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Abstract: This paper is devoted to exploring the mapping properties for the commutator uq
generated by Marcinkiewicz integral pun with a locally integrable function b in the generalized
Campanato spaces on the generalized Morrey spaces. Under the assumption that the integral kernel
() satisfies certain log-type regularity, it is shown that y( j, is bounded on the generalized Morrey
spaces with variable growth condition, provided that b is a function in generalized Campanato spaces,
which contain the BMO(R") and the Lipschitz spaces Lip, (R") (0 < « < 1) as special examples.
Some previous results are essentially improved and generalized.

Keywords: Marcinkiewicz integrals; commutators; generalized Campanato spaces; generalized
Morrey spaces

MSC: 42B20; 42B25; 42B35

1. Introduction

Let R", n > 2, be the n-dimensional Euclidean spaces and S"~1 the unit sphere in R”
equipped with the normalized Lebesgue measure do = do(-). Let Q be a homogeneous
function of degree zero on R” satisfying Q) € L!(S"!) and the following property

Q(x")do(x") =0, 1)
gn—1
where x’ = x/|x| for any x # 0.
The Marcinkiewicz integral operator ., is defined by

m (N = ([ o)

where a )
Xy
Fou(f) () /xym Wy,

As is well known, Marcinkiewicz integral is one of the classical operators in harmonic
analysis, which belongs to the broad class of the Littlewood-Paley g-functions and plays
important roles in harmonic analysis and partial differential equations. The research on
the mapping properties of Marcinkiewicz integral and its commutators in various function
spaces has been an active topic. In 1958, Stein [1] first introduced the operator y, which is
the higher dimensional generalization of Marcinkiewicz integral in one-dimension, and
showed that yq is bounded on L¥(R") for 1 < p < 2 and weak type (1,1), provided
Q € Lip, (5" 1), 0 < a < 1. Subsequently, the boundedness of yiy was studied extensively,
see [2-8], etc. and therein references. In particular, Al-Salman et al. [2] obtained the
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LP-boundedness of jiq for 1 < p < oo, provided that Q € L(logL)!/?(S"1). In addition,
the boundedness of i on generalized Morrey spaces and generalized weighted Morrey
spaces was also established; see [9-11], etc.

In this paper, we will focus on the commutators ., generated by un with b €
Lioc (Rn ) bY

N = ([ lleFad(NP%) "
where
b Fo () (x) = )P (£)0) ~ Fos 1)) = [ o) — bl 2 oy

In 1990, Torchinsky and Wang [8] first studied the commutators i, , and showed that
#,p is bounded on LF(R") for 1 < p < oo, provided that Q € Lip,(S"1),0 < a < 1,
b € BMO(R"). Subsequently, this result was improved and extended to the cases of rough
kernels in [12-14], etc. Chen and Ding [15] also showed that b € BMO(RR") is necessary for
the boundedness of ji, on LP(R"), 1 < p < co, under the assumption that () satisfies the
following logarithm type regularity:

Q) - Q)| < (log |x’2y’|> " for any x', vy’ € "1, and somey > 1. (2)

In addition, see [16] for the cases of the weighted versions with rough kernels. Further-
more, Aliev and Guliyev [9] obtained that, for b € BMO(R") and Q € Lip, (5" 1), uqp is
bounded from the generalized Morrey spaces LP'¥1(R") to LP#2(R") with certain appropri-
ate positive functions. The boundedness of yiq p, for b € BMO(R") and Q € Lip, (5" 1),
on the generalized weighted Morrey spaces, Orlicz-Morrey spaces and the mixed Morrey
spaces were also found in [4,11,17,18], etc.

On the other hand, Arai and Nakai [19] recently studied the commutators [b, T| of the
Calderén-Zygmund operator T on the generalized Morrey spaces and showed that, if b is a
function of generalized Campanato spaces £(1¥)(R"), which contain the BMO spaces and
the Lipschitz spaces as special examples, then [b, T] is bounded on the generalized Morrey
spaces. The corresponding result for the commutators of general fractional integrals was
also obtained.

Based on the results above, it is natural to ask the following question:

Question: What is the mapping properties of i) ;, on the generalized Morrey spaces
when b is a function in the generalized Campanato spaces?

The main purpose of this paper is to address this question. To state our main results,
we first recall some relevant definitions and notations.

