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Abstract: This paper deals with a nonlinear nonlocal parabolic system with nonlinear heat-loss
boundary conditions, which arise in the thermal explosion model. Firstly, we prove a comparison
principle for some kinds of parabolic systems under nonlinear boundary conditions. Using this, we
improve a new theorem of the sub-and-super solution. Secondly, based on the new sub-and-super
solution theorem, the sufficient conditions that the solution exists and blows up uniformly in finite
time are presented. Then, we generalize some of the lemmas related to uniform blow-up solutions,
which are used to introduce the uniform blow-up profiles of solutions. Finally, we give several
numerical simulations to illustrate the existence and uniform blow-up of solutions.
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1. Introduction

In this paper, we discuss the following semi-linear parabolic system with nonlinear
nonlocal sources and nonlinear boundary conditions:

ur = Au+ky /Q u™(x,t)0" (x, f)dx, (x,t) € Qr,
= P q
o= otk [ W (xhel(x0dx, (%1 €Qr, 0
n-Vu+g(uu=n-Vo+g(v)o=0, (xt)€Sr,
u(x,0) = ugp(x),v(x,0) = vo(x), xeQ,

where kq,ky, m,n, p,q are positive constants, Qr = Q x (0,T|, St = dQ x (0,T], T > 0
and Q is a bounded region in RN (N > 1 is an integer) with a smooth boundary 9Q), n is
an outward unit normal vector of 9(}, g1, g2, g, Vg are nonnegative continuous functions
satisfying some assumptions, and |(}| denotes the Lebesgue measure of ().

Our study is motivated by [1,2], in which the existence and blow-up of partial differ-
ential equations under nonlinear boundary conditions were researched. As stated in [1],
in certain thermal explosion problems that require long induction times (times prior to
ignition), such as the safe storage of energetic materials or nuclear waste, the Dirichlet
boundary condition # = v = 0 is no longer applicable because during this time the bound-
ary of the reaction material will be preheated to a temperature significantly higher than the
surrounding temperature. As a result, we need the heat-loss boundary conditions in (1) to
describe the temperature distribution of the boundary. In recent years, many authors have
investigated the reaction-diffusion system with Dirichlet boundary conditions as follows:
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uy —dy(x, £)Au = f(u,v), (x,t) e QA x(0,T),
vy —dp(x,t)Av = g(u,v), (x,£) € QA x (0,T), )
u(x,t) =o(x,t) =0, (x,£) €9Q2 x (0,T), @)

u(x,0) = up(x),v(x,0) =vo(x), x€Q,

For details, see [3—7] and their references. In [3], the blow-up and global existence
criteria of the nonlocal parabolic system

Uy —f(u)(Au+a/()vdx), v = g(v) <Av+b/0udx> 3

were obtained. In [4,7], the authors studied nonlocal nonlinear parabolic systems of the form

uy — uslAu = aum/

v'dx, v —v2Av = bv”/ uldx 4)
Q

Q

where m,n,p,q,s1,52 > 0 are constants. They all gave some results on the existence of
solutions, the blow-up solutions, and the blow-up rate or profile. In [5], Li et al. suggested
thatif oneof « > 1,8 > 1 or pg > (1 — a)(1 — B) holds, the solution of (2) blows up in
finite time for sufficiently large initial data, when

f(u,v) :/Qu”‘vpdx, g(u,v) :/Quqv/sdx )

and d; = 1,i = 1, 2. Furthermore, they also obtained the blow-up profile of the solution

p

—B+1 — —(1-a)(1—

lim wu(x, t)(T* —t)Pq—(pl—a)(l—ﬁ) — <th—|—1) pa=Ui=elti=p)
p—pB+1

t—T*
p—B+1

p—B+1 P (1-a)(1-P)
X(OI(Pq—(l—w)(l—ﬁ))) '

9
—a+1 _ “(1—a)(1—
lim o(x, t)(T* —t)m = (p pt 1\t
t—=T* g—a+1

g—a+1 pa—(1=a)(1=P)
X(OI(Pq—(l—w)(l—ﬁ))) ’

uniformly on any compact subset of ), ifg >a—1,p > pf—1,and pg > (1 —a)(1 - p).
Thereafter, in [8], Kong and Wang extended these results to parabolic systems with nonlo-
cal boundaries

u= [ otyuwnay, o= [ yey)ol,Hdy ©

by improving the methods used in [9,10].

In addition, there are some interesting results on the global well-posed theory related
to our work that can be found in [11-14].

In this paper, we present the global existence, the uniform blow-up criteria, and the
uniform blow-up profiles of system (1) with nonlinear heat-loss boundary conditions.
To this end, we first give the following assumptions.

(H1) ug, vo € C***(Q) N CH(Q)(0 < a < 1) are nonnegative, bounded, and %, aalr? <0;
(H2) g; > 0,1 = 1,2 satisfy the local Lipschitz condition;
(H3) gi,i = 1,2 are increasing functions.

This paper is divided into five sections. In Section 2, we prove some new comparison
principles for a modification of our system and using the obtained principles, we can
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obtain the local existence of (1) if our system has sub- and super-solutions as we define. In
Section 3, we give some new definitions of uniform blow-up solutions and global solutions
and present the global existence and uniform blow-up criteria of solutions to system (1),
respectively, with the help of the methods used in [8,15]. In Section 4, we generalize several
relevant lemmas from [9,10] and based on them give the blow-up profile of (1), which
describes the asymptotic behavior of the solution near the blow-up time. In Section 5, we
simulate numerically the global existence and uniform blow-up of solutions.

2. Local Existence

In this section, we intend to prove the local existence of solutions to (1) using the
monotone iterative technique (see [16-18]) and the fixed-point theorem. To do this, we need
to define the sub- and super-solutions, as well as to generalize the comparison principle
from [2,8,15]. Here we define the sub- and super-solutions as follows.

