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Abstract: Higher-order dynamic mode decomposition (HODMD) has proved to be an efficient tool
for the analysis and prediction of complex dynamical systems described by data-driven models.
In the present paper, we propose a realization of HODMD that is based on the low-rank tensor
decomposition of potentially high-dimensional datasets. It is used to compute the HODMD modes
and eigenvalues to effectively reduce the computational complexity of the problem. The proposed
extension also provides a more efficient realization of the ordinary dynamic mode decomposition
with the use of the tensor-train decomposition. The high efficiency of the tensor-train-based HODMD
(TT-HODMD) is illustrated by a few examples, including forecasting the load of a power system,
which provides comparisons between TT-HODMD and HODMD with respect to the computing time
and accuracy. The developed algorithm can be effectively used for the prediction of high-dimensional
dynamical systems.

Keywords: higher-order dynamic mode decomposition; tensor-train decomposition; dynamic systems;
data-driven model; power systems
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1. Introduction

Dynamical systems appear in many applications in physics. The description of a
complex dynamical system can be unfeasible because the physical model is too complicated.
In this way, data-driven models based on the dynamic mode decomposition (DMD) [1] can
be effectively used. Such models are entirely based on measured data (snapshots) obtained
over time. With the use of DMD, key dynamic modes can be identified that drastically
reduce the computational complexity of the problem and lead to a reduced-order model.

Higher-order dynamic mode decomposition (HODMD), which was first introduced
by Le Clainche and Vega [2], is an extension of the dynamic mode decomposition. HODMD
extends the application of the standard DMD to the data with the spatial complexity less
than the spectral complexity. This occurs when the spatial dimension is less than the
number of dynamical modes, for example, in the Lorenz system [3]. The efficiency of
HODMD has been confirmed numerous times in the literature for different applications
such as the study of flow dynamics from numerical and experimental data [4-7], filtering
experimental noise from a limited number of snapshots [8,9] and prediction of load for
power systems [10].

However, it is problematic to use HODMD for high-dimensional systems because of
the curse of dimensionality when the computational complexity growths exponentially
with the increase of dimension. As a result, only quite a limited amount of data can be
analyzed. Some tensor formats have been proposed to mitigate this problem such as the
canonical tensor format, the Tucker format, or the tensor-train format (TT-format). While
the canonical format is structurally the simplest, it is well known that it is numerically
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unstable, as the approximation with a fixed canonical rank in the Frobenius norm can be
ill-posed [11]. At the same time, computing the canonical rank is an NP-hard problem
(non-deterministic polynomial-time problem) [12]. Furthermore, despite the Tucker format
being numerically stable, it suffers from the so-called curse of dimensionality, as the size of
the core tensor grows exponentially with the increase of the number of dimensions [13]. To
overcome this problem, the tensor-train decomposition (TTD) [12] can be used. TTD can
be interpreted as a multi-dimensional generalization of the singular value decomposition
(SVD). As a result, TTD incorporates the advantages from both the canonical formats and
Tucker formats and can be efficiently applied to high-dimensional problems. A tensor-train-
based DMD has recently been proposed in [14] where it is demonstrated that the realization
of DMD in the TT-format significantly increases the efficiency of the entire algorithm.

The main objective of this paper is to make the use of HODMD more efficient and
feasible for high-dimensional dynamical systems. For this purpose, we realize HODMD in
TT-format for the first time. The proposed algorithm can be applied, in particular, to DMD
that leads to a modified TT-DMD algorithm.

This paper is organized as follows. Section 2 briefly describes the standard HODMD.
Then, Section 2.2 introduces the TT-format first. Then, it is extended to HODMD with
the TT-HODMD algorithm. Effectively, the proposed algorithm can be applied to DMD,
which leads to an alternative realization of TT-DMD. In Section 3, numerical results for
comparison between TT-HODMD and HODMD are presented. They are first applied to an
analytical example for validation purposes. Then, a practical application is considered. In
this example, HODMD is used for a long-term prediction of the electrical power load in a
power grid. It is demonstrated that the developed technique is capable of tremendously
reducing the computing time that makes the algorithm potentially valuable for a real-time
control. Finally, the proposed realization of TT-DMD is compared against the algorithm
presented in [14] with respect to the computing time. Finally, the conclusion is provided in
Section 4.