Let B(x,r) be the open ball centered at x € R” and of radius r, that is,

B(x,r) ={y e R": |y —x| <r}.

For a measurable set E C R", we denote by |E| and xf the Lebesgue measure of E and

the characteristic function of E, respectively. For a function f € L} .(R") and a ball B, let

fs= ]if(y)dy = |13| /Bf(y)dy.

To introduce the generalized Morrey spaces L(P?) (R") with p € [1,00) and variable
growth function ¢ : R" x (0,00) — (0,00), for a ball B = B(x,r), we denote by ¢(B) =
o(x,1).
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Definition 1 ([19]). Let ¢(x, ) be a positive measurable function on R" x (0,00) and p € [1,00),
the generalized Morrey space L(P/?) (R") is defined as the set of all functions f such that

1 o NP
o = sup (g7 £, I lPay) - <o

where the supremum is taken over all balls B in R".

We know that || f[|} (¢ (rn) is @ norm and L{P?) (R") is a Banach space. If ¢, (x,7) = 1

for A € [—n,0], then L(P.9) (R™) is the classical Morrey space, that is,

1 1/p 1 1/p
o0 gy = SUP| ——7%y Fd = su — ][ Pd ) .
o oy = 50 (-5 f, FPay) = s v (5 sy
In particular, L(P#-2) (R") = LP(R"), and L{P-?0) (R") = L*(R").
Recall that a locally integrable function b is said to be in BMO(R") if

Iellsmorse) = sup f | b(x) by | dx < oo

where the supremum is taken over all balls B C R".
We also consider the generalized Campanato spaces with variable growth condition,
which are defined as follows.

Definition 2 ([19]). Let ¢(x, ) be a positive measurable function on R" x (0,00) and p € [1,0),
the generalized Campanato space LP?) (R") is the set of all functions f such that

1 ][ ) )1/P
9) (rny = SUP | ——~ — d < 00,
e R AL L

where the supremum is taken over all balls B in R".

It is easy to check that || f| ~() (Rn) is @ norm modulo constant functions and thereby
L(P#)(R") is a Banach space. If p = 1 and ¢ = 1, then £L(P?)(R") = BMO(R"). If p = 1
and ¢(x,7) = r* (0 < a < 1), then LP#)(R") coincides with Lip, (R").

We say that a function 6 : R" x (0,00) — (0, c0) satisfies the doubling condition if
there exists a positive constant C such that, for all x € R" and 7, s € (0, ),

(x,7)
(%)

We also consider the following condition that there exists a positive constant C such
that, forall x, y € R" and r € (0, c0),

(x,7)
0(y

,7)
For two functions 6, x : R" x (0,00) — (0,00), we write 6 ~ « if there exists a positive
constant C such that, for all x € R"” and r € (0, c0),

>

< C, if

IN

<

» | =

<2 ®)

Ol
D>
NI =

o

<

<C, if [x—y| < (4)

Ol =

<C ©)
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Definition 3. (i) Let GY°° be the set of all functions ¢ : R" x (0,00) — (0,00) such that ¢ is
almost decreasing and that r — @(x,r)r" is almost increasing. That is, there exists a positive
constant C such that, for all x € R" and r, s € (0,00),

Co(x,r) > @(x,s), @(x,r)r" < Co(x,s)s", ifr<s.

(ii) Let G be the set of all functions ¢ : R" x (0,00) — (0,00) such that ¢ is almost
increasing and that v — @(x,r)/r is almost decreasing. That is, there exists a positive constant C
such that, for all x € R" and r, s € (0, 00),

p(x,7) < Co(x,s), Co(x,r)/r>@(x,5)/s, if r<s.

