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Abstract: Synthetic drugs are taking the place of traditional drugs and have made headlines giving
rise to serious social issues in many countries. In this work, a synthetic drug transmission model
incorporating psychological addicts with two time delays is being developed. Local stability and
exhibition of Hopf bifurcation are established analytically and numerically by taking the combinations
of the two time delays as bifurcation parameters. The exhibition of Hopf bifurcation shows that it is
burdensome to eradicate the synthetic drugs transmission in the population.
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1. Introduction

In recent years, synthetic drugs which consist of a variety of psychoactive substances
such as cocaine and marijuana compounds, are more and more popular due to the fact
that they mainly appear in public places of entertainment frequented by young people.
Synthetic drugs can bring about serious deleterious effects on a user’s Central Nervous
System (CNS) and make the users excited or inhibited [1]. Therefore, synthetic drugs are
more addictive compared with traditional drugs. On the other hand, the manufacturing
method of synthetic drugs is relatively simple and they are also easy to obtain. Accordingly,
this leads to a sharp rise in the number of synthetic drug users around the globe. In China,
for example, synthetic drug abuse had ranked first by the end of 2017 [2]. It is much worse
that infectious diseases especially the spread of AIDS can be caused by synthetic drug
abuse. In order to maintain social order, it is extremely urgent to control the spread of
synthetic drug abuse.

A mathematical modelling approach has been utilized to solve social issues extensively
since heroin addiction was considered an infectious disease [3]. Liu et al. [4,5] studied a
heroin epidemic model with bilinear incidence rate. Ma et al. [6-8] discussed dynamics
of a heroin model with nonlinear incidence rate. Yang et al. [9,10] considered an age-
structured multi-group heroin epidemic model. There have been also some works about
giving up smoking models [11-16], and drinking abuse models [17-20]. Motivated by the
aforementioned works, some synthetic drug transmission models have been formulated
by scholars. In [21], Das et al. proposed a fractional order synthetic drugs transmission
model and decided stability of the model and formulated the optimal control of the model.
In [22], Saha and Samanta proposed a synthetic drugs transmission model considering
general rate. They proved local and global stability of the model and presented sensitivity
analysis. Taking into account the relapse phenomenon in synthetic drug abuse, Liu et
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al. [23] formulated a delayed synthetic drugs transmission model with relapse and analyzed
stability of the model. Based on the work by Ma et al. [24] and in consideration of the effect
of psychology and time delay, Zhang et al. [25] established the following synthetic drugs
transmission model with time delay:

B = A—dS(t) — BiS(OP(1) — f2S(HH(D),

d%t) = PB1S(t)P(t) + B2S(t)H(t) — mP(t) — (d +7)P(t), "
AH)  — 7p(t) + 0T (t— T) — oH(t) — dH(1),

a0 = yP(t) + oH(t) — 0T (t — T) — dT(t),

where 5(t) denotes the number of the susceptible population at time , P(t) is the number
of the psychological addicts at time ¢, H(t) is the number of the physiological addicts at
time t and T(t) is the number of the drug-users in treatment at time t. A is the constant
rate of entering the susceptible population; ; is the contact rate between the susceptible
population and the psychological addicts; B, is the contact rate between the susceptible
population and the physiological addicts; d is the natural mortality of all the populations;
7t is the escalation rate from the psychological addicts to the physiological addicts; -y is
the treatment rate of the psychological addicts; ¢ is the treatment rate of the physiological
addicts; 6 is the relapse rate of the drug-users in treatment. The symbol 7 is the relapse
time period of the drug-users in treatment. Zhang et al. analyzed the effect of the time
delay due to the relapse time period of the drug-users in treatment on the model (1).

Clearly, Zhang et al. considered that a drug-user in treatment usually needs a certain
interval to become a physiological addict again. Likewise, we believe that both the psycho-
logical addicts and the physiological addicts need a period to accept treatment and come off
drugs. In fact, the dynamical model with multiple time delays has been somewhat fruitful.
Kundu and Maitra [26] formulated a three species predator-prey model with three delays
and obtained the critical value of each time delay where the Hopf-bifurcation happened.
Ren et al. [27] proposed a computer virus model with two time delays and found that
a Hopf bifurcation may occur depending on the time delays. Xu et al. [28] investigated
the influence of multiple time delays on bifurcation of a fractional-order neural network
model through taking two different delays as bifurcation parameters. Motivated by the
work above, we investigate the following synthetic drug transmission model with two time
delays:

B0 A—dS(t) — p1S(HP(E) — B2S(HH(),

4P BIS(H)P(t) + BaS(£)H(E) — 7P(t) — dP(t) — YP(t — 1), o
dif” = 7nP(t) +0T(t—7) —ocH(t — ) —dH(t),

d%ﬁ” = YP(t—w)+0cH(t—1)—0T(t—1)—dT(t),

where 7 is the time delay due to the relapse time period of the drug-users in treatment
and 1 is the time delay due to the period that both the psychological addicts and the
physiological addicts need to accept treatment and come off drugs.

The outline of this work is as follows. In the next Section, a series of sufficient criteria
are derived by choosing four different combinations of the two time delays as bifurcation
parameters. Moreover, direction and stability of the Hopf bifurcation are explored under the
case when 7y € (0, 7y9) and 1, > 0 in Section 3. Numerical simulations are demonstrated
to examine the validity of our theoretical findings in Section 4. Section 5 ends our work.
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2. Positivity and Boundedness of the Solutions

Considering R‘i = {(21,22,23,24)|zj >0,j = 1,2,3,4} and T = max{7, »}. The
initial conditions for the model (2) are

S(8) = ¢1(9), P(8) = 52(8), H(9) = C3(8), T(8) = Z4(9), ®)

where £;(8) > 0,£(0) > 0,j = 1,2,3,4; 8 € [-7,0] and (¢1,82,83,84) € C([—7,0,RY),
where C([—7,0], R% ) is the Banach Space of continuous functions from [—7, 0] to RY.

