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Abstract: Creating a mental image of our spatial environment is a key process for further abstract
geometric thinking. Building a mental representation can be understood as a part of the process
of visualisation. From the wide concept of visualisation, in this article, we will focus on the part
where the mental representation of spatial relations, mental objects and mental constructions are
created, and their manifestations as a 3D physical object and its plane representations arise. Our
main goal is to follow the transition between 2D and 3D representations of physical objects and also
to observe how and when such a transition happens in students’ thinking. For that purpose, we
also use Tangram, because manipulation with the Tangram pieces in space and filling out planar
figures by them indicates the transition between 3D and 2D. Our research, using an action research
methodology, was conducted on the students of three 5th grade primary school classes as a part of a
larger long-term project. We pointed out a relationship between spatial abilities and the perception
of 2D–3D relationships in students’ mind.

Keywords: spatial ability; visualisation; 2D–3D relationship; Tangram

1. Introduction

The great Dutch mathematician, Hans Freudenthal—with a deep interest in mathe-
matics education—said about the importance of learning geometry and developing spatial
abilities that “Geometry is grasping space. And since it is about the education of children,
it is grasping that space in which the child lives, breathes, and moves. The space that the
child must learn to know, explore, and conquer, in order to live, breath and move better
in it. Are we so accustomed to this space that we cannot imagine how important it is for
us and for those we are educating?” [1] (p. 403). Young children can build simple and
substantial models of spatial relationships with different toys, for example, cubic castles
and cars, however, according to [2], it is limited until about age 6. Young children can also
begin to create mental representations of their spatial environments and detect spatial rela-
tionships of them. That environment can differ between boys (they spend more time with
construction or sand play) and girls. Typically, boys are engaged in spatial activities more
than girls, thus, it supposedly could account for spatial skill advantage for them. However,
some studies find no gender differences [2]. On the other hand, some detailed research
studies have shown that male superiority is most demonstrative in tasks of mental rotation,
with lesser differences evident in orientation and no differences evident in visualisation.
“Most researchers also acknowledge that the sex difference does not reliably appear until
after puberty, and that, maturation has an effect on spatial development—late maturation
is related to high spatial ability” [3] (p. 24). This finding is related to the effect of hormones
on spatial ability. The opposing view is that environment plays a primary role in individual
development [3].
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Considering all those divided views, we have chosen an equal approach to develop-
ment of spatial abilities for both genders in school education taking into account individual
differences between students.

1.1. Students’ Difficulties in Acquiring Spatial Skills

The way of creating a mental representation of the spatial environment, mentioned
previously, is widely studied and tightly connected with visualisation. However, different
authors give slightly different definitions for the concept of visualisation; here, we try to
give a unifying understanding of it.

Visualisation generally means visual thinking, i.e., using mental images. According
to [4] (p. 10), “Visualisation as a process is a mental or physical action where mental images
are involved”. In [5], the concept of visualisation is understood as a result of the action
mentioned: (1) mental objects—mental images, schemes, constructions, i.e., mental rep-
resentations, (2) physical objects—geometric illustrations, pictures, diagrams, 3D models,
etc., and (3) cognitive processes in which physical or mental visualisations are interpreted—
cognitive functions of visual perception, transformation of visual representations in the
mind, and abstract ways of thinking. This part is the so-called interpretive visualisation [5].
According to [6], one of the most cited definition of visualisation is from Arcavi [7] (p. 217)
that combines and completes different definitions, previously published: “Visualisation
is the ability, the process and the product of creation, interpretation, use of and reflection
upon pictures, images, diagrams, in our minds, on paper or with technological tools, with
the purpose of depicting and communicating information, thinking about and developing
previously unknown ideas and advancing understandings”. This wide conception includes
all features of the concept of visualisation. In this article, we will focus on the part where
the mental representation of spatial relations, mental objects and mental constructions are
created, and their manifestation or demonstration as a physical object in the form of 3D
manipulatives or plane (2D) representations as a paper and pencil geometric illustrations
happen. One of the most often used tools for solid geometry teaching is a simple cube.
While Rumanová [8] highlighted the 2D representation of a cube by its net, in [6], Vágová
traced students’ spatial imagination by constructing a cube cross-section on a real 3D
model, on a digital 3D model and on a 2D representation of them, and studied the interplay
of manipulatives in those three environments. Our main goal is to follow the transition
between 2D and 3D representations of physical objects, and also, to observe how and when
such a transition happens. We point out a relationship between spatial abilities and the
perception of 2D–3D relationships in students’ minds.

