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1. Introduction

In recent years, integral and fractional differential operators have been popular in
mathematical models. However, it is the last one hundred years in which the majority of
the fractional problems in scientific application and engineering have been discovered. For
instance, the earthquake’s non-linear oscillation can be framed with fractional derivatives [1],
and fractional derivatives combined with the fluid dynamic traffic design can eliminate the
shortfall originating from the assumption of continuum traffic flow [2]. That is why the
differential equation with a fractional order derivative has recently proven to be a strong
gadget in the designing of many processes in various areas of engineering and science [3-8].

Many physical phenomena look like they display fractional order behavior that changes
with space and time. The integrals and derivatives whose order is a function of specific
variables catch the attention because of their applied significance in different fields of research,
such as: multifractional Gaussian noises [9], mechanical applications [10], FIR filters [11],
anomalous diffusion modeling [12]. Furthermore, a physical study based on experimental
data of variable-order fractional operators has been examined in [13]. A study comparing
variable-order fractional and constant-order models has been looked analyzed in [14]. The
current literature about solutions to the problems of fractional differential equations is pretty
vast, only a few articles study the existence of solutions to differential equations with variable-
order. Particularly, Limpanukorn and Ngiamsunthorn [15] discussed the existence of solution
to the following fractional order hybrid differential equation
a(t)
oDy lu(t) —£(t,u(t))] = g(t,u(t)), 1)

u(0) = uy,

where t € [0,T],a(t) € (0,1] and the functions £,g : [0,T] x R — R satisfies specific
conditions. OD’;‘(t) is the Caputo fractional variable order derivative.

To check the existence of solution, we use fixed point theory, because the problem
of the existence of solution usually turns into the problem of finding a fixed point of a
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particular mapping. Due to this fact, the results of fixed point theory could be implemented
to the get results of an operator equation. Equation (1) can be expressed in the form of
operator equation

u=fu+guy ueX )

where X subspace of a linear space, and f,g : X — X are self-mappings. A useful
result for the existence of solution to Equation (2) is the Krasnosel’skii [16] fixed point
theorem. So many generalizations and improvements of the Krasnosel’skii’s fixed point
theorem have been produced, for instance [17-21]. In particular, Amar et al. [17] stated
some new fixed point results for operator Equation (2), where £ is a weakly compact and
weakly sequentially continuous mapping and g is either a weakly sequentially continuous
nonlinear contraction or a weakly sequentially continuous separate contraction mapping.
Motivated by the work of [15], we will discuss the existence of solution to the following
system of fractional variable order hybrid differential equations:

]
] = g(t,u(t)), ®)

where t € [0,T],a(t) € (0,1],(: R > Rand £,g: [0,T] x R — R are continuous functions
satisfies specific conditions. OD’:(t) is the Caputo fractional variable order derivative. The

system (3) can be expressed in the form

{u = fu+gv, @

v=1~fv+gu,

where u, v € X (subspace of a linear space) oru,ve M c Xandf : M - Xandg: X - X

A useful technique for finding the fixed point of the system (4) is a coupled fixed
point theory, which was introduced by Guo and Lakhsmikantham [22]. Bhaskar and
Lakhsmikantham [23] were the pioneers who used coupled fixed point theorem for the
existence of unique solution to a periodic boundary value problem. Many prominent
researchers have taken greater interest regarding the application potential of coupled fixed
point theorems.

For the existence of solution to the system (3), we establish coupled fixed point results
in Banach spaces by utilizing the results of Amar et al. [17].

2. Preliminaries

We symbolize by R and IR the set of all real numbers and nonnegative real numbers,
respectively, by N the set of all positive integers and by A¥ the weak closure A. Ad-
ditionally, & denote a Banach space, B(E) = { # ¢ : & is abounded subset of &},
kerM = {& € B(E) : M(L) = 0} be the kernel of function M, : B(E) — R4+ and
Q ={Q:Q # J, convex, bounded, and closed subset of Z}.

Definition 1 ([24]). The left Riemann-Liouvillle fractional integral of order a(t) € (0,1] of a
function £ : [0,T] — R is

L g(t) = r(al(t)) L (t—s)*®lt(s)ds, te0,T]. ®)

Definition 2 ([25]). The left Caputo fractional derivative of order a(t) € (0,1] of a function
£:[0,T] > Ris

DL2(0) = s | (- O s, e (o1 ©)
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Theorem 1 ([24]). Let « : [a,b] — (n — 1,n], where n € N. Then

n—1 _(k
120D e (1) = £(8) - D) D 6o, tefan] @

The axiomatic definition of an MWNC is as below.

