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Abstract: Modeling the failure times of processors and memories in computers is crucial for ensuring
the reliability and robustness of data science workflows. By understanding the failure characteristics
of the hardware components, data scientists can develop strategies to mitigate the impact of failures
on their computations, and design systems that are more fault-tolerant and resilient. In particular,
failure time modeling allows data scientists to predict the likelihood and frequency of hardware
failures, which can help inform decisions about system design and resource allocation. In this paper,
we aimed to model the failure times of processors and memories of computers; this was performed
by formulating a new type of bivariate model using the copula function. The modified extended
exponential distribution is the suggested lifetime of the experimental units. It was shown that the new
bivariate model has many important properties, which are presented in this work. The inferential
statistics for the distribution parameters were obtained under the assumption of a Type-II censored
sampling scheme. Therefore, point and interval estimation were observed using the maximum
likelihood and the Bayesian estimation methods. Additionally, bootstrap confidence intervals were
calculated. Numerical analysis via the Markov Chain Monte Carlo method was performed. Finally,
a real data example of processors and memories failure time was examined and the efficiency of
the new bivariate distribution of fitting the data sample was observed by comparing it with other
bivariate models.

Keywords: data science; computer processor; bivariate models; copula; modified extended
exponential; Markov Chain Monte Carlo; maximum likelihood estimation; Bayesian estimation;
bootstrap; simulation

MSC: 62F10; 62F15; 62N05; 62N02

1. Introduction

The guide to designing and elaborating a reliable system is to know the kind of
failures and errors that may happen during operation. One way to do this is to study the
failures occurring in the observed production systems. System planners and data center
developers can use the ideas obtained from such a study to improve the efficiency of
the system and increase the resistance to failure for future systems by determining some
issues and developing stronger techniques, operational policies, and application designs.
Modeling failure time can also improve the process of error correction techniques and other
mitigation strategies. For instance, if a particular type of memory failure occurs frequently,
data scientists may develop algorithms that can detect and correct errors in real time or
implement hardware redundancy to ensure continuity of processing. Overall, modeling
failure time is an essential aspect of ensuring the reliability of data science workflows. By
accounting for the potential failures of hardware components, data scientists can develop
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more robust and resilient systems that are better equipped to handle the challenges of
large-scale data processing and analysis.

One way to measure chip reliability and its predicted lifetime is by using statis-
tical analysis tools, which will estimate the lifetime of a processor for a large batch of
manufactured chips.

Bivariate models are used to model the relationship between two variables. They have
a wide range of applications in different fields such as finance, economics, technology, engi-
neering, medicine, and many more. They allow the separation of the marginal distributions
of the variables from the dependence structure between them. This makes it a flexible
method for modeling complex distributions, especially in multivariate contexts. Many
authors have proposed and studied bivariate models and shown their broad applications
in many fields of science. In the last decade, many studies have discussed the idea of
generating new bivariate models based on a multiform copula function. A copula function
is an effective tool for modeling the dependency structure of variables, regardless of their
marginals. They have a rich class of dependence models, such as Gaussian, t, Clayton, and
Gumbel copulas, which can be used to model an immense range of dependence structures.
Copulas are defined over the unit square. By using a copula function, it is possible to
generate random numbers with a specified dependence structure, see Nelsen [1].

Flores [2] discussed various bivariate Weibull models based on different copula func-
tions, such as the Farlie-Gumbel-Morgenstern, Clayton, Gumbel-Hougaard, Ali-Mikhail—-
Hagq, and Gumbel-Barnett copulas. A new bivariate Gaussian-Weibull model was proposed
by Verrill et al. [3]. Later on, many authors focused their statistical analysis on bivariate
models; see [4] who developed a bivariate generalized Rayleigh distribution depending
on the Clayton copula function, [5] who introduced Bivariate power Lomax distribution
and [6] created a new bivariate Fréchet distribution using the Farlie-Gumbel-Morgenstern
and the Ali-Mikhail-Haq copulas. A bivariate Weibull distribution was proposed by [7]
based on the FGM copula function. In [8], the authors studied some families of bivariate
Kumaraswamy distribution using different copulas. Others used the Marshall-Olkin bi-
variate copulas; one may refer to ([9-18]). More recent work on bivariate models with
copula functions with applications can be found in [19,20], among others.

