
mathematics

Article

Coupled Fixed Point Results in Banach Spaces
with Applications

Mian Bahadur Zada 1 , Muhammad Sarwar 1,* , Thabet Abdeljawad 2,3,4,* and Aiman Mukheimer 2

����������
�������

Citation: Zada, M.B.; Sarwar, M.;

Abdeljawad, T.; Mukheimer, A.

Coupled Fixed Point Results in

Banach Spaces with Applications.

Mathematics 2021, 9, 2283. https://

doi.org/10.3390/math9182283

Academic Editors: Antonio Francisco

Roldán López de Hierro and

Christopher Goodrich

Received: 30 June 2021

Accepted: 13 September 2021

Published: 16 September 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 Department of Mathematics, University of Malakand, Chakdara 18800, Pakistan; mbz.math@gmail.com
2 Department Mathematics and General Sciences, Prince Sultan University, P.O. Box 66833,

Riyadh 11586, Saudi Arabia; mukheimer@psu.edu.sa
3 Department of Medical Research, China Medical University, Taichung 40402, Taiwan
4 Department of Computer Science and Information Engineering, Asia University, Taichung 41354, Taiwan
* Correspondence: sarwar@uom.edu.pk (M.S.); tabdeljawad@psu.edu.sa (T.A.)

Abstract: The aim of this work is to discuss the existence of solutions to the system of fractional
variable order hybrid differential equations. For this reason, we establish coupled fixed point results
in Banach spaces.

Keywords: coupled fixed point theorems; measure of noncompactness; system of variable order
hybrid differential equations

MSC: Primary 47H10; Secondary 54H25

1. Introduction

In recent years, integral and fractional differential operators have been popular in
mathematical models. However, it is the last one hundred years in which the majority of
the fractional problems in scientific application and engineering have been discovered. For
instance, the earthquake’s non-linear oscillation can be framed with fractional derivatives [1],
and fractional derivatives combined with the fluid dynamic traffic design can eliminate the
shortfall originating from the assumption of continuum traffic flow [2]. That is why the
differential equation with a fractional order derivative has recently proven to be a strong
gadget in the designing of many processes in various areas of engineering and science [3–8].

Many physical phenomena look like they display fractional order behavior that changes
with space and time. The integrals and derivatives whose order is a function of specific
variables catch the attention because of their applied significance in different fields of research,
such as: multifractional Gaussian noises [9], mechanical applications [10], FIR filters [11],
anomalous diffusion modeling [12]. Furthermore, a physical study based on experimental
data of variable-order fractional operators has been examined in [13]. A study comparing
variable-order fractional and constant-order models has been looked analyzed in [14]. The
current literature about solutions to the problems of fractional differential equations is pretty
vast, only a few articles study the existence of solutions to differential equations with variable-
order. Particularly, Limpanukorn and Ngiamsunthorn [15] discussed the existence of solution
to the following fractional order hybrid differential equation

#

0Dαptq
t ruptq ´ fpt, uptqqs “ gpt, uptqq,

up0q “ u0,
(1)

where t P r0, Ts, αptq P p0, 1s and the functions f, g : r0, Ts ˆ R Ñ R satisfies specific
conditions. 0Dαptq

t is the Caputo fractional variable order derivative.
To check the existence of solution, we use fixed point theory, because the problem

of the existence of solution usually turns into the problem of finding a fixed point of a
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particular mapping. Due to this fact, the results of fixed point theory could be implemented
to the get results of an operator equation. Equation p1q can be expressed in the form of
operator equation

u “ fu` gu, u P X (2)

where X subspace of a linear space, and f, g : X Ñ X are self-mappings. A useful
result for the existence of solution to Equation p2q is the Krasnosel’skii [16] fixed point
theorem. So many generalizations and improvements of the Krasnosel’skii’s fixed point
theorem have been produced, for instance [17–21]. In particular, Amar et al. [17] stated
some new fixed point results for operator Equation p2q, where f is a weakly compact and
weakly sequentially continuous mapping and g is either a weakly sequentially continuous
nonlinear contraction or a weakly sequentially continuous separate contraction mapping.
Motivated by the work of [15], we will discuss the existence of solution to the following
system of fractional variable order hybrid differential equations:

$

’

’

&

’

’