Definition 3 ([26]). A map My : B(E) - R4 isan MWNC in E if for all A, A1, Ay € B(E) it

satisfies the following axioms:

(i) kerMy is non-empty and relatively weakly compact in E;

(i) A1 Ay = Mu(A1) < Ma(A2);

(i) Ma(E0A) = M (A);

(iv) Mo (A1 + (1= 1) A2) < Ma(A1) + (1= )M (A2), Vi € [0,1];

(v) If {An} is a sequence of weakly closed sets in B(E) with Ayy1 < Ay, Yn € N and
Jim Wy (Ay) = 0, then Ao = A # D

In applications, the MWNC satisfies some additional handy conditions.
(Vi) My(A) = 0 < A is relatively weakly compact set;
(vii) My (A¥) = M (A);
(viii) M (AA) = [AMa(A), VA€ R;
(ix) T (A1 + Az) = M (A1) + M (A2);
09 Ma(A1 U Az) = max{Mu(Ar), Ma(A2)}-

Remark 1. Let My be a measure of noncompactness on a Banach space E, then

M (X) = max{Mu(X1), M (X2)} and Me(X) = Mu(X1) + M (X2) define measures of non-

compactness in the space & x E, where X;,i = 1,2, denotes the natural projections of X.

Throughout this work, — will denote the weak convergence and — will denote the
strong convergence, respectively.

Definition 4. Let X and Y be two Banach spaces. A function £ : X — Y is called weakly continuous
if it is continuous with respect to the weak topologies of X and Y.

Definition 5. Let X and Y be two Banach spaces. An operator £ : X — Y is said to be weakly
sequentially continuous if, for every sequence (x,),, with x, — x, we have £x, — fx.

Theorem 2 ([17]). Let € Q. IfT : & — Eand S : E — E are two weakly sequentially
continuous mappings such that
(i) T is weakly compact;
(ii) S is a nonlinear contraction;
(iii) (T+8S)(Q) < Q.
Then there exists x € § such that x = Tx + Sx.

I

Theorem 3 ([17]). Let € Q. IfT: & — Eand S : & — E are two weakly sequentially
continuous mappings such that
(i) T is weakly compact;
(ii) S is a nonlinear contraction;
(i) [x=Sx+Ty,ye] = xed.
Then there exists x € § such that x = Tx + Sx.

Theorem 4 ([17]). Let € Qand T : § — & be a weakly sequentially continuous mapping and
S: E — Zsuch that

(i) T(Q) is relatively weakly compact;

(ii) S is linear, bounded and there exists p € N* such that SP is a nonlinear contraction;
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(i) [x=Sx+Ty,ye] = xed.
Then there exists x € §L such that x = Tx + Sx.

Theorem 5 ([17]). Let € Q. IfT : & — Eand S : E — E are two weakly sequentially
continuous mappings such that

(i) T(Q) is relatively weakly compact;
(ii) S is a nonlinear contraction such that S(E) is bounded;
(iii) [x=Sx+Ty,yef] = xe Q.

Then there exists x € § such that x = Tx + Sx.

Definition 6. Let X be a non-empty set. Then the mapping F : X x X — X has a coupled fixed
point (x,y) € X x X, if F(x,y) = xand F(y,x) = y.
3. Coupled Fixed Point Theorems

Let & be a Banach space and §2 be a nonempty bounded, convex and closed subset
of . LetT: L »EandS: & — E. DefineT: 4 x - ExE,S:ExE — & x &and
G: 2l xE — Eby

and

Now, since
(G(x,y),6(y,x)) = (Tx + Sy, Ty + 8x) = (Tx, Ty) + (Sy, Sx) = T(x,y) + S(x,y).

Thus, to prove that G(x, y) has at least one coupled fixed point in  x &, it is sufficient
to prove T(x,y) + S(x,y) has at least one fixed point in  x §. Now utilizing Theorem 4,
we present our first result.

Theorem 6. Let & € Qand T : & — E be a weakly sequentially continuous mapping and
S : 8 — Esuch that

(i) T(Q) is relatively weakly compact;
(ii) S is linear, bounded and there exists A € (0,1) such that
ISx —sy| < Alx =yl

(iii) Ifx = Sx™* + Ty, for some x*,y € , then x € §.
Then G(x,y) = Tx + Sy has at least one coupled fixed point in  x §.

