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Abstract: In this paper, we analyze, from the numerical point of view, a swelling porous thermo-
elastic problem. The so-called second-sound effect is introduced and modeled by using the simplest
Maxwell-Cattaneo law. This problem leads to a coupled system which is written by using the
displacements of the fluid and the solid, the temperature and the heat flux. The numerical analysis of
this problem is performed applying the classical finite element method with linear elements for the
spatial approximation and the backward Euler scheme for the discretization of the time derivatives.
Then, we prove the stability of the discrete solutions and we provide an a priori error analysis. Finally,
some numerical simulations are performed to demonstrate the accuracy of the approximations, the
exponential decay of the discrete energy and the dependence on a coupling parameter.
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1. Introduction

It is well known that soil mechanics can be used to describe soil’s swelling properties
when the water quantity of the soil varies, because it could change the behavior of the
infrastructures or the environment (see, for instance, [1-3]). Moreover, it has been accepted
that the swelling of materials such as soils, drying of fibers, wood or paper are problems
involving porous theory.

This swelling process is produced by some phenomena which arise in the micro scale
such as, for instance, the effect of osmotic forces, Brownian motion, hydration forces and
electrostatics. Thus, the different layers of the material body are filled by metallic cations
which come in contact with water molecules. These solvate the ions between the layers
and they lead to the swelling of the whole structure. Due to the need to understand the
behavior of the solid matrix, produced by the movement and the resulting interaction with
the fluids, the modeling of these swelling materials was based on the mixtures theory for
porous elastic solids filled with fluid (see, for instance, [4,5]).

Here, we follow the linear theory for binary mixtures introduced by Iesan and Quin-
tanilla [6]. It was extended later by Quintanilla [7] to include, in the one-dimensional
setting, the fluid saturation. He derived it from the one written in the three-dimensional
space and proposed by Eringen [8]. From these pioneering works, the number of references
dealing with swelling porous problems is huge (see, e.g., [9-24]), where different analytical
(existence and uniqueness, energy decay) and numerical (stability or accuracy) issues
are considered.

In this paper, we continue the research started in [25], where the well-posedness and
exponential decay of a one-dimensional swelling porous thermoelastic problem was con-
sidered. The so-called second-sound effect was also included in the model. These analytical
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results were proved by using the well-known Lumer-Phillips theorem to establish the well-
posedness result of the system described in the next sections, and the multiplier method to
show that the system decays in an exponential way for any stability number or without the
assumption of similar wave propagation. Therefore, our aim will be to introduce a fully
discrete approximation of the resulting variational formulation, by using the finite element
method and the implicit Euler scheme. Then, we will prove a discrete stability property
and some a priori error estimates and, finally, we will show some numerical results.

The plan of this paper is the following. In Section 2, we present the following prob-
lem [25]: we recall an existence and uniqueness result and we derive the variational
formulation. Then, a fully discrete scheme is introduced in Section 3, by using the classical
finite element method and the implicit Euler scheme, and we provide its numerical analysis.
Finally, we show some numerical experiments in Section 4 to demonstrate the efficiency
of the approximations, the exponential decay of the discrete energy and the behavior of
the solution.

2. Thermomechanical Model

In this section, we follow the recently published paper [25] and we present the mathe-
matical model and we derive its variational formulation.

Let u and z be the displacement of the solid and the fluid, respectively, 6 the tempera-
ture and g the heat flux. Since we are working with the simplest Maxwell-Cattaneo law,
the following constitutive equation is used:

T4t + B+ 6x =0,

where T > 0 is called the relaxation time, p > 0 is a constitutive coefficient and subscripts x
and t are used to denote the usual derivatives with respect to the spatial and time variables,
respectively.

According to [25], the following system of equations must be solved in a given domain
(0,¢), £ > 0, over a finite time interval [0, T], T > 0 being the final time:

PzZtt — K1Zxx — KoUxxy = 0,

Pulitt — 03Uy — &2Zxx + Y0 = 0,
00t + gx + yuxt =0,

Tqt + ,Bq + 93{ =0

in (0,¢) x (0, T). 1)

This system of equations must be complemented with some initial and boundary
conditions. Therefore, we impose, for a.e. x € (0,(),

z(x,0) = zo(x), z¢(x,0) = yo(x), 6(x,0) = bo(x), o)
u(x,0) =up(x), wui(x,0)=0vp(x), q(x,0) =qo(x),
and, fora.e. t € (0,T),
z(0,t) = z(4,t) = u(0,t) =u(l,t) =0(0,t) =0(¢,t) = 0. (3)

We have used homogeneous Dirichlet boundary conditions in (3) for the sake of
simplicity, but it is straightforward to extend the analysis presented in the next section to
other physical situations.