1.2. Theoretical Framework

The first experience of young children with geometry occurs in 3D space. These
experiences are mainly relative positions of objects around them and basic properties
of the objects as round, sharp, etc. The concept of a plane is an abstract concept. No
existing real object has zero thickness. If we look at Euclid’s Elements, we detect a sep-
aration between the geometry of a plane (books I–IV) and the geometry of space (books
XI–XIII). The separation is not that rigorous, for in the solid geometry books Euclid es-
tablishes many results that relate to plane geometry. “While elements of plane geometry
are obviously needed in the development of solid geometry, Euclid has no applications
of solid geometry in establishing results of plane geometrical statements. Nevertheless,
the application of stereometric considerations for solving problems of plane geometry
was not unknown to the Greeks” [9] (p. 294). The fact that later on the solid geometry
books were less studied than the plane geometry books, had an important effect in keeping
spatial considerations separate from plane geometry investigations. “Even at the time of
Joseph Gergonne (1771–1859) one bemoaned the separation of plane and solid geometry as
counterproductive” [9]. Mathematical practice spoke in favour of mixing considerations of
a plane and solid geometry on account of its success [9]. Applying the generally accepted
phylogenesis and ontogenesis theory [10,11] to children’s understanding of planar—spatial
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relation, according to historical conceptual development given above, it is quite normal
that they cannot see the neat difference between planar and spatial objects. Perceiving
a square as a representation of a cube can individually last a very long time. Moreover,
the flat object in space can represent an object in the plane. How thin does a coin have to
be to represent a circle in the plane, and how thick does a coin have to be to represent a
cylinder? Misconceptions in students’ comprehension of the concepts of plane shapes and
its properties lead to deeper mistakes in their further studies [12].

1.3. Research Questions

According to the information above, we formulate the following research questions:
1. Is there any connection between spatial and planar geometric skills in students’

geometric competencies?
2. How individual students perceive the transition between 2D and 3D representations

of geometric shapes?

2. Materials and Methods
2.1. Tangram

Manipulation with a flat 3D object represents the transition from 3D to 2D geometry, so
it could help in the creation of the abstract concept of plane figures and their properties. To
discover some basic geometric shapes, an ancient Chinese geometric puzzle, the Tangram,
is almost ideal. The Tangram is a simple set of seven geometric shapes: three sizes of
triangles (two large, one medium, and two small ones), one square, and one rhomboid (see
Figure 1).
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The three different-size triangles are similar, right-angled isosceles triangles. All of the
Tangram pieces can be completely covered by the smallest type of triangles (see Figure 2).
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“Unlike a jigsaw puzzle where a piece must fit in only one way to complete a picture,
the geometric Tangram pieces can be arranged in many different ways to make figures” [13].
The goal of the game is also to use all the pieces in one figure.

The Tangram can be used to provide numerous mathematical experiences for chil-
dren. Activities introduce children to geometric concepts of planar figures and also help
develop spatial perception through manipulation with the Tangram pieces in space. Alto-
gether these activities reinforce the perception of the relationship between plane and space
in geometry.
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2.2. Action Research

The term “action research” was first coined by Kurt Lewin in 1944. In his 1946
paper [14], he described action research as “a comparative research on the conditions and
effects of various forms of social action and research leading to social action” that uses “a
spiral of steps, each of which is composed of a circle of planning, action and fact-finding
about the result of the action”.