Proof. Let {1,} = {(xn, yn)} be a sequence in & x  such that x, — x and y, — y, where
(x,y) =T e & x Q. Thensince T : & — E is weakly sequentially continuous mapping,
we have

T8, = T(xn, yu) = (Txu, Tyn) — (Tx, Ty) = T(x,y) = T4

Thus, T:  x & — E x E is weakly sequentially continuous mapping. To show that
T(Q x Q) is relatively weakly compact, we have

T(Q x Q) ={T(x,y) D(x,y) e xQ}
={(Tx,Ty) : x,y € &}
=T() x T(Q).

Since T(§) is relatively weakly compact, so My (T(§2)) = 0. Using this fact, we have
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M (38 x 0)) =Ma(T(Q) x T(8))
— max{My(T(R)), Ma(T(£2)))
=0.

Hence T(§L x ) is relatively weakly compact. Next, since S is linear so for X = (x1, x)
and § = (y1,y2) in E x &, we have

§(c1i + c2y) =§(clx1 + coy1, c1x2 + C2y2)

(S(c1x2 + c2y2),8(c1x1 + c2y1))
(c18x2 + ¢Sy, €18%1 + ¢28y1)
(

c18x7, ¢15%1) + (c28y2, c28y1)
=c18(x1,%2) + c28(y1,y2)
—c15% + ¢,55.
Thus, S is linear. Furthermore, since S is bounded so there exists & > 0 such that
[Sx]| < &, Vx € E. Now, for X = (x1,%2) € & x B, we have

IS%] = [S(x1,%2)]| = (Sx2, 8x1)[| = [[Sxa] + [Sxa]l < 28,

forall X € E x &, that is S is bounded in & x Z.
Now, to show that SP is a nonlinear contraction, we use induction. Let ¥ = (x1,%2),
¥ = (y1,y2) € & x &, then for p = 1 and using condition (ii), we have

|8% — S| =[S(x1,%2) — S(y1,y2)|
=||(Sx2,8x1) — (Sy2, Sy1)||
=||(Sx2 — Sy2, Sx1 — Sy1)|
=||Sx2 — Sy2| + [Sx1 — Sy1|
<A [x2 = y2f + Ax1 — v
=A(x1 = y1,%2 — y2)
=A(x1,%2) — (y1,72)|
=AIx -7
=o(|x —F)-

Assume that S9 is a nonlinear contraction for q > 1, that is
[89% — 895 <AYx -5 = @(I% - FI)- ®)
Thus, using inequality (8) for q + 1, we have
sz - g5 —[3(3%) - 5(3%)|
<A[39% - 595

<ATE -3
That is 9% is a nonlinear contraction. In general, for any p € N we can write

[8°% - 83| < APIR - §1 = p(I% - 3,
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where @(x) = APx with A € (0,1), that is S is a nonlinear contraction. Hence for all
p € N*, S* is a nonlinear contraction. Consequently, there exists p € N* such that SP is a
nonlinear contraction.

Finally, if ¥ = SX + Ty, for some ¥ = (y1,y2) € & x &, then we have to show that
X = (x1,%2) € & x §. For this, we have

(x1,%2) = S(x1,%2) + T(y1,y2) = (Sx2,8%1) + (Ty1, Ty2) = (Sx2 + Ty1, Sx1 + Ty2),

which implies that x; = Sxp + Tyj and xp = Sxj + Ty, by condition (iii), x1,x2 € & and
hence x € &8 x Q. Thus, by Theorem 4, there exists at least one fixed point of S+ Tin  x &
and hence there exists at least one coupled fixed point of G(x,y) in & x L. O

Utilizing Theorem 5, we establish the following result:

Theorem 7. Let € Q. IfT: § — Eand S : E — E are two weakly sequentially continuous
mappings such that

(i) T(Q) is relatively weakly compact;

(i) There exists A € (0,1) such that

[sx —syll < Alx—yl;

(iii) Ifx = Sx* + Ty, for some x*,y € §, then x € .
If S(E) is bounded, then G(x,y) = Tx + Sy has at least one coupled fixed point in § x 8.