Along with the method for estimating parameters, it is also worth noting that the
selection depends on the specific application and the assumptions, robustness, and avail-
ability of the data. It is necessary to evaluate the performance of each method by using the
appropriate statistical measures and possibly comparing it with other methods to confirm
the results.

Yet, there are still many important issues in some practical cases, where the classical
bivariate models do not support a suitable fit to the data from real-life experiments. Accord-
ingly, there is an extensive need to develop new flexible bivariate distributions. One of the
main motivations for using a bivariate distribution with copulas is its ability to capture the
non-linear and asymmetric dependencies between variables. Copulas provide a rich class
of dependence models, which can be used to model many cases of dependence structures.
In addition, copulas facilitate the computation of various probability measures, such as the
probability of a joint event, the probability of one event conditional on another, and the
probability of exceeding certain thresholds. Another important motivation is the ability
to use copulas for risk assessment and portfolio optimization. The flexibility of copulas
in modeling the dependence structure makes it a suitable tool for financial and insurance
applications, where the non-linear and asymmetric dependencies between variables are
often present.

Sklar [21] found the probability density function (pdf) and the cumulative distribution
function (CDF) for the two-dimension copula function. As a result, if X and Y are two
random variables for the distribution functions F(x) and F(y), respectively, the joint CDF
and pdf for bivariate copula are given as

F(x,y) = C(F(x; A1), F(y; A2)), )
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and
f(xy) = f(x; A1) f(y; Az) c(F(x; A1), F(y; Az)). )

Different kinds of copula functions have been defined based on the above equations,
such as the Farlie-Gumbel-Morgenstern copula. This copula is a well-known parametric
family of the copula; this family was first introduced by Gumbel [22]. The joint CDF and
pdf of the Farlie-Gumbel-Morgenstern copula are given respectively as

Cl,v)=tv{l+A[1-1)(1—-v)]}, ©)]

cr,v)=14+A1-21)(1-2v), 4)

where T = F(x; A1), v =F(y; A2), and Aj and A, are vectors of the parameters for the
variables X and Y, respectively. A represents the copula parameter and it has a value in the
range [0, 1].

In this work, we formulated a bivariate model based on a new extension of the
modified exponential lifetime, see El-Damcese and Ramadan [23]. This new extension of the
exponential distribution is called the modified extended exponential (MEXE) distribution.
This new model has three parameters and offers great flexibility to the density function; it
also has an increasing failure rate and increasing reliability function. Many of its properties
and inferential analysis were discussed in [24-26], where in the latter, the estimation
under progressively hybrid Type-II and progressive hybrid Type-I censored samples were
considered and applied to fit some mechanical data. The attractive properties of the MEXE
that have been discussed in the literature encourage us to use it as a bivariate model as we
expect to fit many real data from different fields of science.

The suggested bivariate distribution is based on the Farlie-Gumbel-Morgenstern
copula function, which is applied to the modified extended exponential distribution, and
it is denoted by bivariate modified extended exponential (BMEXE) distribution. Statistical
properties for this distribution are discussed. Point and interval estimation for the parame-
ters was performed using the maximum likelihood estimation and the Bayesian estimation
methods, where a numerical technique such as the Metropolis—Hastings algorithm was
utilized for evaluating estimators. Three types of confidence intervals to estimate the
unknown parameters were considered, namely, asymptomatic, Bayesian credible, and
bootstrap intervals. Some measures of goodness-of-fit were used to fit the bivariate model
such as the Akaike information criterion (AIC), the Kolmogorov-Smirnov test, the corrected
Akaike information criterion (CAIC), the Bayesian information criterion (BIC), and the
Hannan-Quinn information criterion (HQIC). The real data examples show the suitability
of the suggested distribution compared with some competitive traditional distributions.

The remaining parts of this paper appear as follows: the BMEXE distribution is defined
in Section 2. Statistical characteristics of the BMEXE distribution are presented in Section 3,
while the maximum likelihood estimation and the Bayesian estimation were performed in
Section 4. In Section 5, confidence intervals are discussed. Section 6 shows the suitability of
the new model, which was illustrated by a simulation study. In Section 7, the applications of
computers’ processors and memories of real data units are discussed. Finally, the conclusion
and some remarks for the BMEXE distribution are presented in Section 8.