%

0Dαptq
t ruptq ´ fpt, uptqqs “ gpt, vptqq,

0Dαptq
t rvptq ´ fpt, vptqqs “ gpt, uptqq,

up0q “ ζpuptqq, vp0q “ ζpvptqq,

(3)

where t P r0, Ts, αptq P p0, 1s, ζ : RÑ R and f, g : r0, Ts ˆRÑ R are continuous functions
satisfies specific conditions. 0Dαptq

t is the Caputo fractional variable order derivative. The
system p3q can be expressed in the form

#

u “ fu` gv,

v “ fv` gu,
(4)

where u, v P X (subspace of a linear space) or u, v PM Ă X and f : MÑ X and g : XÑ X.
A useful technique for finding the fixed point of the system p4q is a coupled fixed

point theory, which was introduced by Guo and Lakhsmikantham [22]. Bhaskar and
Lakhsmikantham [23] were the pioneers who used coupled fixed point theorem for the
existence of unique solution to a periodic boundary value problem. Many prominent
researchers have taken greater interest regarding the application potential of coupled fixed
point theorems.

For the existence of solution to the system p3q, we establish coupled fixed point results
in Banach spaces by utilizing the results of Amar et al. [17].

2. Preliminaries

We symbolize by R and R` the set of all real numbers and nonnegative real numbers,
respectively, by N the set of all positive integers and by Aw the weak closure A. Ad-
ditionally, Ξ denote a Banach space, BpΞq “ tT ‰ H : T is a bounded subset of Ξu,
ker W “ tT P BpΞq : WpTq “ 0u be the kernel of function W : BpΞq Ñ R` and
V “ tT : T ‰ H, convex, bounded, and closed subset of Ξu.

Definition 1 ([24]). The left Riemann-Liouvillle fractional integral of order αptq P p0, 1s of a
function f : r0, Ts Ñ R is

a Iαptq
t fptq “

1
Γpαptqq

ż t

a
pt´ sqαptq´1fpsqds, t P r0, Ts. (5)

Definition 2 ([25]). The left Caputo fractional derivative of order αptq P p0, 1s of a function
f : r0, Ts Ñ R is

aDαptq
t fptq “

1
Γp1´ αptqq

ż t

a
pt´ sq´αptqf1psqds, t P r0, Ts. (6)
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Theorem 1 ([24]). Let α : ra, bs Ñ pn´ 1, ns, where n P N. Then

a Iαptq
t aDαptq

t fptq “ fptq ´

n´1
ÿ

k“0

fpkqpaq

k!
pt´ aqk, t P ra, bs. (7)

The axiomatic definition of an MWNC is as below.

Definition 3 ([26]). A map Ww : BpΞq Ñ R` is an MWNC in Ξ if for all Λ, Λ1, Λ2 P BpΞq it
satisfies the following axioms:

(i) ker Ww is non-empty and relatively weakly compact in Ξ;
(ii) Λ1 Ă Λ2 ñ WwpΛ1q ď WwpΛ2q;
(iii) WwpcoΛq “ WwpΛq;
(iv) WwpηΛ1 ` p1´ ηqΛ2q ď ηWwpΛ1q ` p1´ ηqWwpΛ2q, @η P r0, 1s;
(v) If tΛnu is a sequence of weakly closed sets in BpΞq with Λn`1 Ă Λn, @n P N and

lim
nÑ`8

WwpΛnq “ 0, then Λ8 “
Ş`8

n“1 Λn ‰ H.

In applications, the MWNC satisfies some additional handy conditions.
(vi) WwpΛq “ 0 ðñ Λ is relatively weakly compact set;
(vii) WwpΛwq “ WwpΛq;
(viii) WwpλΛq “ |λ|WwpΛq, @λ P R;
(ix) WwpΛ1 `Λ2q “ WwpΛ1q `WwpΛ2q;
(x) WwpΛ1 YΛ2q “ maxtWwpΛ1q, WwpΛ2qu.

Remark 1. Let Ww be a measure of noncompactness on a Banach space Ξ, then
ĂWwpXq “ maxtWwpX1q, WwpX2qu and ĂWwpXq “ WwpX1q `WwpX2q define measures of non-
compactness in the space Ξˆ Ξ, where Xi, i “ 1, 2, denotes the natural projections of X.

Throughout this work,áwill denote the weak convergence andÑwill denote the
strong convergence, respectively.

Definition 4. Let X and Y be two Banach spaces. A function f : XÑ Y is called weakly continuous
if it is continuous with respect to the weak topologies of X and Y.

