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Abstract: A simple approximation scheme to describe the half width of the Voigt profile as a function
of the relative contributions of Gaussian and Lorentzian broadening is presented. The proposed
approximation scheme is highly accurate and provides an accuracy better than 10~ for arbitrary
ar /G ratios. In particular, the accuracy reaches an astonishing 10~34 (quadruple precision) in the
domain 0 < ay/ac < 0.2371 U ay /ag > 33.8786.
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1. Introduction

The Voigt profile is widely used in optics, laser physics, plasma, astrophysics and
spectroscopy [1-6]. By the convolution of both the Lorentzian and Gaussian profiles, the
Voigt profile blends the physical characteristics of both profiles. Whereas the Lorentzian
is associated with lifetime effects, the Gaussian is associated with thermal and statistical
effects [7,8]. Accurate calculations and approximations for the Voigt spectral quantities in
terms of the Gaussian and Lorentzian admixture are essential for the quantification of the
profile. In actual application, the half width at half maximum (HWHM) of the Voigt profile,
ay, is important [8-12]. Unfortunately, there is no analytically exact expression to describe
the HWHM of the Voigt profile as a function of the HWHMSs of the Lorentzian and Gaussian
profiles, a; and a, respectively, and thus many approximations have been presented in
the past to find simple relationships, i.e., composed of basic elementary functions only,
between ay, a;, and ag [13-17].

The approximation expression developed by Olivero and Longbothum (Equation (5)
in [17]), to the best of the authors” knowledge, is the most accurate, and its estimation error
is less than 0.01%. Although this approximation is sufficient for the most practical tasks, the
more accurate approximation may also be required in modern precision spectroscopy [18].
Several highly accurate codes, such as the ACM Algorithm 680 [19,20] (14 significant digits
stated accuracy) and ACM Algorithm 916 [21] (20 significant digits) or arbitrary precision
codes [22,23], are indispensable for evaluation of the Voigt profile, but not necessarily fast.
However, in some cases, where we only focus on broadening [8-12,24], it is unwise to use
these highly accurate codes. Therefore, a highly accurate approximate scheme specially
used to evaluate the half width at half maximum of the Voigt profile is urgently needed.

In this work, we present a simple approximation scheme to describe the half width
of the Voigt profile as a function of the relative contributions of Gaussian and Lorentzian
broadening. The numerical calculations suggest that the proposed approximation expression
can achieve super-accuracy calculation for Voigt profiles for arbitrary «a; /a ratios. The rest
of the paper is organized as follows: Section 2 details the methodology and derivation of
the proposed approximation scheme. Error analysis and an applicable example for Doppler-
broadening thermometry (DBT) are carried out to validate the proposed approximation
scheme in Sections 3 and 4, respectively. The paper is finally summarized in Section 5.
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2. Methodology and Derivation

The Voigt profile gy is the convolution of both the Lorentz profile g; and the Gaussian
profile g given by [25]

In2 1
gv(v,ar,ac) =81 ® 8 = n7—I<(x,y), 1)

&G

where ® is the convolution functional and v is a generalized parameter for the wavenumber,
frequency or photon energy. The Voigt function K(x,y), normalized to /7,

) e*fz
K(xy) =473 e o)

= Re[e_zzerfc(—iz)},

has been introduced for mathematical convenience. Here, the dimensionless variables
x =+vIn2(v —vg)/ag, y = VIn2ay /ag are a measure for the distance from the peak center
vp and for the ratio of Lorentzian to Gaussian width, respectively, and z = x+ iy. At the line
center x = 0, the Voigt function can be expressed as the exponentially scaled complementary
error function K(0, y) = exp(yz)erfc(y). Thus, the half-width scale in units of Gaussian
broadening of a Voigt profile, I, for a given value of y is given by the following equation:

K(T,y) = %eyzerfc(y), (3)
where I' is defined as I' = vIn2ay /ag. The variables x and y are more convenient for
lines which are predominantly Gaussian while the variables X = x/y and 7 = 1/ are more
convenient for lines which are predominantly Lorentz [26]. Thus, the half-width scale in
units of Lorentzian broadening of a Voigt profile, I, for a given value of 7 is given by the

following equation:
1

1
*erfc(—), 4
e’?erc(ﬂ) 4)

