
����������
�������

Citation: Li, Y.; Dang, S.; Li, W.; Chai,

Y. Free and Forced Vibration Analysis

of Two-Dimensional Linear Elastic

Solids Using the Finite Element

Methods Enriched by Interpolation

Cover Functions. Mathematics 2022,

10, 456. https://doi.org/10.3390/

math10030456

Academic Editor: Andrey Jivkov

Received: 6 January 2022

Accepted: 28 January 2022

Published: 30 January 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

Free and Forced Vibration Analysis of Two-Dimensional Linear
Elastic Solids Using the Finite Element Methods Enriched by
Interpolation Cover Functions
Yancheng Li 1,2,3, Sina Dang 4, Wei Li 5 and Yingbin Chai 1,2,6,*

1 Key Laboratory of High Performance Ship Technology, Wuhan University of Technology,
Ministry of Education, Wuhan 430063, China; lyc@whut.edu.cn

2 School of Naval Architecture, Ocean and Energy Power Engineering, Wuhan University of Technology,
Wuhan 430063, China

3 School of Naval Engineering, Wuxi Institute of Communications Technology, Wuxi 214151, China
4 Air and Missile Defense College, Air Force Engineering University, Xi’an 710051, China; dsnsw123@126.com
5 School of Naval Architecture and Ocean Engineering, Huazhong University of Science and Technology,

Wuhan 430074, China; hustliw@hust.edu.cn
6 State Key Laboratory of Ocean Engineering, Shanghai Jiao Tong University, Shanghai 200240, China
* Correspondence: chaiyb@whut.edu.cn

Abstract: In this paper, a novel enriched three-node triangular element with the augmented interpola-
tion cover functions is proposed based on the original linear triangular element for two-dimensional
solids. In this enriched triangular element, the augmented interpolation cover functions are employed
to enrich the original standard linear shape functions over element patches. As a result, the original
linear approximation space can be effectively enriched without adding extra nodes. To eliminate
the linear dependence issue of the present method, an effective scheme is used to make the system
matrices of the numerical model completely positive-definite. Through several typical numerical
examples, the abilities of the present enriched three node triangular element in forced and free
vibration analysis of two-dimensional solids are studied. The results show that, compared with the
original linear triangular element, the present element can not only provide more accurate numerical
results, but also have higher computational efficiency and convergence rate.

Keywords: interpolation cover functions; finite element method; solid mechanics; free and forced
vibration analysis; low order linear element

1. Introduction

Finite element method (FEM) [1–3] is a mature and powerful numerical method, which
has become one of the most widely used numerical approaches in practical engineering
applications because of its effectiveness and stability. However, the classical FEM also
possesses several distinct disadvantages, for example, the computation accuracy of the
classical FEM is relatively low when the low order linear elements are employed and
the adaptability of FEM to mesh distortion is also relatively weak in the analysis of large
deformation problems [4,5].

Note that the accuracy of the FEM solutions are seriously dependent on the quality
of the used meshes, various the meshfree numerical techniques have also received lots of
research interests in the past years [6–15]. The main difference between the standard FEM
and the meshless numerical techniques is that the used shape functions are constructed
using the scattered field nodes in the problem domain rather than relying on the pre-defined
element. As a result, the approximation of the considered field variables is also independent on
the mesh. Actually, many meshless methods have been developed to solve various engineering
problems. In contrast with the classical boundary element method [16,17] and several boundary-
based discretization techniques [18–25], most of the meshless numerical techniques are the
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domain-based numerical techniques and can be formulated using the weak form or strong
form of the governing partial differential equations (PDE). Several well-developed weak
form meshfree techniques consist of the reproducing kernel particle method (RKPM) [26],
the diffuse element method [27], the element-free Galerkin method [7,28,29], Galerkin/least
squares FEM [30], the radial point interpolation method (RPIM) [6,31] and so on. In
addition, the strong form based meshfree techniques have also been developed, such as the
generalized finite difference method (GFDM) [32–34], the finite point method (FPM) [35,36]
and various collocation techniques [37–40]. All of these different meshless techniques
have their own associated merits, demerits and conditions of applicability. Very nice and
detailed reviews on the developments of the meshless techniques can be found in the
monographs [6]. Nevertheless, it should be pointed out that the meshless methods still can
not match the classical FEM in terms versatility and flexibility in engineering applications
and many challenging problems still remain unsolved so far.

