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Abstract: The aim of this paper is to carry out an improved analysis of the convergence of the
Nystrom and degenerate kernel methods and their superconvergent versions for the numerical
solution of a class of linear Fredholm integro-differential equations of the second kind. By using
an interpolatory projection at Gauss points onto the space of (discontinuous) piecewise polynomial
functions of degree <r — 1, we obtain convergence order 2r for degenerate kernel and Nystrom
methods, while, for the superconvergent and the iterated versions of theses methods, the obtained
convergence orders are 37 4 1 and 4r, respectively. Moreover, we show that the optimal convergence
order 4r is restored at the partition knots for the approximate solutions. The obtained theoretical
results are illustrated by some numerical examples.
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1. Introduction

Integro-differential equations emerged at the beginning of the twentieth century
thanks to the work of Vito Volterra. The applications of these equations have proved
worthy and effective in the fields of engineering, mechanics, physics, chemistry, astronomy,
biology, economics, potential theory, electrostatics, etc. (see [1-4] and references therein).

Many numerical methods have been developed for solving integro-differential equa-
tions. Each of these methods has its inherent advantages and disadvantages, and the search
for easier and more accurate methods is a continuous and ongoing process. Among the
existing methods in the literature, we cite the Adomian decomposition [5], homotopy anal-
ysis [2], Chebyshev and Taylor collocation [6], Taylor series expansion [7,8], integral mean
value [9], and decomposition method [10]. For other methods to solve integro-differential
equations, see [11-14].

Recently, many authors have used spline functions for the numerical solution of
integro-differential equations; in particular, a semi-orthogonal spline wavelets approxima-
tion method for Fredholm integro-differential equations was proposed in [15]. In [16], the
authors used a fast multiscale Galerkin method for solving second order linear Fredholm
integro-differential equation with Dirichlet boundary conditions. In [17], the authors ap-
plied B-spline collocation method for solving numerically linear and nonlinear Fredholm
and Volterra integro-differential equations, and in [18] an exponential spline method for
approximating the solution of Fredholm integro-differential equation was studied. More
recently, in [19] Kulkarni introduced an efficient method called modified projection method
or multi-projection method to solve Fredholm integral equations of the second kind. In-
spired in Kulkarni’s method, authors in [20] have introduced superconvergent Nystrom
and degenerate kernel methods to solve the same type of equations.
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This work is concerned with numerical methods to solve a class of linear Fredholm
integro-differential equations of the form

Y () +aly(x) = [ K iytde+ f(x), xe 0,1, "
y(O) = Yo,

where yg € R, 4, f, and k are continuous functions, and y is the function to be determined.

The paper is organised as follows. In Section 2, the proposed methods to solve (1)
are defined along with relevant notations. In Section 3, error estimates are given and
precise convergence orders are obtained. Implementation details on the linear systems
are discussed in Section 4. Finally, in Section 5, we provide some numerical results that
illustrate the convergence orders of the proposed methods and we give a comparison with
other known approaches in the literature.

2. Methods and Notations
Consider the following partition of the interval [0, 1]

O=xg<x1 < <xp=1 2)

Let I; = [xj_1,x],hi = xj —x;_1,i = 1,2,...,n, and let h = maxj<j<, h; be the
maximum step size of the partition. We assume that h — 0 as n — co. For r > 1, we denote
by P, the space of all polynomials of degree < r — 1. Let

Sip = {u :[0,1]—R: u|1i eP,1 Sign},

be the space of piecewise polynomials of degree < r — 1, with breakpoints at x1, x2, ..., x,_1.
No continuity conditions are imposed at the breakpoints. Let B, := {1y, ..., T} be the set
of r Gauss points, i.e., the zeros of the Legendre polynomials p,(t) = (d"/dt") (t* — 1)r in
[—1,1]. Define f; : [-1,1] — [x;_1, x;] as follows:

1-—t¢ 1+t
fi(t) = 5 Y1 + i te[-1,1].