=
= |
N —

where I is defined as I = &y /ay.
Considering the Gaussian limit (y—0) and the Lorentz limit (y—o0) of Equation (1) [18]

2

In2 1
— e

]‘. 7 7 - 7 - - 7 5
yﬁol({;;m)gv(v ar,06) = 8&6(v,ac) e ®)
i _ _1r 1
y_);ll(li;_}mgv(vf ap,ac) = gL(v,aL) = P el (6)
the following two half-width limits can be easily deduced
I' - VIn2(y —0), @)

I"'—>1 (y— o).

2.1. The Half Width of Voigt Profile with Small y (0 < y < 0.6993)

Combining Equations (2) and (3), the following equation for the half-width scale in
units of Gaussian broadening, I, can be obtained

e sin(2I'y)Im[erfc(y —il')] + e cos(2I'y)Relerfc(y —il')] = %erfc(y). 8)

Suppose that the half width I of a Voigt profile with small y can be expanded by the
following power series

T(y) =3 o pny™ )
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By combining Equations (8) and (9) and using the method of equating coefficients, any
of the coefficients p,, in Equation (9) can be determined. In this work, we have derived the
recurrence equation satisfied by the expression of the (r + 1)-th coefficient p, (r > 1) of each
order in Equation (9) as follows

2
ePo r

pr = 727'70 [Sr - qr eXp(_poz) - Z ]+ k + m=r ’f]gmlk - 2]21 Z;;{) q?’—]—kfkh]
0<j<r—1,0<k<r-1,1<m<r (10)
Y g fi - X, S,

where each coefficient in the above expression can be calculated by the first r coefficients,
Po,P1, - - - , Pr—1. The derivation of Equation (10) and the definition of each coefficient can
be found in Appendix A. We notice the fact that I' = v/In2 at y = 0, which indicates that
the first coefficient pg = V/In2. Therefore, the coefficient of each order in Equation (9) can
be obtained immediately by solving the recurrence equation. For example, the first four
coefficients are shown as follows

Po =V 11’12,
p1 = erfi(vIn2) —

1
Vrn2’

_ (263-1)63  20{e3+602+1 446
P2 = =" 20363 6’ (11)
4(467-1)63 | 2 2 2
_ 02(5607+6)+3  1661(363+1)—20%(2163+4)—363
60363 6056, ¢

where constants 61 = vIn2, 0, = \/7rand 03 = erfi( In 2) , respectively, and erfi(z) = —ierf(iz)
is the imaginary error function. In addition, the first 31 terms with 32 significant digits are
given in Table AT.

2.2. The Half Width of Voigt Profile with Large y (y > 8.2507)

Numerical analysis, detailed in Appendix B, indicates that it is convenient to analyze
the relationship between I'? and 7, and a simple series is given as following

12 _ 3,2 3 4 15,6 243 .8 2493 10 _ 927 .12 405783 .14
() =1+350"— 50"+ 30° = 20° + Sy ° — 55~ + 252
_ 25390179 ,,16 + 446848569 ,,18 10896941%1 20 + 46%04949839 22
11 77 212 210 4%12 17 (12)
_873%832539883 24 + 221377058104455 ,,26 _ 6044700753428715 ,,28
16 17 18 Ui

2 2 U
176955754371862947 ,,30 __
+ T n R

In the above expression, the coefficients of odd terms are all zero, and the even terms
are all rational fractions, which are conducive to high-precision calculation.