In order to enhance the performance of the standard FEM in engineering computation,
Liu et al. proposed the smoothed FEM (S-FEM) [41–46] which combines traditional FEM
with the generalized strain smoothing techniques with a mathematic base on the novel G
space theory. By invoking the novel G space theory and strain smoothing operations, the
“overly-stiff” stiffness matrices of the standard FEM can be properly softened and then a
softened numerical model with appropriate system stiffness can be obtained. A substantial
numerical examples have demonstrated that the S-FEM possesses many excellent and
attractive properties compared to traditional FEM, such as higher computation accuracy and
efficiency, faster convergence rates and better adaptability to mesh distortion. According to
the different ways in performing the strain smoothing operations, a series of different S-FEMs
have been proposed including the cell-based smoothed FEM (CS-FEM) [47–49], edge-based
smoothed FEM (ES-FEM) [50,51] and the node-based smoothed FEM (NS-FEM) [52,53]. All
of these different S-FEMs possesses their own associated strengths and specific properties,
and these different S-FEMs can be used in various engineering applications.

Different from the smoothed FEM, the present work offers another approach to en-
hance the behaviors of the linear element of standard FEM in solving the two-dimensional
dynamic problems. In this work, the extra interpolation cover functions, which are con-
structed by suitable polynomial bases, are employed to enhance the original linear nodal
shape functions. As a result, the original linear approximation space of the classical FEM
can be markedly enriched and the gradient field of the considered problem can be described
more accurately. The present numerical method, which is named as enriched finite element
method (EFEM), has been introduced by Bathe and his co-workers in solving the wave
propagation problems and static analysis of linear elastic solid mechanics [54–57]. The
numerical experiments have shown that much more accurate numerical results can be pro-
duced with the present EFEM and the extra nodes are not required. In addition, it should
be pointed out that it is quite flexible in constructing the enrichment cover functions accord-
ing to the special problem considered. By using the polynomial bases and the harmonic
trigonometric functions as the enrichment cover functions, Chai et al. have employed the
EFEM to solve the transient wave propagations and acoustic problems [58–60]. The related
numerical results shown that the numerical dispersion error can be markedly suppressed
by the EFEM in wave analysis and much more stable and accurate numerical solutions can
be obtained. Furthermore, the present approach has also been extended to shell analysis
and adaptive analysis [61,62].

In this work, we mainly focus on using the EFEM with simple linear interpolation cover
functions, which has relatively high computation efficiency and is also easy for numerical
integration, to analyze the free and forced vibration problem of the two-dimensional solids.
The abilities of the EFEM for two-dimensional dynamics analysis are carefully examined
through several typical numerical experiments.
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2. Formulation of the FEM Enriched by Interpolation Cover Functions

Consider a two-dimensional bounded problem domain. The standard N triangular
elements are used to discretize the involved problem domain. Using the standard FE
approximation, the interpolation for a scalar field function u has the following form

u =
N

∑
i=1

Niui = Nu (1)

where ui denotes the node coefficients of the field variable and Ni denotes the simple linear
interpolation function for node i (see Figure 1a).
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Figure 1. The illustration of the linear triangular element enriched with interpolation cover functions:
(a) The original linear shape functions; (b) The cover region of the interpolation cover functions;
(c) The overlapping domain of the cover regions.

In the present enriched FE approximation, the standard triangular mesh is still used.
As shown in Figure 1b, the union of all the elements attached to node i is defined as
the cover region Ci [56,58], it is actually the support domain of the usual linear nodal
interpolation function for node i in the standard FE interpolation. Therefore, the element
εm is also can be regarded as the overlapping region of the three surrounding cover region
Ci, Cj and Ck (see Figure 1c). For the considered field variable u at node i, and the standard
FE interpolation is enriched by the following expression [56,58],

Eq
i [u] = L

[
ui ai1 ai2 ai3 · · ·

]T (2)
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in which ui is the usual nodal unknowns and
[

ai1 ai2 ai3 · · ·
]T denotes the addi-

tional unknowns which are associated with interpolation cover functions, L contains the
polynomial bases of degree q.

L = [ 1 xi yi x2
i xiyi y2

i x3
i x2

iyi xiy2
i y3

i . . . yq
i ]︸ ︷︷ ︸

(q+1)(q+2)
2 terms

(3)

in which the used relative coordinate values (xi, yi) are defined in Figure 2, namely
xi = x− xi and yi = y− yi.
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Figure 2. The employed coordinate system in the EFEM formulation: (a) The local coordinates and
physical coordinates; (b) The natural coordinate system.

For the convenience of the comparison with the standard FE formulation, Equation (2)
can also be expressed as [56,58],

Eq
i [u] = ui +

[
xi yi x2

i xiyi y2
i . . . yq

i

]
1×
[
(q+1)(q+2)

2 −1
]


ai1
ai2
ai3
...

[
(q+1)(q+2)

2 −1
]
×1︸ ︷︷ ︸

additional interpolation covers

(4)

From Equation (4), it is seen that the present EFEM formulation can be regarded as the
standard FE approximation plus the additional enriched approximation.

