.5446, 7t/2). In other words, the advantage
of (25) even (24) is on the left-hand side of the interval (0, 7t/2) while the advantage of (13) is
near the right endpoint 7t/2.

(25)

5. Conclusions

In this paper, using the power series expansions of the functions cotx,1/ sinx, and
1/ sin? x, and the estimate of the ratio of two adjacent even-indexed Bernoulli numbers, we
obtained some new Cusa—Huygens type inequalities, which greatly improve known results.
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