In the rest of the paper, we will assume that the densities p,, > 0, p; > 0 and py > 0
are equal to 1 to simplify the writing.

In [25] the following theorem was proved.

Theorem 1. Under the following conditions on the constitutive parameters:

a1 >0, ar#0, waz> oc%, v #0, 4)
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if the initial conditions have the reqularity:
Ug, 2o € Hl(O,f), o, Yo € LZ(O,K), 90, qo € H1(0,€), (5)
then problems (1), (2) and (3) admit a unique solution with the following reqularity:

u,z € CY([0, T); HY(0,£)) N C([0, T]; L%(0,¢)),
0,9 € C([0, T}; H'(0,£)) N C'([0, T|; L*(0, £)).

Now, we will obtain the variational formulation of the above swelling porous ther-
moelastic problem with second sound. Let us denote the variational spaces H = L?(0, /),
E=H'(0,¢)and V = H}(0,¢), and let (-,-) and || - || be the classical inner product and its
corresponding norm in L?(0, £), respectively.

If we denote y = z; and v = uy, integrating by parts the constitutive system (1) and
using initial and boundary conditions (2) and (3), we obtain the following weak form of
problem (1)—(3):

Find the velocity of the fluid y : [0, T| — V, the velocity of the solid v : [0, T| — V, the
temperature 0 : [0, T] — V and the heat flux q : [0, T| — E such that y(0) = yo, v(0) = vp,
6(0) = 6y, q(0) = qo and, fora.e. t € (0,T) and for all w,r,s € V and m € E,

(ye(t), ) + a1 (22 (8), wx) + a2 (ux (t), wx) =0, 6)
(v (t), ) + s (ux(t), ) + a2 (zx(t), rx) + 7(6x(t),7) = 0, @)
(6:(t),8) + (9x(£),5) + 7(vx(t),5) =0, ®)
w(qe(8),m) + B(q(t), m) + (6x(t),m) = 0, ©)
where the displacements of the fluid and the solid are then found from
2(t) = /Oty(s)ds—i-zo, u(t) = /Otv(s) ds + 1. (10)

3. Numerical Analysis: A Priori Error Estimates

In this section, we will show a discrete stability property and we will provide an a
priori error analysis for a fully discrete approximation of the variational problem (6)—(10).

Therefore, for the spatial approximation of the problem, let us assume that the interval
[0,¢] is split into M subintervals ap = 0 < a; < ... < ap = { with the same length
h =a;;1 —a; = {/M. So, let us define the finite element spaces:

= {w'ec(o4); wl,,  €Plaam)) i=0,...,M-1}, (11)

and V" = E" NV. Here, P;([a;,a;,1]) represents the space of polynomials of degree less
than or equal to one for each subinterval [a;, a;,1]; that is, the finite element spaces E" and
V" are made by continuous and piecewise linear functions. Moreover, let us construct the
discrete initial conditions zg, ylg, ug, vo, Gh and q in the following form:

Zt = Plzy, yh="Plyo, ul=Phuy, =P, (12)
0 = Pibo, 5= P40,
where the operators PJ' and P} represent the respective finite element interpolation ones
over V" and E" [26].

Secondly, to discretize the first-order time derivatives, we use a uniform partition of
the time interval [0, T|, denoted by 0 =ty < t; < ... < ty = T, with astep sizek = T/N
and nodes t, = nkforn =0,1,..., N. Moreover, as a usual notation, let w, = w(t,) for a
continuous function w and, given a sequence {w, }L\’:O, we denote by dw, = (w, —wy,_1)/k
its divided differences.
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By using the well-known implicit Euler scheme for the discretization of the time deriva-
tives, we obtain the following fully discrete scheme which approximates problems (6)—(10).

