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1. Introduction

In order to understand the structure and relevant properties of the algebraic 7-sphere,
Klim and Majid in [1] proposed the notion of Hopf quasigroups. They are non-associative
generalizations of Hopf algebras; however, there are certain conditions about antipode that
can compensate for their lack of associativity. Hopf quasigroups are no longer associative
algebras, so their compatibility conditions are quite different from those of Hopf algebras.

Turaev introduced the notion of braided crossed categories, which is based on a group
G, and showed that such a category gives rise to a 3-dimensional homotopy quantum field
theory with target space K(G, 1). In fact, braided crossed categories are braided monoidal
categories in Freyd-Yetter categories of crossed G-sets (see [2]), and play a key role in the
construction of these homotopy invariants.

Zunino introduced a kind of Yetter-Drinfeld module over crossed group coalgebra
in [3], and constructed a braided crossed category for this kind of Yetter—Drinfeld module.
This idea was generalized to multiplier Hopf T-coalgebras by Yang in [4]. It is natural to
ask the question: Does this method also hold for some other algebraic structures?

Motivated by this question, the main purpose of this paper is to construct a braided
crossed category by p-Yetter-Drinfeld modules over crossed group-cograded Hopf quasigroups.

This paper is organized as follows: In Section 2, we recall some notions, such as
braided crossed categories, Turaev’s left index notation, and Hopf quasigroups. These are
the most important building blocks on which this article is founded.

In Section 3, we introduce crossed group-cograded Hopf quasigroups and then provide
some examples of this algebraic structure. Moreover, we give a method to construct crossed
group-cograded Hopf quasigroups, which relies on a fixed crossed group-cograded Hopf
quasigroup. At the end of this section, we show that a group-cograded Hopf quasigroup
with the group G is indeed a Hopf quasigroup in the Turaev category.

In Section 4, we first give the definition of p-Yetter—Drinfeld quasimodules over a
crossed group-cograded Hopf quasigroup H. We then show the category YDQ(H) of
Yetter-Drinfeld quasimodules over H is a crossed category, and the subcategory YD(H) of
Yetter—Drinfeld modules is a braided crossed category.
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2. Preliminaries
2.1. Crossed Categories and Turaev Category

Recall the following definitions from [5-7]. Let G be a group. A category C over G is

called a crossed category if it satisfies the following:
(1) Cisamonoidal category;
(2) Cis a disjoint union of a family of subcategories (Ca)aeg, and for any U € Cg,

V € Cp,URV € Cyg. The subcategory C, is called the ath component of C;

(3) Consider a group homomorphism ¢ : G — Aut(C),B — ¢p, and assume that
¢p(Ca) = Cpyp-1, where Aut(C) is the group of invertible strict tensor functors from

C toitself, for all a, B € G. The functors ¢ are called conjugation isomorphisms.

We will use Turaev’s left index notation from [7,8] for functors ¢4: Given p € G
and an object V € C, the functor ¢4 will be denoted by #(-) or V(-) and B () will be
denoted by V(). Since V() is a functor, for any object U € C and any composition of
morphism g o f in C, we obtain Vidy; = idv; and V(g o f) = Vg oV f. Since the conjugation
¢ : G — Aut(C) is a group homomorphism, for any V, W € C, we have VeW () = V(W(.))
and () = V(V(-)) = V(Y(:)) = idc. Since for any V € C, the functor V(-) is strict, we
have V(¢ ® f) = Vg ® V f for any morphism f and g in C,and V(1) = 1.

Recall that a braiding of a crossed category C is a family of isomorphisms (C = Cyv)u,vec,
where Cj v : U® V — YV ® U satisfies the following conditions:

(1) Forany arrow f € C,(U,U’') and g € C(V, V'),

((P8) @ f) Cuyv = Cury (f©Q); @

(2) ForallU,V,W € C, we have

, 1

Cusvw = auevyuy (Cyvw @idv)ag vy, (u @ Cvw) auv,w, 2)
1 1

Cuvew = uyuyy (uy @ Cuw)auyyw (Cuy @ w)agy w. 3)

where a is the natural isomorphisms in the tensor category C.
(3) ForallU,VeCandgegG,

4>q(Cu,V) = C‘Pq(u)/%(v)’ @

A crossed category endowed with a braiding is called a braided crossed category.
For more details, see [9].

A Turaev category as a special symmetric monoidal category is introduced by Caenepeel
from [10]. We recall the notion of Turaev category Tr: Let R be a commutative ring. A Tu-
raev R-module is a couple M = (X, M), where X is a set, and M = (My)ex is a family of
R-modules indexed by X. A morphisms between two T-modules (X, M) and (Y, N ) isa
couple ¢ = (f,¢), where f : Y — X is a function, and ¢ = (¢y : M, — Ny)yey is a family
of linear maps indexed by Y. The compositionof ¢ : M — Nand ¢ : N — P = (Z,P) is
defined as follows: B B

Yo = (f8 (Y2g(2))zez)-
The category of Turaev R-modules is called the Turaev category and denoted by Tg.