Definition 5. Let X and Y be two Banach spaces. An operator f : X Ñ Y is said to be weakly
sequentially continuous if, for every sequence pxnqn with xn á x, we have fxn á fx.

Theorem 2 ([17]). Let T P V. If T : T Ñ Ξ and S : Ξ Ñ Ξ are two weakly sequentially
continuous mappings such that

(i) T is weakly compact;
(ii) S is a nonlinear contraction;
(iii) pT` SqpTq Ă T.

Then there exists x P T such that x “ Tx` Sx.

Theorem 3 ([17]). Let T P V. If T : T Ñ Ξ and S : Ξ Ñ Ξ are two weakly sequentially
continuous mappings such that

(i) T is weakly compact;
(ii) S is a nonlinear contraction;
(iii) rx “ Sx` Ty, y P Ts ùñ x P T.

Then there exists x P T such that x “ Tx` Sx.

Theorem 4 ([17]). Let T P V and T : T Ñ Ξ be a weakly sequentially continuous mapping and
S : Ξ Ñ Ξ such that

(i) TpTq is relatively weakly compact;
(ii) S is linear, bounded and there exists p P N˚ such that Sp is a nonlinear contraction;
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(iii) rx “ Sx` Ty, y P Ts ùñ x P T.

Then there exists x P T such that x “ Tx` Sx.

Theorem 5 ([17]). Let T P V. If T : T Ñ Ξ and S : Ξ Ñ Ξ are two weakly sequentially
continuous mappings such that

(i) TpTq is relatively weakly compact;
(ii) S is a nonlinear contraction such that SpΞq is bounded;
(iii) rx “ Sx` Ty, y P Ts ùñ x P T.

Then there exists x P T such that x “ Tx` Sx.

Definition 6. Let X be a non-empty set. Then the mapping F : Xˆ X Ñ X has a coupled fixed
point px, yq P Xˆ X, if Fpx, yq “ x and Fpy, xq “ y.

3. Coupled Fixed Point Theorems

Let Ξ be a Banach space and T be a nonempty bounded, convex and closed subset
of Ξ. Let T : T Ñ Ξ and S : Ξ Ñ Ξ. Define rT : TˆT Ñ Ξˆ Ξ, rS : Ξˆ Ξ Ñ Ξˆ Ξ and
G : Tˆ Ξ Ñ Ξ by

rTpx, yq “pTx, Tyq,
rSpx, yq “pSy, Sxq,

and
Gpx, yq “ Tx` Sy.

Now, since

pGpx, yq, Gpy, xqq “ pTx` Sy, Ty` Sxq “ pTx, Tyq ` pSy, Sxq “ rTpx, yq ` rSpx, yq.

Thus, to prove that Gpx, yq has at least one coupled fixed point in TˆT, it is sufficient
to prove rTpx, yq ` rSpx, yq has at least one fixed point in TˆT. Now utilizing Theorem 4,
we present our first result.

Theorem 6. Let T P V and T : T Ñ Ξ be a weakly sequentially continuous mapping and
S : Ξ Ñ Ξ such that

(i) TpTq is relatively weakly compact;
(ii) S is linear, bounded and there exists λ P p0, 1q such that

}Sx´ Sy} ď λ}x´ y},

(iii) If x “ Sx˚ ` Ty, for some x˚, y P T, then x P T.

Then Gpx, yq “ Tx` Sy has at least one coupled fixed point in TˆT.

Proof. Let trunu “ tpxn, ynqu be a sequence in TˆT such that xn á x and yn á y, where
px, yq “ ru P TˆT. Then since T : T Ñ Ξ is weakly sequentially continuous mapping,
we have

rTrun “ rTpxn, ynq “ pTxn, Tynq á pTx, Tyq “ rTpx, yq “ rTru.

Thus, rT : TˆT Ñ Ξˆ Ξ is weakly sequentially continuous mapping. To show that
rTpTˆTq is relatively weakly compact, we have

rTpTˆTq “
 

rTpx, yq : px, yq P TˆT
(

“tpTx, Tyq : x, y P Tu

“TpTq ˆ TpTq.

Since TpTq is relatively weakly compact, so WwpTpTqq “ 0. Using this fact, we have
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ĂWw

`

rTpTˆTq
˘

“ĂWwpTpTq ˆ TpTqq

“maxtWwpTpTqq, WwpTpTqqu

“0.