Then
n
A= Uﬁ(B,):{rij:ﬂ(rj):lgign,l <j<r}i={t,i=1,..., nr},
i=1
is the set of Nj, := nr Gauss points in [0, 1]. Let

r _—

G =T, i=12,...,r, xe[-1,1],
k=1 G~ Tk
k£i

be the Lagrange polynomials of degree r — 1 on [—1, 1], which satisfy ¢;(t;) = &

Define
gt = { 400 e )

ij

0, otherwise.

It is easy to verify that ¢, € S;n and ¢, (i) = 6idip, L,p = 1,2,...,n,j,k =
1,2,...,r.
Let
Pp—1)r+k = Pkp, k=1...,r and p=1,...,n

For a fixed p, the family of functions {gokp k=1,2,..., r} form a basis (Lagrange

basis) for the space of polynomials functions of degree r — 11in [x,_1, xp]. As, in the space
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Sr,n, NO continuity conditions are imposed at the breakpoints, we deduce that the set
{gokp k=1,...,r, p= 1,...,n} = {¢;j:j=1,...,nr} form abasis of this space.
Let 7r, : C[0,1] — S, be the interpolatory operator defined by

Ny
Ttau(x) = ;M(ti)%’(x)- 3)

It follows that ryu € Sy, mau(t;) = u(t;), i=1,2,...,N,.Then m,u — u as
n — oo for each u € C[0,1]. By using a result in [21], 77, can be extended to a projection
from £*[0,1] to S; .

Equation (1) can be written as

{ Y00 +alalla) =Kyta) 4109, x<(0.1) “
]/(0) = Yo,

where K is the integral operator defined by

1
K(u)(s) = /O k(s, H)u(t)dt . 5)

Under the regularity assumptions on a, f, and k, it is well known that (see e.g., [22])
the initial value problem (4) has a unique solution y that satisfies the integral equation

y(x) = yoe 074N 4 /0 ’ (Ky(t) + £(1) ) A O AWy, (©)

where A is a primitive function of a.
We consider the following Volterra operator

Vu(x) ::/0 u(t)eA =AW g, (7)

and we define
g(x) 1= yoe =AW L V£ (x).
Then, Equation (6) becomes
y—VKy=g. (8)

In this paper, we propose to solve the above equation by using the four following
methods based on the projection 7, given in (3).

1.  Degenerate kernel method, where the operator K is approximated by the following
degenerate kernel operator

Ko (1) (5) := /01 K (s, u(t)dt,

with
N,

kn(s,t) := mak(s,-) = Y_ k(s t:)¢i(t).

i=1

The approximate equation of (8) is then given by

Yn1 — V}Cn,lyn,l =3g- (9)
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2. Nystrom method, where the operator K is approximated by the Nystrom operator
based on 71, and defined by

Ny
Ko (u)(s) == 2 wik(s, t;)u(t;),
i=1

with w; := fol ¢i(t)dt,i =1,2,..., Ny. The corresponding approximate equation of (8)
is then given by
Yn2 — V’Cn,zyn,Z =3g- (10)

3. Superconvergent degenerate kernel method, where the operator K is approximated
by the following finite rank operator

KS 1= 10aK + K1 — 7tk 1.
The corresponding approximation of (8) becomes
Y1 = VKR 1y = & (11)
Furthermore, we define the iterated solution by
_17‘3,1 = VICy;?J +g. (12)

4. Superconvergent Nystrom method, where the operator K is approximated by the
following finite rank operator

ICf,z =T K+ Ky — m0nly 2.
The corresponding approximation of (8) becomes
Yz = VKiaVna = & (13)
Additionally, we define the iterated solution by
Tz = VKyi2 + 8. (14)

We show later that, for i = 1,2, the iterated solutions yf ; converge to y faster than yf i
The reduction of (9)—(11) and (13) to systems of linear equations is presented in Section 4.

3. Convergence Analysis

In addition to the assumptions about 4, f, and k required previously to insure the
existence and the uniqueness of the exact solution of (1), we assume in the subsequent
considerations that the operator Z — VK is invertible with a bounded inverse. Therefore, it
is easy to verify that, for the above four methods, the operators 7 — VK, ; and Z — VIC;?,Z-
are invertible for enough large n and we have

|@=vKu) | <Li<wand H (z- wcii)IH < L] < oo,

[e9)

where L; and L; are constants independent of n [20,21].