2.3. The Half Width of Voigt Profile with Middle y (0.6993 < y < 8.2507)

The global nature of the Chebyshev approximation over finite intervals [27] over-
comes the range limitations resulting from the asymptotic expansions of Equations (9)
and (12). Because of the best uniform approximation property of the Chebyshev poly-
nomial, the best uniform approximation expression of the Voigt profile with middle y
(0.6993 <y < 8.2507) can be obtained. Numerical analysis suggests that it is useful to intro-
duce the non-dimensional quantities R = ay /() + ag) and D = (o), — ag)/(ap + ag) =(y —
VIn2)/(y + +/In2), and the best uniform approximation expression is given as following

D — Dy,
R(D) = Z}I(\]:()R(Dk) H 0<m<N m/ (13)

m#k
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where (Dy, R(Dy)) are a set of N sample points without two identical points of Dy, and Dy
are given as following

+2

2k
Dy = 0.3648 + O.4518cos(2n m),k=1,2,--- , N+ 1. (14)

For computational convenience, the above mathematical expression can be reformu-
lated into the following equivalent form

N
R(D) =Y, yuD", (15)
where the first 31 coefficients, u, with 32 significant digits are given in Table A3.

2.4. Half Width Approximation Scheme for Arbitrary Voigt Profile

In summary, two asymptotic expansions, Equations (9) and (12), are given for smaller
y and larger y, respectively, and a Chebyshev approximation, Equation (15), for middle y.
Thus, the half-width approximation scheme, using the same variable y, for an arbitrary
Voigt profile can be summarized as follows:

ﬁf(y)ac Equation (9) for 0 < y < 0.6993,
av(y) = { R(% 22)(ar +ag)  Equation (15) for 0.6993 < y < 8.2507, (16)
I'(3)ar Equation (12) for y > 8.2507.

It is worth pointing out that when the approximation scheme Equation (16) is imple-
mented on a double precision platform, the accuracy is reduced due to the rounding errors.
An improvement approximation scheme for double precision platforms is as follows:

\/llnle"(y)oc(; Equation (9) for 0 < y < 0.6993,
ay(y) ~ R(Z:/g )(ar +ag) Equation (15) for 0.6993 < i < 6.4196, (17)
I'(5)ar Equation (12) for y > 6.4196.

3. Error Analysis

Define the relative errors for the half width of Voigt profile in the form

[“V]appr. - [‘XV]ref‘

A=
[“V]ref.

/ (18)

where [ay]appr. is the approximate value given by Equation (16) or Equation (17) and [y ],
is the reference. The highly accurate reference values of the half width can be obtained
by solving Equation (3) using the latest versions of MATLAB that supports the symbolic
computing system with high number, i.e., 128 in this work, of significand precision.

Figure 1 shows (a) the comparison of each half-width functions and (b) the loga-
rithm of relative error for the half width of the Voigt profile, respectively, in the R, D
format on a high-precision platform. As we can see, in the Gaussian dominant region, i.e.,
0<y<0.6993 (-1 <D < —0.0870), the approximation Equation (9) is highly accurate and
provides an accuracy better than 10~!7. Numerical results illustrate that the calculation
accuracy of Equation (9) increases significantly with the decrease of y, which indicates
that this expression is more suitable for the calculation of small y. In particular, the accu-
racy of Equation (9) can reach the super accuracy of 10~3* (quadruple precision) in the
domain 0 <y <0.1974 (—1 < D < —0.6167). Similarly, in the Lorentz dominant region, i.e.,
y > 82507 (0.8167 < D < 1), the approximation Equation (12) is highly accurate and
provides an accuracy better than 10~ 7.



Mathematics 2022, 10, 210

5o0f 14

1.00 T
(a) exact R ! !
- —--Eq.9 | 0
0.95 | —-—Eq. 15 | |
----- Eq. 12 " |
\ |
e 090 F ! :
. Ik .
! K I
0.85 | ! ' [
i I
. ) !
| |
0.80 | | - | | | 1 1 | | 1
1 >
O T S S -
0 Tl :;(\/
-10 .\'\, ,/” S -
17 N -7 /
20 error=1x10 = —=
< e - - Eq.9
o 30 - —-—Eq.15 \
< ol e B Eq. 12 !
7 1=0.6993 y=8.2507
S0, d=-0.08699 08167 |
/ [
-60 [/ 1 I 1 | | I 1 1 I
-1.0 -08 -0.6 -04 -0.2 0.0 0.2 0.4 0.6 0.8 1.0

D

Figure 1. (a) The comparison of each half-width function and (b) the logarithm of relative error for
the half width of the Voigt profile, respectively, in the R, D format.