Hence rTpTˆTq is relatively weakly compact. Next, since S is linear so for rx “ px1, x2q

and ry “ py1, y2q in Ξˆ Ξ, we have

rSpc1rx` c2ryq “rSpc1x1 ` c2y1, c1x2 ` c2y2q

“pSpc1x2 ` c2y2q, Spc1x1 ` c2y1qq

“pc1Sx2 ` c2Sy2, c1Sx1 ` c2Sy1q

“pc1Sx2, c1Sx1q ` pc2Sy2, c2Sy1q

“c1rSpx1, x2q ` c2rSpy1, y2q

“c1rSrx` c2rSry.

Thus, rS is linear. Furthermore, since S is bounded so there exists T ą 0 such that
}Sx} ď T, @x P Ξ. Now, for rx “ px1, x2q P Ξˆ Ξ, we have

›

›
rSrx

›

› “
›

›
rSpx1, x2q

›

› “ }pSx2, Sx1q} “ }Sx2} ` }Sx1} ď 2T,

for all rx P Ξˆ Ξ, that is rS is bounded in Ξˆ Ξ.
Now, to show that rSp is a nonlinear contraction, we use induction. Let rx “ px1, x2q,

ry “ py1, y2q P Ξˆ Ξ, then for p “ 1 and using condition (ii), we have
›

›
rSrx´ rSry

›

› “
›

›
rSpx1, x2q ´ rSpy1, y2q

›

›

“}pSx2, Sx1q ´ pSy2, Sy1q}

“}pSx2 ´ Sy2, Sx1 ´ Sy1q}

“}Sx2 ´ Sy2} ` }Sx1 ´ Sy1}

ďλ}x2 ´ y2} ` λ}x1 ´ y1}

“λ}px1 ´ y1, x2 ´ y2q}

“λ}px1, x2q ´ py1, y2q}

“λ}rx´ ry}

“ϕp}rx´ ry}q.

Assume that rSq is a nonlinear contraction for q ą 1, that is

›

›
rSqrx´ rSqry

›

› ďλq}rx´ ry} “ ϕp}rx´ ry}q. (8)

Thus, using inequality p8q for q` 1, we have
›

›

›

rSq`1
rx´ rSq`1

ry
›

›

›
“
›

›
rS
`

rSqrx
˘

´ rS
`

rSqry
˘
›

›

ďλ
›

›
rSqrx´ rSqry

›

›

ďλq`1}rx´ ry}.

That is rSq`1 is a nonlinear contraction. In general, for any p P N we can write

›

›
rSprx´ rSpry

›

› ď λp}rx´ ry} “ ϕp}rx´ ry}q,
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where ϕpxq “ λpx with λ P p0, 1q, that is rS is a nonlinear contraction. Hence for all
p P N˚, rSp is a nonlinear contraction. Consequently, there exists p P N˚ such that rSp is a
nonlinear contraction.

Finally, if rx “ rSrx` rTry, for some ry “ py1, y2q P TˆT, then we have to show that
rx “ px1, x2q P TˆT. For this, we have

px1, x2q “ rSpx1, x2q ` rTpy1, y2q “ pSx2, Sx1q ` pTy1, Ty2q “ pSx2 ` Ty1, Sx1 ` Ty2q,

which implies that x1 “ Sx2 ` Ty1 and x2 “ Sx1 ` Ty2, by condition (iii), x1, x2 P T and
hence rx P TˆT. Thus, by Theorem 4, there exists at least one fixed point of rS` rT in TˆT

and hence there exists at least one coupled fixed point of Gpx, yq in TˆT.

Utilizing Theorem 5, we establish the following result:

Theorem 7. Let T P V. If T : T Ñ Ξ and S : Ξ Ñ Ξ are two weakly sequentially continuous
mappings such that

(i) TpTq is relatively weakly compact;
(ii) There exists λ P p0, 1q such that

}Sx´ Sy} ď λ}x´ y};

(iii) If x “ Sx˚ ` Ty, for some x˚, y P T, then x P T.

If SpΞq is bounded, then Gpx, yq “ Tx` Sy has at least one coupled fixed point in TˆT.

Proof. Since SpΞq is bounded, so there exists N ą 0 such that }x} ď N, @x P SpΞq. Let
rx “ px1, x2q P rSpΞˆ Ξq, then since

rSpΞˆ Ξq “
 

rSpx, yq : px, yq P Ξˆ Ξ
(

“tpSy, Sxq : x, y P Ξu

“SpΞq ˆ SpΞq,

so x1, x2 P SpΞq and }rx} “ }px1, x2q} “ }x1} ` }x2} ď 2N, that is rSpΞˆ Ξq is bounded. For
the rest of the proof see Theorem 6.