It can be observed that all the solutions of the model (2) with the above initial con-
ditions (3) are defined on R% and remain positive Vt > 0. We prove this by utilizing
provided methods of Bodnar [28] and Yang et al. [29] . For this purpose we present the
following result.

Theorem 1. All the solution of model (2) with the positive initial condition (3) are positive for all
t>0.

Proof. It is easy to verify for system (2) that by choosing that S(t) = 0 implies that
S'(t) = A > 0forallt > 0. Hence, S(t) > 0, forall t > 0.

Now, we let T = max{1;, T2 }. Suppose that there exists t; € [0, 7] such that P(t;) =0
and P'(t;) < 0, and P(t) > O fort € [0,#4], and H(t;) > 0, T(#;) > 0, and H(t) > 0,
T(t) > 0forallt € [0, t1], then we have

P/(tl) = ﬁzS(tl)H(h) — ’)/P(tl — Tz),

Note that t; — 7, € [—T, 0] therefore P’ (t;) < 0 not always holds (in this case for any
initial condition). Therefore, we have a contradiction with P’(t;) < 0. Therefore, P(t) > 0
forallt € [0, T].

Similarly, we assume that there exists t, € [0, T] such that H(t;) = 0 and H'(t;) < 0,
and H(t) > 0fort € [0,t;], and T(tp) > 0,and T(t) > 0 for all t € [0, t,], then we have

H'(t) = nP(t;) + 0T(t, — 1) — cH(t — ).

Then, t; — » € [—1,0] therefore, H'(t;) < 0 does not always hold, which is a
contradiction. Therefore, H(t) > 0 for all t € [0, 7]. Using the same method we obtain
T(t) > 0 forallt € [0, T]. Therefore, the solution is positive for ¢t € [0, 7]. By induction, we
can show that the solution is positive for t € [nt, (n + 1)7|. Therefore, we deduce that the
solution of the system (2) is positive under the given initial conditions (3) forall t > 0. O

Denote N(t) = S(t) + P(t) + H(t) + T(t), then in view of the equations of the
model (2), we obtain

d
%N(t) = A —dN(t). 4)
Solving Equation (4), yields
A A
N(t) =+ (N(0) - g)e*‘“. (5)

Accordingly, for N(0) < %, then we can know that N(t) < % and limy, N (t) =
Conclusively, the set

YRS

4

A={(S,P,HT)cR? :S+P+H+T= ;

,§>0,P>0,H>0,T >0}

is a bounded feasible region as well as positively invariant under the model (2).
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3. Exhibition of the Hopf bifurcation

In this section, we shall explore the impact of the time delay 71 and 1, according to
analysis of the distribution of the roots of associated characteristic equations, and using a
similar process about delayed systems in [30-33].

According to the computation by Zhang et al. [25], we conclude that if the basic
reproductive number Ry > 1 then the model (2) is provided with a unique synthetic drug
addiction equilibrium point E, (S, P«, H«, T« ), where

g _ (m+d+y)P . d[(Ro—1)+U]
' PP+ poH. " pr+BV
H = Py + 0T, T, — [d(y + ) + dvy]P.
* c+d 7 d@+oc+d)

and

AB2b[y(0 +d) + o]
d(c+d)(0+o+d)(m+d+)
s 0[y(c +d) + o]
o+d do+d)(0+oc+d)’
AlB1 (¢ +d) + por]
dlo+d)(m+vy+d)

u:

V =

Ro =

The linearized section of the model (2) around the synthetic drug addiction equilibrium
point E, (S, P, Hy, Ty) is

t) + x12P(t) + x13H(t),

o~ = x1uS(t)
dl;gt) = xS(t) + xZQP(t) + xo3H(t) + 2z P(t — Tz), ©)
= xqpP(t) + x6H () + 2H(t — ) + yaT(t—71),
d]t;gt) = X44T(t) + Z42P(t — TZ) + Z43H(t — Tz) + y44T(t — Tl)/
with
x11 = —(d+ B1Ps+ B2Hy), x12 = —P1S+, X13 = —P2S+,
xp1 = P1Pe+ BoHs, x0 = B1S« — (m+d), x23 = B2S«, 20 = —7,
X3 = T,x33 = —d,z33 = —0,Y3a =9,
Xy = —d,ys=—0,z4=",243=0.

Then, we can obtain the corresponding characteristic equation about the synthetic
drug addiction equilibrium point E.(S«, Py, Hx, T«) as follows

A 4+ XogA3 4+ XppA? + XgiA + Xoo

(YosA® + YoA? + Ypr A + Yoo)e M0

(ZoaA> + ZopA? + Zoy A + Zgg)e ™

(ApA? + Agi A + Agp)e MTt™)

(BoaA? + By A + By e 2™

(CorA + Coo)e MT+22) =, )