If ¢ € G%C or ¢ € G, then ¢ satisfies the doubling condition (3).
It follows from [19] that, for ¢ € Gdec if @ satisfies

lim ¢(x,r) =00, lim ¢(x,7r) =0, (6)

r—0 r—o0

then there exists ¢ € G such that ¢ ~ ¢ and that ¢(x, -) is continuous, strictly decreasing
and bijective from (0, c0) to itself for each x.
For f € LIP9)(R"),1 < p < oo, we define pi(f) on each ball B by

2dt>1/2

ra(f)(x) = ( /O OO\PQ,t(szB)(x) + ot (fX(ap0) ()| 3 x € B. @)

Here, and in what follows, EC = R"™\ E denotes the complementary set of any measur-
able subset E of R". Then,

Ha(H) () < pa(Fxas)(x) + Ha(FX pap) ()
Note that u(fx2p) is well defined since fx,p € LP(R"), and it easy to check that

Ha (a0 < [ T gy ay,

(2B)C |x —y|"

which converges absolutely. Moreover, jiq (f)(x) defined in (7) is independent of the choice
of the ball containing x. Furthermore, we can show that y(, is bounded on L(P#) (R"). See
Proposition 1 for the details.

For f € L(P?)(R™),1 < p < oo, we define yiqy,(f) on each ball B by

o) = ([ [IbFodl (Fr0) () + b, Fo Uxane) 0 ) xe B ®

Now, we can formulate our main result as follows.

Theorem 1. Let1 < p < g < coand @, P : R" x (0,00) — (0,00). Assume that p € G
satisfies (4), ¢ € G satisfies (6) and for all x € R and r € (0,00),

/Oo Mdt < Co(x,r) 9)
and
p(x,7)p(x, 1)/ < Cog(x, 1)1/, (10)

Ifb € LU (R, then ey, (f) in (8) is well defined for all f € L(P9)(R™), and there exists
a positive constant C, independent of b and f, such that

10w ()l ae < CUBI am £ L0
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Remark 1. For b € L} (R"), Chen and Ding [15] showed that, if jc, is bounded on LP (R")
forl < p < oo, then b € BMO(R"), under the assumption of that Q) satisfies the logarithm
type regularity condition (2). It is not clear that, for b € LllO (R™), under the same assumptions
of Theorem 1, if pqyy, is bounded from L(P#)(R™) to L@9)(R"), then b € L) (R"). This is
an interesting open problem. Moreover, it is also interesting whether or not the corresponding
conclusions are still true if the reqularity of Q) is weakened or removed. In addition, for b €
LY)(R"), it is also worth exploring the mapping properties of 1o,y on the generalized weighted
Morrey spaces, the general Orlicz—Morrey spaces, etc.

The rest of this paper is organized as follows: In Section 2, we will recall and establish
some auxiliary lemmas. Section 3 will establish the pointwise estimate for the sharp
maximal operator of j, ,, and the proof of Theorem 1 will be given in Section 4.

Finally, we make some conventions on notation. Throughout this paper, we always
use C to denote a positive constant that is independent of the main parameters involved
but whose value may differ from line to line. Constants with subscripts, such as C, are
dependent on the subscripts. We denote f < gif f < Cg,and f ~ gif f < ¢ < f. For
1 < p < oo, p' is the conjugate index of p,and 1/p +1/p’ = 1.

2. Preliminaries

For a function p : R" x (0,00) — (0, 0), the generalized Hardy-Littlewood maximal
operator is defined by

Mo (f)(x) = ngEP(B) ][Blf(y)ldy-

Clearly, if p = 1, then M,(f)(x) is the Hardy-Littlewood maximal operator M, and if
p(B) = |B|*/", then M,(f) is the fraction maximal operator M, defined by

Mu(f)(x) = sup B f, 1£(1)ldy

For the generalized Hardy-Littlewood maximal operator M, we have the following
lemma:

Lemma1l ([19]). Letl <p<g<ooandp, ¢ : R" x (0,00) — (0,00). Assume that ¢ is in
GAec and satisfies (6). Assume also that there exists a positive constant Cy, such that, for all x € R"
and r € (0,00),

p(x, 1)@, 1) < Cop(x, 1)1/, (11)

Then, M is bounded from LP-9)(R") to LE39)(R™).