Action research is a methodology of research simultaneously combining a process
of taking action and conducting research, which are linked to each other by a feedback
loop. The scope of action research as a method is impressive. Action research can be used
in different areas of the educational environment such as: teaching methods (comparing
traditional by discovery methods), learning strategies (adopting an integrated approach
to learning), educative procedures, continuing professional development of teachers [15].
“Action research was developed mainly by academics in higher education, who saw it as
a useful way of working in professional education, particularly teacher education. They
began studying and clarifying the steps involved, and also the principles underpinning
action research, such as the need for new democratic practices as well as care and respect
for the individual” [16]. Jean McNiff devoted to action research several books. In her last
book Action Research: All You Need to Know [17], she describes all the circumstances
of how and why to conduct this type of research. She claims: “Action research is today
prominent not only in teacher professional education but also in management education
and organisation studies, social and health care work, and other professional contexts.
Action research is open ended. It does not begin with a fixed hypothesis but an idea that
we develop. The research process is the developmental process of following through the
idea, seeing how it goes, and continually checking whether it is in line with what we wish
to happen. Seen in this way, action research is a form of self-evaluation” [16].

In [18] (p. 458), Tripp characterises the practical action research in education this
way: “In education the action researcher is looking towards contributing to children’s
development, which means that they will be making changes to improve their students’
learning and self-esteem, to increase their interest, autonomy and co-operation, and so on”.

Research results can be achieved through “completing a case study of the action
research performed. This means that there are in fact two methodologies to be described
and justified in an action research proposal: the action research processes to be used in the
field, and the case study method that will be employed to tell the story of the project and
its results” [18] (p. 460).

2.2.1. The Action Research Cycle

Action research in education has a dual role. Basically, it is a strategy for the develop-
ment of teachers as researchers so that they can use their research to improve their teaching.
Secondarily, this influences the learning of their students. Moreover, in the context of
educational action research, various variants have emerged [18]. Atkinson [19] rethought
the method of action research especially for the demand of mathematics teachers and
researchers. She distinguishes four stages of action research in mathematics education:

(1) Reconnaissance or observation
(2) Planning
(3) Acting or monitoring
(4) Reflecting or evaluating

These four stages or phases are widely accepted also in other models of action research.
Although there are small differences in definition and emphasis, many models have several
mutual principles, mainly the cyclical attribute of implementation and phasing. Tripp
introduces a four-phase representation of the basic action inquiry cycle [18] as it follows
in Figure 3. The Planning and Implementation phases create an ACTION part, and the
Observation and Reflection phases create an INQUIRY part of the cycle.
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Atkinson [19] divides all research phases into mini-cycles according to individual
sessions or meetings with students and also as a way of conceptualising rapid decisions.
Comparing the two approaches, observations during individual sessions can be perceived
and described as case studies mentioned above, thus, those create mini-cycles according to
Atkinson’s definition.

Tripp stressed the ethics in action research in [18] (p. 456): “No researcher or other
participant ever engages in an activity that disadvantages another participant without their
knowledge and consent. This usually rules out control group experiments, for instance,
because it is disadvantageous to the control group not to have the benefit of changes that
the action researcher expects to improve their practice”.

According to what was previously mentioned, we conducted our action research cycle
on one group of students with mini-cycles in the form of individual sessions which can be
described as mini case studies.

2.3. Participants

The participants of the research were 61 students of three primary schools with teach-
ing languages Slovak (one school, 23 participants, class A) and Hungarian (two schools,
24 and 16 participants, class B and C, respectively) in Slovakia. Our research was a part of a
long-term research project on developing an interdisciplinary study program to implement
a new, internationally recognised educational model: STEAM (Science, technology, Edu-
cation, Arts and Mathematics) in the disciplines of Informatics, Mathematics and Visual
Arts for the fifth and sixth grades of primary school. The curricular modules were based
on practical social requirements of everyday life situations and were targeted towards the
development of skills necessary for employment in the labour market. The project was
intent to develop subskills as spatial imagination, cognitive processes concerning shifts
between two- and three-dimensional, traditional and digital spatial representations, and
improve cognitive capacities of primary school students. The central objective of the project
was the improvement of the practical skill set of young people.

Characteristics of the Participants

The participants, students of 5th grade (age 10–11 years), received usual education
in mathematics according to the National Program of Education (ISCED1) used in Slo-
vakia [20]. As far as spatial geometry skills are concerned, the geometry part of the
educational program contains constructions of basic shapes and exercises on building cube
bodies according to a plan or picture and creating a plan of a cube building. Students have
to display the front view, right view, left view and top view of the object.