+ o+ 4+ + +

where
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Xoo = x11%33%44(%22 +222),
Xoi = —(x22+222)(x11X33 + X11X44 + X33%X44) — X11X33%44,
Xop = X11%33 + X11X44 + X33%44 + (X22 + 222) (%11 + X33 + X44),
Xos = —(x11+x22 +x33 + xgq +222),
Yoo = X11X22X33Y44,
Yor = —Yaa(x11x22 + x11X33 + X22X33),
Yoo = yaa(x11 +x20 +x33), Yo3 = —Yaa,
Zoo = X11X22X44Z33,
Zoy = —za3(x11x22 + X114 + X22X44),
Zop = z33(x11 +x22 + X44), Zo3 = —2z33,
A = x11%22(Y34243 + Y44733) — X21Y34(X12243 + X13242)
+2x11(¥33Y44202 + X23Y34242),
Aol = x23Y34Z42 — YaaZoo(X11 + x33) — (11 + X22) (Y34243 + Y44233),
A = Y34z43 +Yaa(233 — 222),
Boo = x11X44222233, Bon = —222233(x11 + X44), Boz = 220233,
Coo = x11222(Y34243 +Y44233), Co1 = —222(Y34243 + Y44233)-
Case 1. 1 = 1» = 0, Equation (7) equals
A X343 + XpA% + X194 + X0 = 0, 8)
with
X100 = Xoo+ Yoo + Zoo + Aoo + Boo + Coo,
X1 = Xo1+Yo1+ Zo1 + Ao + Bo1 + Con,
X1z = X2+ Yoo+ Zoz + Aoz + Boz,
X3 = Xoz+ Yoz + Zos-

Following the work by Ma et al. [24] and the Routh-Hurwitz theorem, it can be seen
that if X790 > 0, X153 > 0, X12X713 > Xq1 and X171 X2 X413 > X10X%3 + X%l’ the model (2) is
locally asymptotically stable.

Case 2. 77 > 0 and ©» = 0, Equation (7) becomes

)\4 + X23)t3 + Xzz/\z + le)t + Xz() + (Y23A3 + Yzz)\z + Y21/\ + Yzo)e_)\rl =, (9)

with
X0 = Xoo+ Zoo + Boo, Xo1 = Xo1 + Zo1 + Boy,
Xy = X+ Zop + By, Xo3 = Xoz + Zos,
Yoo = Yoo+ Ao + Coo, Y21 = Yo1 + Ag1 + Cor,
Yoo = Yy + A, Y3 = Yps.

Let A = ig1(g1 > 0) be a root of Equation (9), then

{ (Ya161 — Yasc3) sin(tic1) + (Yo — Yaog3) cos(tig1) = Xao62 — 61 — Xao, 10)

(Ya161 — Ya363) cos(ti61) — (Yoo — Ya26%) sin(ti61) = Xa367 — X2161.
It follows from Equation (10) that

63 + D236 + Dangl + Daigi + Dag = 0, (11)
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Dy = X3 — Y,

Dy = X3 +2YoYeo — Y2,

Dy = X%, +2Xa0 —2X21X03 — Y3, +2Y21 Va3,

Dy = X3 —2Xp— Y3

Denote g1 = 94, then
81 + D303 + Dypt% + D9y + Do = 0. (12)

Distribution of the roots of Equation (12) has been discussed by Li and Wei [34]. Next,
we suppose that Equation (12) has at least one positive root 919 such that g1 = /d19
ensuring that Equation (9) has a pair of purely imaginary roots +igq9. For ¢i9, from
Equation (10), we have

1 Ezl(glo)]
Tjg = — X arccos | ———=|, 13
7 6o {522(910) (1)
where
Exn(cio) = (Yoo — Xo3Ya3)650 + (Xa3Ya1 + Xo1Yas — Yoo — X22Y22)61o
+(X22Y20 — X21Ya1 + X20Y22)63o — Xa0Ya0,
Ex(c0) = Y5cho+ (Y3 —2Ya1Yas)cip + (Y3 — 2Y20Ya2)6To + Yap.
By Equation (9), one has
[di],l AN 43XpA? 4 2XppA + Xn
dt A+ Xo3A3 + XA 4 XA + Xog)
3YpA* +2YpA 4+ Yy T (14)
AY23A3 + YA2 + YA 4+ Yoo) A
Further,
dA,_ f'(810)
Re[==)71 = 2 V700 15
L aicn Ex(610)’ 1

where f(8) = 19‘11 + D23l9% + D2219% + D181 + Doy and 89 = g%o. It is apparent that if
f'(%10) # 0holds, then the sufficient conditions for the appearance of a Hopf bifurcation at
Ty are satisfied. In conclusion, we have the following results in accordance with the Hopf
bifurcation theorem in [35].

Theorem 2. If Ry > 1, then E.(Sx, Py, Hy, T.) of the model (2) is locally asymptotically stable
whenever 7 € [0, Tyg); while the model (2) exhibits a Hopf bifurcation near E.(S«, P, Hy, Ts)
when T = Ty and a group of periodic solutions appear around E, (Sx, Py, Hy, Tx).

Remark 1. Actually, it should be pointed out that the impact of the time delay T has been analyzed
in [25]. In what follows, we shall further analyze the impact of the time delay T, and the combinations

of the time delay T and T, which has been neglected in [25].

Case 3. 1 = 0 and 1, > 0, Equation (7) equals

A% X334 + X3pA? + X314 + X3 4 (ZszA® 4 ZapA? + ZagA + Z30)e 2 + (B3pA? + BygA 4+ Byg)e 222 =0,  (16)

with
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X30 = Xoo+ Yoo, X31 = Xo1 + Yo1, X32 = Xo2 + Yoo, X33 = Xo3 + Yo3,
Zzg = Zoo+ Ao, Z31 = Zo1 + Ao1, Zzp = Zop + Agp, Z33 = Zog,
B3y = Bgo + Coo, B3a1 = Bo1 + Co1, Bzo = Bo.