2.2. Hopf Quasigroups

Throughout this article, all spaces we consider are over a fixed field k.

Recall from [1] that a Hopf quasigroup H is a unital (not necessarily associative) algebra
(H, up, ) and a counital and coassociative coalgebra (H, 8y, €) with the morphisms éy
and ep are algebra morphisms. There exists a linear map S : H — H such that
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puidou)(S®id®id)(A®id) =e®id = p(id @ u)(id ® S®id) (A ®id), (5)
p(p®id)(id®id® S)(id®A) =id®e = u(p ®id)(id ® S ® id) (id ® A). (6)
In this paper, we use Sweelder notation for the coproduct: A(h) = Zh ), for any

h € H. As in [11], in the following, we write A(h) = h() ® h(y) for 51mphc1ty Usmg this
notation, we can rewrite the conditions (5) and (6) of a Hopf quasigroup as

S(hy)(h)8) = e(h)g = h1)(S(h(2))8), @)
(8h1))S(h(2)) = ge(h) = (§S(h1)))h(2), ®)

forallh,g € H.
If the antipode S of H is bijective, then for all 1, ¢ € H, we have

S (o) (mg) = e(h)g = ha(S~(h)g), )
(85 () = ge(h) = g(haS~ ' (). (10)

A morphism between Hopf quasigroups H and B isamap f : H — B which is both
an algebra and a coalgebra morphism. A Hopf quasigroup is associative if, and only if, it is
a Hopf algebra. For more details, see [1,11].

3. Crossed Group-Cograded Hopf Quasigroup

In this section, we first introduce the notion of crossed group-cograded Hopf quasi-
groups, generalizing crossed Hopf group-coalgebra introduced in [7]. Then we prove that
a group-cograded Hopf quasigroup is indeed a Hopf quasigroup in the Turaev category,
and provide a method to construct crossed group-cograded Hopf quasigroups.

Definition 1. Let G bea group. (H = @, Hp, A, €) is called a group-cograded Hopf quasigroup
over k, where each Hy, is a unital k-algebra with multiplication y, and unit 17, comultiplication A
is a family of homomorphisms (Ap,q : Hpg — Hp @ Hg)paec, and counit € is a homomorphism
defined by € : H, — k, such that the following conditions:

(1) HpH, = 0 whenever p,q € Gand p # q, and n,(1) = 1p;

(2)  Ais coassociative, in the sense that for any p,q,r € G,

(Apq ®idy, ) Apgr = (ide ® Agr)Dpgr, (11)

and for all p,q € G the Ap,q is an algebra homomorphism and Ay ;(Hp,) € Hp ® Hy.
(3) € is counitary in the sense that for any p € G,

(idp, ® €)Bpe = (e @ idp, ) Ay = idy, (12)

and € is an algebra homomorphism and €(1,) = 1;;
(4)  endowed H with algebra anti-homomorphisms S = (S, : H, — Hp71) peG, then for any

p€G,
EX ide = ]/lp(ide X yp)(S 1® ide ®ide)(Ap ®lde)
= ]/lp(ide & “Llp)(lde ®S p-l ®lde)(A -1 ®ldH ), (13)
ide ®e = “l/lp(]/l ®ide)(lde ®lde ®S 1)(ldH ®App 1)
= ‘up(,‘up®lde)(lde®S 1®Zde)(ldH ®A 1P) (14)

We extend the Sweedler notation for a comultiplication in the following way: For any
p.q € G, hpg € Hpg,

Apq(hpg) = h1,p) @ hig).



Mathematics 2022, 10, 1388 40f17

Then, we can rewrite the conditions (13) and (14) as: forall p € Gand h, € H,, § € Hy,

Sp1(hp1))(hop8) = €(he)g = h,p)(Sy1(hipp1))8), (15)
(8h(1,p))Sp1 (B, p1)) = g€(he) = (85,1 (R p1))) (2 p)- (16)

As in the Hopf group-coalgebra (or group-cograded Hopf algebra) case, we show
group-cograded Hopf quasigroups are Hopf quasigroups in a special category as follows.

Proposition 1. If H = @, H)y is a group-cograded Hopf quasigroup, then (G, H) is a Hopf
quasigroup in the Turaev category T.

Proof. As H is a group-cograded Hopf quasigroup and G is a group with the multiplication
m, we can give H = (G, H) a unital algebra structure (H, W z) by

k-LoH HoH-5H
(x) ¢ G and GxG<G
Mp Hp
k — Hy, H, ® Hy — H),
such that
idey H n®id I
H—— H®®H —— H—— H®H — H
G Gxgelo and g gyl G
H, 2 g oeH, s H H, " HooH, T H
p p ® Hp pr p p © Hp p-

We can also give (G, H) a coalgebra structure (H, A, €) by

H-Sk H% HoH
G<l_(*) and G+~ Gx G
A
Hl :Hi(e) L>k/ th _H m(gxh) —Q})H ®Hh,

such that (A, €) are algebra maps.