Next, we recall John-Nirenberg inequality. Let b € BMO(RR"), and there are constants
C1, C > 0, such that forall 3 > 0, B C R”,

[{x € B:|b(x)—bp|> B} <Ci]|B| E*CZﬁ/HbHBMO,

(s f 166 - 551) " = oo

The following lemma is a corollary of the John—-Nirenberg inequality.

which yields that

Lemma2 ([19]). Letp € (1,00) and € G, Assume that i satisfies (4). Then, LP¥") (R") =
L) (R™) with equivalent norms.
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Lemma 3 ([19]). Let p € (1,00) and € G, Assume that  satisfies (4). Then, there exists
a positive constant C dependent only on n, p and v such that, for all f € LO¥)(R™) and for all
x€R"andr, s € (0,00),

RPPRAReY)
(f If(y)fs(x,r>|’“dy> <c [P af it <s, a2)
B(x,s) r

and

1/p
S .
(f If(y)—fB(x,r)I”dy> < C(logy ) (w8 fll o, if 2r <5 (13)
B(x,s) r

Lemma 4 ([19]). Let ¢ satisfy the doubling condition (3) and (9), that is,

/ (P(i't)dt < Co(x,r).

Then, for all p € (0,00), there exists a positive constant C, such that, for all x € R" and
r>0,

o 1/p
/ (P(x,tt) dt < Cpop(x,1)!/P.
r

Proposition 1. Let 1 < p < o0, ¢ € G and satisfy (9). Suppose that QO € L*(S"1). Then,
jtqy defined in (7) is bounded on LP?)(R™). That is, there exists a positive constant C such that,
forall f € LP9)(R™),

I (Dl Lwe < ClfllLwe-

Proof. For x € R", we take any ball B = B(z,7) > x. Set B* = 2B. Then, we have

ko (F)(x) < palfre) () + o (fx g ().

By the boundedness of j on LP(R") and the doubling condition of ¢, we have

][Im (Fxs-)(x)]P dx) < ( QD(BIW/B* \f<x)ypdx)””
1 1/p
< (o L @) < .
Hence, ||FQ(]C7CB*)HL(M) N ||f||L(p,(/>>-

For “MQ(fX(B*)[;)(X), note that, if x € Band y € (B*)E, then |y —z|/2 < |[x —y| <
3|y — z|/2. By the generalized Minkowski inequality and the doubling condition of ¢, we

have
Ho(fx(g*)c)(x)s/( | 1f () dy:Z/ 1f () dy

)t [z —y|" =1 /21B\2B |z —y|"

e

<1 y)ldy < 2 (£, lFwlray)

2+1

/p

2j+1,

© z,t z,7)1/p
=) / R t) tflm S [ LED Lt
j=1 2lr 2r

1
S o) lIflpe, x€B,

which leads to || (f)((B*)g) Il o) S Il v9) and completes the proof of Proposition 1. [
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Lemma 5. Under the assumption of Theorem 1, there exists a positive constant C such that, for
allb € L) (R™), all f € LP9)(R") and all balls B = B(z,7),

© 241\ /2 1
F ([ odtrene 0 5 ) dx < Coten 8l o g
Proof. For x € B, we have

. NG O —y)
([ 1 Eodl (Frane) ()P skw|xywwu by + by — b{y)| () |y

)|
< -l [y
O n
*Lwlxm"W) b | 3y
=: G1(x) + Gz(x).

Note that x € B and y ¢ 2B, and we have |y —z|/2 < |x —y| < 3|y —z|/2. By
Holder’s inequality and the doubling condition of ¢, we obtain

)l

2+1B\2iB |X — ]/\"

610 5 06a) ~nl [l = b))

2]+1

< Ib(x zmz(ﬁ% y)lray)” ﬂb-wmz/ =D g

z,t
sww—mé ﬂj—ﬂwﬂmmswm—%wwmwwmw.
r

Therefore, invoking Lemma 4 and (10) implies that

ﬁ@@ﬂﬁﬁwm—%Wmemﬂmw

S )Y PIb| cam I fllLwe
< ¢(z, r)l/q”b”g(l,w) ||fHL(Pr<P)’

Similarly, by Holder’s inequality, Lemma 3 together with the doubling condition of ¢
and ¢, (2) and (10), we have

/ by| Wl
2]+1B\2JB ly - \

0 , 1/p 1/p
S b(y) — bp|? d ][ Pd )
N;K£w|@ B|y) (wwww|y
< 90 0l o 1

which immediately includes that

ﬁGﬂﬂW§¢@0UWWwwWMW»

This leads to the desired conclusion and completes the proof of Lemma 5 [

Remark 2. Under the assumptions in Theorem 1, let b € L£0$) (R") and f € L) (R™). Then,
tap(f) in (8) is well defined.
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Indeed, it is obvious that f € L} (R") and bf € L} (R") for all p; < p by Lemma 2.
Hence, un(fx2p) and pua(bfxop) are well defined for any ball B = B(z,r). That is,
tap(fxep) is well defined for any ball B = B(z,r).