Multiplying by e on left and right of Equation (16), then

Z33A3 + ZspA? + Zag A + Zsg + (A* + X343 + X3pA? + X314 4 X30)eM? + (B3pA? 4 B3 A 4 Bsg)e ™2 = 0. (17)
Let A = iga(g2 > 0) be a root of Equation (17), then

{ W31(62) cos(T262) — Waa(g2) sin(ta62) = Was(c2), a8)

W34(62) sin(1262) + W3s(62) cos(1262) = Wae(62),

where

Wai(s2) = 63— (Xa2 + Bs2)gs + Xa0 + Bao,
Waz(c2) = (Xa1— Bsi)g2 — Xa363,

Was(c2) = Zags — Zao,

Was(s2) = 63— (Xa2 — Bsa)gs + Xa0 — Bao,
Wis(c2) = (Xa1+ Ba1)gz — Xa303,

Was(62) 73363 — Z3162-

Then, one has

E3(g2) . E3(g2)
cos(Tycr) = ,sin(1gy) = ,
(2c2) Es3(g2) (T262) Es3(g2)
with
Esi(ca) = (Zs2— X33Za3)65 + [Z33(Xa1 — Ba1) + X33Z31 — Zaa(Xa2 — Baa) — Zaolch

+[Z30(X32 — Bs2) — Z31(X31 — Ba1)¢5 — Zao(Xa0 — Bao),
Exn(c2) = ¢5+[XasZs — Zs1 — Zas(Xa2 + B32)]6)
+([Z33(X30 + B3o) + Zs1(Xa2 + Baz) — Za2(Xa1 + Ba1) — X33Z30]63
+[Z30(X31 + B31) — Z31(Xs0 + Bao)62,
65 + (X5 — 2Xa)c5 + (X3, + 2X30 — B3, — 2X31X33)63
+(2B30 B3, — 2X30 X3 + X35, — B31)65 + X3 — B3

Ez3(g2)

Then, one can obtain the following relation about ¢

E33(c2) — E31(c2) — Ed»(g2) = 0. (19)

It can be concluded that if we know all the values of parameters in the model (2), then
all the roots of Equation (19) can be obtained with the help of Matlab software package.
Therefore, we suppose that Equation (19) has at least one positive root gy such that
Equation (17) has a pair of purely imaginary roots tigy(. For g9, we have

1 E
Tpg = — X arccos {31(9‘20)] (20)
620 33(620)
Differentiating Equation (17) with respect to 1,
[d)\ ]—1 — _U31(/\) _ E (21)

dn Up(A) A7

where
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Usi(A) = 3Za3A? +2ZgpA + Zag + (2BspA + Bp)e M2
+(4A% + 3X33A + 2X3A + X31)eM,
Un(A) = (A% + XaaA? + X3A® + X31A2 + X304 )e' ™
—(BaaA® + B31A% + By )e .
Thus, R@[dl]/{i _ HaI131 + 332]._132/ (22)
dry A= I3, +113,
with
Es1 = Zs1 —3Z33630 + 2B32620 sin(T20620) + Ba1 cos(T20620)
+(X31 — 3X33630) cos(T20620) — (2X32620 — 4630) sin(T20620),
Hap = 2732620 +2B32620 c0s(T20620) — Bz1sin(T20620)
+(X31 — 3Xa33630) sin(T20620) + (2X32620 — 4639) €08 (T20620),
Iy = (X33630 — X31630) c0s(T20620) — (630 — X32630 + X30620) Sin(T20620)
+(B32630 — B3og20) sin(T20620) + Ba1¢30 os(T20620),
I = (X33630 — X31630) sin(T20620) + (639 — X32630 + X30620) €08(T20620)

+(B3ag3y — B30g20) cos(Ta0620) — B31¢3p sin(T20620)-

Therefore, if 2311131 + E3,113, # 0 then Re[%];i ican = 0. In conclusion, we have the
following theorem.

Theorem 3. If Ry > 1, then E.(Sx, Py, Hy, T.) of the model (2) is locally asymptotically stable
whenever T, € [0, Tyg); while the model (2) exhibits a Hopf bifurcation near E.(S«, P, Hy, Ts)
when Ty = Ty and a group of periodic solutions appear around E, (S, Py, Hy, Tx).

Case4. 73 > 0and 1p € (0,7p). Let A = igq be a root of Equation (7), then

{ Wiy (61) sin(Ti61) + Wi (1) cos(tig1) = Waz(c1), 23)
Wiai(61) cos(Ti61) — Wan(g1) sin(tic1) = Waa(61),
where
Wi(g1) = Yoig1 — Yoss] + Aoig1cos(ag1) — (Aoo — Anagt) sin(tag)
+Cp161 cos(2Tr6) — Coo sin(2126),
Wi(c1) = Yoo — Yoooi + Aoi61sin(tag1) + (Ago — Ag267) cos(261)
+Co161 8in(2726) + Coo cos(2726),
Wis(61) = XoogT — 61 — Xoo + (Zosg] — Zoi61) sin(261) + (ZoagT — Zoo) cos(T261)
—Bng1sin(2m¢r) + (Bozg% — Byg) cos(2m¢1),
Wis(s1) = Xossl — Xo161 + (Zossl — Zo161) cos(Ta61) — (Zoagt — Zoo) sin(T261)

—Bo161c08(27261) — (Bozg] — Boo) sin(27261).