Then the global approximation for the considered scalar field function u has the
following form [56,58],

TEq
i [u] =

m

∑
1

(
3

∑
i=1

NiE
q
i [u]

)
=

m

∑
1

(
3

∑
i=1

Niui +
3

∑
i=1

Hiai

)
=

m

∑
1

(
3

∑
i=1

Niui +
3

∑
i=1

n

∑
j=1

Hi,jai,j

)
, (5)

where m stands for the number of all nodes in the problem domain, Ni denotes the original
linear interpolation functions, j represents the added degree of freedoms (DOFs) for each
node, H is the obtained hybrid interpolation function matrix.

Hi = Ni
[

xi yi x2
i xiyi y2

i x3
i x2

iyi xiy2
i y3

i . . . yq
i

]
(6)

From above formulation, it can be found that the present EFEM will become the
standard FEM if the employed polynomial bases only contains the constant term 1. With
this operation, the higher order approximation space can be constructed and then leads to
much higher computation accuracy. Since the original linear nodal shape functions and the
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constructed hybrid nodal shape functions have the totally identical supports, the proposed
EFEM is also able to lead to the sparse system matrices as in the standard FEM.

Actually we can employ any order of polynomial bases as the interpolation cover
functions. More accurate numerical results can also be generated if the high order polyno-
mial interpolation cover functions are employed. However, the high order interpolation
cover functions will result in more nodal unknowns and more computational cost. In this
work, we only use the first order polynomial bases [1 x y] (q = 1) as the interpolation cover
functions. Note that three additional DOFs will be introduced for each node when the first
order polynomial bases are used, hence in this work the abbreviation EFEM-N3 is used to
represent the EFEM with linear interpolation cover functions.

For the plane stress problem considered in this work, the displacement field variables
u and v in element εm (see Figure 1) can be obtained as following based on the above
EFEM-N3 formulation [56],

um
h =

3

∑
i=1

(Niui + Hiau
i ), vm

h =
3

∑
i=1

(Nivi + Hiav
i ), (7)

(au
i )

T =
[

au
i1 au

i2
]
, (av

i )
T =

[
av

i1 av
i2
]
, (8)

in which ui and vi are the usual nodal unknowns as in the standard FEM, au
i and av

i are the
vectors which contain additional unknowns.

Actually Equation (7) can also be expressed in the following matrix form when the
first order polynomial bases [1 x y] are used as the interpolation cover functions,

[
um

h
vm

h

]
=

[
N H

01×3 01×6

01×3 01×6
N H

]
u
au
v
av

 (9)

in which N is the usual linear interpolation function matrix for the standard FEM H is the
constructed hybrid interpolation function matrix for the present EFEM-N3. To improve
the conditioning of the present EFEM-N3 and obtain more stable numerical solutions, the
additional unknowns coefficients are normalized by a/h in this work (in which h denotes
the average mesh size of the used mesh pattern).

Similar as in the standard FE scheme, the related derivatives of the displacement
variable can be obtained using the following usual differentiation rules,[

um
h,x

um
h,y

]
=

[
N,x H,x
N,y H,y

][
u
au

]
,

[
vm

h,x
vm

h,y

]
=

[
N,x H,x
N,y H,y

][
v
av

]
, (10)

in which, [
N,x H,x
N,y H,y

]
= J−1

[
N,r H,r
N,s H,s

]
(11)

in which J is the Jacobian matrix and the required coordinate transformation can be achieved
as similarly as in the standard FE scheme (see Figure 2b).

3. Governing Equations of Dynamics for Linear Elastic Solids

For the two-dimensional linear elastic solid mechanic problems defined in a bounded
domain Ω. The standard Galerkin weak form is as follows [2],∫

Ω
(∇δu)TD(∇u)dΩ−

∫
Ω

δuT(b− ρ
..
u− c

.
u
)
dΩ−

∫
ΓN

δuTtdΓ = 0 (12)

in which ∇ is the differential operator, δu is the arbitrary virtual displacement vector, D is
the material constant matrix, b denotes the body force vector,

..
u and

.
u are the acceleration
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and velocity vectors, ρ and c are the density and damping coefficients of the considered
solids, ΓN is the natural boundary condition and t is the prescribed traction vector on ΓN .

Using the EFEM interpolation shown in Equation (7), the matrix form of Equation (12)
can be obtained by,

M
..
u + C

.
u + Ku = f (13)

M =
ne

∑
i=1

∫
Ωi

NT
i ρNidΩ, C =

ne

∑
i=1

∫
Ωi

NT
i cNidΩ, K =

ne

∑
i=1

∫
Ωi

BT
i DBidΩ (14)

f =
ne

∑
i=1

∫
Ωi

NT
i bdΩ +

nb

∑
i=1

∫
ΓN

NT
i tdΓ, D =

E
1− v2

 1 v 0
v 1 0
0 0 1−v

2

 (15)

in which M is the global mass matrix, ne is the total number of elements in the global mesh
and Ωi denotes element i, nb is the number of elements on the Neumann boundary, Ni is
the involved shape function matrix for element i, C is the matrix containing the damping
effects, K is the global stiffness matrix, E is Young’s modulus and v is Poisson’s ratio, D is a
matrix containing the material parameters, Bi is the strain gradient matrix for element i, f is
the related nodal force vector.