Hence for large enough 1, the approximate equations have unique solutions. More-
over, in the following lemma, we give some error estimates essential in the proof of the
convergence orders.
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Lemma 1. For a sufficiently large integer n and for i = 1,2, the following estimates hold:

1y = Ynillo < Lill(VE = VEwi)Ylleo » (15)

v =y < LIVE = ) (= Kyl (16)

v = 75| < UV = ma) (K = Kyl 17)

HIV(T = ) (K = K)o |y — v

Wy

where L;, Lg, and C; are constants independent of n.

Proof. The proof can be investigated in a similar way with the proof of Theorem 4
of [20]. O

In the rest of this section the following estimates are crucial. For y € C"[0, 1], (see [23],
Corollary 7.6, p. 328), it holds

10 iyl < G 0| 9
For y € C?"[0,1] and g € C"[0,1] , we find
/Xi g(t)(I— nn)y(t)dt‘ < CzherHg(r) @ i=1,...,n, (19)
Xi-1 ©

where C; and C; are constants independent of 7.
The following results provide the convergence orders associated with each approxi-
mate solution defined above.

Theorem 1. Let vy, 1 and y, > be the approximate solutions defined, respectively, by (9) and (10).
In the case of the degenerate kernel method, we assume that k(-,-) € C"~427(]0,1] x [0,1]),
a € C"10,1], and f € C"1[0,1], while in the case of the Nystrom method, we assume that
k(-,-) € C??(]0,1] x [0,1]), a € C?[0,1], and f € C?[0,1]. Then

sl =0(%), 112 .
Proof. Leti = 1. From (15), we find

1y = Ynilleo < LalVIK = Ku)ylloo < LilIVIITE = K1)l - (21)

Moreover, by using (19) we have

[0 9)

(= Kyt = | [ 012 = )k, )03t < €l | S|

By taking a supremum over x in the last inequality and by using (21), estimate (20)
follows.
For i = 2, the proof is similar. [

Theorem 2. Let yfl/ 1 and yflz be the approximate solutions defined, respectively, by (11) and (13).
Let gi 1 and yf’z be the iterated versions defined respectively by (12) and (14). For both methods, we
assume that k(-,-) € C¥27([0,1] x [0,1]) ,a € C"~1[0,1], and f € C"71[0,1]. Then fori = 1,2,
we have
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lv=vii|_ = o), (22)
lv=53:]_ = o(n*). 23)

Proof. We only consider the case of superconvergent degenerate kernel method (i = 1).
For the case of superconvergent Nystrom method (i = 2), the proof can be investigated in a
similar way. Let x € [0,1] and let m (0 < m < n — 1) be an integer such that x € [x;, , X, 11].
We have

VKy(x) = VK3 1yn(x) = V(T ~ ﬂn)(’C Kon1)y(x)

= [ AOAD T — 7,) (K = Ko )y(t)e
_ 2/ /(T — 70)G(t)dt @4
+ / (T - m)G(H)dt,
where G(t) := (K — K,1)y(t).
On one hand, from (19), it follows that
NI = 71,)G(£)dt| < CoCh¥ |G|, (25)
and using (18) yields
X
/ A=A (T — nn)G(t)dt’ < Coxh||(I— 1) Gl
Xm (26)
< CCo i HGU) ,
where Cjx := sup;c(q ] aﬁ | LA —A(x) |
On the other hand, for j = 0, ..., 2r and again using (19), we find
j
6| = ’/ VT = 700) Lkt ) (5)ds
ot (27)
< Czcj’chr y(r)
Zr
where C;; 1= SUP,c0,1] asz, at]k(if s)‘

Taking supremum over x, t € [0,1] in (25)—(27) and using (24), we deduce the error
estimate (22).
Now, we prove (23). From (19), we can show that

V(T — 710) (K — Kopa )y(x)| = /01 k() V(T — 70) (K — Kn1)y(s)ds
_ /0 k() ( /0 (T = ) (K — /cn,l)y(t)eA@)—A(S)dt) ds
— /01 02 (H)(T — nn)G(t)dt‘

GZr

< Ch2r

I




Mathematics 2022, 10, 893 7 of 15

where v, (f) := ftl k(x,s5)eA)=AG)ds . Using (27) for j = 2r, we deduce that
IKVT = 70a) (K = Koyl = O (). (28)
Moreover, it is easy to prove that

IVE(T = 70) (K = K1) oo = O(H),
Then, from (22), it follows that

VT = 70 (K = K)o |y = 51

‘m — o(h‘”“). (29)

Now, by combining (17), (28), and (29) we find (23). O

In the following theorem, we give superconvergence results for the approximate
solutions y‘nsl and yfz at the partition knots.