Lets : G — G,s(g) = ¢!, then we can consider a map S = (s,5) in the Turaev
category as the antipode of H, where S is the antipode of the group-cograded Hopf quasi-
group H. Next, we will only check that S satisfy the condition (7), the condition (8) is
similar. Indeed,

®i S®id®id idp K

HoH 222, HoHeH 22424 HoH®H —-s H®H-= H
0

GxG M GxGxGe ) cxGexcc® Goxe ¢
A®id S1®1d®1d Sy

H,® Hy =% H, 1 ® Hy® Hy ———— Hy® Hy® Hy —5 H,oH, 5 H,
and

HoH —“ . kreoH

GxG & (*) x G

Since H is a group-cograded Hopf quasigroup, we have (A ® id)(S ® id ® id)(id ®
u )i = € ® id. Thus, the left hand of Equation (7) holds, and the right hand is similar. [J
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Definition 2. A group-cograded Hopf quasigroup (H = @ e Hp, A, €,S) is said to be a crossed
group-cograded Hopf quasigroup provided it is endowed with a crossing 1t : G — Aut(H) such that

(1) each 7y satisfies 11, (Hy) = Hpppp1,

plication, i.e., forall p,q,r € G,

and preserves the counit, the antipode, and the comulti-

€TylH, = €, (17)
(18)
(19)

pSq = Spqp—l Ty,

(7tp @ 71p) Agr = Apgp=t,prp=1 Tps

(2) 7t is multiplicative in the sense that for all p,q € G, 7tpg = 7Tp714.

If all of its subalgebras (Hy) e are associative, then H is a crossed Hopf group-coalgebra in-
troduced in [7]. In the following, we give two examples of crossed group-cograded Hopf quasigroups;
both examples are derived from an action of G on a Hopf quasigroup over k by Hopf quasigroup
endomorphisms.

Example 1. Let (H, A, €, S) be a Hopf quasigroup. Set HC = (Hp)pec and G is the homomorphism
group of H, where for each p € G, the algebra H, is a copy of H. Fix an identification isomorphism of
algebras iy : H — Hy. For p,q € G, we define a comultiplication Ay 4 : Hyg — Hp, ® Hy by

Ap,q(ipg(h ZZP ) ®ig(h)),

where h € H. The counit € : H, — k is defined by €(i.(h)) = e(h) € k forh € H. For p € G,
the antipode Sp : Hy — H,, 1 is given by

Sp(ip (h)) = ip*1 (S(h))/

where h € H. For p,q € G, the homomorphism 1, : Hy — H,,,, 1 is defined by 71, (ig(h)) =

Lpgp—1 (p(h)). It is easy to check that H G is a crossed group-cograded Hopf quasigroup.

Using the mirror reflection technique introduced in Turaev [7], we can give a construc-
tion of crossed group-cograded Hopf quasigroups from a fixed crossed group-cograded
Hopf quasigroup as follows.

Theorem 1. Let (H = @pec Hy,A,€,S, ) be a crossed group-cograded Hopf quasigroup, then
we can define its mirror (H = Dpec Hp, A,E,S, ) in the following way:

(1) asan algebra, H,[J H,, forallp € G;

(2) define the comultzpllcatzon Ap,q : Hpq — Hp ® ﬁq by : for hy-1,-1 € ﬁpq,

Zp,q(hqqpq) = (nq®iqu_l)Aq—lp‘lq,q‘l(hq—lp—l); (20)

(3) the counit € of H is the orlgznal counit €;
(4) the antipode S,[J =TS, Hp =H,n - Hpy=H,;
(5) forall p € G, define the cross action 71, = 7).
Then (H = Dpec ﬁp, A,E,S, 7) is also a crossed group-cograded Hopf quasigroup.

Proof. Itis easy to check that A is coassociative, and ¢ is a counit of H. By the definition of
H, hy-1g-1,-1 € Hpgr, forall p,q,r € G, naturally holds.
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We will only prove Equation (13) of H holds; the Equation (14) of H is similar. Indeed,

ypl(zd ® pp1)(S p1®zd ®idpy )( -1 ®idﬁp)
= Hp- 1(ZdH 1®]/lp 1) (T 7Ty~ 1Sp®ldH 1®ZdH )((ﬂp@)l’defl)Ap/pfl ®ide71)
= (i @ 1) (1 Sprrp @ iy ) 1 @iy )
= Hp- 1(ZdH . ®}lp )( Sp®ldH )A pl ®1‘de71)
= ‘Llpfl(idH 1®]/lp )(S ®ldH 1(XJICIH )(Ap,p”@idefl)
= e®id

and
Hpi (idg @ py)(idy © S, @idg )(A, 1 @idg )
(ZdH 1 ® T, 715 1 ® idefl)((Tfp—l ® ide)A

pipp Ty )Apfl,p®ide—1)

((m
( 1dH = ®S )(7T p-1 & 7Tp71)Ap71,p®ide7])
((
(

pripp @ )

(

( -1)
= P‘p*l(idH L O ) ()1 ® S

( -1)

(i

ppp
ldH 1 ®S ®ldH )(Ap’l,p®ide71>(np*1 ®ide71)

lde,l )

D ((dn_y ®Sp)By1 7,1 ®idy )
= Hp (ldH 1®nup )

= (6 ® lde71 )( pfl ®

= €®idﬁp’

so the Equation (13) of H holds.