Numerical results show that the calculation accuracy of Equation (12) increases signifi-
cantly with the increase of y, which indicates that this expression is more suitable for the
calculation of large y. In particular, the accuracy of Equation (12) can reach the super- accu-
racy of 10734 in the domain y > 28.2058 (0.9427 < D < 1). The Voigt width approximation is
particularly important in the middle region, i.e., 0.6993 < y < 8.2507 (—0.0870 < D< 0.8167),
in which the width of the Gaussian profile is comparable to the width of the Lorentzian
profile. Numerical results show that the approximation Equation (15) based on Chebyshev
approximation with 30 degree is highly accurate and provides an accuracy better than
10717 in the middle region. In summary, the approximation scheme Equation (16) is highly
accurate and provides an accuracy better than 10717 for arbitrary ay /ag ratios, which indi-
cates that the calculation error can be ignored for the general double-precision calculation
platform (16 bits).

Furthermore, the accuracy of the proposed approximation scheme is compared with
several commonly used approximation expressions [14-17] on a double precision platform.
These approximate expressions are summarized in Table 1. The relative errors of differ-
ent approximation schemes on a double precision platform are shown in Figure 2. The
maximum relative errors of Matveev, Thompson, Kielkopf and Olivero-Longbothum are
2.14 x 1072,4.32 x 1072,2.48 x 10~* and 2.37 x 104, respectively. As a comparison, the
calculation accuracy of the proposed approximation scheme is significantly improved, and
its maximum relative error is 1.28 x 10714,
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Table 1. Empirical fit to the Voigt half width.

Author Approximation Expression
1 2
Matveev [14] ay(y) = 55 v+ VY2 +4In2+0.1y(1 - wﬁ)]ac
Thompson et al. [16] wy(y) = (I 2)%2 4 (In2)? - 2.69269y + (In2)>/% - 2.42843y>
+(In2) - 4.47163y® + (In2)'/2 . 0.07842y* + 5]/ Sa
Kielkopf [15] ay(y) = ; thz [(140.0991n2)y + \/ (1—0.0991n2)%y2 + 4In2)ag
Olivero and Longbothum [17] ay (y) = 2\/11?2 (1.0692y + /0.86639y2 + 4In2)ag
0.005 |-
— sffls
5 0.000 [
£
o
o
2
= -0.005
E —— Matveev —— Thompson Kielkopfx10
—— Olivero-Longbothumx10
-0.010 - This work (Eq. 17)x10"
1 1 1 1 1 1 1 1 1

-1.0 -08 -06 -04 -02 0.0 02 04 06 08 1.0
D

Figure 2. The relative errors of different approximation schemes on a double precision platform.

4. An Applicable Example: Doppler-Broadening Thermometry (DBT)

To evaluate the superiority of the proposed approximation scheme in terms of compu-
tational accuracy, a numerical simulation experiment of Doppler-broadening thermometry
(DBT) using carbon dioxide (CO;) transitions is presented in this section. The Pe(12)
line of the 30012 <« 00001 band of CO,, centered at 6337.990338 cm~! with strength of
1.526 x 10723 cm/molecule [28], is used in this simulation. DBT is potentially an accurate
and practical approach for thermodynamic temperature measurement [12,24]. DBT consists
of retrieving the half width of Gaussian profile, g, from the highly accurate observation
of the shape of a given atomic or molecular line, in a laser-based absorption-spectroscopy
experiment under a linear regime of radiation-matter interaction [12]. Once «a¢ is known,
the thermodynamic temperature can be calculated as

2 2
xgmc

 20%kpIn2 (19
where v = 6337.990338 cm ! is the central frequency, kp = 1.38064852 x 102 /K the Boltzmann
constant, ¢ = 299792485 x 108 m/s the speed of light and m = 7.308032313279367 x 1072 kg
the mass of CO,.