Theorem 3. Let y;i 1 and y;f,z be the approximate solutions defined, respectively, by (11) and (13).
According to the same assumptions of Theorem 2, the following superconvergence orders at the
partition knots hold

y(x) — yfri(xj)’ - O(h‘“) , j=1,...n i=12 (30)
Proof. Leti = 1. The error functione, ; :=y — yfrl satisfies the following equation

ep1(x) +a(x)e,1(x) = Key(x) 4 0n1(x), (31)

where

On1(x) = (’C - ’Cf,l)yf,l (x).

Under the regularity assumptions on a, f, and k, Equation (31) has a unique solution
satisfying the initial condition e, 1 (0) = 0, which is given by

ena () = [ r(x9)80a(s)ds,

where r is the differential kernel (see [22]).
Then

*j
en1(x;) :/0 r(x,5)0n,1(s)ds = Z/x r(xj,8)0,1(s)ds.
Next, for 1 < ¢ < j, we have

Xe
/ r(x;,5)0,1(s)ds

Xe—1

<

/XXZ r(xj,s) (IC - Kil)y(s)ds

-1

(32)

+ /xxz r(xjrs)(lc7Kf,1)(y*]/f,1)(s)ds.

-1

Using (19) and the regularity of the resolvent kernel r(x, s), it is easy to show that the
first term on the right hand side of (32) is on O(K**1). For the second, using (18) and (22),
we find

< hllr(x, ) lleollK = K3 lloolly = v alleo

[ s (K= ) = vin ()is

(-1

— o(h4r+2)'
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We deduce that

/xxf r(les)(sn,l( )ds - O(h4r+1)

-1

Hence
enll(xj) = O(h4r),
which proves (30). For i = 2, the proof is similar. [

4. Implementation Details

In this section, we consider the reduction of (9)—(11) and (13) to systems of linear
equations. Let X := L2[0,1], k; := k(-,t;), k; := k(t;,-) and let {,) denote the usual inner
product on X', we put

*  Degenerate kernel and Nystrom approximate solutions

Theorem 4. Let B and B be the vectors with components
=g ¢i) and Bi:=g(t). (33)
Let M and M be the matrices with entries
M;j:= (Vkj,¢;) and M;;:=w;Vk(t;). (34)

The approximate solutions y, 1 and y, > of (9) and (10) are given by

Nh Nh
Yn1 =8+ Z X]-ij and yuo =g+ 2 w]'Yijj,
j=1 j=1

where X := (Xq,..., XNh)T andY := (Yq,..., YNh)T are, respectively, the solutions of the linear
systems of size Ny, given by

(I-M)X=B and (I-M)Y =B.

Proof. From Equation (9), the approximate solution y, 1 can be written as

ynl +/ (/ ynl 7Tn )(S)ds)eA(t)_A(x)dt
Nz
) (/ U (8)65(5) >/ K, tj)eA(t)’A(X)dt (35)
)+ 2 X;Vki(x).

j=

The coefficients Xj,j = 1,..., N}, are obtained by replacing y,,1 into Equation (9) and
by identifying the coefficients of the functions k;,j = 1,..., N}, which we suppose to be
linearly independent.