Utilizing Theorem 3, we present the following coupled fixed point result:

Theorem 8. Let T P V. If T : T Ñ Ξ and S : Ξ Ñ Ξ are two weakly sequentially continuous
mappings such that

(i) T is weakly compact such that TpDq Ă TpTq for every bounded subset D Ă T;
(ii) S is a nonlinear contraction;
(iii) If x “ Sx˚ ` Ty, for some x˚, y P T, then x P T.

Then Gpx, yq “ Tx` Sy has at least one coupled fixed point in TˆT.

Proof. Since T : T Ñ Ξ and S : Ξ Ñ Ξ are two weakly sequentially continuous mappings,
so using the same arguments as in Theorem 6, we can easily show that rT : TˆT Ñ Ξˆ Ξ
and rS : Ξˆ Ξ Ñ Ξˆ Ξ are two weakly sequentially continuous mappings. To show that rT
is weakly compact, we have to show that rT is bounded and rTpDˆDq is relatively weakly
compact for every bounded subset DˆD Ă TˆT. For this, since T is bounded, so there
exists N ą 0 such that }Tx} ď N, @x P T. Now, for rx “ px1, x2q P TˆT, we have

›

›
rTrx

›

› “
›

›
rTpx1, x2q

›

› “ }pTx1, Tx2q} “ }Tx1} ` }Tx2} ď 2N,

for all rx P TˆT, that is rT is bounded in TˆT. Following the same steps as in Theorem 6
we obtain that rTpDˆDq is relatively weakly compact. Hence rT is weakly compact.
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Next we show that rS is a nonlinear contraction. For this, using condition (ii), for every
rx “ px1, x2q,ry “ py1, y2q P Ξˆ Ξ and for ϕprq “ λr with λ P p0, 1q, we have

›

›
rSrx´ rSry

›

› “
›

›
rSpx1, x2q ´ rSpy1, y2q

›

›

“}pSx2, Sx1q ´ pSy2, Sy1q}

“}pSx2 ´ Sy2, Sx1 ´ Sy1q}

“}Sx2 ´ Sy2} ` }Sx1 ´ Sy1}

ďϕp}x2 ´ y2}q ` ϕp}x1 ´ y1}q

“λ}x2 ´ y2} ` λ}x1 ´ y1}

“λ}px1 ´ y1, x2 ´ y2q}

“λ}px1, x2q ´ py1, y2q}

“λ}rx´ ry}

“ϕp}rx´ ry}q,

that is rS is a nonlinear contraction. Finally, if rx “ rSrx` rTry, for some ry “ py1, y2q P TˆT,
then following the same steps as in Theorem 6, one can get rx P TˆT. Thus, by Theorem 3
there exists at least one fixed point of rS` rT in TˆT and hence there exists at least one
coupled fixed point of Gpx, yq in TˆT.

4. Applications

In this section, we discuss the existence of solution to the system p3q of fractional
variable order hybrid differential equations. First we recall the definition of αptq over
the interval r0, Ts. Let P “ tr0, T1s, pT1, T2s, pT2, T3s, . . . , pTN´1, TNsu be a partition of the
finite interval r0, Ts, where N is a positive integer. Then a piecewise constant function
α : r0, Ts Ñ p0, 1swith respect to P is defined by

αptq “
N
ÿ

k“1

αkIkptq “

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

α1, t P r0, T1s,

α2, t P pT1, T2s,

α3, t P pT2, T3s,
...

αN, t P pTN´1, TNs,

(9)

where αk P p0, 1s, k “ 1, 2, . . . , N and Ik is the indicator of the interval rTk´1, Tkswith T0 “ 0
and TN “ T, that is

Ikptq “

#

1, t P pTk´1, Tks,

0, otherwise.