In general, the measured Voigt profile is deconvoluted to extract the Gaussian profile
component, and then, the thermodynamic temperature is obtained by Equation (19). In this
work, a simple deconvolution method based on the maximum and half width of the Voigt
profile is used [29]. This method can easily calculate the half width of a Gaussian profile by
solving the following non-linear system of equations

{ gV max = /122 L exp(y?)[1 — erf(y)], 0)

oy = F(lXL,DCG),
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where gy max is the measured maximum of the Voigt profile and F(ar,a¢) is some formula
used for the half-width approximation. In this section, we only examine the numerical
simulation results of the proposed approximation scheme Equation (17) and the Olivero-
Longbothum approximation.

The simulated Voigt profiles of Pe(12) line of CO; at different pressures are shown in
Figure 3. Obviously, the half width of the Voigt profile increases with higher pressure. This
is because the Lorentzian broadening caused by molecular collisions becomes more and
more significant as the pressure increases. Furthermore, the absolute deviations of DBT
temperature calculations using different half-width approximations in the pressure range
of 1 Pa to 2000 Pa are shown in Figure 4. Numerical simulation results demonstrate that
the absolute temperature deviation is always less than 1.19 x 10712 K while the proposed
approximation scheme Equation (17) is used for DBT temperature calculations. In contrast,
the absolute temperature deviation becomes larger rapidly as the pressure increases for the
Olivero-Longbothum approximation. The simulation experiments in this section reveal
that a much more accurate half-width approximation scheme for an arbitrary Voigt profile
is necessary when we expect to achieve high-accuracy temperature measurements at the
mK level [12] using the Doppler-broadening thermometry method.

80 F

20 b 1 Pa

o L — 500 Pa
,;c ol —2000 Pa
<40 F
Z 30}
% a0k

10 = /

1 1 [

6337.97 6337.98 6337.99 63138.00 6338.01
Wavenumber (cm™)

Figure 3. The simulated Voigt profile of Pe(12) line of CO; at different pressures (CO, concentration
is 1000 ppm, temperature is 300 K).

0.00
-0.05 |
-0.10 | within 1.19x10™ K

-0.15 -
-0.20 -

-0.25 |
.0.30 L —~ Olivero-Longbothum

—>— This work (Eq. 17)

DBT error (K)

-0.35

-0.40 1 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800
Pressure (Pa)

Figure 4. The absolute deviations of DBT temperature calculations using different half-width approx-

imations.
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5. Conclusions

A simple approximation scheme to describe the half width of the Voigt profile as
a function of the relative contributions of Gaussian and Lorentzian broadening is pre-
sented in this work. The numerical calculations suggest that the proposed approximation
scheme can achieve super-accuracy (better than 10~17) calculation for Voigt profiles for arbi-
trary a; /ag ratios. In particular, the accuracy reaches an astonishing 1073 in the domain
0 <y <0.1974Uy > 28.2058(0 < ap/ac < 0.2371Uay /xc > 33.8786). Furthermore, the coeffi-
cients in Equation (12) are all simple rational fractions, and the law behind this expression is
also an interesting mathematical problem worth exploring. To evaluate the superiority of
the proposed approximation scheme in terms of computational accuracy, a numerical simu-
lation experiments of Doppler-broadening thermometry using carbon dioxide transitions is
presented in this work. In addition, three simplified MATLAB codes can be found at the
MATLAB Central website: https:/ /www.mathworks.cn/matlabcentral /fileexchange /9528
3-highly-accurate-width-of-the-voigt-profile (accessed on 26 December 2021).
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Appendix A

In this part, we derive the expression of the (r + 1)-th coefficient p, from the first r
coefficients pg, p1, ... , pr—1 (r >= 1) using the series analysis method.