Find the discrete velocity of the fluid y"™ = {yhk}N C V", the discrete velocity of the
solid v = {oMKYN . C V!, the discrete tempemture ok = {th} o C Vh and the discrete
heat flux "% = {q k}N o C E" such that 3/0 =y, obk = of, opk = 0}, gk = g and, for all
wh, ", sh e VI and m’l’1 cE'andn=1,...,N,

Oy, ") + a1 ((2)F) e, wh) + aa (U2, wh) =0, (13)
(50’”‘ )+ as (), ) + a2 (202, 72) + 7 (0)5)2,7") = 0, (14)
(G0, sM) + ((g1%)x, ") + 1 ((¥lF)x,s") = 0, (15)
(S, m") + Bgit, m") + ((01F)x, m") =0, (16)

where the discrete displacements of the fluid and solid, z/¥ and u/*, respectively, are
obtained as follows:

n n
2k = ka}“k—!—zg, ultk — ka;Zk—l-ug. (17)
j=1 j=1

Taking into account assumptions (4) and applying the Lax Milgram lemma, we can
immediately show that problem (13)—(17) has a unique discrete solution.

Now, we will numerically analyze the above discrete problem. First, we will show a
discrete stability property that we state as follows.

Lemma 1. Under the assumptions of Theorem 1, the solution to discrete problem (13)—(17) satisfies
the following discrete stability property:

i I1 + 215 + Non 1> + 15 + 16511 + lanll* < C,

where || - ||y denotes the usual norm in 'V, and C > 0 represents a positive constant which does not
depend on parameters h and k.

Proof. First, taking w" = y/¥ is (13) we find that
(@Y v + a1 (25, (i) + a2 () x, (v )x) = 0,
and taking into account that

(G ) 2 S LR = IR,
o ((21)e, (W)x) = SE{ IR 2 = R ) 2+ D 2HE = 22 P,

it follows that
[44
A R 2—;{|| (el = Gl + 11 & = 21 )2
+0¢2(( n)x/(yn X) <0

Proceeding analogously we obtain the estimates for the discrete velocity of the solid:

thZ

o 1112+ 22 {121 = 11 )P + 1ol — )2

2k{””
oz ((ZF)x, (01F) ) + (01, o) < 0.

Now, we deal with the discrete temperature. Taking s" = 6}/ in (15) we have

(665, 8) + (47, 1) + 1 ((0}) 1, 1) = 0,
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and keeping in mind that

(001, 015) = {11012 — lork, 12}

»"_‘

we obtain

o {012 — 10412} + (a9, 045) + (21,019 <0

Finally, taking m" = ¢/'¥ in (16) we find that
T(6q55, a0) + Blan', 4n) + (632, 45) =0,
and so, by using the estimates:
1
(01, a1y = {112 = Iah 12|
we have
o LI = a2} + (6 ) < Il 2
Combining all the previous estimates and using the expressions:
(652, 1) = = (@)%, 85), Y (1), 05) = =7 (@, (B1):0)
leads to
k||2

125+

I - [CAR N ER[EAE AN
< >< >>
S {2 = G )12+ e = )22

—k{nannz g 112} < Cllgi|

e LR — e
et (), (i > ) +

}{nvhkv
+o{ 612 ||9 1||2

—~

N »“’—‘
—

2

W—/H,—l

Now, we observe that

a2 (1), (1)0) + a2 (), (1)) = Z2{ (0il), (Z)x) = (1), (2151 ))
ATV C hhzﬁh»)},
oy || (20 — 2% )12 4 s |l — ) |2 2 (), (26— 21K 1)) >0,

where we have used conditions (4). Multiplying the previous estimates by parameter k,
after summation up to n we find that

Iyl + s (2 hk)hlllz + IIhY;(Z"II2 + a3 ] (e 12 + 11635117 + [l
20 ((#7°)x, (2°) )
= Ckz 17112+ C (B + 112812 + 0B 12 + 1o 2 + 116G 12 + gt 12)-
j=1

Keeping in mind that, thanks again to conditions (4),

|| (25)x 1% + asl| ()12 + 202 ( (), (23 ) 2c(||(z’;’<)x||2+\|(u’,;’<)x|\2),

using a Gronwall’s inequality in a discrete way (see [27]) it follows the desired stability. [

In the remainder of this section, a main a priori error estimates result will be provided.
So, we will start obtaining error estimates for the velocity of the fluid. After the subtraction
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of variational Equation (6) at time t = ¢,, for a given function w = w", and Equation (13)
we get

(y(ta) — Sy, ") + a1 (20 — 20 )2, W) + a2 (4 — uf )y, wh) =0 V' € V.
Thus, it follows that, for all w" € V",