Proof. Since S(Z) is bounded, so there exists 9 > 0 such that x| < 91, Vx € S(E). Let

-

X = (x1,%2) € S(E x E), then since

so x1,xp € S(E) and X = |[(x1,x2)| = [x1] + [x2]| < 20, that is S(E x &) is bounded. For
the rest of the proof see Theorem 6. [

Utilizing Theorem 3, we present the following coupled fixed point result:

Theorem 8. Let € Q. IfT:  — Eand S : E — & are two weakly sequentially continuous
mappings such that

(i) T is weakly compact such that T(D)  T(§) for every bounded subset D — Q;
(ii) S is a nonlinear contraction;
(iii) Ifx = Sx™ + Ty, for some x*,y € §, then x € §.

Then G(x,y) = Tx + Sy has at least one coupled fixed point in & x §.

Proof. Since T: 8 — Eand S : & — E are two weakly sequentially continuous mappings,
so using the same arguments as in Theorem 6, we can easily show that T:  x  — E x &
and S : E x E — E x E are two weakly sequentially continuous mappings. To show that T
is weakly compact, we have to show that T is bounded and T(ID x D) is relatively weakly
compact for every bounded subset D x D £ x . For this, since T is bounded, so there
exists 91 > 0 such that |Tx| <N, Vx € . Now, for X = (x1,%7) € & x &, we have

ITX]| = |[T(x1,%2)| = [(Tx1, Txo) | = T + [Txo|| < 297,

for all X € & x &, thatis T is bounded in & x . Following the same steps as in Theorem 6
we obtain that T(DD x D) is relatively weakly compact. Hence T is weakly compact.
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Next we show that § is a nonlinear contraction. For this, using condition (ii), for every
X = (x1,%2),7 = (y1,¥72) € E x Eand for ¢(r) = At with A € (0, 1), we have

|8% — SF| =[S(x1, %2) — S(y1, v2)|
=|(8x2,8x1) — (Sy2, Sy1)||
=|(sx2 — Sy2,Sx1 — Sy1)|
=|Sx2 — Sy2| + [Sx1 — Sy
<@(lx2 — y2l) + @(llx1 — y1)
=Ax2 — ya2| + Alx1 — y1
=A|(x1 = y1, %2 — y2)|
=A[(x1,%2) = (y1,v2)|
=A|x -7
=o(|x =¥,

that is S is a nonlinear contraction. Finally, if ¥ = SX + T§, for some § = (y1,¥2) € & x &,
then following the same steps as in Theorem 6, one can get x € & x Q. Thus, by Theorem 3
there exists at least one fixed point of S + T in & x £ and hence there exists at least one
coupled fixed point of G(x,y) in & x Q. O

4. Applications

In this section, we discuss the existence of solution to the system (3) of fractional
variable order hybrid differential equations. First we recall the definition of a(t) over
the interval [0,T]. Let P = {[0,T1], (T1, T2], (T2, T3], ..., (Ty—1, Tn]} be a partition of the
finite interval [0, T], where N is a positive integer. Then a piecewise constant function
a : [0, T] — (0, 1] with respect to P is defined by

a1, te][0,Tq],
X, te (Tll TZ]/

N
Oé(t) = Z (Xkﬂk(t) ={a3 tE (T2/ T3]/ 9)
k=1

ay, te (Ty—1, Tl

where a; € (0,1],k =1,2,...,N and I is the indicator of the interval [Ty_q, Tx] with Tg = 0
and Ty = T, that is

Hk(t> _ {1, te (kallTk]r

0, otherwise.

First we establish the following lemma:
Lemma 1. A solution of the fractional variable order differential equation
oD} u(e) — £(t,u(t))] = glt, v(v)), (10)

with initial condition u(0) = {(u(t)) on the interval [Ty_q, Ty] is

() = Za() - 10,8(0) + £(50(8) + s [ (6= Tglav(e)ds. ()

(i) Jo

Proof. First of all apply the left Riemman-Liouville fractional integral operator OI"t‘(t) of
order a(t) to Equation (10) and using Theorem 1, we can easily deduce that

u(t) = u(0) — £(0,u(0)) + £(t, u(t)) +o L Mg(t, v(t)), te[0,T].
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Apply initial condition, we get
u(t) = Z(u(t)) — £(0, Z(u(t))) + £(t, u(t)) + % fo (& — 5)*®Tg(s,v(s))ds, te[0,T]. (12)
Using (9) the Equation (12) on [0, T1] becomes

u(t) = {(u(t)) —£(0,¢(u(t))) + £(¢,u(t)) +

Jt (t—s)" 'g(s,v(s))ds.  (13)