-1 )
T(y) = Lo Py + 1, Py (A1)
Step 1: Series expansion for the factors in Equation (5) at y =0

. . 2
(1) Series expansion for el

T2

The exponential function e~ can be expanded into the following series at i = 0:

2 2 (o] a 2 -1 a4 _
= L ) = ) ), (A
where the coefficients a,, are defined as:

d" 2 pR— (n—1)/2) ( )JPZk "(1 —2j+2k—n)
= — _ e P E 0 n
an dt?‘le th’O ero k:’rLzl Z ]'!(_]' + k)! 7 (A3)

where (), is the Pochhammer symbol. According to the multinomial theorem, Equation (A3)
can be rewritten as follows, in ascending order of the degree of y:

e = Y pdit + (7, (A4)


https://www.mathworks.cn/matlabcentral/fileexchange/95283-highly-accurate-width-of-the-voigt-profile
https://www.mathworks.cn/matlabcentral/fileexchange/95283-highly-accurate-width-of-the-voigt-profile
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where the coefficients dj are defined as:

2
efo k=0
dk - {Z &k kn k Z 1’ (A5)

Tl

where the coefficients a,, s ; are defined as:

e nmo...pty
a"'k']_zn1+nz+--~+nj:” Vll!'~'nj!p1 Pl (A6)

A+ 2my 4 =k
anOI"'/n]'ZO

(2) Series expansion for eI
In the same way, the exponential function e T

series at y = 0:

can be expanded into the following

&prrbn

12 -1
U= Yo fi + (o + L, =Y + (), (A7)

where the coefficients f; are defined as:

2
e Fo k=0
= A8

Ji {Z s s (A8)
where the coefficients b,, are defined as:

di’l
dx”e

_4 —2k
- x=po zznefpo —po)" |Zk”/2 7;70. (A9)

b = (=2k + n)!

(3) Series expansion for sin(2I'y)
In the same way, the sine function sin(2I'y) can be expanded into the following series
aty =0:

sin(2ly) = Z;:l gmy™ +o(y"), (A10)
where the coefficients g;,; are defined as:
" k=0 (1+2k)! 7

where the coefficients B, ; ; are defined as:

- oplh

n0+2n1+-

J+) =k
nOZO/"'/ 0

(4) Series expansion for cos(2I'y)
In the same way, the cosine function cos(2I'y) can be expanded into the following
series at y = 0:
cos(2l'y) = 221:0 hmy™ +o0(y"), (A13)

where the coefficients /,, are defined as:

h ! =0 (Al14)
m ”’ 1 k m,m—
it % m 2 1.
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(5) Series expansion for erfi(I')
In the same way, the imaginary error function erfi(I') can be expanded into the follow-
ing series at y = 0:

erfi(T') = erfi(po) + Z Zn 1 %Z,kenyk +@h, (A15)

where the coefficients ¢, are defined as:

_ d"erfi(t) g1 22T 4 2k — )y g gy

el
dm |f=P T \sz [221 (n—k—1)! (A16)

en

(6) Series expansion for erfc(y — il)
The complementary error function erfc(y — iI') can be expanded into the following
series at y = 0:

erfc(y —il') :1+ierfi( )
ko1 (D TR0k kT (A17)
ey 14 e -1 j+k)! ’

and the third term in the above formula can be reduced to the following formula:

— 2 lPye vkl (=) T2 R 242j k)T
o/ k=144_k1y K(—1—j+k)! (A18)

= erz(zrnzl cny" + (yr>)/

where the coefficients ¢, are defined as:

N B Vs W PR
n = _ﬁ( T A((n-1)/2) )
(—i) Rk (24 2j k),
+ Z Ek ! [k 11 X14+2j—kn—kn—k K(—1—j+k)! A Hk))/ (A19)
1 +2j—k>1

where the coefficients 7, ; are defined as:

e no...pM
ki =L ngmy 4oy = n nol -t PO P (420

ny+2m + -+ jnj =k
nOZOIH‘ranO

Considering the expansion series of Equations (A2) and (A18), the third term in Equa-
tion (A17) can be reduced to the following formula:

2 Py ko1 (DTRIEEQ2j k) gy T
_ﬁe Ek:l Ej:(kalw kI(—1—j+k)! (A21)
1 Zo Cm—kdiy™ + (7).

By substituting Equations (A15) and (A21) into Equation (A17), the expressions of real part
and imaginary part of the complementary error function erfc(y — iI') can be expanded into
the following series:

Relerfc(y — iT)] = Y44 qxy* + Lh_g Rele,_xdi]y” + o(y"),

Im[erfc(y —il')] = gk]/ +h, (A22)

respectively, where the coefficients I} and gy are defined as:
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erfi k=0
lk - k (pgﬁ)ﬂfken k—1 (A23)
Ln=1 T Lin—0 Im[ckfndn] k>1,
W=\ o (A24)
Zn:O Re[ckfndn} k>1.