From the formulation in Section 2, the shape function matrix Nt and strain gradient
matrix B for two-dimensional solid mechanics can be obtained by,

Nt =

[
N H 01×3 01×6

01×3 01×6 N H

]
, (16)

B = ∇Nt =

 ∂N/∂x ∂H/∂x 01×3 01×6
01×3 01×6 ∂N/∂y ∂H/∂y

∂N/∂y ∂H/∂y ∂N/∂x ∂H/∂x

, (17)

For the convenience of discussion, the Rayleigh damping is employed here and the
damping matrix C is obtained directly from the mass matrix M and stiffness matrix K by,

C = αM + βK (18)

in which α and β stand for the Rayleigh damping coefficients.
If the damping effects are not considered, for free vibration analysis Equation (13) can

be re-written by,
M

..
u + Ku = 0 (19)

It is easy to find that Equation (19) has the following fundamental solution,

u = u exp(jωt) (20)

in which u is the amplitude of displacement distributions in two dimensions, j =
√
−1 and

ω is the angular frequency.
Taking Equation (20) into Equation (19), we can arrive at,[

K−ω2M
]
u = 0 (21)

It is indicated in Equation (21) that the essence of analyzing the free vibration problems
is to solve the typical eigenvalue problem.

For forced vibration analysis, we actually should solve the second-order time-dependent
dynamic problems which is governed by the matrix equation shown Equation (13). In
practice, many different types of direct time integration schemes have been developed for
solving the structural dynamic problems, here the widely used Newmark method, which
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is an unconditionally stable direct time integration technique, is used for the analysis of
dynamic problems, the following assumptions are used in the Newmark method,

t+∆t .
u = t .

u +
[
(1− δ)t ..

u + δt+∆t ..
u
]
∆t

t+∆tu = tu +t .
u∆t +

[(
1
2 − α

)t ..
u + αt+∆t ..

u
]

∆t2 (22)

in which ∆t stands for the time step for time integration, δ and α are the undetermined
coefficients which are related to the integration accuracy.

In addition, the following equilibrium equation at time t + ∆t should also be used,

Mt+∆t ..
u+Ct+∆t .

u + Kt+∆tu = t+∆tf (23)

Since no numerical damping effects will be introduced to the numerical solution when
δ = 1

2 and α = 1
4 , so these two parameters are used in this work. Combining Equations (22)

and (13), at time t + ∆t we can obtain [2],(
4

∆t2 M +
2

∆t
C + K

)
t+∆tu =t+∆t f + M

(
4

∆t2
tu +

4
∆t

t .
u +t ..

u
)
+ C

(
2

∆t
tu +t .

u
)

, (24)

Then the complete numerical solution can be finally obtained by recursively using
Equations (22)–(24).

4. The Linear Dependence Issue

We have known that one major issue in the EFEM formulation is the linear dependence
(LD) issue of the obtained system discretized equations [56,58]. To obtain stable numerical
solution, this linear dependence issue should be addressed carefully. Actually, the origin of
the involved linear dependence issue in EFEM is that the approximation of the considered
field variable is constructed by employing the linear dependent shape functions, hence the
obtained system matrices are usually singular. To address the LD problem of the EFEM and
make the obtained system matrices to be positive definite, Kim and Bathe directly remove
all the cover DOFs on the Dirichlet boundary and it is shown that the linear dependence
issue indeed can be completely removed [56]. However, the overly-constrained global
discretized equations are actually obtained with this operation and in essence we do not
need to remove all the cover DOFs on the Dirichlet boundary. In consequence, this operation
always lead to the unnecessary loss of computation accuracy. In this work, we use a new
scheme to address the LD of the EFEM. In this scheme, the minimum superfluous cover
DOFs are eliminated to ensure that the resultant global system matrices are completely
positive definite, hence the computation accuracy can be largely maintained. Furthermore,
due to the linear dependence issue the imposition of the Dirichlet boundary condition in
the EFEM is quite different from that in the standard FEM, hence the accurate imposition of
the Dirichlet boundary condition in the EFEM framework is also discussed in detail within
this work.

If the first order complete polynomials are employed as the cover functions, in the
EFEM formulation we can obtain nine nodal shape functions for each triangular element.
(see Figure 3).
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Here Nl (l = i, j, k) represent the conventional linear interpolation functions in a
standard linear triangular element.