It is obvious that 77 = 7 is multiplicative, and each 7, preserves the counit, so if
each 71, preserves the antipode and comultiplication, the mirror H of H is also a crossed
group-cograded Hopf quasigroup. Indeed, forall p,g € G,

Spap17tp = Tpgp=1 Spgp1 Tp = 70

pap -1 npsq = npqu = ﬂpnqu = nPSq/

pqp

thus 71, preserves the antipode. We finally consider comultiplication, for all p,q,7 € G,

(n,;@np)zq,, (7tp @ 71p) (Tr @ idpg ) D11, 1

(npr ® np)A,,—lq—lmf—l ,

and

A -17Tp 21 Qidy ~17Tp

pr—1p=1 )Apr—lq—lrp—l,pr—lp
pr1p-1 ) (np & nP)Arfqulr,rfl

pap~Lprp (Tprp

(ﬂp,pfl & ldH

= (7‘Epy ® nP)Arfqulr,rfll

hence 7, preserves comultiplication. Then we conclude H is a crossed group-cograded
Hopf quasigroup. [

Remark 1. Let H be a crossed group-cograded Hopf quasigroup. If H is the mirror of H, then the
mirror of H is H = H.

Example 2. Let HC be a crossed group-cograded Hopf quasigroup introduced in Example 1.



Mathematics 2022, 10, 1388

7 of 17

Set HC to be the same family of algebras (Hp = H)peg with the same counit, the same action
1t of G, the comultiplication ZM : Hpg — Hp ® Hy, and the antipode §p : Hy — H,, 1 defined by

Zp,q(ipq(h)) = gip(‘i(h(l))) ® iq(h(z))r
h

Splip(h)) = i, (p(S())) = i1 (S(p(h))),
where h € H. By Theorem 1, H® becomes a crossed group-cograded Hopf quasigroup.

Note that the crossed group-cograded Hopf quasigroups H® and HS, which are
defined in Examples 1 and 2, respectively, are mirrors of each other.

4. Construction of Braided Crossed Categories

Let H = @,c H; be a crossed group-cograded Hopf quasigroup with a bijective
antipode S. We introduce the definition of p-Yetter—Drinfeld quasimodules over H, then
show the category YDQ(H) of Yetter-Drinfeld quasimodules is a crossed category, and the
subcategory YD(H) of Yetter-Drinfeld modules over H is a braided crossed category.

Recall the definition of left H-quasimodule in [11]; we give the following definition.

Definition 3. Let V be a vector space, (V, ¢) is called a left H,-quasimodule if there exists an
action ¢ : Hy @ V. — V, hy, ® v — hy, - v satisfying

p(ny @idy) = idy, (21)
¢(5p—1 & q))(Ap*l,P ®idy) = e®idy
(p(ide & (P) (ide & Sp—l & idv)(Ap/pfl ®idy). (22)

Using Sweelder notation, for all h € H,,v € V, (21) and (22) is equivalent to

1p-v = v (23)
Sp1(hp1y)) - (hoyp -v) = e(h)o
= h(l,P) . (Spfl (hZ,pfl) . U). (24)

Moreover, if the condition (22) is instead by h - (§ - v) = (hg) - v, where h,g € Hy, then the
left Hy-quasimodule is a left H,-module.

Definition 4. Let V be a vector space and p a fixed element in group G. A couple (V, 0V = (o) )rec)

is said to be a left-right p-Yetter—Drinfeld quasimodule, where V is a unital H,-quasimodule,

and for any r € G,p) : V. — V ® H, is a k-linear morphism, denoted by Sweedler notation

oY (v) = Y 0(0) ® (1) (write oY (v) = 0(0) ® V(1) for short) such that the following conditions
v

are satisfied:
(1) Vis coassociative in the sense that, for any r1, 12 € G, we have

(o7, ®@idp, oy, = (idy @ Dy, 1)) 011y
(2) Vs counitary, in the sense that
(idy ® e)py =idy;
(3) Vs crossed, in the sense that forallv € V,vr € Gand h, g € H(,),

hitpy - 00) @b = (hap) - 0)0) @ (ap) - 0)anTp1 (b pp1)),  (25)
0(0) ® 01, (hg) = v(0) ® (V(1,1)h)8, (26)
v(0) ® (hv(1,5))8 = V(o) ® h(0(1,1)8)- (27)
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Remark 2. The conditions (26) and (27) follow the definition of a Yetter-Drinfeld quasimodule in
Alonso’s paper.