I(a1) Jo
Again, using (9) the Equation (12) on (Ty, Tz] becomes
t

u<t>=@(u(t))—f(o,au(t)))+f<t,u<t>>+r(iz) j (t— sy lg(s, v(s)ds.  (14)

0
Proceeding the same way the Equation (12) on (T;_1, T;] becomes
t
a(e) = (a(t)) — 0, Z(u(0) + £(t,u(0) + s | (6 -9 gl vleds (1)

0
O

With the help of Lemma 10, the initial value problem (3) can be reformulated as the
system of integral equations:

u(t) =Z(u(t)) - £(0,{(u(t))) + £(t,u(t)) + ﬁ f (6 — 5)%g(s, v(s))ds,

0
(16)
1 v _
v(t) =¢(v(t)) —£(0,&(v(¢))) +£(t,v(t)) + () fo (t— )" g(s,u(s))ds,
1
wheret € (T;_1,Tj]and i = 1,2,3,...,N.
Theorem 9. Assume that the following hypotheses hold.
(Aq) There exists positive constants 71 and T¢ such that
I£(t,u(t)) — £(t,v(t))] < M, vt € [0,T;];
T+ [u—v
(A2) ¢ : R — R is a continuous function such that
_ [u—v] 1.
(e ~ el < g Ve 0T

(As) There exists a continuous function h € LY([0, T;], R) such that
g(t,u(t)) <h(t), Vtel[0,T;
(Ay) There exist positive constants Tg such that
lg(t,u(t)) — g(t, v(t))| < Tglu—v|, Vtel[0,T].
In addition, if 15 > 27¢ + 1, then the system (3) has a solution.
Proof. Let X = C([0, T;],R). Define X by

Q={xeX:|x| <E}, (17)
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= Ibf % _
where & > 2 + Ag + F(a€+l) with Ag = |2(0)| + tg§§]|f(o, C(u(t)))| + tlel[l(il)'(,-]‘f(t’ 0)|. Then,

clearly & is a nonempty convex, bounded and closed subset of X. Now, u(t) is a solution
of the system (3) if and only if u(t) satisfies the system (16). Thus, finding the existence of
solution to the system (3) is equivalent to finding the existence of solution to system (16).
For this, define the operators S: X — Xand T: & — X by

Su(t) =¢(u(t)) - £(0,¢(u(t))) +£(¢,u(t)),

Tu(t) :ﬁ L (t —s)% lg(s,u(s))ds.

Thus, the system of integral Equation (16) is transformed into the system of the
following operator equations:

{u(t) = Su(t) + Tv(t),

v(t)) = Sv(t) + Tu(t), te][0,T;]. 18)

We have to show that the system (18) satisfies all the conditions of Theorem 7. First
we show that T: § — Xand S : X — X are two weakly sequentially continuous mappings.
For this, let (x,), < § be a sequence with x, — x for some x € X, we have to show that
Tx;, — Tx. For this, consider

t

TXn<t>—Tx<t>|—'r(1m |, (== ele male)ds — s | 6= ) (e x(e))dls

1t -
ém JO (t—s) 1|g(s, xn(8)) — g(s, x(s))|ds

1 ft w;—1
<— t—s)" 7|x, —x|ds.
| =9

However, x, — x, that is ||x, —x| — 0 and hence |Tx,(t) — Tx(t)] — 0. Thus,
Tx,(t) — Tx(t), thatis T : & — X is a weakly sequentially continuous mapping. Similarly,

|Sup (t) — Su(t)] <[C(un(t)) — G(ult))] + [£(0, C(un(t))) — £(0, C(u(t)))|
+ [£(t,un(t)) — £(t,u(t))|
|lun — Te[[un —u Tg[[un —u
B A A T VA |

_ <1+2_If> lu, — ul,

5+ Jun —u

However, x, — x, that is ||x, —x| — 0 and hence [Sx,(t) —Sx(t)] — 0. Thus,
Sx,(t) — Sx(t), thatis S : X — X is a weakly sequentially continuous mapping.

Now, we need to show that T(Q) is relatively weakly compact. By definitions of T
and (17), we write T() = {TxeX:xeQ}. For all t € [0,T;], we have
T(Q)(t) = {Tx(t) eX:x € Q}.