Based on Equation (23), we obtain

E . E
coslrer) = 2 E8 sitrun) = 222

where

Ey(1) = Wa(61)Waa(g1) + Waalg1)Wias(61),
Ep(c1) = Wa(g1)Was(g1) — Waa(g1)Waa(g1),
E(c1) = Wi(c1) +Whic).
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Then, we have the following relation about ¢

E33(c1) — Eqi(c1) — Ep(g1) = 0. (24)

Similarly, we suppose that Equation (24) has at least one positive root g1, such that
Equation (7) has a pair of purely imaginary roots %igy,. For ¢1,, we have

1 E41(€1*)]
Tix = — X arccos | ———=|. 25
T o {E43(91*) )

Differentiating Equation (7) with respect to 71, we have

[di/\ -1 _ U4]()\) _E
dn Ugp(A) A

(26)

Uy (A) = 443 +3XA% +2XA + Xo1 + (3YgaA? + 2YoA + Yg)e 0
+ (=1 ZA3 + (3Z03 — T2 Z0o2) A2 + (2Zop — T Z01)A + Zo1 — TaZgo)e ™2
+(—1AnA? + (2An — T2An)A + Ag — TaAgy)e MTTR)
+(—21BoppA? 4 (2Bgy — 21 Bg1 )A + Boi — 212Bgg)e ™
+(—21Cp1A 4 Cop — 21Cop )e M1 +22),

Up(A) = (YosA* 4+ YA + Y142 4+ Ygor )e A0
+(ApA® + Ag A% + AgoA )e MTHR) 1 (CoiA2 4 Cod e HMTH2m),

Further A Eq1lTy + Egplly
T ntp
with
En = Xo—3Xo367, + Yooo1s sin(t1.61.) + (Yor — 3Y0367,) cos(T1461+)

+((2Z02 — B Zo1)g1s + T2 Z0363,) Sin(T261+)
+(Zor — 2 Zoo — (3Z03 — T2 Z02)61. ) cos(Tag14)
+(2A02 — 12 A01)6 14 SIn((T14 + T2)G14)
+(1Awnc, + An — Aw) cos((Ti. + T2)61+)
+2(Boz — T2Bo1)61+ 5in(272614) + (272BuagT, + Bor — 272Boo) cos(212614 )
—21C0161+ sin((T1« +272)614) + (Co1 — 212Co0) cos((T1« + 272)61),
B = 2Xo61s — 467, + Y2614 c08(T1461.) — (Yor — 3Y0s61, ) 08 (T1461+)
+((2Zo2 — B Zo1 )61+ + T2 Z0363,.) COS(T2G1+)
—(Zo1 — 2o — (3Zo3 — 2Z2)61,) sin(Ta61.)
+(2A02 — 2 A01)614 cos((T1x + T2)614)
—(1Anei, + Aot — T2Aw) sin((Ti. + 12)614)
+2(Boz — T2Bo1) 614 €08(2T261:) — (2T2BungT, + Bor — 272Bno) sin (27261
—21Co161+ c08((T1x +272)61x) — (Co1 — 22Co0) sin((T1x +272)614),
My = (Yooo1« — Yoos3,) sin(ti.c1.) + (YossT, — Yo161,) cos(TiG1s)
+(A61s — Angt,) sin((Tri + T2)g1:) — Anigl, cos((Tie + )61+
+Coo61« Sin((T1s + 272)61:) — Co167, cos((T1x +2T2)G14),
My = (Yoot — Yoos3,) cos(Ti61.) — (Yosel, — Yoi61,) sin(Ti.614)
+(Aoog1 — Anagl,) cos((Tix + 2)614) + Ao6T, sin((Tis + T2)g1s)
+Co061+ c0s((T1x +272)614) + Co167, sin((T1x +212)61.).-
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Clearly, if E411141 + EgpI1sp # 0 then Re[(;%]/{i ict, # 0. Then, we have the following
theorem.

Theorem 4. If Ry > 1 and 1, € (0,Ty), then E«(S«, Py, Hy, Ty) of the model (2) is locally
asymptotically stable whenever Ty € [0, Ty, ); while the model (2) exhibits a Hopf bifurcation near
E.(S«, Py, Hy, Ti) when Ty = Ty, and a group of periodic solutions appear around E, (S, Ps, Hy, Ty).

Case 5. 71 € (0,719) and 7, > 0. Multiplying e™ on both sides of Equation (7), one can find

203)\3 + ZOQ/\Z + ZyA+ Zyo
+  (BopA? 4 BoiA + Bgg)e 2

+  (A* 4 XozA® + XopA? + Xo1A + Xop)e' 2

+ (YosA® 4 YouA? + Yor A + Yop)eh (2= ™)

+  (AppA? + ApA + Ago)e M

+ (CoiA + Co)e Mt =, (28)

Let A = igy be a root of Equation (7), then

{ Ws1(62) sin(1262) + Ws2(62) cos(1262) = Ws3(62), 29)
Ws4(62) cos(1262) + Wss(62) sin(1262) = Wse(62),
where
Wsi(g2) = Xo363 + (Bor — Xo1)g2 — (Yor62 — Yo363) cos(Ti62)
+(Yoo — Yoo63) sin(t162) + Co162 cos(T162) — Cop sin(T162),
Wsa(ca) = ¢35 — (Boa + Xo02)63 + Boo + Xoo + (Yor62 — Yos63) sin(162)
+(Yoo — Yo263) cos(T162) + Cor6a sin(Ti62) + Cop cos(Ti62),
Wss(c2) = Zoags — Zoo — Ao16asin(tiga) — (Ao — Aoag3) cos(ti6a),
Wsa(c2) = (Bor+ Xo1)62 — Xo363 + (Yor62 — Yo363) cos(Ti62)
— (Yoo — Yoo63) sin(t162) + Cor62 cos(Ti62) — Cop sin(Tic2),
Wss(c2) = 63+ (Boa — Xo2)63 — Boo + Xoo + (Yor62 — Yosg3) sin(ti62
+(Yoo — Yoog3) cos(t162) — Cor6a sin(t162) — Cop cos(T162),
Wse(62) = Zoscs — Zo16a — Ani6acos(Ti62) + (Ao — Aoag3) sin(i62).
Accordingly, one has
Es1(g2) . Es1(g2)
cos(T; = ,sin(T = ,
( 2(;2) E53(§2) ( 2(;2) E53(g2)
with
Esi(c2) = Ws1(62)Wse(62) — Ws3(62)Wss(62),
Es2(¢2) = Wss(62)Wsa(62) — Wsa(62)Wse(62),
Es3(g2) = Ws1(62)Ws4(G2) — Wsa(62)Wss(62)
Then, one has
E33(c1) — E3,(¢1) — E3,(c1) = 0. (30)