2. The Bivariate Modified Extended Exponential Model

The modified extended exponential distribution was first studied by El-Damcese and
Ramadan [23], in which the pdf and CDF are given, respectively, by:

F(x;0,0,5) = 0(6 4+ 20x) (1 + dx + ox?) 0Ll Hxte®)] =y 5 09 5550 (5)

and -
F(x;6,0,6) =1 — !~ (1040 5 5 0,6,0,6 > 0. (6)
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The reliability and hazard functions of MEED are given by
S(x;0,0,0) = 1=+ > 09 6,6 > 0 @)

and
h(x;0,0,8) = 0(6 4+ 20x) (1 + 6x +0x®)?~1, x>0,6,0,6 >0, (8)

respectively.

According to Equations (1) and (2), and using the copula defined in Equations (3) and (4)
with X and Y are two random variables following the MEXE function as in Equations (5) and (6);
the joint pdf and CDF of the bivariate MEXE distribution with the Farlie-Gumbel-Morgenstern
copula function are given as follows:

flx,y) = 0102(81 + 201%) (82 4 200y) (1 + 1% + 07x2) 11 (1 4 Spy + 0oy?) P2 Lelu(x) +0(y)]

[1 T A(ze“(x) _ 1) <zev(y) _ 1)} ) ©)

and

F(x,y;6,0,6) = (1 — e“(")> (1 - e”(y)> [1 + )te”(")ev(y)], x> 0,01,0,01,09,61,00 >0,

where u(x) =1— e[l—(1+51x+‘71x2)91] and v(y) =1- el1=(1+8ay-+oay?) 2]

3. Properties of the New Model

In this section, various important statistical properties were studied and are presented
for the new bivariate model.

3.1. Marginal and Conditional Distributions

Let X and Y be two random variables following the MEXE distribution, then the
marginal density functions are given by

f1(x;01,01,81) = 01(81 4+ 207 x) (1 + 61x + 01x2)91_16[1_(1+§1x+‘71x2)91], x>0,01,01,60 >0 (10)
and

f2(y;02,02,87) = 0(67 + 200y) (1 + dox + o1x2) 111 = (L+oay+ony?)2] y>0,00,02,6, >0, (11)
respectively. For the conditional pdf of X given Y, it can be written as

Flx|y) = 01061 +20120) (1 + 61x + 01x%) 71 (1= u(x)) (14 A = 2A(y)) + (2Au(x) (2v(y) — 1)),

where u(x) =1 — eli-(+ar+a®)] ang v(y) =1 — ell-(+ey+oy?) 2]
Additionally, we can define the conditional CDF of X given Y as:

F(x [y) = u()[(1+A =2v(y)) + Au(x)(2v(y) - 1)].
On the other hand, the conditional pdf of Y given X is given as:
Fy | x) = 0202 +209y) (1 + 2x + 07 x2)1 71 (1 — v(y))[(1 + A — 2Au(x)) + (2A0(y) 2u(x) — 1))].
The conditional CDF of Y given X is obtained as:
F(y | x) = v(y)[(1+ A = 22u(x)) + Av(y) (2u(x) — 1)]. (12)

A bivariate sample can be generated from the MExE distribution by using the condi-
tional way as summarized below:

*  Generate independent variables W and Z from uniform (0,1) distribution.
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1
° Let X = QMEXE(W) = ﬁ\/‘l(ﬁ(l — 11’1(1 — W))q + (5% — 40’1) —01.
e Let F(y|x) = Z in Equation (12) to find y by a numerical method such as Newton—
Raphson.
e Toobtain (x;,y;),i =1, ..., n, repeat the above steps n times.

3.2. Product Moments

If the random variables X and Y are distributed as a BMEXE distribution, then its m!"
and I moments about zero can be obtained as follows:

foy = E(x™y!) = / / X"y f(x,y)dxdy.
00

Then,
Y5 Y e )T G0 gr( 1) tar( +1is), (13)
r=imj=0 n=s=0 k=d=0 o 62
r—n m—k
where  01,09,61,00,05,8 > 0, O = (OOOGHIHCT),
D, — (_1)n+k225+2d—l—m+z+]ez+]+21 ¢r(x) - (511@71(5%_201) ) and
m—k—2d

Fuly) = 0§ 037" (83 —20)
The above result can be obtained using some integration techniques to obtain the needed result.