(7) Series expansion for erfc(y)
The error function erfc(y) can be expanded into the following series at iy = 0:

1 r
Eerfc(y) =) sy +o(y), (A25)
n=0

where the coefficients s, are defined as:

: =0 (A26)
Sy = 14(-1 n+1 1 (n—1)/2
( 2) ﬁ (((njl)/Z)!n n=l

Step 2: Calculate p, by the method of comparing coefficients

By substituting Equations (A7), (A10), (A13), (A22) and (A25) into Equation (8), the
following expression is obtained:

r—1
(320 fit (S &y 1L E )+ [525 fir = (prby + Ky 2y

. (A27)
X (Do ™[I0 460" + Lico Reler—iely'] = & sny” + (')

Therefore, a mathematical expression to determine the (r + 1)-th coefficient p, is
obtained by using the method of comparing coefficients:

Livktm=r figml + Ty Yy 4r—j—kfichj
0<j<r—-1,0<k<r-1,1<m<r (A28)
+ho [ZZ;& qrfkfk + fOZ;;(l) Re[cr—jd']yr + (Prbl + Zr]/l:z “n,r,r%)qo] = Sr.

The recurrence equation satisfied by the expression of the (r + 1)-th coefficient p, can
be obtained by simplifying the above expression:

2
elo

pr = —2po [Sr —qr eXP(_Poz) -X ]‘_|_ kd+m=r f]'gmlk - Z]r'zl ZZ;{) qrfjfkfkhj
0<j<r-1,0<k<r-1,1<m<r (A29)
— b
Y ke fi — Thp ],

Considering the initial value py = v In 2, arbitrary term coefficients p,, can be calculated
by using Equation (A29), and the first 31 coefficients p, with 32 significant digits are given
in Table Al.
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Table A1. The first 31 coefficients p;, in Equation (9) with 32 significant digits.

n Pn n Pn
0 0.8325546111576977563531646448952 16 2.5308903977393059634088084205148 x 108
1 0.53254711842961210323020845059416 17 —3.3104307709547517055285672959576 x 10~8
2 0.13603423870145348659601346974136 18 —1.1821070040002130133075915099552 x 108
3 —6.3839925995348583105863651935208 x 1073 19 5.0020607880755762331999675884955 x 10~°
4 —7.5882994178697868047017954181619 x 103 20 3.2040951850692659104678394048668 x 10~°
5 7.5685451134845100193553849814044 x 10—+ 21 —4.9276721508012916216290609360574 x 1010
6 6.4174309726033170181322853645455 x 10~ 22 —7.1352246104725448681836423474852 x 10710
7 —1.0278614365257442345642575963235 x 1075 23 —3.2407999521382539130974667691197 x 1011
8 —6.6864392638387619203117167133824 x 1075 24 1.4010883014405512366881008147675 x 10710
9 —1.8800729899141457354675112660009 x 105 25 3.3772678382804066494130831543588 x 10~
10 9.3901358253570724565409358708571 x 10~° 26 —2.3680267709485323621904030934022 x 10~
11 5.4149990265667553408636905696295 x 10~° 27 —1.1462686830778835681784218983719 x 1011
12 —1.2862976252461744893956942201673 x 1070 28 3.0039670445166124668988923778107 x 1012
13 —1.0759168918380548822306060203341 x 10~° 29 2.9478889620399924642669859987364 x 10712
14 7.8733635964790862989086501951507 x 108 30 —9.7467645599626148566298439388065 x 1014
15 1.9255725519174188542320412973488 x 1077