On the other hand, it follows from the proof of Lemma 5 that pq) ;( f X(ZB)[;) is well

defined for any ball B = B(z,r). In addition, by Minkowski’s inequality, we have

) 24¢\1/2
([ |0 FasdtFas) () + o Foal Fxan) )] )

< pap(fx28) (%) + Hap(fXpe) (¥), x €B.

Therefore, we can write

o)) = ([ [Ib Fadl () () + b Foal ramp) 0 55) 7 € B
Moreover, if x € By N By, then, taking B3 such that By U B, C B3, we have
([br FQ,t] (fXZBi) (x) + [b/ FQ,t] (fX(ZB,»)D) (x))
— ([b, Fa e (fx2B,) (x) + [b, FQ,t](fX(ZBS)c)(x))
= —[b, Fai|(fx2p,\28,) (%) + [b, Fa e (fX2B,\28,) (x) =0, i=1,2,

which implies that

([b/ Fﬂ,t} (fXZBl ) (x) + [br FQ,t] (fX(zgl)[] ) (x))
= (b, Fout) (Fxas) (x) + [b Foud] (FX ,10)(3))-

Consequently,

nap(f)(x) = (/O'”‘[b, Fout) (Fxa,) (¥) + b, Foog) (FX 5, 0) (%) 2%)1/2
) 2d4t\1/2
- ( /0 ‘[b,FQ,t](fXZBz)(X) +[b, For (fX (ap,)8) (*) 73) .

This shows that jiq () (x) in (8) is independent of the choice of the ball B containing
X.

3. Sharp Maximal Operator and Pointwise Estimate

In this section, we will establish a sharp maximal inequality on uqn),. For f €
L} .(R"), let

MEF() = sup £ |£(0) ~ faldy, x€ R, 19
B>x /B

where the supremum is taken over all balls B containing x .
For sharp maximal operator, the following lemma is known.

Lemma 6 ([19]). Let p € [1,00) and ¢ : R" x (0,00) — (0,00). Assume that ¢ € G and
satisfies (9). For f € L} (R"), if lim fo0,) = 0, then
r—r00 ’

loc
Hf”L(w) < CHMijL(P/so)r
where C is a positive constant independent of f.

Proposition 2. Let p,i7 € (1,00) and ¢, : R" x (0,00) — (0, 00), Q) be as in Theorem 1.
Assume that ¢ € G¥ and v € G, Assume that y satisfies (4) that ¢ satisfies (9), and that
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1/
f:o Mdt < oo, for each x € R" and r > 0. Then, there exists a positive constant C such

that, for all b € LO¥)(R™), f € LP9)(R") and x € R",

M (i0p(£))(3) < ClBL g ((Myn (110 (A7) )7+ My (17 ()T, 5)
where C is a positive constant independent of f.

Proof. Employing the vector-valued singular integral notation of Benedek et al. in [20], let
H be the Hilbert space defined by

o= {n Iy = (/Ooo |h(tg)|2dt>l/2 <o),

and Fo;(f)(x), [b, Fot](f)(x) be as before. Then, we can write

pa(f)(x) = [Fa ()l rap(f)(x) = [[[b, Fo, (f) ()l

For x € R", let B be a ball centered at x. Take B* = 2B. We decompose f =
fxp +fX(B*)B =: f1 + f2 and write

1w (F) W) = by (F) () = 16— b, Fad ()W)l = 1o, ()W)l
= [(b(y) — by )Fa () (y) — Fau((b = bg:) i) (y) — Fae((b — bge) fo(y) |1 -

Let CB = ]/lQ((b — bB*)fz)(x) = ||F0,t((b — bB* )fz)(x)”H Then, fOI'y S B,

10 (F) W) = Col = [IFG" (F)W)llae = [ Fos (b = bp) ) ()1

< |b(y) = b1 Fa, (f ) ()l + [[Fae (b —bp+) f1) (W) 1%
+ [[Fa,t (b — bp) f2(y) — Fa,i((b — bp«) f2) (x)[|%