First we establish the following lemma:

Lemma 1. A solution of the fractional variable order differential equation

0Dαptq
t ruptq ´ fpt, uptqqs “ gpt, vptqq, (10)

with initial condition up0q “ ζpuptqq on the interval rTk´1, Tks is

uptq “ ζpuptqq ´ fp0, ζpuptqqq ` fpt, uptqq `
1

Γpαiq

ż t

0
pt´ sqαi´1gps, vpsqqds. (11)

Proof. First of all apply the left Riemman–Liouville fractional integral operator 0Iαptq
t of

order αptq to Equation p10q and using Theorem 1, we can easily deduce that

uptq “ up0q ´ fp0, up0qq ` fpt, uptqq `0 Iαptq
t gpt, vptqq, t P r0, Ts.
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Apply initial condition, we get

uptq “ ζpuptqq ´ fp0, ζpuptqqq ` fpt, uptqq `
1

Γpαptqq

ż t

0
pt´ sqαptq´1gps, vpsqqds, t P r0, Ts. (12)

Using p9q the Equation p12q on r0, T1s becomes

uptq “ ζpuptqq ´ fp0, ζpuptqqq ` fpt, uptqq `
1

Γpα1q

ż t

0
pt´ sqα1´1gps, vpsqqds. (13)

Again, using p9q the Equation p12q on pT1, T2s becomes

uptq “ ζpuptqq ´ fp0, ζpuptqqq ` fpt, uptqq `
1

Γpα2q

ż t

0
pt´ sqα2´1gps, vpsqqds. (14)

Proceeding the same way the Equation p12q on pTi´1, Tis becomes

uptq “ ζpuptqq ´ fp0, ζpuptqqq ` fpt, uptqq `
1

Γpαiq

ż t

0
pt´ sqαi´1gps, vpsqqds. (15)

With the help of Lemma 10, the initial value problem p3q can be reformulated as the
system of integral equations:

$

’

’

&

’

’

%

uptq “ζpuptqq ´ fp0, ζpuptqqq ` fpt, uptqq `
1

Γpαiq

ż t

0
pt´ sqαi´1gps, vpsqqds,

vptq “ζpvptqq ´ fp0, ζpvptqqq ` fpt, vptqq `
1

Γpαiq

ż t

0
pt´ sqαi´1gps, upsqqds,

(16)

where t P pTi´1, Tis and i “ 1, 2, 3, . . . , N.

Theorem 9. Assume that the following hypotheses hold.

pA1qThere exists positive constants k1f and kf such that

|fpt, uptqq ´ fpt, vptqq| ď
kf}u´ v}

k1f ` }u´ v}
, @t P r0, Tis;

pA2q ζ : RÑ R is a continuous function such that

|ζpuptqq ´ ζpvptqq| ď
}u´ v}

k1f ` }u´ v}
, @t P r0, Tis;

pA3qThere exists a continuous function h P Lγpr0, Tis,Rq such that

gpt, uptqq ď hptq, @t P r0, Tis;

pA4qThere exist positive constants kg such that

|gpt, uptqq ´ gpt, vptqq| ď kg}u´ v}, @t P r0, Tis.

In addition, if k1f ą 2kf ` 1, then the system p3q has a solution.

Proof. Let X “ Cpr0, Tis,Rq. Define T Ă X by

T “ tx P X : }x} ď Ξu, (17)
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where Ξ ě 2` ∆0 `
}h}L1T

αi

Γpαi`1q with ∆0 “ |ζp0q| ` max
tPr0,Tis

|fp0, ζpuptqqq| ` max
tPr0,Tis

|fpt, 0q|. Then,

clearly T is a nonempty convex, bounded and closed subset of X. Now, uptq is a solution
of the system p3q if and only if uptq satisfies the system p16q. Thus, finding the existence of
solution to the system p3q is equivalent to finding the existence of solution to system p16q.
For this, define the operators S : XÑ X and T : T Ñ X by

$

’

&

’

%

Suptq “ζpuptqq ´ fp0, ζpuptqqq ` fpt, uptqq,

Tuptq “
1

Γpαiq

ż t

0
pt´ sqαi´1gps, upsqqds.

Thus, the system of integral Equation p16q is transformed into the system of the
following operator equations:

#

uptq “ Suptq ` Tvptq,

vptqq “ Svptq ` Tuptq, t P r0, Tis.
(18)

We have to show that the system p18q satisfies all the conditions of Theorem 7. First
we show that T : T Ñ X and S : XÑ X are two weakly sequentially continuous mappings.
For this, let pxnqn Ă T be a sequence with xn á x for some x P X, we have to show that
Txn á Tx. For this, consider

|Txnptq ´ Txptq| “

ˇ

ˇ

ˇ

ˇ

1
Γpαiq

ż t

0
pt´ sqαi´1gps, xnpsqqds´

1
Γpαiq

ż t

0
pt´ sqαi´1gps, xpsqqds

ˇ

ˇ

ˇ

ˇ

ď
1

Γpαiq

ż t

0
pt´ sqαi´1

|gps, xnpsqq ´ gps, xpsqq|ds

ď
1

Γpαiq

ż t

0
pt´ sqαi´1

}xn ´ x}ds.