Definition 1. A pair of nonnegative functions (u(x, t),v(x,t)) is called a super-solution of (1) if
(#,9) € (C*(Qr) NCY(Qr)) x (C>(Qr) N CY(Qr)), 0 < T < oo and satisfies

T > Atk / 0" (x, £)5" (x, £)dx, (x,t) € Qr,
(@)

T > Ao+ ko /Qﬁ”(x,t)ﬁq(x,t)dx, (x,t) € Qr, @)

n-Vi+g(u>0,n-Vo+¢1(0)v >0, (x,t) €Sy,

u(x,0) > up(x),7(x,0) > vo(x), x e Q.

Similarly, a sub-solution can be defined with reversed inequalities in (7).
Then, we prove the following comparison principle.
Lemma 1. Suppose that a; and b; are the continuous and bounded functions on Qr, respectively; c;

and d; are the nonnegative and bounded functions in Q; and f; and h; are the nonnegative functions
and the positive increasing functions on Q, respectively. If u,v € C>'(Qr) N C'(Qr) satisfy

uy — a;Au > byu + f1(x) /Q(clu +dv)dx, (x,t) € Qr,

vt — a3 Av > byv + fo(x) /Q(czu +dyv)dx, (x,t) € Qr, ®)
n-Vu+h(u)u>0,n-Vo+hy(v)v >0, (xt)€Sr,
u(x,0) = up(x) > 0,0v(x,0) =vo(x) >0, x€Q

then u,v > 0in Qr.

Proof. Firstly, we prove that if u, v satisfy

{ n-Vu+h(u)u>0,n-Vo+hy(v)o >0, (xt)€Sr, ©)

u(x,0) = up(x) > 0,v(x,0) =vp(x) >0, x€Q

then u,v > 0in Qr. o
Let b; = maxb;, i = 1,2 and 97 > max{by,bp}. Set w = e Mtu, z = e 7"ty, then
Qr
we have
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wr — a1 Aw + (1 — b)w > f1(x) /Q(clw +dyz)dx, (x,t) € Qr,

2t — mAz+ (11— by)z > fo(x) /Q (cow + dpz)dx,  (x,8) € Qr, (10)
n-Vw+hi(u)w>0,n-Vz+hy(v)z >0, (x,t) € ST,

w(x,0) = up(x) >0,z(x,0) = vg(x) >0, x e Q.

By boundary conditions and Assumption (H1), w,z > 0 on St can be obtained. Considering
initial conditions w(x,0) > 0, z(x,0) > 0, by continuity, there exists a t > 0 such that
w(x,t) > 0,z(x,t) > 0forall (x,t) € Ax[0,t]. Let A={t <T:w,z>0inQx[0,¢}
and take = sup A, then we have 0 < t < T. If t = T, the conclusion is proven, and if
f < T, with no loss of generality we can suppose that there are some ¥ € Q) such that
w(x,t) = 0. Therefore, w takes the minimum on Q x (0, f]. According to the first inequality
of (10), we obtain

wy —aAw > (by —y1)w, (x,t) € Q x (0,1]. (11)
By the strong maximum principle (Theorem 1 in [19] Chap. 2), w = 0 can be obtained,

which is a contradiction. Hence, w,z > 0; thatis u, v > 0.
Then, we prove that if u, v satisfy

n-Vu+h(u)u>0,n-Vo+hy(v)v >0, (xt)€Sr, 12
u(x,0) = up(x) >0,0(x,0) =vp(x) >0, x€Q
then u, v >0. B
Let b; = max|b;|, ¢; = max(c; + d;), f; = maxf;, i = 1,2 and
Qr Qr Q
w(x, t) = u(x,t) +ne", z(x,t) =ov(x,t) +ner, (13)

where 7, > m?)z((gi + £,¢i]Q)|), 1 is an arbitrary positive real number. Then, we know
i=1,

w(x,0) = up(x)+n > 0, z(x,0) = vy(x) +71 > 0. Due to the boundary conditions,

we have
n-Vw+ hy(w)w > n-Vu+ hy(u)u + nhy(w)e’t > nhy(w)er2t >0, 14
n-Vz+hy(z)z>n-Vo+hy(v)o+nhy(z)e”? > yhy(z)e7t >0,
which holds in St. Further, in Qt, we have
w—a18w —brw— fi [ (ew+diz)dx > (12— bi — filer+d)|Qper >0,
' (15)

zt — Az — bz — f> /Q(czw +dyz)dx > (42 — by — falca +da)|Qf)ye"?t > 0.

Therefore, we know that w, z > 0, then, letting 7 — 0", u,v > 0 is obtained. The proof of
Lemma 1 is completed. [

We give the following conclusion about the properties of the sub-solutions and
super-solutions.

Lemma 2. Suppose Assumptions (H1)—(H3) hold, g1, g» are derivable, and the nonnegative (u,v),
(1,7) € (C>1(Qr) NCHQr)) x (C>1(Qr)NCYH(Qr)), 0 < T < +o0 are the sub- and super-
solutions to system (1), respectively. (u,v) € (C>'(Qr) NCH(Qr)) x (C>*1(Qr)NCY(Qy)) is
a solution to problem (1). If Case (i)
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n-Vi+g(u)u>0,n-Vo+¢(0)v >0, (x,t)€Sr, 16)
u(x,0) > up(x),v(x,0) > vg(x) x €O

is satisfied, we have U > u, v > v; otherwise, if Case (ii)
n-Vu+g(uwu<0,n-Vo+g1(v)v <0, (xt)€SrT, a
u(x,0) < up(x),v(x,0) < vy(x) x e Q

is satisfied, we have u > u, v > v.