2. Methods

In this section, we first introduce HODMD. Then, we use SVD to reduce data and
effectively calculate HODMD modes and eigenvalues. Finally, we rewrite the algorithm
with the use of the low-rank decomposition of potentially high-dimensional data.

The algorithm of HODMD presented in this section is explained in more detail in [2].
In contrast to [2], we introduce it as a temporary convolution.

2.1. High-Order Dynamic Mode Decomposition

Consider a dataset of K equispaced snapshots v, € R/ collected at time instant #;
(k =1,...,K). For further consideration, we suppose that in the general case, snapshots
v represent tensors of dimension m: Ty € Rk =1,.. K, ] =n1 X ... X ny. As
such, vector vy is obtained via unfolding tensor Ty.

The key DMD assumption is that there is a linear operator which allows us to pre-
dict each snapshot from the previous one. As noted by Mezi¢ [15], this operator can be
interpreted as a finite-dimensional approximation of the Koopman operator. As a rule, the
DMD assumption is only valid to some extend, and to approximate the DMD operator, a
large set of data is needed.

In contrast to DMD, HODMD is based on more series of snapshots in such a way that
each snapshot is supposed to be related with d previous consequent snapshots via some
linear operators:

d

d
o2 Y Rivg; =Rivg_1 + Y Ropy, 1)
=1 [=2

wherel <d <K-1,k=d+1,...,K. Itis worth noting that such an extension is especially
important when the temporal complexity exceeds the spatial complexity.
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It is clear that in case d = 1, we obtain the standard DMD approach. It is interesting to
note that Equation (1) represents a discrete convolution over time. It provides a relationship
between the HODMD and Mori-Zwanzig formalism [16]. Thus, the first term represents
the Markovian term and approximates the Koopman operator. At the same time, the sum
in Equation (1) can be interpreted as the memory term with a kernel having a bounded
support. The bounded support is justified since, as noted in [16], the kernel vanishes for
large enough times. In the framework of the Koopman analysis, the kernel contains the
contribution of unresolved observables over time. The omitted noise term on the right-hand
side represents the contribution of unresolved dynamics. The Koopman operator is adjoint
to the Perron—Frobenius operator [17] used for the analysis of dynamical systems. Thus,
approximation (1) of the Koopman operator can be considered as an alternative approach
to the approximation of the Perron-Frobenius operator [18].

Next, we split all snapshots onto d + 1 overlapping matrices with K — d elements each:

Vfil = [vd+1—l/ s /UK—I}/ )

where ! =0, ...,d. Then, we can rewrite Equation (1) as follows:

d
Vi =Y RivET ©)
1=1

To reduce the dimension of the data considered, we apply the singular value decom-
position (SVD) to the snapshot matrix VK, written in the SVD format as

vl > us, ] = u, i, (4)
where
VK = 2,17 (= ufvE ).

The diagonal of matrix ¥; contains the singular values oy, 0y,..., oy, Uy € RIXN,
Here, we presume that matrices U; and Tj; are unitary and all singular values are nu-
merated according to their diminishing: ¢; > ;11 (i =1,2,...,K—d —1). In addition,
suppose that starting from some element ry < N, the singular values can be truncated:

Ufk gt Urzk ot Tt 012\, < g, where g9 > 0 is small enough. Thus, we introduce the
threshold parameter gy to determine the error of approximation in the Frobenius norm in
the case of truncation.