Given two p-Yetter-Drinfeld quasimodules (V,p") and (W, p"), a morphism of these
two p-Yetter-Drinfeld quasimodules f : (V,p") — (W, ") isan Hp-linearmap f : V. — W
and satisfies the following diagram: for any r € G,

\% f w
pYJ/ ipW
V ® Hr fﬂdﬂr W ® Hr

thatis, forallv e V,

f(@)0) @ f(©)a,) = f(v0)) @0

Then we have the category YDQ(H), of p-Yetter—Drinfeld quasimodules; the com-
position of morphisms of p-Yetter-Drinfeld quasimodules is the standard composition of
the underlying linear maps. Moreover, if we assume that V is a left H,-module, then we
say that is a left-right p-Yetter—Drinfeld module. Obviously, left-right p-Yetter—Drinfeld
modules with the obvious morphisms is a subcategory of YDQ(H),, denoted by YD(H),.

Proposition 2. The Equation (25) is equivalent to

(hp - 0)0) @ (hp - 0)1,0) = By - 0(0) @ (B 0,) S~ 1 By pr-1p1), (28)

forallh, € Hyandv € V.
Proof. Suppose the condition (25) holds, then we have

hap) 00 © (han0an) S~ Tyt (g pr1p-1))

= (hp) 0)0) @ ((hap) - 0)anTp (h(2,pw*1)))571”p*1(h(lmr*rfl))
= (h U) (0) ® (h U) 1,r) (n—p*1 (h(2,prp*1)s_1 (h(l,prflpfl)))>

= (heyp) ) @ (hpy) 0)a )ﬂp—le(l’le)

— () 00y @ (hiayy - 0) 1 pyelhe)

= (hp- U) (hp U)(l r)

where the first equality follows by (25), the others rely on the properties of the crossed
group-cograded Hopf quasigroup.
Conversely, if the Equation (28) holds, then

(hi2,p) )0y @ (B2 v)(lr T, 1( (Lprp-1))
= hip) 00 © Uan) S 1 (1o prp1) 1 (prp1))
= hp) 00 @ (ran1n) -1 (ST O prp1) i prp1)
= hap) 20 ® (henoan) Tpelhe)

= hap) o) @henva

where the first equality follows by (28), the rest follows by the properties of the crossed
group-cograded Hopf quasigroup. [
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Remark 3. According to the Equation (27), the condition (28) is equivalent to
(hp . ZJ)(O) & (hp . U)(l,r) = h(2,p) AR h(3’,,) (U(Lr)sflﬂpfl (h(llpr—lpfl)))- (29)

Proposition 3. If (V,p") € YDQ(H), and (W,p") € YDQ(H)y, then V@ W € YDQ(H) pq
with the module and comodule structures, as follows:

g (0@ W) = hap) v@ho, w, (30)
o/ N (vow) = 00 @we) @ W Te1 (041 (31)

wherev € V,w € Wand hyp; € Hy,.

Proof. We first check that V ® W is a left Hp;-quasimodule, and the unital property is
obvious. We only check the left hand side of Equation (22); the right hand is similar. For all
veV,weWw,

where the first and second equalities rely on (30), the third equality follows by (22). Then
V @ W is a left Hps-quasimodule.
In the following equations, we check that the coassociative condition holds:

idV@W & Arl,rz )Prlrz (U ® w)
idV@W ® Afw’z) (U(O) ® w(0) ® W(1,r112) 71'q71 (v(l,qurzqfl) ))

= 9(0) @W(0) @ W(1,10) TTg-10(1gr, 1) @ W(20) g1 (V(2,ryg1))s

(
(

and

(pr, @ idr, )pr, (v @ W)
= (pon ®idr,)(v(0) @ W) @ W(1,r,) Tg-1(01,4r,51))
= 0(0)(0) @W(0)(0) @ W(0)(1,r1) g1 (P(0)(1,9r191)) © W(1,1) g1 (V1 gryq1)
= 0(0) @ W(0) @ W) g1 (V1,9ng-1) © W(2) g1 (V(2,919-1))-

ThiS ShOWS that (ldV®W ® Arlﬂ’z)pﬁ”z — (pyl ® idrz)prz.
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The counitary condition is easy to show. Then we check the crossed condition,
as follows:

h,pg) - (0@ W) (0) @ o) (0@ W) (1)
= g - (00) @ W0)) @ B (W10 g1 (V(1,47-1)))
= Ty - (00) @ W) @ (e ®n) 1 (01 ,grg1))
= 1) 00 @ g @) @ (e ©(n) 11 (01,4r1)

hi,p) - 00) ® (hzg) - 0)(0) @ (hag) - @) (1,0 g1 (R(2,4rg—1)) g1 (V1 grg1))
= hp) - v0) @ (g - @) o) @ (g) - @) 1,01 (Ba,4rg-1)0(1,4rg-1))

ha,p) - 0)(0) @ (haq) W) (0)
Bz ) 1,071 ((B2g) ) (1,0rg1)Tp1 (1, pgrg-1p-1)))
= (ep o ® (hw) ) (o)

D(hq) @) (1,11 ((h2,g) - ©) (1,r-1)) Tgm1p1 (1 pgrg1p1))
= (o) v®@heg)  w)o) @ (hap) 0@ hg ) anT1p-1(h pgrg-1p1))
= hpg  (0@W)(0) @ (A - (0@ W) (1)t 1p1 (1, pgrg=1p-1))-