Proof. Case (i). We assume that (16) holds. Let w = uw—u, z = v — v, and

P1(s) = g1(s)s+ g1(s), Pa(s) = gh(s)s + g2(s); obviously, ¢1, o > 0. According to
(1), and using the mean value theorem, we have

wr — Aw > kq /Q(Hmﬁn —u"v")dx

_s /Q (mEw+n@' @ 2)dx, (%) € Qr,
Az > TP — yPol
2t AzikZ/Q(uv uPol)dx (18)
=k [ (2} "o +adle] ax, (mHeQn
n-Vw+¢1({1)w>0,n-Vz+({2)z >0, (xt)€ ST,
w(x,0) > 0,z(x,0) >0, x € Q.

where ¢1, {1 are between u and u; ¢, { are between v and v. Similar to the proof of
Lemma 1, let @ = e~ 'w, Z = e~ !z, then, (18) can be transformed into

T — AT+ T > ky / (m&"ew + el e lz)dx, (x,t) € Qr,
o)
Zt—DZ+Z >k /Q(p(ff_lffgw + qcff g_lz)dx, (x,t) € Qr, (19)
n-V@thpl(gl)zB >0,n-Vz+ ¢2(€2)2> 0, (X,t) €S,
w(x,0) > 0,z(x,0) >0, x e Q.

By boundary conditions and ¢, i > 0, we have @, z > 0 on St. Since @(x,0), Z(x,0) > 0,
by continuity, there exists a + > 0 such that w, z > 0 for all (x,f) € Q x [0,t]. Let
A={t<T:w,z>0inQx[0,t]} and t =sup A, thenwe have0 < t < T. Whent =T,
the conclusion is obvious and we discuss the case f < T. Supposing that there are some
X € Q such that @(%,f) = 0, w takes the minimum on Q x (0,#]. According to the first
inequality of (19), we obtain

Wy —Aw > —w, (x,t) € Qx(0,1].

By the strong maximum principle (Theorem 1 in [19] Chap. 2), w = 0 can be obtained,
which is a contradiction. We have w, z > 0; thatis, w, z > 0. ¥ > u and 7 > v are proved.
Case (ii). The proof of Case (ii) is similar to that of Case (i), and we omitit. O

Based on Definition 1 and Lemma 1, we give the theorem describing the local existence
of (1).

Theorem 1. Suppose Assumptions (H1)~(H3) hold, the nonnegative (u,v), (#,7) € (C>'(Qr) N
CHQr)) x (C>1(Qr)NC(Q71)), 0 < T < o0 are the sub- and super-solutions to system (1),
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respectively, and u < U, v < T, then there exists a pair of functions (u,v) satisfying u < u <1,
v < v < U, which is a solution to system (1).

Proof. According to Assumptions (H1)(H2), we know that for any u; > uy given, since the
function —g1 (#)u is Lipschitz continuous, there exists a fixed real number L; such that

| — g1(ur)ur — (—g1(u2)uz)| < Ly|ug —us|, (20)

thus
—g1(u1)ur — (=g1(ua)uz) > —Ly(u1 — uz). (21)

Let G, = —g1(u)u + Liu and similarly G, (v) = —g2(v)v + Lov, which are increasing.
Then, we consider the following auxiliary problem

w— Aw+w=u-+k / u™odx, (x,t) € Qr,
Q

CAztze k/Md, 1) € Qr,
zt—Az+z v—i—znuvx (x,t) € Qr (22)

n-Vw+ Liw = Gy (u),n-Vz+ Lz = G(v), (xt)€Sr,
w(x,0) = up(x),z(x,0) = vo(x), x e,

where u,v € C>1(Qr) NCY(Qr),0 < T < 400 are two nonnegative functions. The auxiliary
problem (22) has Robin boundary conditions, which means that there exists a unique
solution (w, z) to it. Define nonlinear operator Ty : [u, %] — [w, %] and T; : [v,7] — [v,7)]
such that w = Tyu and z = Thv. Then, construct the following sequences

wy =Tu, wy=Tw, -, Wy=TwWy 1,
Wy =Ty, Wy =Tw, -, Wy=TWw, 1;
z1=T0, z=Tz, -, Zn=TzZ, 1, @)
z1=Tw, z=TNz, -, zZn=Tz, 1.

Next, we will show that the operators T; and T are increasing. Forany u < 17 < up < and
v <0 <y <7 letwy = Tyuy, wy = Thup,and z1 = Trvq,2zp = Ty, and take W = wyp — wy,
Z = zp — z1. Then, we have

Wi — AW+ W =k /Q(ugwg —uloMdx 4 (y —u1) >0, (x,t) € Qr,

Zi—AZ+Z =k /Q(ugvg —ufvl)dx + (v, —v1) >0, (x,t) € Qr,

24
n'VW+L1W:G11(M2)—G11(M1) >0, (X,t) € Sr, @9
n-VZ+ L7 = G,(v2) — G, (v1) >0, (x,t) € ST,
W(x,0) = Z(x,0) =0, x e Q.

Applying Lemma 1 witha; =1,b; = -1,¢; =d; =0,h; = L;,i = 1,2, weknow W, Z > 0;
thatis, wy > wq, zp > z1. Letting W = 7 — Wy and Z = v — Z3, we can obtain

Wi — AW +W =k / (""" —u"v")dx+ (u—u) =0, (x,t)€Qr,
Zi—AZ+Z7Z =0, (x,t) € Qr,
n-VW+LW > Gy, (&) — Gy, (i) =0, (x,t) €Sy, @
n-VZ+1,Z>0, x,t)EST,

W(x,0) = Z(x,0) =0, xeQ,
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thus, 4 > wy and ¥ > 27 can be deduced. Similarly, @; > u and z; > v can be deduced, too.
By mathematical induction on 7, we have

w

Wy < <w <1,

IN

| <Dy < <Dy

=
IN
<)
=
IN

(26)

S|
IN
I\

1<23<-- <z, <+ <3z,

IN
N

n-1< <71 <7,

which shows that the sequences {w,}, {@.}, {Z.}, {Z:} are increasing and bounded.
Therefore, limits
ﬁo = lim ﬁn, @0 = lim Z/U\n/
n—oo n—oo (27)
ZO = lim Zrz ’ /Z\Q = lim En
n—oo n—oo
satisfying wy = Tiwy, zo = Thzp and Wy = T1Wy, zo = TrZp, exist. Considering the
compactness of the nonlinear operators T;, T, and |Q)| < oo, we know that (@, Zp) and
(W, zo) are the solutions to problem (1). The local existence of the solutions to problem (1)

is proved. 0O

3. Global Existence and Uniform Blow-Up Results

In this section, we will use the sub-and-super solution theorem and combine it with
Lemma 2 to give the global existence and uniform blow-up conditions of system (1). Firstly,
we define the uniform blow-up solution.