The orthonormal columns of | x N unitary matrix Uy and K x N unitary matrix Tj
are the spatial and temporal SVD-modes, respectively. The rows of the N x (K — d) matrix
VK are proportional to the SVD temporal modes and can be seen as rescaled temporal
modes. Equation (3) implies that the snapshots Vf can be projected onto the subspace
of SVD spatial modes which can have a much lower dimension depending on N. In that
space, we then consider snapshots VX from RN~ (K=d),

Now, we can formulate the DMD-d algorithm for the reduced snapshot matrices

as follows:

d
LY RV %)
I=1
where Vf*l € RNx(K-d) Rk ¢ RNxN Vf*l = LIdTVf*l and Ry = l,IdTRkUd for

k=1+d,...,K.
Recurrently, from Equation (5), we obtain the following relationship

VK >~ RyK-1 (6)
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between VK and VK’l, where the reduced modified snapshot matrix VK is given by

o K—d+1
Vd +
Vf‘d“
vK = . c RIN-d)x(K=d) @)
K2
V‘iK
\%
In turn
0 1 0 0 0
N 0 0 1 - 0 0
R=1|... ... ceeeie eee oo | e RNAxNd (8)
0 0 0 O | 0
Ri Ri1 Rio -+ R Ry

Here, matrices VK and VK~ are supposed to be known from measurements.
It is well known that the solution to the overdetermined system (6) in the Frobenius
norm is obtained via the pseudo-inverse matrix of VK~1:
~ =K _ ,=K-1
R=V x (V' )T, 9
where
(VK_1)+ — Vz—l UT

Then, its eigenvectors, called HODMD modes g, and eigenvalues ,;, can be immedi-
ately calculated. These eigenvalues coincide with the eigenvalues of the transition operator
for the original snapshots:

K—d
Vd +1
Vf*d‘l’l
vK = e RUA>(K=d), (10)
K-2
Vi .
Vd
Indeed, then
VK = RyK-1 (11)
and
VK = (Id Qul ) vk (12)

where R € RI'¥T4 1, € R¥*4 is a unit matrix. Hence

R= (Id®LIdT)R(Id®Ud>. (13)

Thus, if A and g are the eigenvalue and eigenvector of matrix R, respectively, then A is
an eigenvalue of matrix R and the appropriate eigenvector is given by

g= (LQW)z (14)
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More precisely, this is a DMD mode projected onto the space of snapshots by the
previous time step while the exact mode can be calculated as [19]

g= %VKVZ*1 g (15)

Then, the snapshots can be expanded via DMD modes:

M .
v = Z amgme(‘s'”“‘*"”)(k‘l)‘“, k=12,...,K (16)

m=1

where A, = eOntiwm)At 5. isa growth mode, wy, is a frequency, and M is the number of
retained DMD modes that represents the spectral complexity.

The amplitudes a,, (m = 1,..., M) can be determined from fitting the snapshots
vr (k=1,...,K) in the Frobenius norm. In this way, it is more efficient to consider the
reduced snapshots 3y = U] v* (k=1,...,K) [2].

Then, we arrive at equation

La =, (17)
where
Q 1 b,
L= oM La=| " |, b= b
QMK-1 ap bum

Equation (17) can be immediately solved via the pseudo-inverse matrix to L calculated
via SVD.

2.2. Proposed Algorithm

In this subsection, we first describe the tensor-train format (TT-format) and then show
how HODMD can be realized with TTD. The aim is to make the application of HODMD
more efficient to analyze dynamical systems of high dimension.

2.2.1. TT-Format

Over the last years, different tensor formats such as the canonical format, the Tucker
format, and the TT-format have been developed, see e.g., [20-24]. The TT-format is not
affected by the curse of dimensionality; in addition, it provides a very efficient way to use
basic linear algebra and rounding operations when the data are formatted [12].

The TTD is introduced in detail in [12]. Here, we repeat the main algorithm. Consider
a data array presented as tensor X € R™*->*"m+1_ First, we can split the dimension
1y X ... X Ny into two parts: x; = ny and x; = 1y X ... X ny41. Then, we are able to
reshape X into a matrix based on x; and x,, which is marked as B = X |§f This process
is called the matricization. After the matricization, it is possible to compute SVD for this
reshaped matrix as follows:

My = X[t = Uz VY, (18)
where U € RU0XM)*"1 and 3, Vie R~ (n2- 1) 'y = 1. Here, 1 is formally introduced
to retain a uniform approach.