The three participating classes were average school classes with no extra teaching
hours in mathematics. In class A, the average grade for mathematics was 1.27. All the
students had grade 1 (excellent) except for 5 students who received grade 2 (very good).
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In class B, the math teacher obviously had a different approach to evaluation, the average
grade was 1.92, which means 12 excellent (1) grades, 4 very good (2) grades, 6 good (3)
and 2 satisfactory (4) grades. In class C, all the students had excellent (1) grades except for
1 student with grade 2. Because of the different criteria for the award a mark of individual
teachers we could not compare the students according to achieved grades.

2.4. Measures
2.4.1. Pre-Test

To establish the level of spatial skills of the participating pupils, we used a reliably
evaluated [21,22] spatial ability test. The test (see Appendix A) contains three types of tasks:

1. Creating a desired view of a given spatial object, tasks 1–5 with increasing level of
difficulty (see Appendix A). For illustration, we describe the second task here with full text
in English.

Task 2 (see Figure 4). I built an object and, standing at point 1, made drawing 1 of
it. Imagine that you are standing at point 2. What does the object look like? Colour the
squares and triangles in the worksheet accordingly.
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The solution of this task requires creating a mental image of 3D object, imagine the
front view in 2D, then changing the point of view and creating a new front view in detail.

2. Orientation in space, identification of the object in the given 2D map, tasks 6–9 with
increasing level of difficulty. In the sixth task, the pupils have to find the church, school
and the ice-cream shop on the map according to the picture of a village and mark them. In
the seventh, eighth, and ninth tasks they have to find the coloured buildings on the map
and colour them accordingly. Students have to imagine a top view of the village, apply
a mental rotation, compare the result of it with the given map and identify the desired
buildings. The English text of the seventh task in Figure 5 is the following:

Task 7 (Figure 5). Find and colour the two yellow houses to the same colour on the
map. Pay attention because the map has been rotated.

3. Mental rotation task, the tenth assignment. The students have to create a detailed
image of the given object and identify the steps of the rotation process in the pictures
according to details (the mutual positions of parts of the object in the 2D view). The text of
the task in English is the following:

Task 10 (Figure 6). BIP, the robot, is rotating around. Set the rotation of the robot in
chronological order. Picture A is the first, E is the second. Write the appropriate numbers
(3, 4, 5, 6) to the letters.
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Figure 6. The assignment of Task 10.

The three types of tasks mentioned are not typical for school geometry education,
rather could be characterised as non-routine assignments. In all of them though, the 2D – 3D
relation is dominating but in an unusual context and in combination with mental rotation.

2.4.2. The Tangram Tasks

In accordance with the research questions, we decided on the observation of pupils
during the problem-solving with Tangram. Because the Tangram was not known to the
students, we needed to introduce it to them during an introductory lesson. Preparatory
tasks served as an introduction to the work with the new geometric puzzle. The students
were asked to solve simple tasks to see the possibilities offered by the Tangram.
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Preparatory tasks:

1. Draw a house, e.g., a square with a triangle on it. Divide the figure into two or more
pieces (like puzzle pieces) and give them to a schoolmate to figure out what shape
was cut out. The puzzle pieces can be put together individually and then exchanged
between the children.

2. Measure the sizes of a sample Tangram and then try to copy it on a sheet of paper.
3. Discuss, what are the important data to look out for, when constructing on the paper.
4. Make a Tangram out of cardboard, put it in an envelope, it will serve the class. Not

all parts have to be used what enables free creation. Use items also from multiple sets
at once. Make photographs of the results.

5. Lay out new pictures, draw them around, and add lines to divide them into pieces.

After the preparatory activities were completed, these tasks were solved:
Task 1: Observe the following picture carefully (see Figure 7), memorise it, then cover

it and put it together from the Tangram pieces.
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Figure 7. Assignment of Task 1.

Task 2: Use the square and the two small triangles to create shapes where you fit sides
of equal length to each other. Find all the solutions and determine their properties: by
perimeter, area, and parallel pages. Classify them according to these criteria! Line up the
shapes of the Tangram according to the size of their area. Express exactly how many times
the area of the shape is larger than the area of the small triangle.