Definition 2. The nonnegative solution (u,v) to problem (1) blows up uniformly in finite time if
there exists a positive real number T < oo such that

lim sup min(u(x, t) + v(x,t)) = +o0. (28)
t—»T xeQ

Further, the solution (u,v) of problem (1) exists globally if for all t € (0, +c0),

max(u(x, t) +v(x,t)) < +o0. (29)
xeQ)

Then, we refer to [8,15] to give Theorems 2 and 3, which are about global existence and
blow-up, respectively. Further, the proofs are given using the sub-and-super solution theorem.

Theorem 2. Suppose Assumptions (H1)—(H3) hold, g1, g» are derivable and
m<1 p<1l ng<(1-—m)(l—p). (30)
Then, the solution (u,v) of this problem exists globally of system (1).

Proof. First, according to condition (30), we have

1_77”.1_7’721, (31)
n q

so there exist two positive constants a1, f; > 1 such that
1-m 1-— o
Lms b lopsm (32)
n o q B1

Due to the continuity of functions g; and g, let §y = min{ming;, ming,} and
co > % max{ay, B1}. We consider the following eigenvalue problem

(33)

Ap+Ap=0, xecQ,
@ = co, x € 0Q).
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The first eigenvalue of problem (33) is denoted by A. Take B = max |V¢|, 7o = max ¢ and
Q Q
ki =90k |Qf K = ) "ky| Q). Then, let s(t) be the unique solution to the Cauchy problem

% = —)\S(t> + (IX] + ,Bl - 2)C62B25(t) +Elalflcoftxlsma1+n‘517al+1(t)

+E2,BI1C(;/315P“1+‘7/31*131+1(t), t>0,

s(0) = Clomax{ (mgxudx))mll, (mngo(x))ﬁll} +1.

where may +npy —a; +1, pag +gB1 — P1 +1 < 1 such that s(t) exists globally. Set
= sY(t)gY(x), 7 = sP1(t)pP1(x), (x,t) € Q x (0,+00). Then, we assert that (i,7) is a
super-solution to problem (1). In Q) x (0, +o0), we have

AT+ ky /Q " dx = 5" (1) AgM + kys" TP (t) /Q pmtPidy
< (1) (a9 A + a1 — 1) 2 (Vg)?) + s (1)
=s"1(t) (—Mél(P'X] + aq (a1 — 1)4’“172(V<P)2) + kgt (1)
< aps1L(E) g (—/\ + (1 — 1)cy *B? + kyay ey “sma bt (t))s(t)
< asTH(DS (D" =T, (34)
similarly,
AT+ ky /Qﬁpﬁqu = sP1(£)AgP1 + kpsPM1 TP (1) /Q pPataPigy
< sPi(t) (ﬁlqvﬁl_lA(P +B1(p1 — 1)(P51_Z(V§0)2) + ks P (1)
= P () (219" + Br(B1 — 1P 2(Vg)?) +Fas? 9P (1)
< BisP1(H)@P (=2 + (B — 1)cg B + Koy ey Pt PP (1)) s(1)
< BisP1 (1S (1) 9Pt =T (35)
Since ¢ = ¢p on 02, we have that
n-Vi+ g (@) = ¢" 1% (agn - Vo +cog(7)) > 0, (36)

and
n-Vo+g(0)0 = P 1sP1(Bin- Vo +cog(7)) >0 (37)

hold in 9Q) x (0, +o0). Considering the initial values, we have

X1
u(x,0) = s1(0)p" > % max ug > Uy, (38)
' O
and
(Pﬁl
7(x,0) = sP1(0)pP1 > T— maxvy > vy. (39)
cgl 0

Hence, (1,7) is a super-solution to problem (1), and satisfies (16). Applying Lemma 2,
the solution (u,v) to problem (1) satisfies u < #, v < ©. Since 7, T exist globally, Theorem 2
is proven. [

Theorem 3. Suppose Assumptions (H1)-(H3) hold and g1, g are derivable.
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Case (i). If one of the following conditions holds
(@m>1, (b)g>1, ()np>1—-m)(l—gq), (40)
and ugy(x),vo(x) are sufficiently large, then the solution (u,v) of problem (1) blows up uniformly
in a finite time.
Case (ii). If (40) is satisfied and uq(x),vo(x) are sufficiently small, then the solution (u,v)
exists globally.
Proof. Case (i) (a). Assuming that m > 1, we consider the eigenvalue problem (33) with
cp = 0, and for convenience, let max ¢ = % Take ap, B2 > 1 such that pay +qB2 — 2 >0
Q

and set
v = min{may +npfy —ap + 1, pay+qB2 — P2 + 1}. (41)

Obviously, ¥ > 1. Let h(t) be the unique solution to the following Cauchy problem

dh . [k ko

= = —Ah(t —i—mm{/ m”‘fr"ﬁzdx,—/ ”"‘2+q/52dx}h7 £, t>0,

ar (*) w Jo? B2 Ja? ®) 42)
h(0) = ho,

where hy > 0 is sufficiently large such that the solution to (42) blows up in a finite time.