Next, we suppose that Equation (30) has at least one positive root ¢, such that
Equation (28) has a pair of purely imaginary roots £igy.. For ., we have

1 E51(G2*)]
Trx = — X arccos | ———=|. 31
7 o {E53(€2*) 1
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Differentiating Equation (28) regarding T, and substituting A = ig»,, we have

ar E511151 + Es501sp
Re[i]/\iig = 2 2 ’ (32)
dt > 115, + 115,
where
Hs1 = Zo1 — 3Z03g%* + 2Bo2Gox Sin(Tz*gz*) + Bo1 COS(TZ*gZ*)

+(Xo1 — 3X0363,) 08(T2:62+) — (2X0262+ — 463, ) Sin(To.G2x)

+(Yor — 11 — (3Y0s — 71 Yo2)63,) cos((Tax — T1)G24)

—((2Yo2 — T Yo1) 62« + T1 Y0363,.) sin((T2x — T1)62+)

+(2A0 — T1Ao1)62+ SIN(T2462+) + (T1A0263, + Aot — T1Ago) coS(T2:62+)
+(Co1 — 11Cop) cos((T1 + T2+ )G2+) — T1Co162+ SIN((T1 + T24)G24),

Esy = 2Z0p2G2« + 2B2G2+ c0s(T24G2+) — Bo1 sin(T2462+)
+(Xo1 — 3X0363,) sin(T2.62:) + (2X0262+ — 463, ) €08 (T2462+)
+(Yor — 71 — (3Y03 — 71 Y02)65.) sin( (T2« — 71)62+)

+((2Y02 — 71 Yo1 )62« + T1 Y0363, ) cos((Tos — T1)62s)

+(2A02 — 71 A01 )62+ €08(T24624) — (T1A0263, + Aot — T1 Ago) Sin(T2.G2x )
—(Co1 — 11 Coo) sin((T1 + T2+ )62+ ) — T1Co162+ COS((T1 + T2 ) G2+ ),

51 = (X363, — X0163+) €08(T2462+) * — (63, — X026, + X0062+) SIN(T2462+)
+(Y0365, — Yo165,) cos((Tax — 11)62+) — (YooG2+ — Y0263..) sin((T2x — 71)g2+)
+(B263, — BooGas) sin(1:62+) + Bo163, cos(Ta.62+)
+Co062s Sin((T1 + T2+ )62+ ) + Co163, cos((T1 + Tax)G24),

M5 = (X0363. — X0165.) Sin(T2.62:) * +(63, — X026, + X0062+) cO8(T2:62+)
+(Y0365, — Yor63,) sin((tax — 71)62) + (Yoo52+ — Yo263,) cos((Tax — 71)G2+)
+(Bo263, — BooGa«) co8(T2+62+) — Bo163, sin(Ta.62+)
+Co062+ c0s((T1 + T24)62+) — Co165, sin((T1 + T2.)624)-

Then, we can see that if E511151 + E5p115p # 0 then Re[[‘j%]):iigz* # 0. Thus, we have
the following theorem.

Theorem 5. If Ry > 1and 1y € (0,7y), then E«(S«, Ps, Hy, Ty) of the model (2) is locally
asymptotically stable whenever T, € [0, To.); while the model (2) exhibits a Hopf bifurcation near
E.(S«, Py, Hy, T) when Ty = Ty, and a group of periodic solutions appear around E. (S, Ps, Hy, Ty).

4. Stability of the Periodic Solutions

In this section, we examine direction and stability of the Hopf bifurcation at 1,

for the case 77 € (0,799) and T, > 0. Denote v(f) = S(t) — Si, v2(t) = P(t) — P,

v3(t) = H(t) — Hi, v4(t) = T(t) = Ty, » = T« + p and t — (t/12). Suppose that

Ti0+ € (0,T1p) < To« in this section. Thus, the model system (2) becomes Equation (33) in
C = C([-1,0],R%):

6(t) = Ly (o) + F(p,vy), (33)

where

Ly = (2 1) (11900) + Lapl =2 + Lap(-1)), N

2
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and
—P191(0)¢2(0) — B2¢2(0)¢3(0)
B11(0)¢2(0) + B2¢2(0)3(0)
F(u, ¢) = , (35)
0
0
with
X11 X12 X113 0 0 0 0 0 0 0 0 0
X21 X22 X3 0 0 0 O 0 0 Z722 0 0
Ll = /LZ = /L3 =
0 X32 X33 0 0 0 O Y3q 0 0 Z33 0
0 0 0 X44 0 0 O Yaq 0 24D Z43 0
Thus, there exists 77 function of w and y for w € [—1,0] fulfills
0
Lup = L dn(w, p)p(w). (36)
In fact,
(Li+Ly+L3), w=0,
() = (o 4 pyd 2R @0
w, i) = (s + 37
1w, p 2T w e (—1,-1m), (37)
0, w=-1,
For ¢ € C([—1,0],R*%),
%, -1<6<0,
Awe =1 ° (38)
Jordn(w, pelw),  0=0,
R(x) { 0, —-1<w<O, (39)
we =
F(w¢),  w=0,
Then system (33) equals
o(t) = A(p)or + R(p)or. (40)
For & € C1([0,1], (R*)*),
—%(Ss), 0<s<1,
AC) =9 o (41)
f_1 dn (S,O)C(—S), s =0,
and 0 "
@(s) ¢w)) = £ — [ [" Ex—w)in(@)p()dx, )

w=-1Jx=0

an inner product form is defined in this form with #(w) = 1(w,0).