Task 3: Create a picture freely, it is not necessary to use each piece of the Tangram.
Task 4: Using the two largest triangles, as well as the medium and the two small

triangles, lay out two rectangles of different perimeters. Are their areas equal?
Task 5: What quadrilaterals can you create from one medium and two small triangles?
Task 6: Create triangles using two, three, four, five, six, and finally all seven Tangram

shapes. Draw the solutions.
Task 7: Use each element to cover the predefined shapes in Figure 8.
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Task 8: In our street, we drew the pediment of some houses. Draw what you imagine
the street to be like. Colour the houses, you can also draw trees.
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3. Results
3.1. Results of the Pre-Test

The spatial ability test (see Appendix A) results showed the students’ ability to apply
their spatial skills in a new, unknown context. The correct solution of a task was coded as
1, the wrong one as 0. Thus, one student could obtain a maximum of 10 points.

The distribution of the results is shown in Figure 9.
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According to the results reached, the fifth task turned out to be the most difficult,
and the sixth one the least difficult, in which 47 out of 61 students answered correctly (see
Figure 10).
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We can conclude that orientation according to a map is more familiar to students than
creating the front view of an unfamiliar object. It also means that if the children have to
apply their knowledge in a completely new circumstance, they are more prosperous in
a context that has practical meaning. The abstract context causes additional difficulties.
On the other hand, skills trained in abstract contexts can be applied in different practical
contexts. This aim of geometry teaching was confirmed by many authors [23–25]. In
addition, the authors of [25] also stressed the role of manipulation and the creation of
geometrical images in developing the so-called spatial intuitive skills. One of the examples
introduced in [25] is creating new figures by using triangles, which is, at its core, very
similar to our tasks 2, 5 and 6 regarding the Tangram pieces. We evaluate the Tangram
tasks in the following subchapter.
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3.2. Evaluation of the Tangram Tasks

The intention of such tasks is to stimulate pupils’ spatial imagination despite the fact
that it happens in the plane through manipulation with plane figures as triangles and
quadrangles. In line with the authors of [25] we also claim that through the activity of
manipulation, students may be able to imagine figures of all combinations or create them
in the mind, which we consider as important elements of spatial imagination.

Task 1 also requires spatial imagination by memorising a shape, supporting this way
the creation of a visual mental representation [26]. The students were able to recall the
image of the fish without significant differences.

Task 2 required creating different combinations of a square and the two small triangles
into one geometrical shape according to the given rule. The solutions are shown in
Figure 11. The students were not able to find all the satisfying shapes immediately, they
could only find the shapes from the first row of Figure 11, and then they tried until they
finally found them all. This assignment was one of the more difficult for the pupils, but
also the most important from the geometric creativity point of view, also stressed in [25],
where it was illustrated by Figure 12. In the next part of this assignment, the students have
to decide about the properties of the shapes. The children had no problem fitting the sides
of equal length next to each other, but they were already having difficulties establishing the
properties. It also took a while until they realised that if the shapes were laid out in equal
parts, then their area should also be equal. The connection between the small triangles
and the area of the square was quickly seen, but there were already problems with the
whole area. Thus, sorting by area and perimeter was a more difficult task. They realised
that the area of the two triangles was the same as the area of the square, and then they
discussed that they had the same shapes so the area matched. Interestingly, the perimeter
of the shapes was less understood.
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Figure 12. Example of ‘Making new figures’ from [25].

Task 3 is a typical Tangram task with no restriction to support the creativity of students.
This was the easiest task, the students could concentrate on the geometric properties of
the shapes, they did not need to keep in mind any other requirements. They created very
different pictures, enjoying the free creativity (Figure 13).

Most students found the required rectangles in Task 4 with different perimeters, but
at first glance, it was not clear for some of them that the areas of these shapes (Figure 14)
are equal. After comparing the equal parts in the two shapes, they accepted this fact easily.
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Task 5 served as a propaedeutic question to learn about more geometric shapes, such
as trapezoid and parallelogram. The students put together square and rectangular shapes
and recognised the new quadrilaterals and learned their names (Figure 15).
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Figure 15. Quadrilaterals.