More precisely, we find the equations

- %(/01 /Ot kj(s)eA(s)A(t)gbi(t)dsdt)x

—/ (yoe 0)- A(t)+/f ”ds)gb,() i=1,...,Ny,
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which are expressed in matrix form as
(I-M)X =B,

where B and M are given by (33) and (34). This completes the proof for y,, .
By the same techniques, the form of y,,» and the corresponding linear system are
derived. [

*  Superconvergent degenerate kernel and Nystrom approximate solutions

Theorem 5. Let B and B be vectors with components
~ Nh ~
B;:= (ki,g) — Y _(pe,9)ke(t;) and B;:=(g,¢1), (36)
=1

andlet F, F, G, and G be matrices with entries

Ny, ~
Fji= ki, Vi) — Y e Vj)ke(t) and  Fj:= (Vk;, i), (37)
=
Gij:=—(ki, Vkj) + Y _ (¢, Vkj)ke(t;)) and  Gjj:=—(Ve;, ;). (38)
=

The approximate solution yfl is given by
Ny Ny,

yf]l =g+ Z ZVo; + Z Z]'ij ,
i—1 i=1

T
where {Z Z] is the solution of the following linear system of size 2Ny,:

(‘" %3 -6)

Proof. From (11) and the explicit expression of Kfl, it is easy to prove that v, ; takes
the form

Y1 (x) = g(x) + VK§ Y1 (x)

= 8(x) + V(muKyna + Ku1yn1 — mnln1yn1)(x) (39)
Ny Ny

=g(x)+ Y ZVei(x) + Y ZiVkj(x), (40)
i=1 j=1

where the coefficients Z; and Z]-, j=1,..., Ny, are obtained by replacing vy, 1 given by (40)
into the approximate Equation (11) and by identifying coefficients of the family of functions
{#j,ki}, j=1,..., Ny, supposed to be linearly independent. More precisely, we find the
following equations
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zizjlji(/ol/ja(t)«pj(s)e/*“ st~ ) (/ [ puten - A0asat i >> j
+:< /Olfofzi(t)k,-(s)ef“) Ddsdt — ( / /k $)epot dsdt)ke( )) ;
1 N 1
+ [ Rngiar - L | sgctatie(t), i=1...N;,

and

10t _ Ny, 10t
y / kj(s)eA@)A<f>¢i(t)dsdt>zj+]g< /O /0 (Pj(s)eA(S)A(t)"’i(t)det)Z]

In matrix form
I-F G Z\ (B
G I-F)\z) \B)"

where B,B,F,F,G,and G are given by (36)—(38), respectively.
The proof is complete. [

Theorem 6. Let F and F be the vectors with the components
h ~ ~
— Y weki(te)g(te) and F;:=g(t),
=1

and let M, M, H, and H be the matrices with the entries

» Ny - ~
Mi,]' = <kl,VllJ]> — Z wy (ki VIIJ]) (i‘g) and Mi,j = w]Vk](tl) ,
(=1
~ Nh ~
Hi,j = —w; <<kl , Vk]> — 2 wy (ki Vk]) (fg)) and Hl] = w]ng](tl) .
=1
The approximate solution is given by
Npy
Yn =8+ ZXWH Zw]XVk
i=1 j=

T
where {X X} is the solution of the following linear system of size 2Ny,:

I-M H X\ [(F
H I-M)\X) \F)’
Proof. The proof can be presented in a similar way as that of Theorem 5. [J

Remark 1. It should be noted that there are integrals in setting up the above systems and in
evaluating the approximate solutions and their iterated versions. These integrals are evaluated
numerically by suitable quadrature rules with high accuracy to imitate the exact integration.
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5. Numerical Results

In this section, we illustrate the accuracy and effectiveness of theoretical results es-
tablished in the previous sections for numerically solving Fredholm integro-differential
equations. More precisely, we consider four numerical examples of such equations defined
on [0,1] and given in the following table.