In the second approximate equality, we presume that all singular values exceed some
threshold €; and their number is equal to . Thus, €1 determines the tensor rank. Next,
matrix 4 VlT is reshaped into matrix

My = S VI3t 2 L3, V), (19)

r1,M2
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for which threshold ¢; is introduced that determines rank r, of the SVD decomposition
for My. Thus, Uye R1%m2)%72 anq LVie R/2% (13 Mmi1) | This procedure is repeated until
the final index 1, 1.

In this way, the first TT-core G(!) is obtained by reshaping matrix Uj into a tensor with
dimension rg x 117 X r1. In turn, the second TT-core G(?) is determined by reshaping matrix
U, into a tensor with dimension 71 x 11y X ;. Finally, the TT-decomposition of X can be
presented in the following form

X(i1,i2, - yims1) = GV (i1)GP (1) ... GV (1,14). (20)

Thus, the original tensor can be approximated and reconstructed via a series of multi-
linear products between the cores. Formally, each core represents a tensor with the order of
three. At the same time, the order of the first and last cores is actually reduced to two.

Figure 1 depicts the TT-decomposition of a 4-dimensional tensor (inspired by [25]).
A tensor X of size i] X i X i3 X ig can be decomposed into four parts. Four rows in the
figure represent four types of expressions: (from top to bottom) regular, kernel-linked,
fibres, and slices. All four types of expressions represent a schematic description of the
TT-decomposition. It looks like a train with carriages and links between them, and that
justifies the name of the algorithm [12].

X(iyizizis) 6D [ 6D 690

TTD
b =)
TTD @
)
L
TTD
>
1
L
(Axlxr) (X1l xry) (X I3 X 13) (r3x 1y x 1)
61 T3
=) "
1 1 7 3 1
L L, Iy L
(Axlyxr) (X1l X1ry) (X I3 X13) (r3X 1y X 1)

Figure 1. TT-decomposition of 4-dimensional tensor X.

2.2.2. Tensor-Train-Based HODMD

In this section, we introduce the TT-based HODMD algorithm. It is novel not only in
application to HODMD but also if applied to DMD when d = 1.

Next, we fold vectors v (k =1,...,K) as tensors T € R *72X X1 xK,

Then, we decompose each tensor with TT-SVD:

T(,...,; k)= (21)
- (1) ) (m) (m+1)
Yo X Xy X, @ @x L xp T (k)
lo=1  Iy=1
-xnmxlm:

We presume tensor T € R™M*72x

T=xVeg.. oxm (22)
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is left-orthonormal: TTT = I. Any tensor train can be orthogonalized [12]. Therefore, our
assumption does not violate the generality.

Thus,
I'm I'm
e =Y B, Lu)R(Im, k) = Y B(, L)t (L), (23)
lm:1 lm:1
where
B = I|lm

nyny..ny=J

is a unitary matrix: BB = I.
Multiplying Equation (1) by BT, we arrive at equation:

ty ﬁltkflr k=d+1,...,K, (24)

1%
M=

=1

where IAQI = BTR;B.

Thus, we effectively reduce the analysis to the evolution of the temporary modes
t, € R'. As soon as the temporary modes are obtained, the full vectors of snapshots vy
can be immediately restored via Equation (23):

I'm

U = Z B(Z,lm)tk(lm).

In=1
Next, we can apply the HODMD analysis described in Section 2 immediately.

3. Results and Discussion

Accurate power load forecasting has important practical value and significance for
ensuring the economic and safe operation of the power service sector [26]. In the en-
ergy interconnection system, with the development of communication technology and the
application of measurement equipment, relevant departments obtain large amounts of
information data, which can be exploited for improving the performance of load forecast-
ing models.