Let up(x), vo(x) be sufficiently large such that min{(ming uo) %, (ming vp) é} > hy
and u = h2(t)(p(x) +0)%2, v = hP2(t)(p(x) + 0)P2, (x,t) € Q x (0,T* — €], where
¢€(0,T*) and 6 € (0, 3) are arbitrarily real numbers. Then, we will show that (1, v)
is a sub-solution to problem (1). In Q x (0, T* — ¢], we yield

A+ Ky /Q U dx = h2(H)A (g + 6) + ky e tnba (p) /Q (¢ + 6)ma+nbagy
> 12 (1) (—Awa(g +8)" + aa(aa — 1)(p +6)™ 2(Vg)?)
Rt [ gty
> wph® 7 H(t) (@ + 6)2 (—A + %h’”“ﬁ”ﬁf@(t) /Q q)m“2+”ﬁ2dx> h(t)
> wph2 YW () (@ 4 6)* = uy, (43)
and
Av+k /Q uPoidx = HB2 (1) A(@ + )P + kohPh2+1B2 (1) /Q (¢ + 6)Pra+abagy
> 1P2(1)(~ABa(@ + 6)F2 + Ba(B2 — 1) (9 + 0)P2"2(V)?)

+ kohP2t B () / PPtz
Q

> BohP21 () (@ + 6)P2 (—)\ + Zihw&zﬂﬁzﬁz(t) /Q go””‘frq/szdx)h(t)

> BohP2 ()1 (1) (p + 0)F2 = oy (44)
On oQ) x (0, T* — €], we yield

{ n-Vu+ g1 (u)u = 62"1h%2(t)(aon - Vo + 691 (u)) <0, 5)
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when J is sufficiently close to 0. Since
u(x,0) = hg? (¢ +6)* <up(x), x€Q,
(46)
v(x,0) = hgz((p +6)P2 < vy(x), x€Q,

we can obtain that (u,v) is a sub-solution to problem (1) and satisfies (17). Applying
Lemma 2, we know that u > u, v > vin Q X (0, T* — ¢]. Due to the arbitrary nature of ¢,
letting ¢ — 0", u>u,0v>0vinQ x (0, T*) can be obtained.

Specifically, we have u > u = §*2h%2(t) and v > v = §P2hP2(t) on 9Q x (0, T*). Hence,
the solution (1, v) blows up globally when m > 1 and uy(x), vo(x) are sufficiently large.

Case (i) (b). We omit the proof for the comparable case in which g > 1.

Case (i) (c). When0 <m < 1,0 < g <1landnp > (1 —m)(1 —gq), we know that

n 1—g

1_m77>o. (47)

Take ¢ € (0, 1fm — 1%‘7) and % = 1%‘7 + ¢, then there exist two positive constants ay,

B2 > 1such that

1-— 1-—
q<tx2 m<&’

p B2’ n Xy

(48)

which means that may +nfy —ax+1 > 1, pag + B2 — B2 +1 > 1. When y = min{ma, +
npy —ax+1 > 1, pag +gPa — B2 + 1} is used, and the solution (u,v) also blows up,
as shown in Case (i).

Case (ii). By the continuity of functions g; and g, we have min g;, ming, > 0. Let
positive constant J be sufficiently small such that § < min{min g;, min g, } and e(x) be the
unique solution to the elliptic problem

—Ae(x) =1, xeQ,
n-Ve(x)+de(x) =0, x €9Q

Then, there exists a positive constant M such that 0 < e(x) < M. Set
u(x,t) =az(1+e(x)), o(xt)=pB3(l+e(x)),
where
w3 < k| QlafBE(1+ M), By < k| Qaf B (1 + M)PT.
When x € dQ), we have
n-Viu+ g (W) = a3g1 (i) + aze(x)(g1(#) —6) >0,
n-Vo+ g (0)i = P3g2(v) + Pae(x)(82(7) — ) > 0.

Taking the initial values of problem (1) uy(x), vo(x) are sufficiently small such that
up(x) < u(x,t), vo(x) < ov(x,t), we have that (%,7) is a super-solution to (1), and sat-
isfies (16). Using Lemma 2, we obtain % > u, 7 > v. Thus, u and v exist globally. Theorem 3
is then fully proved. [

4. Uniform Blow-Up Profile of the Solution

In this section, according to the ideas of [10], we discuss the uniform blow-up profile
of the solution to (1).
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We denote

t
Hm=hﬂﬁ%wnCMﬂ=AH@w
(49)

BM:MAWMM @@:Kﬁ@w

Lemma 3. Assume that (H1)-(H3) hold, Aug, Avy < 0, and g1, §» can be derived. Let (u,v) €
(C>1(Qr) N CHQ7)) x (C>(Qr) NCH(Q7)) be a solution to problem (1). If u, v blow up at the
finite time T* simultaneously, then we have that for all € > 0, there exists C1 > 0 such that

Ci <-Au< max{ sup Fl(s),Cl},
s€(0,4]
(50)

Ci <-Av< max{ sup Fz(s),Cl}
se[0,t]

in Q) x [TT*,T* —g.

Proof. We take the first equation in (1) as an example. Let w = —Au. Since AF;(t) = 0,
we obtain

T*
wy — Aw =0, (x,t)eQx[T,T*—s}. (51)

It is easy to see that w can obtain its maximum and minimum in Q) x [T{, T —¢.
On the one hand, if there is a point (xg, ), xo € Q, TT* < tg < T* — ¢ such that

w(xo, ty) = maxg, [T T ] w(x,t), then according to the strong maximum principle of
7

heat equations, we know that w is a constant when ¢ € [TT*, to].