(Ve (tn) — Sy, yn — )+vc1((zn n)x (Yn — ¥iF)x)

+0¢2((un _” ) s (Yn — i ) )
= (ye(tn) — Sy I —wh)+ (2 ~ 20) 2, (yn — w)y)
‘H"Z((“n_” ) (]/n ) )-

Using the estimates

1
Oy = 09y =) = S { Iy = V12 = g — w150 2],
14
a1 ((zn — ZZ )x, (62 — ‘Szﬁk)x) = 211{{”(211 - Zﬁk)tz — [[(zn—1 — Zn 1) ||2

+lzn — 28 — (201 = 2 )12},
then it leads to the following estimation for the velocity of the fluid, for all w" € V",
1
et e [ o S R [C A N e [CHPE N &
1z = 21 = (2 = 2l + a2 (1t — ), (v = 1))

< C(Hym = yull® + lzew — zull%y + llyn — W I3 + llyn — v

Hl (zn = 221+ 11— )l + By — Sy ym — wh)) (18)
Proceeding analogously, we obtain the estimates for the velocity of the solid, for all
e Vh,
1 3
o lon = 12 = llowoy = o g2} + 52 { 1m0 2 = 101 — )2

1t = 1 = (g — )]
+a2((zn = 21 ), (0 — 03 )x) + (61 — 01 ), 00 — V1)
< C(va = 80u||? + uttn = Sun [ + low = 7113 + 11 (e — 10 ]1?
+llon — z7Zk||2 +11(zn — Zilzk)x”z + (|6 — Gﬁle + (Oun — 5”Zk/ Un — Vh))/ (19)
where we have used the equality ((6, — 0/%)y, v, — ") = — (8, — 0K, (v, — 7),).
Third, we will find the error estimates for the temperature. Thus, subtracting vari-

ational Equation (8) for time f = t, and a function s = s" € V" and discrete variational
Equation (15) we have

(6n = 001%,8") + ((9n — 41)2,8") + 7 (00 — V}F)x,8") = 0,
Therefore, we find, for all s" € V",

(Ot _59hk On Ohk) + ((qn — g )x,9 _ehk) +7((vn _U )x,9 _Qhk)
= (91‘71 5911 ,ansh)%»(( )Xrenfsh)%”)’(( ﬁk) /O 7sh)'
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Keeping in mind that
www%%e%>ﬁwwwwtwl—em}
'Y((vn - vh )x/ On — th) 7'7(vn - n ’ (971 - Gﬁk)x)/
((Un_v )x,G _Sh) —(vn — oy ,(Gn—sh)x),
((qn — % )x/e - Sh) = —(qn — qﬁ"/ (8n — Sh)X)/
we obtain the following estimates, for all sh e vh,
1
o160 = 5112 = 1851 — 615412} + (90 — 1), 6 — 01F)
—y(vn — vﬁk, (6n — Qﬁk)X)
< C(||9tn — 66,||* + 165 — "3 + 116 — 61[|* + [|on — 0}i¥||?
llgn — GiF[12 + (86 — 3615, 6, = 5)). 20)

Finally, we obtain the error estimates for the heat flux. After subtraction of Equation (9),
for a given time t = t, and a function m = m" € E", and discrete Equation (16) we obtain

T(qtn — 5(1’2", m") + Ban — qﬁk, m") + (0 — 01%), m") = 0,

and so we find that, for all m" € E",

T(qen — (5‘771 sqn — ) “‘ﬁ( dn ’7n qn — ‘7 )"' ((6n — GZ")x,qn —qZ")
= 1(qtm — ‘5% 7qn — ) B(qn % 7qn — mh) + ((8n — sz)mqn - mh)'

Taking into account that

1
(090 = 01 q = a1) = 5 {lan — 12 = lgn-1 — 1412},

((6n — gﬁk)xﬂin - q’ék) = —(0n — GZk, (qn — ‘Jﬁk)X)/
((6n — sz)x/ n — mh) — (0 — sz, (qn — mh)X)/

it follows that, for all m" € E",
1
s lan = a2 = llgn-1 = a5 12} = (00— 015, (0w — a)2)
< C(l1gtn — 6qull? + ln — m" [ + llgn — g1 12 + 116 — 63|
+(09 = g, 40 — m")). (21)