Denote that Y(w) = (1,Y2,Y3,Y4)T¢i€2*T2*w is the eigenvector of A(0) related with
+igo+ s and Y*(s) = U(l,Y;,Y;,YZ)TEZQZ*Q*S is the eigenvector of A*(0) related with

—iG24T2«, respectively. Then,
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x13%21 + X3 (G2« — X11)

Y, = ‘ - ,
x13(iG2« — X — Zppe 262 ) + XqpXp3
Ya — iGox — X171 — X12Y2
3 - 7
X13
_ (zaYo +zg3Y3)e 02
Yy, = - . ,
16y — Xaq — Yage ™ 11105624
* iwy + 11 + 13103
YZ = _l—,
21
iGos + X11
y; = et
X21
vi - _ x13 + X23Y>
3 iGoy + X33 + (233 + 243 Y el T262:”
eiTlO*QZ*
Y: = Y.YLY, = - Y34

162 + Xaq + Yagqei 0626
In view of Equation (42), one has

[1+Y2Y5 +Y3Y5 + YaYj + (YaY3 + Y4YZ)€71‘T]°*€2*A
+Y> (ZZ2Y; + Z42YZ)671T2*QZ* + Y3 (Z33Y§ + Z43YZ)€71T2*QZ*]71.

a =
(43)

Next, we can get the coefficients as follows by means of the method proposed in [35]:

Yo = 20 U(Y5;—1)(B1Y2+ B2Y3),
Yu = U5 —1)(2B1Re{Y2} +2B2Re{Y3}),
Yoo = %0,
. 1 1 _@a - 2 1 _
Yo = 20.0(Y - 1)[BQY (0)Yz + 5Qk (Y2 + Q7 (0) + 505 (0))
1 1 @ o 3 1
+B2(Q1Y (0)Ys + 505 (0)Ys + QfF (0) + 50 (0))],
(44)
with
Yoo i¥o < 2i
w = Y(w + Je gZ*TZ*w,
Quo(w) G2+ Tox 3624 Tox (@) +h
Y1 Y1 o
w) = ——V(O)+ —Y(w)+ )b
Qu(w) o, (6) T (w)+ 2
where
. 1
X7 —X12 —X13 0 —(B1Y2 + B2Y2)
—X21 X3 —xp3 0 B1Y2 + B2Y>
0 —X3) x§3 y34372i€2*710* 0 !
0 —242372@2*1’2* _243672i§2*'f2* xz4 0
—1
X11 X12 X13 0 —(2B1Re{Y2} +2B2Re{Y3})
Xo1 X + 22 x23 0 2B1Re{Y2} +2BrRe{Y3}
0 x32 X33 + 233 Y34 0 '
0 Z40 233 + 233 X44 + Ya4 0
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with
X1 = 2iGo — X11,
Xy = 2igo. — Xpp — zppe” T
Xy = 2igo. — X33 — z3ze” 6T,
Xjy = 2igp. — Xgg — yage” 22 TI0 (45)
Then,
i Yoo |? ¥
Ci(0) = mpgr (‘Yll‘i’zo — 2y 2 - Hgt ) +3
_ _ Re{Ci(0)}
M= TRV} (46)
Az = 2Re{C1(0)},
A3 — Im{C] (0)}+A11m{/\’(1’2*)},

T2+62x

Theorem 6. For system (2), if A1 > O, then the Hopf bifurcation at Ty, is supercritical (subcritical
for Ay < 0); if Ay < 0, then bifurcating periodic solutions showing around E.(S«, PxH., Tx)
are stable (unstable for Ay > 0); if A3 > 0, then bifurcating periodic solutions showing at
E.(S., P+H., T,) increase (decrease for Az < 0).

5. Numerical Example

In this section, we shall adopt a numerical example by extracting the same values of
parameters as those in [25] to certify our obtained analytical results in previous sections.
Then, the following numerical example model system is obtained:

a5 — 2 0.025(¢) — 0.016S(£)P(¢) — 0.0285(£)H(t),

4P — 0,016 (t)P(t) + 0.0285(£) H(t) — 0.05P(t) — 0.095P(t — 1), W)
aH  — 0.03P(t) + 0.5T(t — 1) — 0.421H(t — o) — 0.02H(#),

AT 0.095P(t — 1) + 0.421H(t — 1y) — 0.5T(t — 1) — 0.02T(#),

from which one has Ry = 12.3481 > 1 and the unique synthetic drug addiction equilibrium
point E,(1.3196,13.6111,45.6355,39.4338).

For the case when 79 > 0 and 1p = 0, one has ¢19 = 1.0902 and 779 = 9.7367. In line
with Theorem 1, E,(1.3196,13.6111, 45.6355, 39.4338) is locally asymptotically stable in the
interval 7y € [0, 799 = 9.7367). Figure 1 shows the local asymptotical stability of the model
system (47). Whereas, Figure 2 shows the exhibition of a Hopf bifurcation at 19 = 9.7367.

For y = 0 and ©» > 0, we have ¢y = 1.6264 and 19 = 20.8839 based on some
calculations. It can be observed that the model system (47) is locally asymptotically stable
around E, (1.3196,13.6111,45.6355,39.4338) when 7, = 18.6934 < Ty = 20.8839, which is
depicted in Figure 3. Nevertheless, E,(1.3196,13.6111,45.6355, 39.4338) loses its stability
and the model system (47) experiences a Hopf bifurcation as the value of 1, crossed .
The loss of stability dynamics of E(1.3196,13.6111,45.6355, 39.4338) for 7, = 25.9358 >
Ty0 = 20.8839 is shown in Figure 4.