< [b(y) = bp|paa(f) (y) + na((b(-) — bp) 1) ()
| Q=2 Oy —z) | 1
+/(B*)C |b(z) — bp| x—z[1  |y—z1 |y_z||f(z)\dz

=: Il(]/) + 12(}/) + I3<y)'

Next, we estimate each term separately. For 1 < # < co, by Holder’s inequality and
Lemma 2, we have

. mwldy=f o) —bw
B(x,r) B(x,r)

1 1 1
) <7i<x,,) b(y) b W,,) (¢<B>’7 f (x’r)lun(f)(y)l”>

S Bl sy (M (I (H)IT) ()7

For the second term I;(y), choose v € (1,7) and let 1/v = 1/u + 1/#. Then, by the
boundedness of ji, on LY (R"), together with Holder’s inequality and Lemma 2, we obtain

na(f)(y)dy

= |
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][ h(y)dy = f 1 (b — be) f1) () dy
B(x,r) B
1/v
< <]£ ko (b~ bB*)f1)(y)”dy)

1 , 1/v
< (|B| [ 16w~ b)) 'y

s (0w o) (s £ 15wy

§|Ib||£<1,¢>M¢v(|f|’7) ”’7-

Finally, for I3(y), we write

o 3§ |
(/0 ‘/Iy—z<tgx_z(b(z)_bB*)fZ(Z)de 2%)1 2
/oo’/lx z|<t<|y— Z|(b(z)_b8*)f2(z)md2 2%)1/2

’ / ’/|x Zl<t |y z\<t )_bB*)fz(Z)h(y)(_yz_'nZ)l - |§38(Z_|nZ)1}d22g>1/2
—: A(y) + B(y) + C(y).

IN

L(y)

In what follows, we estimate A(y), B(y) and C(y), respectively. Note that, for x,y €
B,z € (B*)L, we have |x — z| ~ |y — z|. By the Holder inequality and Lemma 2,

(v —2)|
ly—z["1
1 x—yl'?

1/2

1 1 iz

y—z>  |x—z

A< [ e bl

< b(z) — bg||f(z dz
5. ) =B @) ey (=
<y [ 1) - bellfe >|ﬁdz
> = 2f+lB\2fB Z|n+1/2

S CR R

2j+1B
S Z 2]‘7||b||5<1,w>M¢"(|f|’7)(x)”’7
j=1

S 1Bl g M (|£17) ()7,

By the same arguments as in estimating A(y), we obtain

B(y) < 10l sy Mo (| £]7) ()7

For C(y), by the general Minkowski inequality, we have
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Qy—z Q(x —z)
c)s [ 106e) = ol P - B e

_ Ox-2) 1t 1
/(B*)E |b(Z) bB*Hf( | X — Z| ‘|y Z|n 1 \x—z|” 1‘d

Oy —2) - Ox —2)|
[ 1) = R
=: C1(y) + Ca(y).

As in estimating A(y), we have

IN

Cily) £ /( o 062) = b LI
S o SNLC R

2j+1pB
ST L0l o My (1£17) ()7
j=1

S 1Bl g My (LF17) ()17,

For C;(y), invoking the condition (2), we obtain

F@I (o 2zl
b(z) - bB*|| (g 22721) 7.

—zf x—y

IA
Me

2/+1B\2/B

+]1)7 1811 .00 My (LYY S 1B oy My (LFI7) ()17

T
I

N
™o

-
Il
_
—
(-

Summing up the estimates of A(y), B(y), C1(y) and C,(y), we obtain
][ I(y)dy S 1Bl . My (LF17) ()17,
B(x,r)
This, together with the estimates for I; (), I>(y), immediately yields that

M (0 () () S 18] s (M (e ()N GDYT 4+ (Mya (L) ())7),

which completes the proof of Proposition 2. [

4. Boundedness for i, , on the generalized Morrey spaces

This section is devoted to the proof of Theorem 1. At first, we note that, for 0 < 7 < oo,

H‘fﬂHL(w) = (HfHL(P'Ir‘P))W' (16)