For the power sector, to better formulate grid dispatch plans and optimize the daily
power generation plan of conventional power sources, short-term load forecasting (STLF)
is often used to obtain electrical loads for 1 to 3 days (1 to 72 h). According to the technical
characteristics of STLE, it can be roughly divided into statistical models, neural network
models and combined forecasting models. The forecasting model should be reasonably
selected according to the specific forecasting environment and the characteristics of the
input data [27,28]. Among them, HODMD-based STLF techniques have gradually attracted
attention due to their good properties, which do not depend on any given dynamic system
expression [10]. At the same time, the data obtained in the power system have obvious big
data “4V” characteristics [29] (i.e., high Veracity, high Variety, high Velocity and high Value),
and it is attractive to use TT-HODMD to achieve more efficient short-term forecasting.

In the case of this section, we realize the load forecasting of the power system by
generating a short-term forecasting model based on HODMD and TT-HODMD. First, we
verify the proposed TT-HODMD algorithm. Subsequently, we apply both HODMD and
TT-HODMD for short-term forecasting through a simple power system example. Finally,
we present the analysis of the obtained results and comparison of alternative algorithms.

In the numerical experiments, the codes are developed in Spyder (Python 3.7) and the
calculations are implemented on a MacOS machine with Intel Core i5 CPU (2.4 GHz), 8 GB
RAM and 4 cores.
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3.1. Validation of TT-HODMD

We use a test dataset to validate the TT-HODMD code developed. This dataset is
obtained from function f which is created by the following function:

1
f(x, t) = e*x2/5cos(2x)\/1 + Esint, (25)
x

€[-3,3], te[0,4n].

The temporal part of the test function is taken from a test case presented in [2]. In this
test case, the spatial complexity is always supposed to be less than the spectral complexity
such that DMD is not immediately applicable.

Next, we introduce uniform meshing for x with 400 nodes and consider 1000 eq-
uispaced snapshots. The function f(x,t) is shown in Figure 2a, where the horizontal
coordinate is x, the vertical coordinate corresponds to t and the shade of color represents
the value of f. In Figure 2b, the horizontal coordinate corresponds to the snapshots whilst
the vertical coordinate is f(x;,t) (i =1,...,400). For the test case, the data generated via
the function f(x, t) are formally folded in a 20 x 20 x 1000 array.

12
100
10
0.75
125
8 0.50
1.00
0.75
. 025
6
0.50
0.00 =
2 0.25
Z
4
0.00
—0.25
—0.25
2
—0.50 -0.50
-075
o 075

(a) Color plot (b) Line plot

[ 200 400 600 800 1000
Snapshots

Figure 2. Function f(x, ).

As an example, we compare the results against all snapshots at the 10th row:
f(x10,t,) k=1,...,K. The intercepted part is presented by the solid line in Figure 3.

0.20 -
0.18
= 0.16
=
=
0.14
—— Exact data
0124 TT-HODMD,d=300 \
TT-DMD,d=1
T T T T T T
0 200 400 600 800 1000

Snapshots

Figure 3. Comparison of TT-DMD (d = 1) and TT-HODMD (d = 300).
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Next, we assume d = 300, which brings us to a modified dataset, further called f ,,

with the size of [400 % 300] x [(1000 — 300)] (see Equation (10) for details).
From Section 2, gy is considered as a threshold parameter for HODMD and TT-

HODMD. The thresholds ¢; (i = 1,2,...) are supposed to be equal to g = 10~7.
Figure 3 shows the comparison of reconstructions with TT-HODMD (d = 1) and
TT-HODMD (d = 300). It is clear that the algorithm with d = 1 fails to reconstruct the
dataset. In this case, TT-DMD (d = 1) does not reproduce the number of modes sufficient
for reconstruction. By contrast, the TT-HODMD with d = 300 is capable of reconstructing
the function f. A relatively high value of d provides a high degree of delay-embedding
without excessive loss of influence of the later snapshots.
Next, with d = 300, we select the 100th row of the dataset: f(x190,fx) k =1,...,K
Figure 4 demonstrates the sensitivity of the reconstruction to the threshold ¢j. As expected
with the decrease of ¢y, TT-HODMD provides the reconstruction closer to the result with

HODMD thanks to the decrease of TT thresholds ¢; (i = 1,2,...).