Combining estimates (18)—(21) we obtain, for all wh v s e VI and m" € E!,

Rl i L7 o | [CHE O N L [CHIE LN
(20— 2 = (zam1 = 2K )l
g (g — ulF) 2, (024 — 621%) ) + aa((zn — 2%, (buy — Su),)
e llom — o2~ onot — o4 1P} 4 22 L — ]2

1ot 1 = 1 )2l ot = 2 = (at g — 1)) )2
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100 — 612 — 10,1 — 05412} + 52 {lln — 4412 — s — 725411
scme—qu+wm—&ﬂw+wW—wW%+mM—ﬂw2

| (i — ul) |2 + + (0yn — I/n yYn — W) + ([0t — 00 |* + ||utn — Sutn |
Hlon — 15 + llon — OB (12 + (160 — O4F||% + (S — Sul¥, 0, — 1)
H|0en — 36,4 )1* + 1165 — S" |13 + l|gn — Gi¥11* + (86, — 867, 6, — s)

o= e+ 1 — 8012+ 1 — 1"+ (B — 57, g — ") ).
Observing that

oz ((un — ”Zk)xr (0zn — &hk)x) + a2 ((zn — Zﬁk)x/ (6up — 5”hk)x)
= Z2{ (= 1), (2 = 28)) = (e =108 1), (201 = 200 )5)
(= Gtica =) (o0 =2 (=) )}
w|[(zn — 2 = (21— 28 )|l + | (s — ) = (w1 —un ))xl?
+205 ((u — ultk — (unfl —u® ), (Zn - zhk (zn—1— 2% 1))x) >0,

thanks to conditions (4), after the multiplication of the previous estimates by time dis-
cretization parameter k and the summation up to n, we have

lyn — Y112 + |z — 2812 + l[om — 0312 + sl (e — 1)1
+118n = 812 + g0 — g 11? + 202 ((un — 1), (20 — 23)x)

n
< Ck Y (llysi — oyl + llzgs — oz,11% + llyj — w1} + ly; — v} |12
j=1

1oty — )12+ (By; = Sy, v — wf) + lloyy — 8oy |2 + sy — ou
oy = A% + lfoy — o2+ 116; — 6|12 + (Ju; — oul*, 0 — )
16— 00;11> + 116, — st 1T + llg; — q/*|I* + (36; — 661, 6; — s7)

+ i — oq;l12 + lla; — mlI3 + (60, — 61%, g5 — ml) + |z — 2*)l?)
+C(Ilyo — v4IIP + Il(z0 — 212 + l[oo — o112 + | (0 — )]
+I160 — 65112 + 190 — 117

Using again conditions (4) we have

oy || (zn — ZZk>X|‘2 + a3 | (un — uZ")xHZ + 200 ((n — qu)x, (zn — Zﬁk)x)
> C(I1(zn = 29l + Il (u = f):]12),

and, taking into account the following estimates,
n
kY (8y; — 6y y; — wl) = (yn — Y yn — wh) + (6 — yo, y1 — @)
j=1
n—1 h
+ Y (W — vy — ! = (i — wlig)),
j=1

with similar results for the remaining numerical errors v, — v/, 6,, — 6% and g, — "%, it

leads to the conclusion that the following main a priori error estimates result.
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Theorem 2. Let the assumptions (4) still hold. If we denote by (y,v,0,q) the solution to problem
(6)~(10) and by {y}k, vk, olk, qﬁk N o the solutzon to problem (13)~(17), therefore it follows the a
priori estimates of the numerzcal errors for all {w ] 07 {r ] or {sh}N o C VPand {mh}N o C E,

max {llyn =y 1zn = 22l 4 lfon — 2 1P + [ (= )]
hk hk
1165 — 03512 + 19 — 1117}

N
< Ck Y- (Ilyeg = 8yjl12 + 124 = oz,11% + llyy — !} + lfows — 0511 + gy — o}
j=1

h h h
oy = rf I + 1164 — 861 + 116 — s 1% + llqs; — oa,1 + lla; — m|13)
+C max {1y — wh[2+ l[on =731 + 100 = sH2 + llgu — mil |
+CN21[|| Wl = (i1 — Wl )2+ [0y =t = (241 = Pl
2 yi—w;i =i j+1 i j+1 i
=

116 =t = (B — St + llg; = i = (g0 — )P
+C(Ilyo — V4II? + 11z — ) + l[oo — o2 + | (0 — uf)x 1
+160 — 05117 + llao — 4117,
where the positive constant C is independent of the discretization parameters h and k.