We need to show that T(§) is bounded and equicontinuous. For Tu € T(f2) and
t € [0, T;], we have
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It follows that T(§) is bounded. For equicontinuity of T(2), letu €  and t1,t; €
[0, T;], we have

1 (o . 1 (= .
[Tu(t1) — Tu(t)| =]r<ai) fo (61— ) 1g(sm(s))ds—mf0 (b2 — )" g(s,u(s))ds
<t} (=2 e ue)ds — [ e =) (s u(e))as
+ F(ici) Lz(tz — s)“i_lg(s,u(s))ds
tq 0
i)y (=2 e s+ | (r2 =) (s u(e))ds
* r(ia) Jtz(tz —s)" lg(s,u(s))ds
g 0
<r(lai) L (t1 fs)“fflh(s)dﬁjt (tz —s)% 'h(s)ds
+ r(la) Lz(tz — )% Th(s)ds
L ( (2 —w)" ¥ | (tz—t1)“">
CT(w) a; o o
\1"(|¢Z|4L-11) (It2 =t + |77 — £ + [t2 — tq ™).

Since t* is uniformly continuous on [0, T;], so for any € > 0, there exists 6; > 0 such that

r(lxi + 1)

o oG
t -t < ——"
o el <

e, whenever |t; —tp| < 1.

1
Letd = min{&l, (r;ﬁ)‘éﬁ)) “ }, then whenever |t1 — t| < §, we have
L

|Tu(t1) — Tu(ts)| < (LR} <r(“i +1) + [(a;+1) I'(a;+1) > .

s &+ &€
T(ai + 1)\ 3|k 3[[All 3[[Al|

That is T(§) is equicontinuous. Hence by Arzela—Ascoli’s theorem for any sequence
(%) in T() there is a subsequence (x;, ) such that x,, — x € T(£). Consequently, T(£)
is relatively weakly sequentially compact. Thus, by Eberlein-Smulian theorem T(§) is
relatively weakly compact.
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Next, we have to verify condition (ii) of Theorem 7. To do this, consider

[Su(t) —sv(t)) <|¢(u(t)) = C(v(e)| + |£(0,E(u(t))) — £(0,{(v(¢)))]
+[£(t,u(t) —£(t, v(t))]
Ju—v| Tefu—v] Tefu—v]
Tt el Tt e T+ fu—v]

(1427 lu—v|
B Tt A+ Ju—v| !

which implies that

|Su—8v| < @fu—vl,

1+27¢
e+ u—v]
Furthermore, we have to prove condition (iii) of Theorem 7, let u*,v € M such that
u = Su* + Tv, by assumptions (A1) and (A;), we have

where @ = < 1.

Ju(t)] =[Su*(t) + T (v)|
=\@<u*<t>> 20, (¥ () + £(6,u(8)) + F(la) fo (6 — 8)%lg(s, v(s))ds
<IZ(a* (8)) — Z(0)] + [Z(0)] + [£(0, C(u* (6)))] + |£(t, u* (+)) — £(t,0)| + [£(t,0)|

* s |, (5= et vie)lds
W el
ST o] T+ o]

1 * w;i—1
+ W L (t—s) |h(s)|ds

+12(0) + max |£(0,{(u*(¢)))| + max [£(t,0)]
t€[0,T;] t€[0,T;]

/T

(AR

L i
F(ﬁéi + 1)

<24+ Ag +

That is |u| < E and hence u € Q. Thus, condition (ii) of Theorem 7 holds. Finally,
since S(X) = {S(x) : x € X}, soforue Xand t € [0, T;], we have

[Su(t)| =[¢(u(t)) — £(0,¢(u(t))) + £(¢,u(t))]
<I¢(u(t)) = CO)] + IS(0)] + [£(0, S (u(e)))| + [£(t, u(t)) — £(t,0)] + |£(t, 0)]

Ju] T u
<o T+ IO+ ma 50, (ul0)]+ max [¢(t,0)
<2+ Ay,

which implies that |[Su| < 2 + Ag, where Ag = |{(0)] + nEéix]|f(O, C(u())] + nﬁ?x]|f(t,0)\
t€|0,T; t€|0,T;

and hence S(X) is bounded. Therefore by Theorem 7, the operator G(u, v) = Tu + Sv has a

coupled fixed point in &. Accordingly, the system (3) has a solutionin . O
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