Threshold=10"-5

Threshold=10"-3
045 /,\ . 5

-0.45 N
7N
\ Y
-0.50 £ ; % / \ 7
. £y ¥ ~0.50 ! \ ]

\ i % !

\ § H /
—0.55 / 1 7 —0.55 ! \
/ \ i / i

i

--- TT-HODMD reconstruction |

-0.60
++ HODMD reconstruction

fix,t)

] \ i
—0.60 j ==~ TFHODMD reconstruction ;'
-~ HODMD reconstruction
| y i i

0857 / \ /
\ /

/

/

)

fix,

i

0651 %
J \

-0.70 € H \ 1,’ 070 \ ;

/ \ y

3 7 \‘ 7

%
% K
-0.75 Yo7 \ .
S N \
N —075 ) \
5L st

800 1000

-0.80
600 800 1000
Snapshots

0 200 400
Snapshots

(@) Reconstruction for gg = 103 (b) Reconstruction for gg = 10~°

Threshold=10"-9

Threshold=10"-7

—-0.45

--- TT-HODMD reconstruction

\
\
1
1
\
1
\
1
\
1
\

+ HODMD reconstruction

~0.50

-0.55

~0.60

fix,t)

~0.65

!
~-- TT-HODMD reconstruction
++ HODMD reconstruction \

\

-0.70 \
! \
\

\
/ \
\
\ \ / ¥,
—0.75 N /
./

Snapshots

800 1000
Snapshots

(¢) Reconstruction for gg = 107 (d) Reconstruction for eg = 10~°

Figure 4. Reconstruction by TT-HODMD and HODMD with different thresholds.
= 1077 are presented in

The results for prediction obtained for different d for ¢
Figure 5.
As a quantitative measure, we use RMSE (root mean square error) to estimate the

deviation between the predicted and real values:

YNy —9:)2
N

(26)

RMSE(y,9) =

where y is the vector of predicted values and i represents the real values. The comparison
of RMSE with different d values is shown as Table 1. As can be seen, the prediction with
d = 300 is very close to the exact result. In turn, the standard DMD with d = 1 fails. As

noted in [2], an optimal d essentially depends on K.



Mathematics 2023, 11, 1809 10 of 14

Table 1. RMSE of different d.

RMSE
d=1 2977 x 1072
d=20 334.3 x 107
d =100 107.5 x 107>
d = 300 1.394 x 1072

0
0

—— snapshots

T-HODMD Prediction

00 25 50 75 100 125 150 175

0
0

(c) d =100 (d)d =300

Figure 5. Prediction with different d.

3.2. Realization of STLF in Power System Based on TT-HODMD

A real STLF simulation analysis in a power system is presented in this section. The
data are taken from the UK National Grid Electricity System Operator [30]. In this test case,
we select three years (2017,2018,2019) of historic demand data for simulation. We choose
12 months of data per year, 20 days of data per month, 24 h of data per day, and then the
data are measured every 15 minutes (resulting in 96 data per day). In this way, we obtain
three-dimensional data of 3 (years) x 12 (months) x 1920 (data), where the last figure
represents the number of units per month. On the basis of three-year load data, we predict
the power load for the next six months starting from January 2020. In this way, we compare
TT-HODMD and HODMD with respect to the accuracy, robustness and computing time.

The tensor-based data model is more useful for analyzing and processing data than
the traditional time series. The differences between the tensor-based data and traditional
time-series-based data are presented in Table 2 in terms of data structure, data meaning
and data processing, respectively.
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Table 2. The difference between tensor-based data and time-series-based data.

Tensor-Based Data Time-Series-Based Data

Only the structure of one-dimensional data is well protected,
and for high-dimensional data only
the unfolding process is possible

Effective structure protection

Data structure for high-dimensional data

Each dimension of high-dimensional data has
Data meaning a corresponding meaning
and does not facilitate unfolding

It is mainly the temporal arrangement of the
data in advance that is of relatively simple significance

High-dimensional data must be unfolded before

Data processing  Can handle high-dimensional data immediately they can be processed, significantly reducing efficiency

Data efficiency Provides a compact form Unfolding can lead to matrices of a very high dimension

As discussed in Section 2.2.2, we only consider the temporary modes Tj. The results
obtained by TT-HODMD with d = 1,d = 400 and ¢y = 10~° are shown in Figure 6. As
can be seen, TT-HODMD with d = 400, which is around 20% of the number of snapshots,
provides a much better reconstruction and prediction.