Finally, we check the Equation (26), and the Equation (27) is similar.
(U ® w)(O) ® (U ® w)(l,r) (hg) = Y0 ® W(o) ® (w(l,r)n 1 V(1,qrq- )(hg)
= Y ® W(0) ® w(l,r)( q- ( (1,qrg1 (hg))
= Y(0) @ W(0) D W(1,r) ((nq 1(0(1,rg-1) )h)g)
)h)

= Z)( ((ZU( 1qrq_1 h
- (v®w)()®((

Q
®
§,
)
~
S~—
0q

Hence V@ W € YDQ(H)p;. O

Following Turaev’s left index notation, let V€ YDQ(H),, the object 7V have the same
underlying vector space as V. Given v € V, we denote 7v the corresponding element in 7V

Proposition 4. Let (V,p") € YDQ(H), and q € G. Set 1V = V as a vector space with
structures

Hgpg1 10 =1 (g1 (Rgpg1) - 0) (32)
PZV(%) ( )®7Tq( (Lg~ 1rq)) (33)

foranyv € Vand hy,. 1 € Hyppo1. Then 1V € YDQ(H) 01
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Proof. We first check that 7V is a left H, gpg-1-quasimodule. The condition (21) is easy to
check. Next, we prove the condition (22).

h,qpg1) - (Sil(h(lcip*lq*l)) o) = h1apg ) - (q(”q* <Sil(h(2»7p*1q*1))) U)>

! (ﬂq_l (rirqpg-1)) - (751 C (h(2gp-19-1))) - U))

= q(e(nqq (he)) -v)
= e(my1(he)) - Tv
— e(h)o.

The proof of the other side is similar to the above, so 1V is a left H,,,-1-quasimodule,
and the coassociative and counitary are also satisfied.
In the following, we show that the crossing condition holds:

(Rgpg—1 - 10) (0) ® (Mgpg—1 - 0)(1,0)

q
= (Mg (g - U)> 0% (q (721 (gpg1) - U)> (L)
2 (71Ut 1) 0) ) © 70 ( (g1 (g 1)) 1)
S (”q* (hgpg-1)2,p) 'U(O))

Bt ((”q* (tgpg1) 341y 20q-170)) S 701 (g1 (g1 )(147@*17*1%*1)))
=7 (nffl (h2,gpq1)) - Z’(0)>

®tg ((nrrl (ta))0(1,9-109)) S~ 7p1 (g1 (h(lfqpq*r*lqpflq*))))
= 1 (”q” (M(2,4pg-1)) 'U(O)> ® (b, ”q(v(l,q”m)))s_lnqw” (P (1,gpg-1r-1gp-14-1))
= Tgpgt) 1(000) © (han T (00,-109)) S gyt (it gpg-1r-1gp-14-1)
Bagpg) - (10)0) @ (10 (") (1)) S gyt (Bt gpg-17-1gp-1471))-

Finally, we will check that the quasimodule coassociative conditions hold. We just
compute the Equation (26); the Equation (27) is similar. For all v € 1V, h,g € H,,

(19)(0) ® ("0) 1,y (hg) = T(v(0)) ® g (V1 4-11)) (hQ)
= q<v(0)) ® (nq(v(l,qfqu))h)g
= (")) @ (("0)1,nh)g,

where the first and third equalities rely on (33); the second one follows by (26). This
completes the proof. [

Proposition 5. Let (V,p") € YDQ(H), and (W,p") € YDQ(H),. Then 3V = 5(*V) is an

object in YDQ(H) and *(V @ W) =5V ® *W is an object in YDQ(H)

stpt—1s—1/ spgs—1-

Proof. We first check that 5V = ('V) is an object in YDQ(H)gppp-15-1- It is obvious that
both *'V and *(*V) are in the category YDQ(H),;,;-15-1. Then we show that the action and
coaction of these two stpt~!s~!-Yetter-Drinfeld quasimodules are exactly equivalent.
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As*'V is a stpt~'s~1-Yetter-Drinfeld quasimodule with the structures
t t
hstpt*15*1 o= 0 (nt*15*1 (hstptflsfl) ) U)/
StV (st t
Or (s U) = ° (U(O)) ® nSf(U(l,tflsflrst))'

Then, we show °(*V) is a stpt~!s~1-Yetter-Drinfeld quasimodule with the same struc-
tures of $'V. Indeed, the action of $(*V) is

hstpif—ls—1 ’ s(tv) = ° (ns—l (hstpt‘ls—l) : tv)
= (t (nt*] g1 (hstpt*]s*l) ) U))
= (nt*15*1 (hstptflsfl) : U) .