However, xn á x, that is }xn ´ x} á 0 and hence |Txnptq ´ Txptq| á 0. Thus,
Txnptq á Txptq, that is T : T Ñ X is a weakly sequentially continuous mapping. Similarly,

|Sunptq ´ Suptq| ď|ζpunptqq ´ ζpuptqq| ` |fp0, ζpunptqqq ´ fp0, ζpuptqqq|

` |fpt, unptqq ´ fpt, uptqq|

ď
}un ´ u}

k1f ` }un ´ u}
`

kf}un ´ u}

k1f ` }un ´ u}
`

kf}un ´ u}

k1f ` }un ´ u}

“

ˆ

1` 2kf

k1f ` }un ´ u}

˙

}un ´ u},

However, xn á x, that is }xn ´ x} á 0 and hence |Sxnptq ´ Sxptq| á 0. Thus,
Sxnptq á Sxptq, that is S : XÑ X is a weakly sequentially continuous mapping.

Now, we need to show that TpTq is relatively weakly compact. By definitions of T
and p17q, we write TpTq “ tTx P X : x P Tu. For all t P r0, Tis, we have
TpTqptq “ tTxptq P X : x P Tu.

We need to show that TpTq is bounded and equicontinuous. For Tu P TpTq and
t P r0, Tis, we have
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|Tuptq| “

ˇ

ˇ

ˇ

ˇ

1
Γpαiq

ż t

0
pt´ sqαi´1gps, upsqqds

ˇ

ˇ

ˇ

ˇ

ď
1

Γpαiq

ż t

0
pt´ sqαi´1

|gps, upsqq|ds

ď
1

Γpαiq

ż t

0
pt´ sqαi´1

|hpsq|ds

ď
}h}L1

Γpαi ` 1q
tαi

ď
}h}L1Tαi

Γpαi ` 1q
ďΞ.

It follows that TpTq is bounded. For equicontinuity of TpTq, let u P T and t1, t2 P

r0, Tis, we have

|Tupt1q ´ Tupt2q| “

ˇ

ˇ

ˇ

ˇ

1
Γpαiq

ż t1

0
pt1 ´ sqαi´1gps, upsqqds´

1
Γpαiq

ż t2

0
pt2 ´ sqαi´1gps, upsqqds

ˇ

ˇ

ˇ

ˇ

ď
1

Γpαiq

ˇ

ˇ

ˇ

ˇ

ż t1

0
pt1 ´ sqαi´1gps, upsqqds´

ż t1

0
pt2 ´ sqαi´1gps, upsqqds

ˇ

ˇ

ˇ

ˇ

`
1

Γpαiq

ˇ

ˇ

ˇ

ˇ

ż t2

t1

pt2 ´ sqαi´1gps, upsqqds
ˇ

ˇ

ˇ

ˇ

“
1

Γpαiq

ˇ

ˇ

ˇ

ˇ

ˇ

ż t1

0
pt1 ´ sqαi´1gps, upsqqds`

ż 0

t1

pt2 ´ sqαi´1gps, upsqqds

ˇ

ˇ

ˇ

ˇ

ˇ

`
1

Γpαiq

ˇ

ˇ

ˇ

ˇ

ż t2

t1

pt2 ´ sqαi´1gps, upsqqds
ˇ

ˇ

ˇ

ˇ

ď
1

Γpαiq

ˇ

ˇ

ˇ

ˇ

ˇ

ż t1

0
pt1 ´ sqαi´1hpsqds`

ż 0

t1

pt2 ´ sqαi´1hpsqds

ˇ

ˇ

ˇ

ˇ

ˇ

`
1

Γpαiq

ˇ

ˇ

ˇ

ˇ

ż t2

t1

pt2 ´ sqαi´1hpsqds
ˇ

ˇ

ˇ

ˇ

“
}h}L1

Γpαiq

˜ˇ

ˇ

ˇ

ˇ

ˇ

pt2 ´ t1q
αi

αi
`

t
αi
1

αi
´

t
αi
2

αi

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

pt2 ´ t1q
αi

αi

ˇ

ˇ

ˇ

ˇ

¸

ď
}h}L1

Γpαi ` 1q
`

|t2 ´ t1|
αi `

ˇ

ˇt
αi
1 ´ t

αi
2

ˇ

ˇ` |t2 ´ t1|
αi
˘

.