On the other hand, when t > tj, w cannot obtain its maximum and minimum in
Q x (to, T* —¢]. For (x,t) € 0Q x (to, T* —¢], set Pp(u) = gy (u)u + g1(u). Obviously,
P(u) > 0. A straightforward computation yields

0 ou J
on —g(gl(”)“) = —¢(u)ur. (52)
Further, according to w = —u; + F;(t), we deduce
ow Ju
> = 7871’; = gb(u)ut. (53)

Applying Theorem 6 in [20] Chap. 3, when w takes the minimum value, we have that

Jw
X W) (E() ~w) <0, 64
Since u, v, Fi(t) > 0 and by continuity, there exists a constant 0 < C; < maxgu(x, TT*)
such that

—Au > Cy. (55)

And, when w takes the maximum value, we have that

Jw

& = (R —w) 0. (56)
So we can deduce that
—Au < sup Fi(s) (57)
se€(0,t]

fort € [TT*, T* — ¢]. Combining (55) and (57), we have
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Ci<-Au< max{ sup Fl(s),Cl}. (58)
s€(0,¢]

The proof of the inequality on —Awv is similar to the one on —Au, which is omitted. O

According to (50), we have
ur—Cy <up—Au = Fl(t),

(59)
O — C1 S O — Av = Fz(t).
Integrating Equation (59) from TT* to t yields the following lemma.
Lemma 4. Under the assumptions of Lemma 3, we have that for all ¢ > 0
Ch <u(x,t) < Co+ Gi(t),
2 S u(xt) (t) (©0)
Cé < U(X, t) <G+ Gz(t)
where C, Cy > 0 are constants and t € [TT*, T* —¢.
Proof. After performing the integration, we have
T* T* T*
u(x,t) —u(x, 7) —Cy(t— 7) < Gyi(t) — Gl(i) < Gy(t),
T* T* T* (61
v(x, t) — v(x,7) —Ci(t — 7) < Gy(t) — GZ(T) < Gy(F),

Taking C, = max{r;'leagu(x, TT*) + %*Cl,r;’leagv(x, TT*) + I;Cl},

u(x,t) < Co+Gi(t),
o(x,t) < Co+ Ga(t)

are obtained. Since u, v > 0in Q x (0, T*) and due to their continuity, there exists a constant
C) > Osuchthatu,v>C,. O

Remark 1. An obvious conclusion deduced from Lemma 4 is that

lim Gi(t) = 400, lim Gy(t) = +oo, (62)
t—T* t—T*
when u, v blow up.
Set
-t t
Hi(f) = / Gi(s)ds, Ha(t) = / Gy (s)ds, 63)
Jo 0

where t € [0,T).
We consider the eigenvalue problem (33) with ¢y > 0. Set A as the first eigenvalue
of (33), and ¢ > 0 is normalized with [, ¢pdx = 1. Define

9 9
Ki(t) = /a ngds, Ka(t) = /a Qv%ds, (64)

where t € [0, T). We have K; (t), Kx(t) < 0.
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Lemma 5. Under the assumptions of Lemma 3, letting x € Q, and any p > 0 such that
(i) B(x,p) C Q°, if x € Q° or (ii)) B(y,p) N0Q = {x}, B(y,p) C Q wherey € Q° is
fixed, if x € 9C); and C3 > 0 is a constant, it holds that

sup Gi (1) — u(x,1)] < ;30 +Hy(1),

xeKp C (65)
sup [Go(t) — o(x,1)] < —3 (14 Ha(t)),
x€Kp o

in Q) x [TT*, T* —¢], forall ¢ > 0, where K, = B(x,p)(or B(y,p)).

Proof. Case (i). Let z(x,t) = Gy () — u(x,£), o = 0 in (33) and B(t) = /Q 2(x, ) (x)dx.

By Green’s formula, we have

B = [ (Fi(t) = ui(x,0)g(x)dx = — [ p(x)Audx
- —/ u(x, ) Agdx + K (1)
_A/ (x, £)g(x)dx + Ky (¢)
= —AB+ AGy(t )+K1(t). (66)

Solving this ODE, we have

B = O + [ MK (5) +1G1(9))
)\t_'_/\/ A(t—s) Gl
C(1+H1() (67)

On the other hand, Lemma 4 implies

i?)fz(x, t) > —Cy (68)
when t € [T{, T* — ¢] for all € > 0, which, combined with Equation (67), implies

/Q l2(x, )| @(x)dx < C'(1+ Hy (t)). (69)

Further, by Lemma 3, we have
—-Az < —-C; <0. (70)

Fixing K,,, whose center is noted as x, the function z(y,t),y € K, C Q¢ is a subhar-
monic implied by (70). Applying the mean-value inequality for subharmonic functions, it

follows that . .
zx,tg—/z,td §—/z,td. (71)
(et < 1] K, W)y < 1] Kpl (v, £)|dy

We know that infg )¢ > c(’), where c6 > 0 is related to the distance from 0}, which, together
with (69) and (71), can imply that

(61) < g, E0ledy < S04 (D) ™)
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Similarly, it follows that

1

Ga(t) — v(x, 1) < ;\,(1+Hz(t)). 73)

Selecting C3 > max{C’,C"}, Case (i) can be proved.
Case (ii). Letting cp > 0 in (33), considering the mean value theorem, (66) and (67) are
transformed into

B0 = ~AB+AGH(0) + Kalt) +eo [ (=50 )ds, 74)

and

B(1) :MO)KMJF/OQ*A(H) (Kl(s)—l—/\Gl(s)—i—co /m<—augi’s))ds>ds
< ﬁ(O)e*/\t—i—/Ote*A(t*S) (co /()(—Au(x,s))dx—kAGl(s))ds
= p0)e M + / ) (—eol Ol Au(xo, ) + AGa (5))ds

< C(l + Hy(t / Au(xg, s )ds) (75)

where xy € )°, respectively. Similarly, since ianp >co>0andz(yt),y €K, C Qisa

subharmonic function. Lemma 3 deduces that fot Auds is bounded on Q) x (TT*, T* — ¢] for
all € > 0, so it follows that

(1) < b [ DIy < S0+ (D), 76

0

too. Choosing sufficiently large C3, Lemma 5 is proved completely. [

Lemma 6. Under the assumptions of Lemma 3, we have that

limsupminu(x,t) = 400, limsupminov(x,t) = 400 (77)
t—T* x€Q) tT*  x€Q
if and only if
lim Gi(t) = 400, lim Gy(t) = 4o0. (78)
t—T* t—T*

Further, if (77) or (78) is fulfilled, then

u(x,t) g ||u(t)||°° -1
5T Gi(t) 5T+ Gi(t) ' (79)
v(x,t) li o)l _ 1,

ST Go(f) 5T Galt)
uniformly on Q).