Kernel k Function a Function f Exact Solution y
1 t+e
Example 1 T ep(s) -1 —10g<t+ 1) exp(t)
1 1
Example 2 sin(t +s) —sin(t) Z(Cos(t+2) —cos(t)) — 5(3 sin(t) + sin(2t)) cos(t)
Example 3 ts -1 —2sin(x) — x(—1+2sin(1)) cos(x) + sin(x)
Example 4 | sin(47t + 27s) -1 —2msin(27x) — cos(27x) (1 + sin(27x)) cos(27t)

Firstly, for Examples 1 and 2, we consider the space of piecewise constant functions
(r = 1) and the space of piecewise linear functions (r = 2) defined on the interval [0, 1]
endowed with the uniform partition

1 2 n—1

0<-<Z<---< <1 (41)
n n

For different values of n and for i = 1,2, we compute the maximum absolute errors

[e o)

Eivo =y~ Ynillor Efoo:=lly—v5,

B = Iy = il B 1= maxly(x) — y3i(x)]

Moreover, we present the corresponding numerical convergence orders denoted NCO
and obtained by the logarithm to base 2 of the ratio between two consecutive errors. The
obtained results are illustrated in the following tables.

Tables 1-4 show that the superconvergent Nystrom and degenerate kernel methods
are more accurate than the Nystrom and degenerate kernel methods, and the computed
NCOs match well with the expected values.

Next, in order to give a comparison, we illustrate in Tables 5 and 6 the punctual
errors provided by the application of the superconvergent Nystrém and degenerate kernel
methods and other known errors obtained in [24,25]. In particular, for i = 1,2 we denote by

Eij=ly(x;) —ya,(xj), x;=j/10,j=0,---,10,

the punctual errors obtained by our methods for r = 1 and n = 4, while Es), ; denote the
errors obtained in [24] by using a cubic spline interpolation, and E 4, ; are those obtained
in [25] by using Adomian’s decomposition with four iterations.



Mathematics 2022, 10, 893 12 of 15

Table 1. Numerical methods based on piecewise constant functions (r = 1).

Example 1 i=1
n Eiw NCO ES, NCO EZ, NCcO ES NCO
2 237(—02) —— 222(—04) ——  1.02(—04) —— 1.62(—04) ——
4 582(—03) 202 123(—05) 4,17 492(—06) 438 7.04(—06) 452
8 143(—03) 202 7.11(-07) 411 280(—07) 413 3.75(—07) 423
16 321(—04) 202 452(—08) 4.00 1.82(—08) 393 223(—08) 4.07
Theoretical order — 2.0 — 4.0 — 4.0 — 4.0
i=2
2 181(—03) —— 281(—04) —— 120(—04) —— 281(—04) ——
4 451(—04) 200 221(—05) 3.66 9.66(—06) 3.63 221(—05) 3.66
8 112(—04) 200 147(—06) 390 648(—07) 3.89 147(—06) 3.90
16 2.81(—05) 2.00 9.38(—08) 397 4.16(—08) 396 9.38(—08) 3.97
Theoretical order - 2.0 - 4.0 - 4.0 - 4.0
Table 2. Numerical methods based on piecewise constant functions (r = 1).
Example 2 i=1
n Eiw NCO Efm NCO ffm NCO 4 NCcO
2 285(—02) ——  143(—04) ——  455(—05) ——  507(—05) ——
4 7.06(—03) 201 1.15(-05) 3.63 325(—06) 380 2.95(—06) 4.10
8 1.74(—03) 202 7.09(—07) 402 216(—07) 391 1.76(—07) 4.06
16 325(—04) 241 470(—08) 391 1.54(—08) 3.80 1.08(—08)  4.01
Theoretical order — 2.0 - 4.0 - 4.0 - 4.0
i=2
2 441(—02) ——  498(—04) —— 258(—04) ——  498(—04) ——
4 111(—02) 198 296(—05) 407 153(—05) 407 296(—05)  4.07
8 278(—03) 199 1.83(—06) 401 9.44(—07) 401 1.83(—06) 401
16 6.69(—04) 199  1.14(—07) 400 589(—08) 400 1.14(—07)  4.00
Theoretical order - 2.0 — 4.0 — 4.0 - 4.0
Table 3. Numerical methods based on piecewise linear functions (r = 2).
Example 1 i=1
n Ew NCO E), ~NCO E},  NCO ES Nco
2 725(—05) ——  160(—07) —— 783(—08) ——  160(—07) ——
4 451(—06) 400 140(—09) 683  4.68(—10) 738 951(—10)  7.40
8 2.82(—07) 400 128(—11) 677 207(—-12) 782 427(-12) 7.79
16 176(—08) 400 1.01(—13) 697 8.02(—15) 801 170(—14) 7.97
Theoretical order - 4.0 — 7.0 — 8.0 — 8.0
i=2
2 194(—06) ——  940(—08) ——  419(—08) ——  9.40(—08) ——
4 120(—07) 401  656(—10) 716 3.07(—10) 7.09 656(—10) 7.16
8 750(—09) 400 652(—12) 665 143(—12) 773 3.07(-12) 7.73
16 468(—10) 400 3.68(—14) 746 488(—15) 820 124(—14) 7.95