101‘1
—+— UK demand data
—&— TT-HODMD,d=400
2.0 A TT-HODMD,d=1
. v
1.5 1
. I
| =
1.0 A
0.5 1
4 ‘ T L\: e L
0.0 - L L
0 10 20 30 40

Months

Figure 6. Comparison of TT-HODMD prediction with d = 1 and d = 400 against real UK demand data.

It is worth noting that HODMD allows us to effectively analyze the stability of a
power system. Figure 7 demonstrates the DMD eigenvalues A; from Equation (16) obtained
with d = 400. These eigenvalues correspond to the Koopman transition operator [31] and
determine the stability of the power system in study. As can be seen from Figure 7, the
considered power system is stable since there are no modes with the eigenvalues outside
the unit circle. The modes with the eigenvalues situated inside the unit circle vanish over
time, whilst the others retain stable.

The key comparison of TT-HODMD and HODMD is related to the runtime. It is
shown in Figure 8 for different thresholds €. As can be seen, the threshold ¢y has much
greater impact on HODMD, whilst it is very well mitigated with TT-HODMD. Thus, with
the increase of the accuracy of prediction, TT-HODMD has a tremendous advantage.

Finally, in Figure 9, we compare the proposed algorithm for TT-DMD against the
approach from [14] for different thresholds. A principal difference between the two ap-
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proaches is that in our algorithm, we effectively consider only temporary modes that
significantly improve the efficiency. It is clear that this effect becomes more significant with
the increase of the number of modes. In turn, the number of modes involved is determined
by the threshold. As a result, with the decrease of the threshold, the proposed approach
essentially overcomes the algorithm from [14].

d=400 d=400
L

E
0.0

(a) Diagram of eigenvalues (b) Partial enlarged view

Figure 7. Eigenvalues with d = 400.

Runtimes vs Thresholds

250

—+—TT-HODMD —#-HODMD

Runtimes(s)

1071 1073 107 1077 1072

Thresholds

10711

Figure 8. Runtime of HODMD and TT-HODMD applied to given STLF system based on d = 400 for
different values of €.

Runtimes vs Thresholds

——new TT-DMD —=~TT-DMD [13]

Runtimes(s)

1077 107 10711

10°%
Thresholds

Figure 9. Comparison of the runtime of TT-DMD [14] algorithm and new TT-DMD algorithm applied
to given STLF system for different values of thresholds.
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4. Conclusions

In this paper, a new approach to the tensor-train realization of dynamic mode de-
composition has been proposed. It is effectively reduced to the computation of temporary
modes in an orthogonal basis. The algorithm has been implemented to realize the High-
Order DMD in the TT-format for the first time and applied to the forecasting of load in a
power system. It is demonstrated that in comparison to DMD, HODMD has a significant
advantage in its capability of reconstructing and predicting load data. In contrast to the
original HODMD, the developed TT-HODMD algorithm has very little sensitivity to the
value of the threshold with respect to the runtime. With the increase of the accuracy of
prediction, TT-HODMD operates much faster than HODMD. In addition, it is shown that
the proposed approach to TT-DMD is essentially faster than the existing algorithm already
known in the literature. The developed algorithm can be effectively applied to real-life
problems such as the prediction of the load in a power system.
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Abbreviations

The following abbreviations are used in this manuscript:

DMD Dynamic mode decomposition

HODMD Higher-order dynamic mode decomposition

TT-format Tensor-train format

TTD Tensor-train decomposition

SVD Singular value decomposition

TT-HODMD  Tensor train-based higher order dynamic mode decomposition
STLF Short-term load forecasting

TT-DMD Tensor train-based dynamic mode decomposition
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