Proof. (77) = (78) is a simple corollary of Lemma 4. Assuming (78) holds, we use the
method in [10]. According to Lemma 5 Case (i), for any fixed K, C (2°, combining Lemma 4
and Gy (t), G(t) > 0 yields

G (,t) < Cs 1+ Hy(#)

_ (

G =G S Gl )
C ( ) Cs 1+H2(t)

&0 S TG S e G
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Since Gy, G are increasing, it follows that for all ¢ > 0,

0< 1“?1)(” < o CE)(S) +e
f”lc (s)ds o
1 —|— Hz(t) 2(8
0< < +¢,
Ga(t) Ga(t)
which, together with G;(t), Ga(t) — +oo implies that lim n glég =0,i=1,2.
t— i
u(x,t) . o(x, t)
= =1 2
R O R YD) ®2)
on K, is deduced.
Integrating the first two equations in (1) from 0 to ¢, we have
t *
u(xt) = [ Au(x,s)ds —up(x) = Gi(t), (v,1) € Ky x [5,T7)
y (83)
o(x, 1) f/ Av(x,s)ds — vo(x) = Ga(F), (x,t) € K, x [ 15, T%).
0
Since (82), we know that
t t
Jo Auds i o Avds _ 84)

tlg}* Gl(t) N t—lg"l* Gz(t)
On the other hand, according to Lemma 4, it follows that F; (t), F2(t) > 0; that is,
—Au >0, v—Av>0.

Applying the maximum principle, we know that the solution (1, v) can take the minimum
in 0Q). For all x € ), combining Lemmas 4 and 5 Case (ii) and Gy (t), G2(t) > 0, there exists
a fixed K, C Q) such that

G u(x,t) _ C3 14 Hy(t fo Au(xg1,s)ds

R o 0 ' )
B G ( ) £1+H2 fO A'U X()z, )d

GO =T Gm o 0 |

where x(1, xg2 € Q0°. Since tlinj} Ig’ig; =0,i =1,2and (84), (85) can imply (79) uniformly
—T* Vi

on Q. Further, we obtain

lim sup min u(x,t) = limsup min u(x, t) = +oo,
t—T* x€Q F—sT* x€d)
lim sup min v(x, t) = lim sup min v(x,t) = +oo.
T xeQ F—sT* x€oQ)
The proof of Lemma 6 is completed. [J

Using the above lemmas and corollaries, we can obtain the following theorems de-
scribing blow-up solutions by the same method as in [8,21]. Theorems 4 and 5 give the
necessary and sufficient conditions that u, v blow up simultaneously. Further, Theorem 6
describes the blow-up profile of (1) when u, v blow up simultaneously.
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Theorem 4. Assuming (H1)—(H3) hold, Auy, Avy < 0, g1, g are derivable. Let (u,v) be a
classical solution to problem 1. If u and v blow up in a finite time T* simultaneously, then
(M)p>m—T1andn >q—1,0r(ii) p <m—1and n < q — 1 must be satisfied.

Theorem 5. Under the assumption of Theorem 4. Let (u,v) be a classical blow-up solution to
problem 1. If p > m—1 > Oandn > q—1 > 0, then u and v blow up simultaneously

and uniformly.

Theorem 6. Under the assumption of Theorem 4, the following results hold uniformly on Q:
(i) f@n>qg—-1Lp>m—1or(b)n<q—1,p <m—1, then we have

n_\ —f
lim u(x, )(T* — )% = lim [|u(t)||e(T* — 1)? = <k1|90| <k29> = q> ,

t—T* t—T* k1 (;
k|| [k SAN
. - o 1 . o 2 71{ p+l-m
tlg‘?*v(x,t)(T H” = tlngl* [0(t) leo(T* = )7 = ( o <k2 9) ) '
where
n+1l-—gq p+1—m

D0 T (m-D(—-1)

(i) ifp=m—1>0andn>q—1>0, then we have

im 7 (5, )linas(x, O] (1) = () [ 2L

t—=T* k1
lim 0" 7| In(T* — )|~ = QLH,
t—T* k1 p

(iii) ifp>m—1>0andn =g—1>0, then we have

. _ _ kip+1—m
p+1-m * 1_ K1 p
t1_1>r¥* u (x, )| In(T* — t)] % P
- ek (o A kpt1-m)) e
lim 0" (x, t)[Inv(x, )] P (T* —t) = (nk,|Q|) ™ | ————+ ;
t—T* k2
(iv) ifp=m—1>0andn =q—1> 0, then we have
im Inu(x,t) im | Inu(t)|ec k1
t5T [ In(T* —t)| =T |In(T* —t)|  pky +nky’ (86)
lim Inov(x, t) y [Ino(t)]| ko

ST [In(T* — )] o1 [In(T* — )] pky + nky

The proofs of Theorems 46 are very similar to [8]; we only need to pay attention to
the constants k1, kp, so we only give the proof by taking Theorem 6 Case (i) as an example,
and omit the others.