Task 6 was similar to Task 2, but here all the shapes had to form triangles. From
two and three pieces it was easy, but from four and more pieces it became much harder
(Figure 16). Only a few children gave a solution for how to make a triangle out of all
the pieces.

Task 7 was demanding but the students enjoyed it. They devoted a long time to fulfil
all the Tangram pieces into the given pictures (Figure 17).

Task 8 had the aim of connecting the Tangram planar shapes with the planar projection
of the 3D scene. Pupils understood the task differently, some of them tried to use shapes
from previous tasks (Figure 18). Using the middle line of the road as an axis to combine
two front views of the two sides of the road is an interesting approach (Figure 19).
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4. Discussion

In the preparing and planning phase of the action research conducted, firstly, we
started out from the generally accepted fact that is stressed among the others and also
by J. Piaget in his theory of cognitive development. Children’s thinking is concrete until
they are 10 years old due to their age characteristics, and only then do they begin to think
abstractly [27,28] (p. 251). The use of manipulation activities contributes most to the
development of this process. Secondly, we decided to apply non-standard tasks contrary to
standard school tasks of the fifth grade, which are obviously about a cube, cube net, and
different views of the cube structure. In accordance with [22,25], we decided on a larger
understanding of the concept of spatial skills. According to [22], spatial skills are present in

1. Spatial perception such as: orientation in space, experiencing space, understanding
spatial relationships.

2. Spatial representation (mostly in 2D) such as: representing mutual positions in space
or mutual positions in a mental visual image, representation of motion in space
through time, reconstruction of space elements.

3. Creation of spatial objects in 2D or 3D such as: modelling and construction.

According to [9,25], we could also conclude that the complex development of spatial
skills also requires diverse experience in plane geometry. The Tangram conundrum offers
exactly such types of problems that the mean connection of 2D and 3D problem solving
using real object manipulation. The Tangram pieces are 3D objects, needing manipulation
in 3D space which represent a solution of a 2D problem—mainly covering a given shape
with the Tangram pieces. With tangram tasks, we strengthen the pupils’ manipulation
skills and in-plane experience. If plane geometric concepts are not understood and lacking
sufficient experience, the development of spatial vision may be more difficult or incomplete.

The implementation phase of our action research was conducted in classes A, B, and
C described above. In the first part of this phase, the students solved the tasks of the
spatial ability test given in Appendix A. In the second part, they solved the Tangram puzzle
problems while we were observing their work method. Individual observations (mini case
studies) were conducted as micro-cycles of this phase of action research according to [19]
mentioned in Section 2.2.1.

The observations show that there are significant differences in spatial skills and also
in Tangram problem-solving skills of the students. Interestingly, the points reached in
the spatial ability test by individual students did not correspond with their grades from
mathematics as a subject. Presumably, the reason for this was that the questions were
non-standard and did not correspond with the subject matter of fifth-grade geometry. They
probably needed a wider range of repeated long-term experience with different kinds
of geometric objects, or other practical, manipulative spatial and visual experiences [29].
The most noticeable difference between the mathematics grades and the performance in
the spatial ability test occurred in class C, where excellent students from mathematics
(marked 1) reached only 2 to 9 points (7 on average) from the maximum possible 10 points.
On the contrary, excellent students in class A reached 6 to 10 points, 7.8 on average (in class
B they reached 2 to 10 points, 7.1 on average). From individual sessions in the form of mini
case studies, we can conclude that the students with low performance in the spatial ability
test (0 to 3 points) needed more help with the Tangram problems. Figure 20 shows some of
their attempts.

We also recognised that during the problem-solving, the children worked alternately
in space and in the plane in a manner that first they manipulated, rotated the Tangram
pieces in space then summarised the result in the plane as it is seen in Figure 20. This way,
the pupils could discover how the plane shapes created a part of spatial shapes. Comparing
the solution of Tangram problems with the results of the spatial ability test, it can be said
that students who solved the spatial orientation problems correctly, performed better in
solving the plane problems too, so they have more advanced plane manipulation skills and
are able to notice relationships between basic geometrical shapes in the plane.