Proof of Theorem 1. By Remark 2, we know that, for b € £L(¥)(R") and f € L(P#)(R"),
tap(f) defined in (8) is well defined. Therefore, we need only to show

s (Dl Lwe S 1010w [F ]l

By the assumption of Theorem 1 and Proposition 1, we have

e (Ol L (R1) = < Cllfll e (R7)*
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Let1 < 57 < p. It follows from (10) that
() g(x, )P < Clo(x, )1,
Then, by Lemma 1, we know that
1Mpr Dl arme ey S 1 ipime -
This, together with the L(7/?) (R")-boundedness of j; (see Proposition 1), leads to

| My (oA o S Uo7 o)™ S 11l

and

1/ 1/
| M) oy S A )" = 1

Therefore, if we can show that, for B, = B(0, r),
][Vﬂb x)dx — 0, as r — oo, (17)

then, by Lemma 6 and Proposition 2, we have

ko (F)llae S || M* oD 0 S 1000 1

L1

which is the desired conclusion.
It remains to show that (17) holds. Notice that

Hop(f)(x) < [b)[na(f) (x) + na(bf) (x) =: i (f)(x) + u3(f) (x).

To prove (17), it suffices to show that

up(f)(x)dx =0 and u2(f)(x)dr — 0 as r — oo.
By By

In what follows, we will prove the facts above in the following two cases.

Case 1. We first consider the case of that f € L(P#)(R"), with compact support. Let
supp f C Bs := B(0,s) with s > 1, Bys := 2Bs. Then, f € LP(R") and b € Lf;’c(R”) for all
po € (1,00) since b € LI¥)(R") = L(Po¥")(R"). By the LP-boundednes of jq, it is easy to
check that 3 (f)(x)xB,, and u2(f)(x)xs,, are in L'(R"). Then,

][ my(f X)XBy (X)dx — 0, and ][ ua(f (%) xB,, (x)dx — 0 as r — oo.

Next, we show that

BN, o dx =0, and £ ()X,

)g(x)dx —0asr— oo,

B, B, 2s

Note that, for x € (st)[J and y € Bs, we have |x|/2 < |x —y| < 3|x|/2. Then, for
C
6 (BZS) 7

1/2
00 —y)| = 106 =)l
ve [ LS f(y)</|x_y| t3> s [ S iAWy S Gl o,
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and
1/2
1Q(x —y)| /°° dt
bf)(x) < idd
ua(bf)(x) < i r—T 1| W) f W)l P
1Q(x —y)|
< Z2\" JJ1
S [ S ) £y S b ey,
which yields that
2
, P x g, ][ T (5 (XIS 2y
N —(log ) ||bf||L1 (R) = 0asr— oo,
and
1 b(x) — b, |
B, yb(f)(x)X(BZS)E (x)dx 'S B, TX(BZS)B (x)d'foHLl(Rn)
|b,,|
+]iy i Xyt Ir oy =2 Fa 4 B2
For F,, we have
|bBZs|][ | |n dx||f||L1 R™) S |bBZb| (108 ) Hf||L1 R") —0asr — oo,

To estimate F;, we take ¢ € (0,1) such that1+1/9—1/p > eandletv =1/(1 —¢).
Then, for ¥ > 4s, Holder’s inequality and Lemma 3 tell us that

< bx) — b, [Pdx) ! ax)’
(f, W) = b ax) ™ ( f, (e, o)l

r 1
S (10g*)¢’(0/7)||b||g ) &m) 77w 1l ey

S eIV (logr)llbl\gw oL A

logr 1 1/p=1/q
(+1/q—1/p—e) <rn¢(0,r)> 121 21, p) ey If 12y — 0 as 7 = co.
Summing up the estimates of F; and F,, we obtain

][yh x)dx — 0 as r — oo.

This completes the proof of Case 1.
Case 2. For general f € L(P?)(R"), fix r > 0, we write f = fxp,, + X (B, For fXBy,/
using Case 1, we have

||VQ,b(fXBz,)HL(FJ,(P)(Rn) 5 ||b||[;(1,¢’)(Rn)||fXBzy||L<wp)(Rn) < HbHL(LLP)(]Rﬂ)||f||L(Pr€")(R“)'
Then,
]i s (fxe,) (xS (0,1 e (£ o ey < @OV TIBI poa o L F ) )

This, together with Lemma 5, implies that

][ Hap(f)(x)dx S ¢(0, r>1/q||b”£1¢ ) (R) HfHLpsv )(Rm) T 0asr— oo,
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which completes the proof of Theorem 1. [
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