Proof of Theorem 6 Case (i). We have

Gi(t) = RA(t) =k /Qu'”(x, t)o" (x, t)dx ~ ki [ QG (£) G5 (1), (87)

GL(t) = B(t) = ko /Q uP (x, )0 (x, £)dx ~ k| QIGP (1) GY(1), (88)
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it follows that
koGl (HdGy ~ kG, 1()dG,. (89)

Whenn > g—1and p > m — 1, integrating (89) from 0 to ¢, yields k2 GfH*m(t) ~

p+1-m
k n+l—q .
1= G2 (t). That s,

ka(n+1—q)GI 7" (1) ~ ka(p+1—m)Gy (1), (90)

Whilen < g—1and p < m — 1, since tlir¥ G; = +00,i = 1,2, integrating (89) from ¢ to T*,
3 T*

we have
ka(n+1-q)GL ™" (1) ~ da(p+1—m)GY (), 91)

similarly. By (87) and (90), we find

k2 n+1— ﬁ m+n(’5¢+]:m)
Gi(t) ~ k1| LM} G, (1)
ko 6 ﬁ +1g
= k1|Q)| <kia> Gl (). (92)
Since 1 —m — %‘7 = —% < 0and tl_1>r¥* G1(t) = +oo, integrating (92) from f to T*, we obtain
n —0
k1|Q| k2 0\ nti—q N

Gi(t) ~ ( 0 (kla (T"=t)] . (93)

According to (93) and Lemma 6, it follows that uniformly on Q,

Liq —0
u(x,t>~|u<t>||oo~("1'9“'("29) (T*—t)> ,

ko
thatis,
. , k|Q (kp 0\ 717\
x40 _ «_pno_ (< ky 0
fp 0 =t o0 = (22 (2) )
holds uniformly on Q.

Combining (88) and (91), and applying the same proofs of G, and v, we obtain that

t—T* t—T* g

L
lim o(x, £)(T* — )7 = lim |[o(t)]|eo(T* — )" = (kzlﬂl (1;;;) = )
2

holds uniformly on Q. O

5. Numerical Simulations

In this section, we give numerical simulations for several specific cases to illustrate
Theorems 2 and 3. All calculations are performed through Mathematica.

Firstly, letting m = 0.2, n = 0.5, p = g = 0.3 and T = 10, we obtain problem (1) of the
following form
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up = Au—i—/ (t,x, )% (t,x,y)do, (tx,y) € (0,10) x Q

v = Av+ (t,x,y)v">(t,x,y)do, t,x,y) € (0,10) x Q,
e= 8o+ [ w032yt xy)do, () € (0,10) on

n-Vu+u?>=n-Vo+0d =0, (t,x,y) € (0,10) x 9QY,

1
u(0,x,y) =0(0,x,y) =1- 3 (2 +y), (vy) €0

where Q = {(x,y) : x> + y* < 1}. Because of the symmetry, we only need to simulate the
values of its solutionon 0 < x < 1 as slhown below.
In this case, g1 (1) = u, g2(v) = v2 satisfies (H2) and (H3); since uo(x,y) = vo(x,y) =

1
1—§(x2+y2) >O

auo aUO

= oy = W) (mxmy) = (P 4y = -1 <0,

Further, (94) satisfies (Hl)and m =02 <1, p =0.3 < 1,1 = 0.15 < 056 = (1 — m)(1 — p).
Therefore, (94) satisfies the conditions of Theorem 2, so its solution should exist globally,
05"

which can be illustrated by Figure 1.
10
0

Figure 1. The solution (#,v) in {(t,x,y) : 0 < t < 10,0 <x <1,y = 0}.

Next, we present a numerical simulation to illustrate the blow-up profiles using
Mathematica. As stated in Theorem 3, we consider problem (1) in the following form
satisfying (40):

ur = Au —i—/ (t,x,y)0"4(t, x,y)do,  (t,x,y) € (0,T*) x Q,

v = Av+/ u0'3(t,x,y)vl'3 t,x,y)do, (t,x,y) € (0, T*) x Q,
N (t,x,y) y) € ( 5)

n-Vu+u?>=n-Vo+0'5=0, (t,x,y) € (0, T*) x 3Q),

1
w(0,x,y) =0(0,xy) =1- (" +y"), (vy) €O,

where Q = {(x,y) : x¥2 +y? < 1} and T* is the blow-up time that will be given by the
numerical simulation. In this case, the initial values satisfy

auo_avo_ 13 13_ 1 4 4
an_an_(xly)( 3xl 3]/)_ g(x +y)<0
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and
Aug = Avg = — (2% +y?) < 0.

According to Theorem 3, we know that the solution to (95) blows up in a finite time.

Without loss of generality, we take as an example the value of function # when t € (0,0.979),
x € [0,1], y = 0, as in Figure 2.

1.0
05
0.0
15 -
10 bv

0

0.0

0.5
Figure 2. The solution (u,v) in {(t,x,y) : 0 < t < 0.979,0 < x <1,y = 0}.

As expected, Since (95) satisfies p > m —1 > 0and n > q —1 > 0, the solution (u,v)
blows up at approximately T* = 0.979, simultaneously. We take m =1.2,n=0.5, p=1.3,
g = 0.3 and replace the initial value conditions with

1 1
no(x,y) = v0(x,y) = § — 55 (¥ + 4,

which does not satisfy that 1 (x), vo(x) are sufficiently large in Theorem 3. We resolve the
solution (u,v) of problem (95) (see Figure 3).

1.0
0.5

\Z

0.3

K u
Ev

0.2

0.1

LA L I L

0.0

Figure 3. The solution (#,v) in {(t,x,y) : 0 <t <5.02,0<x <1,y = 0}.

Figure 3 shows that when the initial values are very small, the solution (1, v) does not
blow up even if (40) is satisfied. Then, we change the values of m, n, p and g in (95) and

perform numerical simulations for the rest of the cases mentioned in Theorem 6. This is
shown in Figures 4-7.
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B u
BV
0.4
Figure4.m =14,n =04,p = 03,9 = 1.5.
1.0
B u
Hv
Figure5. m =2,n =04,p=1,9=13.
1.0
B u
BV

0.3

Figure 6. m =12,n=0.8,p =0.3,4 = 1.8.



Mathematics 2023, 11, 1993 21 of 22

Ku
BV

Figure7. m =2,n=08,p=1,9 =1.8.
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