3.3. Moment Generating Function

Let X and Y be random variables with the pdf presented in Equation (9). Then, the
moment generating function (MGF) of X, Y is given by

Myy(t, t2) = /0 /0 ehx etzyf(x,y)dx dy,

(e8]
. . . . r
By using the exponential series expansion ¢! = ¥ £, we observe
r=o

e

,l,/ / X"y f(x,y)dx dy

o0
zm'l' ml:

Mx,y(tlz tZ) =

b3
i

Using the product moment defined in the previous section in Equation (13), the MGF
of X, Y is written as

tth

M) = 5 L Y L 220, @ v+ (D% g

T 91 1]+1>‘~I’m(y)1’<s +1 l+1> 01,01,01,02,02,0p >0
1 2
r—n m—k P
where Oy = (V)N INT), By = (—1)rg22i—tmsisigit 2,

l—n—2s m—k—2d

¢1(x) = 8o (63 — 207) T and Yul(y) = 65 o™ (03 —203) 2

3.4. Reliability Function

Osmetti and Chiodini [27] demonstrated the idea of finding the reliability of a joint
survival function and they showed that it is more convenient to work with X and Y as
random variables with survival functions 1 — F(x) and 1 — F(y) as follows:
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The reliability functions of the marginal distributions are defined as

0
S(x;01,01,01) = 1 — F(x) = el=0+o+ax®) g 0505 0

and
S(y;02,02,02) =1—F(y) = 5[17(1”2%0”2)92]; 02,02,07 > 0.

The joint survival function for copula is expressed as

S(x,y) = C(S(x), S(y))-
Hence, the reliability function of the BMEXE distribution is

Stry) =1 —u@)][1—ov@][l+Au(x)o(y)],

where u(x) =1—- e[lf(1+51x+(71x2)91] and U(y) =1 e[lf(l+52y+‘72y2)92}.
Basu [28] was the first who defined the bivariate failure rate function which is given as

) = Sy

Hence, the hazard rate function of the BMEXE distribution is

h(x,y) =6102(61 + 201x) (52 + 20oy) (1 + d1x + lez)@l*1 (1+6y+ (Tgyz)ez*l
(1= u(x)][1 = v(y)][1 + A1 = 20(x))(1 = 20(y))] [1 + Au(x)o ()] 301,01, 01,62, 02,6 > 0.

4. Inference under Complete and Censored Samples

In this section, the classical and non-classical estimation problems were considered; for
classical, we used the maximum likelihood estimation and discussed the point and interval
estimation for the unknown parameters of the BMEXE distribution. Bayesian estimation
is the most powerful non-classical estimation method; hence, point and credible intervals
were obtained for the unknown parameters. These estimation issues were handled for both
complete samples and Type-II censored samples.

4.1. The Maximum Likelihood Estimation

In this subsection, we explored the maximum likelihood estimation (MLE) for the
unknown parameters w = (61,071, 61,62,02, 02, A), subject to complete and Type-II censored
samples. Suppose that (X1.,, Y1:1), (X2:0, Y2:1), s (Xnzn, Yn:n ) are the n observed values from
the BMEXE distribution. The likelihood function for a bivariate model was discussed by
Kim et al. [29]. Therefore, the likelihood function for w under a complete sample is defined

as follows:

n

Lw) = J]fxy&ivi)
i=1
n
= [ 1/x(xi) fr(yi) e(F(xi), By (yi)-w).

i=1

Then,
L(w) = ﬁ9192(51 +201x,) (8 + 200y, ) (1 + d1x, + lef)91*1(1 + 0y, + (szl,z)gfl

i=1

fyl —u(x)] [1- ()]

n

H[l+/\(172“(xi))(1720(yi)”' (14)

i=1
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where u(x;) =1 - 1=+ g v(y,) =1-— p[1— (1029, +02y7)%2]
The log-likelihood function ¢(w) can be expressed as follows:

nln6; +nln6, + Z?:l In(61 + 207x,) + Z?:l In(dy + 202y,)+
(m—n;;mu+@%+mﬁww%—n;;mu+@%+@ﬁywiﬂ@—u+&%+ﬁgﬁq+ (15)
1= (U oy, oa)® | T Inf1+ AL - 20(x)) (1 - 20(y,))]:

Differentiating Equation (15) partially with respect to the model’s parameters,

we have:
of n 1 L X; 4 0, —1
o - —1 (1 1
36 & (61 +201x,) + (6 )2 ¢ (T+ 1%, + 0147) 911:21’“ o+ o)
izwlx (1+ 01 +0122)" " (1—u(x,)) (1 - 20(y,))
= [T+ A1 —2u(x;))(1—20(y,))] ’
ol w U " 6y—1
—0 (14 6y, + ooy?) 2
35, ; 52+202y,) 21 1+(5z]/,+172y) 21-:21%( 2y, +02y;)
i”\@zy (14 62y, + oay?) 211 = v(y,)) (1 - 2u(x,))
= [T+ A(1—2u(x,)) (1 —2v(y,))] ’
ol n 2x, " x? "
_— = I B —0 x2(1 + b1x. + o112 611
80'1 ;(51+20’1X) ; 1+51x +U'1x) l; ’( 1% 1')
in\@lx (1+61x, +a1x3)” (1—20(y,))(1 — u(x,))
= [T+ A1 —2u(x;))(1—20(y,))] ’
RY, n 2y, n v o, 21821
= N A — — 0 “(1 4 6oy, + ooy
00> l; (02 + 200y, ) 02 l; (14 62y, + 02y?) 2;% ( 2+ 02;)
Zf:ZA@zy,- (1+bayi + oay?) 21 (1 = v(y,)) (1 —2u(x,))
i=1 [1+A(1—2u(x,.))(1—20(yi))] '
of n+iln1+5x+ax) Z(l—f—éx+c7x2)911n(1+(5x+ax2)
%, o, L 1 1 Z 1X; + 01X 1X; + 01X;

B i 2A (1 +01x; + 01X ) In(1+d1x, + o7 2) (1 —2v(y,)) (1 —u(x,))
i= [+ A0 —2u(x)) (1 - 20(3,))] '
o n 1 ’
% :@ + Zln(l + (52% + 0'2y Z 1 + 52y + Y ) 11‘1(1 + 52% + Uzyi)
i=1 i=1

B Z 2A(1+ 8oy, + 02y?) ? In(1+ &y, + o2y?) (1 v(y,)) (1 — 2u(x,))
i=1 [1"')‘(1 ( i))(1—2v(y[))}
and
o _ g (1=2u(x))(1-20(y))
oA A 1+ A1 —2u(x))(1—2v(y,))]

By equating the above partial derivatives with zero, we get a system of non-linear

normal equations. This system needs a numerical solution such as a nonlinear optimiza-
tion algorithm.
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Now, for the censored sample case, the likelihood function under a Type-II censored
sample is written as follows:

n!

L(w) = m[l (%xr:n)] HfXY Xizns Yion)- (16)

Substituting Equations (6) and (9) into Equation (16), the log-likelihood function
L(w) becomes

Liw)= "G5 [e[l_(Hélxmmxi")gl]} 16+ 201%,,) (52 + 202y, (L B3, +0132)0 (14 Gy, + o2 )
' r = r ' (17)
TT[1 =) = v(y)] T+ AQ = 0(y,,)) (1 = 2u(x, )]
where M( ) =1— [1 (1+01xl n+glx ) } and U(y ) =1- e[lf(lJV‘SZy:n +172yi2:n)92]'
The log—hkehhood function #(w) can be expfessed as follows:
l(w) (n—1)[1 = (14 &1%p + 0122,)"] +7rIn6; + rinfy + 371 In(é 4+ 20x,,) + ¥i_q In(6p + 200y, )+
(6 — 1) Ty In(1 4 61x,, + 0122 ) + (62 — 1) Ty In(1 + 8y, + 0292 ) + X0y [1 — (14 8%, + 022 1)91} + (18)

L1+, +vzy§n>92] + X 1+ A (L= o(y,,)) (1= 2u(x,,))];

Differentiating Equation (18) partially with respect to the model’s parameters, we have:

aa—;; = —(n—1)01xn (14 1% + 9x2,) 71+ i}ii (c51+—21¢719€M,)
: . r
+(61 - 1) l; Ao T ) 61 l; x,,, (1+ 61x,, + oy )0
r 200, (1+ 61y, +o1x2)" (1 20(y,)) (1 — u(x,,))
= [1+A(1-v(y,,)) (1 —2u(x,,))] '
7 r r r
% B ,; m =1 +52y,n +¢72}/ ) _92,';%:”(1 R +U2yf")62 1
2 206, y,,, (1 + b2y, + a2 )21 (1 = v(y,,)) (1 - Zu(x,m)),
bt T+ A1 =v(y,, )1 —2u(x,))]
aa—(fl = —(n— r)@le:n(l + 61%Xpp + lefzn)glfl + er: 514_2;’(;’19(”1)
r 2 r
r 2)\91xm(1 + 51xm + alxm)gl*1 (1—20(y, )1 —u(x,,))
L [T+ A(T = v(y,)) (1= 2u(x,,)] :
y r r Y2 r
% B 1; (%2 Jrzgl(;zy, ) ,Z 1+ 5zy, o) i;yi’(l + b+l