Ni =
1

2A
[(

xjyk − xkyj
)
+
(
yj − yk

)
x +

(
xk − xj

)
y
]

Nj =
1

2A [(xkyi − xiyk) + (yk − yi)x + (xi − xk)y]

Nk =
1

2A
[(

xiyj − xjyi
)
+
(
yi − yj

)
x +

(
xj − xi

)
y
] (25)

From Ref. [58], we can obtain the following theorem.

Theorem 1. For the approximation space spanned by the nine shape functions in Figure 3,
span

{
Ni Nj Nk Nix Njx Nkx Niy Njy Nky

}
= span

{
1 x y x2 xy y2 }.

The related proofs for the above theorem are not given here, more details can be
found in Ref. [58]. Based on Theorem 1 and the related analysis in Ref. [58], it is known
that the five nodal shape functions span

{
Ni Nj Nk Nix Njx

}
are definitely linear

independent and span
{

Ni Nj Nk Nix Njx
}
= span

{
1 x y x2 xy

}
, hence

another term in
{

Niy Njy Nky
}

in which the y2 term is contained should be found
out, then the completely quadratic approximation space can be obtained. From Equation
(25), it is clear that any one in

{
Niy Njy Nky

}
will contain the y2 term and can be

used when xi 6= xj 6= xk. However, Niy or Nky can be used when xi = xk, Niy or Njy can
be used when xi = xj.

From Ref. [58], we also can obtain the following theorem.

Theorem 2. For the normal mesh without singular node, once the six linearly independent shape
functions are used for any single element, the LD of the obtained system discretized equations based
on the global mesh will be completely removed.

Using Theorems 1 and 2, the linear dependence problem of the EFEM can be can be
completely removed without any loss in computation accuracy.

5. Imposition of the Dirichlet Boundary Condition

We have known that the natural boundary condition (BC) can be directly imposed in
the EFEM which is quite similar as in the conventional FEM [56,58]. However, the Dirichlet
BC cannot be imposed directly in the EFEM and should be carefully discussed.

Taking the mesh pattern in Figure 4 for example, the Dirichlet BC u = 0 for a considered
scalar field is prescribed on x = 0. To accurately apply this Dirichlet BC, all the y cover
DOFs should be firstly eliminated. Furthermore, to address the linear dependence issue, in
the global mesh six linear independent shape functions which can exactly construct the
complete quadratic approximation space should be employed for at least one triangular
element. This kind of element should be determined very carefully based on Theorem 1.

For instance, when we choose the element 1-5-2 as the initial element. Due to the Dirichlet
BC u = 0 on x = 0, two y cover DOFs N1y and N2y should be firstly eliminated, then the remain-
ing nodal shape functions for element 1-5-2 are

{
N1 N5 N2 N1x N5x N2x N5y

}
.

Note that x1 = x2 here, so the shape function N5y will not contain y2 term, hence
span

{
N1 N5 N2 N1x N5x N2x N5y

}
6= span

{
1 x y x2 xy y2 }, namely

the element 1-5-2 is not appropriate as the initial element which should have six linearly
independent shape functions to eliminate the linear dependence issue.

However, the element 1-4-5 is appropriate as the initial element. Due to the Dirichlet BC u = 0
on x = 0, the y cover DOF N1y should be firstly eliminated. Based on the analysis in Section 3, it is
clear that the following six nodal shape functions

{
h1 h4 h5 h1x h4x h5y

}
are linearly

independent and
{

h1 h4 h5 h1x h4x h5y
}

=span
{

1 x y x2 xy y2 }.
Finally, the linear dependence problem of the EFEM can be completely removed using

above analysis and discussion, and the Dirichlet BC can also be accurately imposed.
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6. Numerical Results

Several supporting numerical experiments will be considered in this section to as-
sess the abilities of the proposed method for free and forced vibration analysis of two-
dimensional linear elastic solids.

6.1. Free Vibration Analysis of a Cantilever Beam

The first considered numerical example is a cantilever beam. As shown in Figure 5,
the geometry parameters of this cantilever beam is thickness t = 1, width D = 10 and length
L = 100. The plane stress condition is considered here and the related material parameters
are Poisson’s ratio v = 0.3, Young’s modulus E = 2.1 × 1011 and mass density ρ = 8 × 10−10.
This is a very common benchmark problem in the free vibration analysis and has been
investigated detailedly by many researchers using different numerical methods [63,64].
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Figure 5. A two-dimensional cantilever beam.