From the previous estimates, we could obtain the linear convergence of the approxi-
mations if the solution to the continuous problem has enough additional regularity. For
instance, if we assume that

z,u € H3(0,T;Y) N CY([0, T]; H?(0,¢)) N H?(0, T; V),
,q € H(0,T; V)N C([0, T]; H>(0,£)) N H>(0, T;Y),

then the approximations converge linearly, i.e., we find that there exists C > 0, which does
not depend on & and k, such that

max {Ilyn = Yl 4 llzn = 2l + llow — Ol 4 llun — Ly

0<n
18— 8+ e — g1} < Cln ).

4. Numerical Results

In what follows, we will present the numerical algorithm which has been implemented
in MATLAB for the solution to problem (13)-(17), and we will show some numerical
examples to demonstrate the efficiency of the fully discrete approximations and the behavior
of the discrete energy and solution.

We note that, given the solution uZ’i 17 vZ’i 17 zZ’i 17 yﬁli 17 Bhk “,and q *, attime t,_q, the
new variables y¥, v/, 9% and ¢!'F are obtained by solving the discrete linear system, for all
wh, v, s" € V" and m" € E",

(yn /wh>+‘x kz((yn )X/ ) Pz(yn 1w h) ‘Xlk(( Zy— 1) wh>
%) (( ), w )

ou (0}, w )+IX kz(( e wh) = pu(0pSy, ") — ask((uy ), wh)

—azk(( ) k) — ((th) w'),

po (8" ") + ((41)x, ") = po (635, ") — (( )
T, w") + Br(B, ") + ((67)x, w") = (qn s

L),

)-
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This numerical scheme was implemented by using MATLAB. Regarding the CPU
time, it is worth noting that a usual run (h = k = 0.001) took 2.18 s.

4.1. Numerical Convergence in a Problem with an Exact Solution

In a first example, our aim is to show the accuracy and efficiency of the proposed fully
discrete example. Therefore, we will solve the problem:

),
x(0,T),

P2zt — Q1Zxx — OpUxx = F; in (0,£) x (0, T
Pulitt — 03Uxy — K2Zyy + Y0 = F in (0/ )
pebt + gx + Yy = F3 in (0,£) x (0, T),
Tq+Bg+0c=F in (0,0)x (0,T),
z(x,0) = zo(x), z(x,0) =yp(x), 6(x,0) =6y(x) forae. xe€(0,¢),
u(x,0) =up(x), ui(x,0)=0vp(x), ¢(x,0) =gqo(x) forae. xe€(0,¢),
z(0,t) = z(¢,t) = u(O t) = (E,t) =0(0,t) =60((,t) =0 forae. te(0,T),

with the following data:

T:l/ £:1/ pZ:1/ Pu:5/ al:4/ 0‘2:1/ IX3:3/
y=1 pp=7 T1=05 p=4

In the previous system of equations, the supply terms F;, i = 1,2, 3,4, are given by the
following expressions, for all (x,t) € (0,1) x (0,1),

= e (24 42)x(x — 1) — 10),

= e’ (52 +42)x(x — 1) +2x — 9),

— o (14tx(x — 1) + (2x — 1) (2t + 1)),
= e’ ((t+4)x(x—1) +2x —1).

Obviously, the analysis presented in the previous section can be extended to this
slightly modified problem without difficulty.
If we use the following initial conditions, for all x € (0,1),

up(x) = zo(x) = 6o (x) = go(x) = x(x =1),  wo(x) = yo(x) =0,

considering homogeneous Dirichlet boundary conditions for all the variables, the exact
solution to the above problem can be easily obtained and it has the form, for (x,t) €
[0,1] x [0,1]:

u(x, t) =z(x,t) = 0(x,t) = q(x,t) = etzx(x —1).