For 7 > 0and ©» = 2.5 € (0,1p9) and supposing 7; as a parameter, we obtain
61+ = 3.2156 and 17, = 1.4096 through some computations. In such a case, the model
system (47) is locally asymptotically stable when 71 < 11, but as 7 passes through 7y, the
model system (47) exhibits a Hopf bifurcation and the model system (47) loses stability. This
property is depicted in Figures 5 and 6 for 73 = 1.3785 (< 7, ) and 73 = 1.1.4308 (> 71.,),
respectively.
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Figure 1. The time plot of (a) susceptible population, (b) psychological addicts, (c) physiological
addicts and (d) drug-users in treatment for 17 = 8.2247 < 119 = 9.7367 with A = 2, d = 0.02,
B1 = 0.016, B = 0.028, r = 0.03, ¥ = 0.095,0 = 0.5 and o = 0.21.
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Figure 2. The time plot of (a) susceptible population, (b) psychological addicts, (c) physiological
addicts and (d) drug-users in treatment for 7y = 11.1421 > 799 = 9.7367 with A = 2,d = 0.02,
B1 = 0.016, B = 0.028, T = 0.03, ¥ = 0.095,0 = 0.5 and ¢ = 0.21.
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Figure 3. The time plot of (a) susceptible population, (b) psychological addicts, (c) physiological
addicts and (d) drug-users in treatment for 7, = 18.6934 < 19 = 20.8839 with A = 2,d = 0.02,
B1 = 0.016, B = 0.028, r = 0.03, ¥ = 0.095,0 = 0.5 and o = 0.21.
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Figure 4. The time plot of (a) susceptible population, (b) psychological addicts, (c) physiological
addicts and (d) drug-users in treatment for 7, = 25.9358 > 19 = 20.8839 with A = 2,d = 0.02,
B1 = 0.016, B = 0.028, T = 0.03, ¥ = 0.095,0 = 0.5 and ¢ = 0.21.



Mathematics 2022, 10, 1532

17 of 20

Forp > 0and 7y = 1.5 € (0, 739) and supposing T, as a parameter, we get o, = 0.7849
and 1. = 8.9875. The model system (47) is locally asymptotically stable for 7 < 12, and
unstable for 7 > T,. Stability and instability behavior of the model system (47) is presented
in Figures 7 and 8 for different values of 1, respectively.

15
1.45
14
1.35

S(t)

13
1.25

12

200 400 600 800 1000
Time
(a)

0 200 400 600 800 1000
Time

(c)

P

13.8
13.75

13.7

13.65

136 ‘
13.55

135

13.45
0

200 400 600 800 1000

Time
(b)

0 200 400 600 800 1000

Time
(d)

Figure 5. The time plot of (a) susceptible population, (b) psychological addicts, (c) physiological
addicts and (d) drug-users in treatment for 73 = 1.3785 < 13, = 1.4096 and 1, = 2.5 € (0, Tp9) with
A=2,d=0.02 8; =0.016, B = 0.028, m = 0.03, v = 0.095,0 = 0.5 and o = 0.21.
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Figure 6. The time plot of (a) susceptible population, (b) psychological addicts, (c) physiological
addicts and (d) drug-users in treatment for 73 = 1.4308 > 77, = 1.4096 and 7» = 2.5 € (0, Tp9) with
A=2,d=0.02 B =0.016, B = 0.028, T = 0.03, v = 0.095, 6 = 0.5 and ¢ = 0.21.
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Figure 7. The time plot of (a) susceptible population, (b) psychological addicts, (c) physiological
addicts and (d) drug-users in treatment for 7, = 8.2943 < T, = 8.9875and 1y = 1.5 € (0, 799) with
A=2,d=0.02 8; =0.016, B = 0.028, r = 0.03, v = 0.095,0 = 0.5 and o = 0.21.
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Figure 8. The time of (a) susceptible population, (b) psychological addicts, (c) physiological addicts
and (d) drug-users in treatment plot for 7, = 9.3825 > T, = 8.9875and 1y = 1.5 € (0, 7yg) with
A=2,d=0.02 6, =0.016, B = 0.028, 7 = 0.03, ¥ = 0.095, 0 = 0.5 and o = 0.21.
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In addition, for 77 = 1.5 € (0,79) and 7, > 0, we obtain A/ (1.) = 0.06568892 —
0.00081555i and Cy = —4.25450964 + 13.07154877i. Thus, we have A1 = 64.76753827 > 0,
Ap = —8.50901928 < 0 and A3z = —1.84550535 < 0. Based on the Theorem 5, we can see
that the Hopf bifurcation at 1o, = 8.9875 is supercritical; the bifurcating periodic solutions
showing around E, (1.3196, 13.6111, 45.6355, 39.4338) are stable, and the bifurcating periodic
solutions showing around E,(1.3196, 13.6111, 45.6355, 39.4338) are decreasing.

6. Conclusions

In this study, a synthetic drug transmission model with two time delays is proposed
by introducing the time delay due to the period that both the psychological addicts and
the physiological addicts need to accept treatment and come off drugs into the formulated
model by in [25]. Through regarding the combinations of the two time delays as bifurcation
parameters, sufficient criteria for local stability and exhibition of Hopf bifurcation are
established. A crucial value point at which a Hopf bifurcation appears is calculated.
Particularly, direction and stability of the model are explored with the aids of the normal
form theory and center manifold theorem. Compared with the work in [25], we not only
consider the impact of the time delay (77) due to the relapse time period of the drug-users
in treatment on the model system (2) but also the time delay (2) due to the period that
both the psychological addicts and the physiological addicts need to accept treatment and
come off drugs on the model system. The results obtained in this study are supplements of
the work in [25].
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