6.1.1. Computation Accuracy Study

To examine the behaviors of the present EFEM-N3 in free vibration analysis, a series
of standard regular triangular mesh with different average element sizes (see Figure 6) are
employed in the numerical computation. The first 10 natural frequencies calculated by
the linear triangular element (FEM-T3), bilinear quadrilateral element (FEM-Q4), the edge-
based smoothed FEM (ES-FEM) [41,50] and the present EFEM-N3 are given in Tables 1–3.
For comparison, the numerical results using the commercial software package ABAQUS
with a very fine triangular mesh (4221 nodes and 8000 elements) are also listed in the tables
as the reference solutions. We can see that the numerical errors of the natural frequencies
from the standard FEM-T3 and FEM-Q4 are relatively large. This is because the computation
accuracy of the low order linear elements in the standard FEM is not sufficiently high,
especially when the relatively coarse meshes are used. The ES-FEM solutions are clearly
better than those from the standard FEM, while the proposed EFEM-N3 can provide the
most accurate numerical results. In addition, it is also evident that the quality of numerical
solutions from all four different numerical methods will become worse with the increase of
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the mode order. Nevertheless, the behaviors of the present EFEM-N3 are markedly better
than other methods. Furthermore, the first 10 mode shapes of the cantilever beam from
the EFEM-N3 are depicted in Figure 7, we can see that the physical vibration mode can be
accurately predicted by the present EFEM-N3.
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Figure 6. The standard triangular mesh with regular node distribution for the cantilever beam.
(a) Mesh 1 (10 × 1); (b) Mesh 2 (20 × 2); (c) Mesh 3 (40 × 4).

Table 1. The natural frequency solutions from different elements using Mesh 1 (22 nodes, 20 elements).

Mode FEM-T3 FEM-Q4 ES-FEM EFEM-N3 Reference

1 1704.07 999.94 1060.41 826.44 822.41
2 9550.05 6077.08 6486.92 4997.09 4932.71
3 12,898.51 12,863.12 12,879.18 12,833.79 12,823.96
4 23,636.40 16,422.55 17,676.71 13,310.92 12,993.08
5 38,878.90 30,961.53 33,611.81 24,522.67 23,611.65
6 40,960.87 38,921.06 39,070.31 37,946.19 36,009.93
7 60,074.90 49,338.69 54,156.41 38,482.34 38,443.95
8 66,226.33 65,982.06 66,621.04 53,047.17 49,578.22
9 81,228.50 71,244.04 79,745.90 64,058.56 63,912.57
10 94,589.79 94,728.11 96,638.13 69,457.19 63,974.64

Table 2. The natural frequency solutions from different elements using Mesh 2 (63 nodes, 80 elements).

Mode FEM-T3 FEM-Q4 ES-FEM EFEM-N3 Reference

1 1119.29 871.76 855.74 823.84 822.41
2 6617.08 5263.48 5180.43 4944.89 4932.71
3 12,849.69 12,837.12 12,840.31 12,827.62 12,823.96
4 17,162.01 14,010.46 13,829.41 13,038.27 12,993.08
5 30,745.07 25,816.34 25,565.29 23,729.46 23,611.65
6 38,620.23 38,573.48 38,608.10 36,259.33 36,009.93
7 46,401.47 40,002.13 39,764.95 38,455.45 38,443.95
8 63,385.94 56,042.63 55,964.71 50,037.34 49,578.22
9 64,681.80 64,493.66 64,650.99 63,995.63 63,912.57
10 81,520.49 73,610.95 73,943.12 64,678.33 63,974.64

6.1.2. Convergence Study

Several uniform meshes with varying node intervals shown in Figure 6 are employed
to assess the convergence properties of the different numerical approaches in free vibration
analysis. The following relative error indicator for the calculated natural frequency results
are used,

Re =
∣∣∣∣ f num − f re f

f re f

∣∣∣∣× 100% (26)
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in which f num and f re f represent the natural frequency results from the different elements
and the corresponding reference solutions, respectively.

Table 3. The natural frequency solutions from different elements using Mesh 3 (205 nodes,
320 elements).

Mode FEM-T3 FEM-Q4 ES-FEM EFEM-N3 Reference

1 906.83 835.16 827.37 822.74 822.41
2 5425.61 5019.96 4975.61 4935.85 4932.71
3 12,833.24 12,828.32 12,828.93 12,825.28 12,823.96
4 14,254.61 13,263.55 13,150.15 13,002.27 12,993.08
5 25,852.78 24,200.63 23,997.99 23,631.32 23,611.65
6 38,493.15 37,078.50 36,775.32 36,045.90 36,009.93
7 39,398.63 38,479.58 38,488.49 38,447.96 38,443.95
8 54,244.91 51,308.85 50,906.49 49,637.97 49,578.22
9 64,160.33 64,109.88 64,146.76 63,980.08 63,912.57
10 70,011.80 66,507.56 66,022.83 64,006.94 63,974.64
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Figure 7. The first 10 vibration modes of cantilever beam calculated by EFEM-N3: (a) Mode one;
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(h) Mode Eight; (i) Mode Nine; (j) Mode Ten.