Appendix B

The relationship between I'"? and 7 can be written in the form of Taylor series as follows:

() = Y Tuy", (A30)
n=0

where T = 1 and the coefficients T}, (n > 1) can be estimated by the following recurrence re-

lations:

2 n—1 2 n—1
(1) = X Tuy™  T'(e) = L Tue™
T, = lim m=0 ~ m=0

A *
=T,(0<ex ).
=07+ Uk en n( <1

(A31)

In this work, the parameter ¢ in the above equation is set to 1 x 10720 and the
benchmark value of I (¢) is obtained according to Equation (3) by using the latest versions
of MATLAB that supports the symbolic computing system with high number of significand
precision. The coefficients T, and T,,* of the first 31 terms are given in Table A2. Numerical
calculation results suggest that the T,,* value can be rewritten as the sum of a rational
fraction and a fairly small remainder. Fortunately, the reduction in accuracy due to the

elimination of the remainder is negligible.

Table A2. The first 31 coefficients T, in Equation (12).

n T,* T, n T,* T,

0 / 1 16 ~—25390179/211 +1.1 x 10~ —25390179/211

1 ~0+15x 10720 0 17 ~0+11x10"15 0

2 ~3/2 —75x 1074 3/2 18 ~446848569/212 — 1.1 x 10734 446848569 /212

3 ~0—75x%x 102 0 19 ~0+—1.1x 10714 0

4 ~—3/22+19 x 10740 —3/22 20 ~—1089694161/210 + 1.1 x 10~ —1089694161 /210

5 ~0+19 x 1072 0 21 ~0+11x10"13 0

6 ~15/2% — 7.6 x 1074 15/23 22 ~46704949839/212 — 1.3 x 1032 46704949839 /212

7 ~0—76x 10720 0 23 ~0—13x10712 0

8 ~—243/25 +39 x 107% —243/25 24 ~—8735832539883 /216 + 1.7 x 10731 —8735832539883 /216
9 ~0+39x 1071 0 25 ~0+1.7 x 1071 0

10 A2493/26 — 23 x 10738 2493 /26 26 ~2221377058104455 /217 — 2.3 x 10730 221377058104455 /217
11 ~0—23x 10718 0 27 ~0—23x10"10 0

12 ~—927/22 +1.6 x 10°% —927/22 28 ~—6044700753428715/218 + 3.4 x 10~ —6044700753428715 /218
13 ~0+1.6 x 10717 0 29 ~0+34x107° 0

14 ~405783/28 — 1.2 x 1036 405783 /28 30 ~176955754371862947/21° + 3.9 x 108 176955754371862947 /212
15 ~0—12x 1071 0
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Appendix C

Table A3. The first 31 coefficients un in Equation (15) with 32 significant digits.

n Uy n Uy
0 0.81879767981374096480451126966969 16 —11.608186550060767559947858982236
1 —0.087358831239253690600565585478191 17 98.530866614251729915080851559823
2 0.16111263881308988360982026625923 18 —520.58001078415212154632736105054
3 0.10352476879958392716101379868109 19 1996.0992356052342655084175033613
4 0.044701941374241324794152587529398 20 —5861.8655902675083091764869931816
5 —0.0014922440275783965022042298334427 21 13508.475417035315538373423012345
6 —0.025999766558392062049748550766996 22 —24679.618517222644663493302537093
7 —0.027433278283219905509735236616617 23 35800.136359576107078418696532107
8 —0.012324451041403454228824532372558 24 —41003.133466095685472430284467431
9 0.0076580003679061144826236693340858 25 36602.695793508138571786897415062
10 0.020609356479185309053858762785961 26 —24908.669183448932665943004856528
11 0.019910337726501870836014131102016 27 12466.93366679248692417862886569
12 0.0077590409364772777791275317929576 28 —4321.2090018088841034237110866818
13 —0.047206722791611042489905888231109 29 925.71414182435000624708620108582
14 0.16487160565916573888004662456667 30 —92.27479145146679165668461921968
15 0.22613547743220062910838574670492
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