Mathematics 2021, 9, 2185 14 of 20

Mathematics 2021, 9, x FOR PEER REVIEW 14 of 21 
 

 

skills and in-plane experience. If plane geometric concepts are not understood and lacking 
sufficient experience, the development of spatial vision may be more difficult or incom-
plete. 

The implementation phase of our action research was conducted in classes A, B, and 
C described above. In the first part of this phase, the students solved the tasks of the spatial 
ability test given in Appendix A. In the second part, they solved the Tangram puzzle prob-
lems while we were observing their work method. Individual observations (mini case 
studies) were conducted as micro-cycles of this phase of action research according to [19] 
mentioned in Section 2.2.1. 

The observations show that there are significant differences in spatial skills and also 
in Tangram problem-solving skills of the students. Interestingly, the points reached in the 
spatial ability test by individual students did not correspond with their grades from math-
ematics as a subject. Presumably, the reason for this was that the questions were non-
standard and did not correspond with the subject matter of fifth-grade geometry. They 
probably needed a wider range of repeated long-term experience with different kinds of 
geometric objects, or other practical, manipulative spatial and visual experiences [29]. The 
most noticeable difference between the mathematics grades and the performance in the 
spatial ability test occurred in class C, where excellent students from mathematics 
(marked 1) reached only 2 to 9 points (7 on average) from the maximum possible 10 points. 
On the contrary, excellent students in class A reached 6 to 10 points, 7.8 on average (in 
class B they reached 2 to 10 points, 7.1 on average). From individual sessions in the form 
of mini case studies, we can conclude that the students with low performance in the spatial 
ability test (0 to 3 points) needed more help with the Tangram problems. Figure 20 shows 
some of their attempts. 

 
Figure 20. Attempts to fill out a pentagon shape and to find combinations for Task 2. 

We also recognised that during the problem-solving, the children worked alternately 
in space and in the plane in a manner that first they manipulated, rotated the Tangram 
pieces in space then summarised the result in the plane as it is seen in Figure 20. This way, 
the pupils could discover how the plane shapes created a part of spatial shapes. Compar-
ing the solution of Tangram problems with the results of the spatial ability test, it can be 
said that students who solved the spatial orientation problems correctly, performed better 
in solving the plane problems too, so they have more advanced plane manipulation skills 
and are able to notice relationships between basic geometrical shapes in the plane. 

5. Conclusions 
Based on what has been said, we can answer the research questions posed in Section 
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Figure 20. Attempts to fill out a pentagon shape and to find combinations for Task 2.

5. Conclusions

Based on what has been said, we can answer the research questions posed in Section 1.3.
1. There is a noticeable connection between spatial and planar geometric skills in

student’s geometric competencies. In the next cycles of our action research, we would like
to support the development of these skills using different types of 2D and 3D geometric
puzzles, manipulatives in a physical and virtual environment, a combination of different
views (projections) of objects in the plane, and a wide range of various problems requiring
the application of interplay of spatial and planar viewing and imaging.

2. Only a few students recognised the transition between 2D and 3D representations
of geometric shapes. It turned out that 10-year-old children are on the way to making a real
difference between plane and spatial shapes. One of the typical mistakes characterising
this understanding is to call a cube both a cube and a square, too. The pupils naturally
drew the Tangram pieces into their paper notes, without taking care that this is the 2D
result of 3D spatial manipulation. A different situation occurred in the solution of tasks
where they needed to apply a mental rotation of a spatial object to determine the left and
back views. These questions proved to be the most difficult. On the contrary, establishing
the top view (on the map) proved to be the easiest. It shows—together with the Tangram
paper notes—that the creation of the top view is a natural transition between 3D and 2D
representations of spatial objects for 10-year-old children. This indicates that for further
development of spatial skills, we have to create more opportunities for building mental
representations [29] of the spatial environment and its imaging by projection into the plane.

According to our research results described above, we can recommend the use of the
Tangram (besides other similar geometric puzzles) as one of the supportive activities for
10-year-old pupils to acquire a better understanding of not only plane geometry problems,
but also 2D–3D geometric relations. We recommend including similar activities in the
teaching of both planar and spatial geometry for better comprehension of the transition
between 2D and 3D geometry.
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