For the first and second order vibration mode of the cantilever beam, the relative error
indicator Re of the obtained natural frequency results from different elements versus the
average meshsize h are plotted in Figure 8. It can be found that the ES-FEM shows better
convergence properties than the proposed EFEM-N3. Nevertheless, the convergence rate
of the present EFEM-N3 is still markedly higher than the standard FEM.

6.1.3. Computation Efficiency Study

Now we have known that the EFEM-N3 behaves better than the traditional FEM in
computation accuracy and convergence rate for free vibration analysis. However, from the
related formulation in Section 2 we can find that more nodal unknowns and more expensive
numerical integration are involved in the present EFEM-N3 than the other elements. Here
the uniform meshes shown in Figure 6 with different average meshsizes are again used
and the first two natural frequency results are discussed to investigate the computation
efficiency of the EFEM-N3. Figure 9 displays the corresponding relative error indicator
results versus the solution time for different elements. We can see that the proposed EFEM-
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N3 is much more time-consuming compared to other methods when the same mesh pattern
is used. However, the relative error indicator from the EFEM-N3 is the smallest for the same
computational cost. These findings indicate that the EFEM-N3 has higher computation
efficiency than the other three elements for free vibration analysis.
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6.1.4. Effects of Mesh Distortion

In this section, we will evaluate the effects of the mesh distortion on the computation
accuracy for different elements. Both uniform mesh with regular node distributions and
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distorted mesh with irregular node distributions are used here. The distorted mesh is
directly obtained from the uniform mesh using the following treatments [47],{

xir = xre + h · rc · βir
yir = yre + h · rc · βir

(27)

in which xre and yre are original node coordinate values of the uniform mesh, h is the average
nodal space, rc ∈ [−1, 1] is a random number, βir ∈ [0, 0.5] is a prescribed irregularity
indicator, xir and yir are the node coordinate values of the obtained distorted mesh.

We can see from Figure 10 that the number of nodes is same for the uniform mesh
and distorted mesh, and larger irregularity indicator βir will lead to more distorted mesh.
Tables 4 and 5 list the first 10 natural frequency results from different elements using two
distorted meshes (see Figure 10). For computation, the corresponding results from the
uniform mesh and the reference solutions are also listed in the tables. From the results, it is
seen that the computation accuracy of the standard linear elements (FEM-T3 and FEM-Q4)
will degrade clearly when the distorted mesh pattern is employed. The performance of the
ES-FEM is better than the traditional FEM, while the present EFEM-N3 behaves best among
all the considered elements because the calculated numerical solutions are still very good
using the distorted mesh and these findings are even more clear for the larger irregularity
indicator. This means that the present EFEM-N3 has higher tolerance in the mesh distortion
than the other elements.
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Figure 10. Two distorted meshes obtained from the uniform mesh using different irregularity
indicators. (a) The irregularity indicator βir = 0.25, (b) The irregularity indicator βir = 0.45.

Table 4. The calculated natural frequencies (Hz) from different elements using the distorted mesh
shown in Figure 10a.

Mode FEM-T3 FEM-Q4 ES-FEM EFEM-N3 Reference

1 1122.20 880.70 863.63 823.81 822.41
2 6611.69 5314.24 5218.07 4945.35 4932.71
3 12,848.43 12,837.54 12,840.35 12,827.54 12,823.96
4 17,091.48 14,196.79 13,970.51 13,040.24 12,993.08
5 30,885.01 26,093.70 25,793.25 23,737.90 23,611.65
6 38,619.45 38,580.22 38,615.20 36,274.70 36,009.93
7 46,957.70 40,508.40 40,139.30 38,455.24 38,443.95
8 63,665.54 56,599.45 56,450.22 50,068.29 49,578.22
9 64,732.78 64,529.76 64,683.06 63,995.51 63,912.57
10 81,946.64 74,204.78 74,725.45 64,739.58 63,974.64

6.2. Free Vibration Analysis of a Shear Wall

The second considered numerical example is a shear wall. As shown in Figure 11,
the shear wall has four openings and the fully clamped boundary condition is applied at
its bottom edge. The related material constants are mass density ρ = 1, Young’s modulus
E = 1000 and Poisson’s ratio v = 0.2. Assuming that this shear wall is in plane stress
condition with thickness t = 1. The standard triangular mesh with 952 elements and
599 nodes (see Figure 12) is used in the calculation and Table 6 lists the computed first
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10 natural frequency results from different elements. The reference results are obtained
from the commercial software package ABAQUS using very refined triangular meshes
(17,136 elements and 17,644 nodes). From the results shown in the table, we can again find
that more accurate natural frequency results can be predicted by the present EFEM-N3 than
the other mentioned elements. In addition, Figure 13 also gives the first 10 vibration modes
from the present EFEM-N3. We can observe that the proposed EFEM-N3 indeed behaves
very well in predicting the mode shape in free vibration analysis.