Theoretical order - 4.0 — 7.0 — 8.0 — 8.0
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Table 4. Numerical methods based on piecewise linear functions (r = 2).
Example 2 i=1
n Eiw NCO ES, NCO EZ, NCcO ES NCO

2 197(—04) ——  896(—08) ——  1.14(-08) —— 1.13(-08) ——

4 121(—05) 402 636(—10) 713 429(—11) 805 490(—11) 7.85

8 752(—07) 400 497(-12) 699 157(—13) 809 2.00(—13) 7.93

16 469(—08) 400 3.78(—14) 703 602(—16) 803 7.91(—16) 7.98

Theoretical order — 4.0 — 7.0 — 8.0 — 8.0
i=2

2 255(—04) ——  1.05(—07) —— 129(—08) —— 142(—08) ——

4 156(—06) 403 7.69(—10) 710 4.87(—11) 805 585(—11) 7.93

8 9.70(—07) 400 6.08(—12) 698 181(—13) 806 240(—13) 7.92

16 6.05(—08) 400 456(—14) 705 333(—16) 9.09 111(-15) 776

Theoretical order — 4.0 — 7.0 — 8.0 — 8.0

The results in Tables 5 and 6 show that the error obtained by our methods are com-
parable with those given in [24,25]. However, we notice that in [24] cubic spline functions
(piecewise polynomials of degree three) are used, and in [25], four iterations were needed
to obtain these errors, while in our case only piecewise constant polynomials defined on
the partition (41) with n = 4 were enough to obtain the same accuracy.

Table 5. Comparison with results given in [24].

Example 3
Present Methods Method in [24]

Xj E1,j EZ,j ESp,j

0 0 0 0

0.1 1.59 x 107> 1.71 x 10~° 1.71 x 107>
0.2 1.27 x 107> 1.37 x 10~° 327 x 1075
0.3 1.39 x 107> 1.50 x 10~° 359 x 10~°
0.4 212 x 107° 2.29 x 107 417 x 1075
0.5 8.54 x 10~° 8.87 x 1077 494 x 1075
0.6 259 x 107> 2.64 x 1070 5.88 x 10~°
0.7 241 x 107> 218 x 1070 6.88 x 10>
0.8 2.65 x 1075 1.85 x 10~° 849 x 1075
0.9 347 x 1072 1.59 x 10~° 8.79 x 10~°

1 220 x 1075 1.84 x 1070 1.48 x 1074

Table 6. Comparison with results given in [25].
Example 4
Present Methods Method in [25]

0.1 2.37502 x 1073 7.18395 x 10~° 6.77227 x 10~%
0.2 3.24853 x 1073 1.32702 x 10~° 3.57926 x 10~*
0.3 3.78369 x 1073 5.49501 x 107> 7.20389 x 104
0.4 3.64555 x 1073 1.14361 x 10~* 1.65557 x 103
0.5 1.69840 x 103 2.07833 x 104 2.33402 x 1073
0.6 4.39557 x 1073 3.47537 x 10~* 3.76522 x 103
0.7 5.61879 x 1073 4.93954 x 10~ 6.78844 x 102
0.8 6.51049 x 1073 6.49503 x 104 1.09211 x 102

0.9

6.91467 x 1073

1.02800 x 1073

1.49581 x 102
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6. Conclusions

In this paper, we have developed Nystrom, degenerate kernel methods and their
superconvergent/iterated superconvergent versions for the numerical solution of Fred-
holm linear integro-differential equations. We have proved that these methods exhibit
high convergent orders. Finally, such methods turn out to be very effective, with low
computational cost and comparable with other methods known in the literature.
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