Hence *(!V) has the same cation with 5'V.
And the coaction of *(!V) is

e VIE) = (")) ® s (("0) 61rs))
= s(t(v(o))) ® 77/'S(7-(1‘(7"(1,1‘*15*]%%)))
St(U(O)) ® nSt(U(l,tflsflrst))'

Hence, *'V = *('V) as an object in YDQ(H);-15-1-
As*(V ® W) is a spqs~!-Yetter-Drinfeld quasimodule with the structures

’ 0(0) ®@w O)) ® 7-[5( W(1,5-1rs) TTg—1 (v(l,qsflrsqfl)»

0(0) @w O)) ® 7TS( (1,5*175))7qu*1 (U(l,qsflrsqfl))'

S

hqus*l's(v(@w) = 5(7.[51 spqs~ 1) - (U®w))
= 5(7.[5 1( (Lsps~ 1))'U®7Ts*1(h(2,sqs*1))'w)/
" wew) = (wew)g) @ m(Eo ).
(
(

Then we show *V @ W is a spqs~!-Yetter-Drinfeld quasimodule with the same struc-
tures of (V ® W). Indeed, the action of °V ® W is

hqus*1 ' (SU ® Sw) = h(l,spsfl) @ h(2,sqs*1) Sw
= 5(71—571 (h(l,sps*l)) ’ U) ® s(ns*1 (h(Z,sqsfl)) ’ ZU)
= 5(71—571 (h(l,spsfl)) "R T (h(2,sqs*1)) : w)
Hence 5V @ *W has the same cation with *(V @ W).
And the coaction of °V ® W is

VW CooTw) = ()0 ® ()0 ® ()1, 151 ((0) 15ge-tre-15-1)
= (Sv) 0) ® (w(O ) ® 715 (w (1,5~ 1rs))nsq*15*1 (T[S(U(qu”rsq*)))
? (O)) (w(0)>®ns( (1,5*1rs))nsq*1 (v(l,qsflrsqfl))
)

= (’Z)
= S(U(O) & W X TTs (w(l,sflrs))nsqfl (U(l,qsflrsq*1)>'

Thus, °*(V ® W) =°V ® *W as an object in YDQ(H) 0O

spgs™!

For a crossed group-cograded Hopf quasigroup H, we define YDQ(H) as the disjoint
union of all YDQ(H), with p € G. If we endow YDQ(H) with tensor product as in
Proposition 3, then we obtain the following result.
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Theorem 2. The Yetter—Drinfeld quasimodules category YDQ(H) is a crossed category.

Proof. By Proposition 4, we can give a group homomorphism ¢ : G — Aut(YDQ(H)),
p— ¢pby

¢p : YDQ(H)g = YDQ(H) 01, $p(W) ="W,

where the functor ¢, acts as follows: given a morphism f : (V,p") — (W, p"), for any

veV,weset (Pf)(Pv) =P(f(v)).

Then it is easy to prove YDQ(H) is a crossed category. [J

Following the ideas by Alonso in [12], we will consider YD(H), the category of
left-right p-Yetter-Drinfeld modules over H, which is a subcategory of YDQ(H) .

Proposition 6. Let (V,p") € YD(H), and (W, p") € YD(H),. Set YW = PW as an object in

YD(H) 1. Define the map

Cyw: VoW —="WaVv
Cvw(@@w) =F(S,1(v(,1)) - w) ®v() (34)

Then Cy w is H-linear, H-colinear and satisfies the conditions:

Cvew,x = (Cywx ®idw)(idy @ Cw,x) (35)
Cvwex = (idvyy ® Cy x)(Cyw ®idx) (36)

for X € YD(H)s. Moreover, Csy sy = *(+)Cy w.
Proof. We first show that Cy 1y is H-linear. First, compute

CV,W (hpq . (U & w))

2 oo w(hu p) VBN, W)

2 (s (( 1) Uraq) - @) ® (1) - 0)io)

e (S-1 (rag1y2(1,01)S 7 701 (g pgp1)) - (gagy - @) @ (hizy) - 010)

- p( - 1 1WP ))Sq*<U(1,q*1))571(h3,q*1)) ’ (’1(4#) 'w)) ® (h(zrp) 'U(O))
- p( 1 (1, pgp1))Sg1 (0a,41)) - (5_1(h(3,q‘1))h(4ﬂ) w)) ® (h2p) - v(0))
= p(np 11, pgp1)) (Sg1 (01 ,4-1)) w)> ® (o) ()

= (h(lrrmrfl) P (Sg1 (o)) w)) @ (hp) - 0(0))

(20) Tty (p(Sqq (V1) W) @ U(o))

(34)

= hpq : CV,W(U & w)r

sowe have Cy w (hpg - (v®@w)) = hyy - Cyw(v ® w), thatis, Cy  is H-linear.
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Secondly, we prove that Cy 1y is H-colinear. In fact,

v
Or W®VCV,W(U ® w)

r

v p
Y W®V( (Sg1(va,1y) w) ® Z’(0))

(31)
= (S (vag)) - w) ) @ V(0)(0) B V(0)(1,0) Tp- ( (S54 (@141 ®) (1))
(33)
= (851001 ) ) @ 0010
®V(0)(1,r) Tp-1 (np (Sg=1(v(1,41)) - w) (LP*W*P))
= (5101 ©) ) ®00)0) @ V01,0 (S41 (011 ©) 1
(28)
= P(S;1(va,41)) 29) - W(0) ®V(0)(0)
®0(0)( 1r>( (v, 1>><3r w,)) S 1 (S (R 1) gr1g 1)
= (S 1( ) () ) ®U(O)®vlr) (ST( (Z,r))w(l,r))nq*(0(4,qr*1q*1))
= P(S1(v(1,0-1)) - W(0)) @ V(0) @ W(1)) g1 (V2141
= Cyw(v (>®W<o>>®W<u)”rl< (Larg~))

= (Cyw ®id)( 0(0) @ W(g) @ W(q,p)TTp—1 (U(l,qrqfl)))
= (CV,W X id)pY®W(v X w)

Thirdly, we can find Cy y satisfies the conditions (35) and (36). However, here we only
check the first condition, and the other is similar.