Table 5. The calculated natural frequencies (Hz) from different elements using the distorted mesh
shown in Figure 10b.

Mode FEM-T3 FEM-Q4 ES-FEM EFEM-N3 Reference

1 1145.59 898.93 884.98 823.97 822.41
2 6737.77 5455.77 5369.86 4947.20 4932.71
3 12,853.75 12,837.90 12,843.17 12,828.10 12,823.96
4 17,179.78 14,586.04 14,420.32 13,050.46 12,993.08
5 31,362.44 26,581.86 26,471.00 23,766.85 23,611.65
6 38,629.17 38,580.54 38,633.98 36,352.11 36,009.93
7 47,501.75 40,940.73 40,865.35 38,457.08 38,443.95
8 63,711.47 57,399.92 57,474.63 50,197.60 49,578.22
9 64,801.35 64,531.84 64,743.80 63,998.94 63,912.57
10 82,916.05 75,850.72 76,237.81 64,908.02 63,974.64
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6.3. Forced Vibration Analysis of a Cantilever Beam

A cantilever beam is considered for forced vibration analysis in this section (see
Figure 14). The plane stress condition is assumed here and the related material parameters
are mass density ρ = 1, Young’s modulus E = 1 and Poisson’s ratio v = 0.3. The Rayleigh
damping coefficients are taken as α = 0.005 and β = 0.272. A tip harmonic force f = cos(0.05t)
is subjected to the right end of the cantilever beam in y direction and the Newmark time
integration scheme is used for temporal discretization. The uniform mesh pattern with
node interval h = 0.2 is employed to discretize the problem domain and the temporal
discretization step is ∆t = 0.01. Figure 15 shows the transient response results of the right
end of the cantilever from different elements. The reference results are from the traditional
FEM-Q4 using a very fine mesh (4221 nodes and 4000 elements). From Figure 15, we can
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observe that all the different numerical methods are able to produce very similar transient
response results. However, the EFEM-N3 results are closest to the reference solutions
than the other methods. This numerical experiment demonstrates that the proposed
EFEM-N3 also behaves very well and can provide better solutions than other methods in
dynamic analysis.
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Table 6. The obtained natural frequencies (Hz) results from different elements for the shear wall.

Mode FEM-T3 FEM-Q4 ES-FEM EFEM-N3 Reference

1 0.1081 0.1044 0.1032 0.1022 0.1011
2 0.3681 0.3580 0.3553 0.3522 0.3497
3 0.3855 0.3839 0.3836 0.3830 0.3825
4 0.6312 0.6029 0.5916 0.5846 0.5767
5 0.8094 0.7773 0.7677 0.7594 0.7532
6 0.9503 0.9275 0.9214 0.9131 0.9094
7 1.0352 1.0061 0.9983 0.9894 0.9857
8 1.1459 1.1247 1.1158 1.1060 1.1007
9 1.2045 1.1673 1.1552 1.1454 1.1389
10 1.2276 1.1944 1.1844 1.1763 1.1724
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Figure 13. The first 10 vibration modes for the share wall from EFEM-N3: (a) Mode one; (b) Mode
Two; (c) Mode Three; (d) Mode Four; (e) Mode Five; (f) Mode six; (g) Mode Seven; (h) Mode Eight;
(i) Mode Nine; (j) Mode Ten.
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7. Conclusions

In this work, a novel linear triangular element enriched by interpolation cover func-
tions (EFEM-N3) is used in tackling the two-dimensional dynamic problems. The following
instructive points can be obtained through the considered numerical experiments:

(a) By employing the proposed scheme in addressing the LD problem in the EFEM-N3,
the potential LD issue can be completely removed and then the totally symmetric
positive-definite system can be achieved, hence very stable numerical solutions can
then be generated.

(b) Compared to the conventional FEM, the proposed EFEM-N3 in this work behaves
much better in convergence rate and computation accuracy, and much more natural
frequency results and force response results can be obtained, this is because the initial
linear approximation space used in the conventional FEM is effectively enhanced by
using the constructed interpolation cover functions.

(c) Although no extra nodes are needed in the present EFEM-N3 compared to the high
order standard elements, more nodal unknowns are involved and larger size system
matrices are always obtained, hence the present EFEM-N3 is clearly more numerically
expensive. Nevertheless, the present EFEM-N3 still possesses higher computation
efficiency in the solution of free and forced vibration analysis.

(d) The proposed EFEM-N3 is also less sensitive to the mesh distortion than the other
conventional elements and quite reliable numerical results can still be produced even
if very distorted meshes are employed. Therefore, the present method is very suitable
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for different areas of engineering applications with complex geometries because the
mesh distortion cannot be completely avoided in these cases.
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