Since tα is uniformly continuous on r0, Tis, so for any ε ą 0, there exists δ1 ą 0 such that

ˇ

ˇt
αi
1 ´ t

αi
2

ˇ

ˇ ă
Γpαi ` 1q

3}h}L1
ε, whenever |t1 ´ t2| ă δ1.

Let δ “ min
"

δ1,
´

Γpαi`1q
3}h}L1

¯
1
αi

*

, then whenever |t1 ´ t2| ă δ, we have

|Tupt1q ´ Tupt2q| ď
}h}L1

Γpαi ` 1q

ˆ

Γpαi ` 1q
3}h}L1

ε`
Γpαi ` 1q

3}h}L1
ε`

Γpαi ` 1q
3}h}L1

ε

˙

“ ε.

That is TpTq is equicontinuous. Hence by Arzelà–Ascoli’s theorem for any sequence
pxnq in TpTq there is a subsequence

`

xnk

˘

such that xnk á x P TpTq. Consequently, TpTq
is relatively weakly sequentially compact. Thus, by Eberlein-Smulian theorem TpTq is
relatively weakly compact.
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Next, we have to verify condition (ii) of Theorem 7. To do this, consider

|Suptq ´ Svptqq| ď|ζpuptqq ´ ζpvptqq| ` |fp0, ζpuptqqq ´ fp0, ζpvptqqq|

` |fpt, uptqq ´ fpt, vptqq|

ď
}u´ v}

k1f ` }u´ v}
`

kf}u´ v}

k1f ` }u´ v}
`

kf}u´ v}

k1f ` }u´ v}

“

ˆ

1` 2kf

k1f ` }u´ v}

˙

}u´ v},

which implies that

}Su´ Sv} ď v}u´ v},

where v “
1`2kf

k1
f`}u´v}

ă 1.
Furthermore, we have to prove condition (iii) of Theorem 7, let u˚, v P M such that

u “ Su˚ ` Tv, by assumptions pA1q and pA2q, we have

|uptq| “|Su˚ptq ` Tvptq|

“

ˇ

ˇ

ˇ

ˇ

ζpu˚ptqq ´ fp0, ζpu˚ptqqq ` fpt, u˚ptqq `
1

Γpαiq

ż t

0
pt´ sqαi´1gps, vpsqqds

ˇ

ˇ

ˇ

ˇ

ď|ζpu˚ptqq ´ ζp0q| ` |ζp0q| ` |fp0, ζpu˚ptqqq| ` |fpt, u˚ptqq ´ fpt, 0q| ` |fpt, 0q|

`
1

Γpαiq

ż t

0
pt´ sqαi´1

|gps, vpsqq|ds

ď
}u˚}

k1f ` }u˚}
`

kf}u
˚}

k1f ` }u˚}
` |ζp0q| ` max

tPr0,Tis
|fp0, ζpu˚ptqqq| ` max

tPr0,Tis
|fpt, 0q|

`
1

Γpαiq

ż t

0
pt´ sqαi´1

|hpsq|ds

ď2` ∆0 `
}h}L1

Γpαi ` 1q
tαi

ď2` ∆0 `
}h}L1Tαi

Γpαi ` 1q
ďΞ.

That is }u} ď Ξ and hence u P T. Thus, condition (ii) of Theorem 7 holds. Finally,
since SpXq “ tSpxq : x P Xu, so for u P X and t P r0, Tis, we have

|Suptq| “|ζpuptqq ´ fp0, ζpuptqqq ` fpt, uptqq|

ď|ζpuptqq ´ ζp0q| ` |ζp0q| ` |fp0, ζpuptqqq| ` |fpt, uptqq ´ fpt, 0q| ` |fpt, 0q|

ď
}u}

k1f ` }u}
`

kf}u}

k1f ` }u}
` |ζp0q| ` max

tPr0,Tis
|fp0, ζpuptqqq| ` max

tPr0,Tis
|fpt, 0q|

ă2` ∆0,

which implies that }Su} ă 2`∆0, where ∆0 “ |ζp0q| ` max
tPr0,Tis

|fp0, ζpuptqqq| ` max
tPr0,Tis

|fpt, 0q|

and hence SpXq is bounded. Therefore by Theorem 7, the operator Gpu, vq “ Tu` Sv has a
coupled fixed point in rT. Accordingly, the system p3q has a solution in rT.
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