(Cywy @idw)(idy ® Cwx)(v®w® x)

(Cywx ®@idw)(v@T(Sg1(w51)) - X) ®w())

Cywx (U ®1(Se-1(w51)) - x)) B w(g)

! <Sq5*1q*1 (001,45-14-1)) - T (Ss=1 (W 5-1) - x)) ©0(0) © ()

g (”q*l (Sgs191 (V(1,45-1471))) - (Ss1 (wr5-1) x)> @ 00) @)
7 (”frl (Sgs=1471 (V(1,95-11))) o1 (w1 ,61) - x) B () @ W)
PA(Ss-170-1(0(1,45-14-1)) Ss-1 (W1 1) - X) @ V() ® W(g)

PS5 (1,511 (01 45-1-1))) ) © 000) @ (g

P1(Ss1 (v @ w)(q5-1y - X) ® (v W)(g)

CV@W,X(U ® w, x).
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Finally, we check the condition Csy sy = *(-)Cy . Indeed,

Cysw(o@sw) = (SSqS*l ((0) 15051)) 'Sw) @ ()

2 sps! (Ssqs—l (ﬂs(v(l,s—lsq‘ls‘ls))) 'sw) @*(v()
S ) ) ()

2 ((rp (841 (0,-)) - 0) ©°(00)
= (51 00g0) ) ©%(000)

= 5P (Sq’l (U(qul)) . ZU) ®S(U(O))
(S (va) - @) @)

‘(Cyw(v@w).

_
e |
=

This completes the proof. [

Similar to [12], we can give the braided Cy  an inverse in the following way.

Proposition 7. Let (V,p") € YD(H), and (W, p") € YD(H),. Then this can give the braided
Cy w an inverse C;lw, which is defined by
Cow:"WaV — VaWw,

Crw(Pw®o) = o) @00y W,
where p,q € G.
Proof. Foranyv € V,w € W, we have

C‘;}WCV’W(U Rw) = C‘}’lw(p(Sqq (V,51) " W) @)
= 90 (g - ((S1(041))) - w)
= 90) ® (V1,951 (V1)) - @
= 0 ®e(ve) - w
= Qw.

Conversely, for any Pw € YW, v € V,

CV,WC;}W(;OZU ®v) = Cvrw(v(o) ®@0(1,4) w)
= PS5 (vag) - (v W) @7
= (851(00,1) 02g) ©) 0
= Pw®o.
Since Cy p is an isomorphism with inverse C;lw O
As a consequence of the above results, we obtain another main result of this paper.

Theorem 3. Denote YD (H) as the disjoint union of all YD (H ), with p € G, where H is a crossed
group-cograded Hopf quasigroup. Then YD (H) is a braided crossed category over group G.

Proof. As YD(H) is a subcategory of the category YDQ(H), so it is a crossed category.
Then we only need prove YD (H) is braided.
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The braiding in YD (H) can be given by Proposition 6, and the braiding is invertible;
its inverse is the family C;}W, which is defined in Proposition 7. Hence, it is obvious that
YD(H) is a braided crossed category. []

Example 3. Let us consider the crossed group-cograded Hopf quasigroup HC in Example 1.
Moreover, G is the isomorphism group of Hopf quasigroup H. If V is a Yetter—Drinfeld module of
H, then we can endow V with a p-Yetter—Drinfeld module structure of H®, as follows:

(1) The left Hy-module structure of V is a copy of the left H-module structure of V, because i, is

an identification isomorphism of algebras;
(2)  Define a new coaction p} : V. — V ® H, by p}, = (idy ® i, )p.

Then we can show that V is a p-Yetter-Drinfeld module over H®, and it is easy to check
that YD(HC) is a braided crossed category; the braided structure is given by Cyw : V@ W —
YWV, Cyw(eW) =P (5, (i,-1(vq))) - w) @)

5. Conclusions

For a group-cograded Hopf quasigroup H = < Hp, we first discovered that H with
the group G is a Hopf quasigroup in the Turaev category Ty. Moreover, if H = @ e Hp is
a crossed group-cograded Hopf quasigroup, then the mirror Flp is also a crossed group-
cograded Hopf quasigroup. Following Alonso’s idea, we prove that the category YDQ(H)
of Yetter—Drinfeld quasimodules is a crossed category. Furthermore, the subcategory
YD(H) is a braided crossed category, which is relevant to the construction of some homo-
topy invariants. A possible topic for further research is a braid structure of the category

YDQ(H).
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