Hence, the approximated numerical errors given by

max {l[ow = 23+ lun =0 v+ lyn =95+ lzn =2y

116 — 83 + llgn — 4111}

are shown in Table 1 for some values of the spatial and time discretization parameters.
Moreover, we also plot in Figure 1 this error depending on the given parameter 1 + k. As it
can be seen, the numerical convergence of the approximations is clearly concluded, and the
linear convergence, proved in the previous section for a certain regularity of the continuous
solution, is achieved.
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Table 1. Example 1: numerical errors for some values of & and k.

hlk— 0.01 0.005 0.002 0.001 0.0005 0.0002 0.0001
1/28 1.358170 1.358029 1.358880 1.359455 1.359885 1.360240 1.360385
1/24 0.706274 0.702784 0.701989 0.702097 0.702394 0.702808 0.703040
1/25 0.367338 0.358107 0.355322 0.354928 0.354879 0.354958 0.355038
1/2¢ 0.200097 0.185225 0.179347 0.178370 0.178115 0.178052 0.178060
1/27 0.119477 0.100566 0.091755 0.089831 0.089275 0.089112 0.089091
1/28 0.082600 0.059873 0.048773 0.045952 0.044941 0.044601 0.044551
1/2° 0.067673 0.041316 0.027972 0.024416 0.022994 0.022399 0.022294
1/219  0.062607 0.033819 0.018282 0.013994 0.012215 0.011385 0.011199
1/2  0.061113 0.031276 0.014183 0.009142 0.006999 0.005956 0.005693
1/2'2 0.060690 0.030527 0.012711 0.007091 0.004571 0.003312 0.002978

=}
o
T

Numerical error
g
(=2}
T

o
~
T

0.2F

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
h+k

Figure 1. Example 1: asymptotic constant error.

Now, we suppose that the supply terms vanish and we consider as final time the value
T = 10. We also employ the data:

£:1/ Pzzlr Pu:5r DL1:4, 062:1, 0(3:3, ’Y:l/
op=7, T=05 p=4

and the following initial conditions, for all x € (0,1),
up(x) = vg(x) = 0p(x) =qo(x) =0, zo(x) =yo(x) =x(x—1).

If we take the parameters i = k = 0.001 and we use the following definition for the
discrete energy:

E(t) = pzllyi|1? + pullont[|* + a1 [l (25)+ 11 + s | () 1> + po | 65512
+Tlgi 2 + 22 () 2, (21)1),

in Figure 2 we plot its evolution in both natural and semi-log scales. We can clearly conclude
that the discrete energy tends to zero and that an exponential energy decay is achieved.
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Energy functional
0.7 T CIAL -

Energy functional

0.6 1
051!
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t t

300

Figure 2. Example 1: evolution of the discrete energy along time in both natural and semi-log scales.

4.2. Dependence of the Solution on the Coupling Parameter v

In this last example, we will investigate the dependence on the coupling parameter <y
for the solution to the thermomechanical problem (1)—(3).

Again, we suppose that the supply terms vanish and we employ the data:

T:]-/ Ezll Pz:L Pu:5/ 0(1:4, “2:1/ “3:3/
pp =200, T =100, B = 40.

If we consider the initial conditions given by
up(x) = vo(x) = zo(x) = yo(x) = 6p(x) = qo(x) =x(x—1) Vxe (0,1),

using the values i = 0.01 and k = 0.0001 the solution to discrete problem (13)—(17) is
plotted in Figures 3 and 4 for some values of parameter . From these pictures, we can
conclude that this parameter has no influence in the displacement of the fluid and the heat
flux, and that the differences are very small for the temperature and the velocity of the fluid
Figure 5. However, there is an important difference in the displacement and velocity of the
solid. It seems that a time delay is generated depending on the value of .

06
B 4 =0.001
= v=1
L _——C y=2
05 y — \\\ 2
yd
// \\ \
04F / W\
11/, \
= = / /
S X 03t / \
B >° / ,// \\
Y/ Al
0.2 4 \
' y 4 \
/ \
// \
ot \
/ \
/ \
/ \
001 T o S
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

X

Figure 3. Example 2: displacement and velocity of the elastic solid for different values of parameter .
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Figure 5. Example 2: temperature and heat flux for different values of parameter 7.

5. Conclusions

In this work, we have analyzed, from the numerical point of view, a one-dimensional
problem involving swelling materials with the so-called second sound effect.

First, we derived the variational form of the linear system studied in [25] after inte-
gration by parts, and we introduced a fully discrete approximation by using the classical
finite element method with linear elements and the backward Euler scheme. We proved
the discrete stability of the resulting approximations and we showed an a priori error
analysis. After the implementation of the algorithm in MATLAB, we performed some
numerical simulations. In the first example, we demonstrated the linear convergence of
the approximations and, from the curve of the discrete energy, we showed the theoretical
exponential energy decay. Then, in the final example, we considered the dependence on
the coupling parameter between the displacements and the temperature.
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