B i 206, y2, (1 + b2y, + oay? )? 1 (1 = v(y,,)) (1 —2u(x,,))
= [1+A(1=v(y,,)) (1 —2u(x,,))] ’
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ov

20,

o _
06,

’
— (n=1)(1 4 61xp + 122, In(1 + 6120 + 0122, + o
1

T T
+ Y In(1+0x, + o1 ) = Y (1 +61x,, + o9x2 ) In(1+ d1x,, + 0922 )
j i—1

nn
i=1

4 2/\(1 + 51xi:n + lezn)gl ln(l + (Slxi:n + lefn) (1 - 2U(yi:11))(1 - u(xi:n))

-

i=1 [1—’_/\(1 _U(yi:n))(l_zu(xi:n))] ’
r r
é +) In(1+ 6y, + azyf”) - 2(1 + &y, + Uzyzn )92 In(1+ by, + (szzn)
i=1 i=1
B i 2)\(1 + 52:[/].:,7 + o'zyzn)"z In(1+ 52yi:n + U'Zy%n) (1 — U(yi:n))(l — ZM(XM))
i=1 [1+/\(1 7U(yi:n))(172u(xi:n))]
and

o _ 3 (L 00,))( - 2u(x,,))
A i=1 [1 + )‘(1 - U(yi:n))(l - Zu(xi:n))} .

By equating these partial derivative equations to zeros, we get a system of non-linear
(normal) equations.

Since there is no closed-form expression for the MLE 0,,01,61,05,07,6, and A, their
values were computed numerically using a nonlinear optimization algorithm. All numerical
calculations and their results were obtained and are summarized in Section 6.

4.2. Bayesian Estimation

The Bayesian method considers the parameters as random variables; the ambiguity of
the parameters was defined as a joint prior distribution, which was observed before the
collected failure times. The ability to collect prior knowledge in the analysis makes the
Bayesian approach very helpful in reliability analysis. The limitation of data availability is
one of the main challenges related to the reliability analysis; see [30]. Bayesian estimates
of the unknown parameters w = (61,01, 1, 62, 02,82, A) were achieved with respect to the
squared error loss function (SEL).

The Bayesian estimation uses an appropriate choice of prior(s) for estimating each pa-
rameter. According to the Bayesian estimation theory, no prior distribution for a parameter
is considered the best until it is tested and validated. Additionally, most prior distributions
are selected according to one’s subjective knowledge and beliefs. Hence, if one has enough
knowledge of the parameter(s), it is wise to select an informative prior(s); otherwise, it is
better to consider non-informative prior(s). For this research, we selected non-informative
priors (uniform) and an informative prior (gamma). These assumed that prior distributions
have been used widely by several authors such as [31-33]. The definitions of the above
listed loss function are presented as follows:

e For informative prior, it is assumed that the parameters w = (61,071, 61,62,02,62,A) are
independent and follow the prior distributions,

i(w) = w e Y, a;,b; > 0,j=1,2,..,7; (19)

e  For non-informative prior, it is assumed that the parameters w are independent and
follow the uniform distributions,

1 :
] ]

*  For non-prior, it is assumed that the parameters w are independent and follow

mi(w) = 1. (21)
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The posterior distribution of 61,07, 1,62, 02,5, and A, denoted by 77*(w|x,y), can be
obtained by combining the likelihood function with the priors and it can be written as

L(w | xy) 1(61) ma(01) 73(61) 7ta(62) 715(02) 716(02) 717 (A)

TJ T JL(w|xy) mi(61) ma(o1) 7t3(d1) a(82) 7t5(02) 716(62) 777 (A) 6y doydéyd6y dorddy dA
000000O0

T (wlxy) =

e

A commonly-used loss function is the SEL, which is a symmetrical loss function that
assigns equal losses to overestimation and underestimation. If w is the parameter to be
estimated by an estimator @, then the square error loss function is defined as

Therefore, the Bayes estimate of any function of w = (61,07, 61,602, 02,82, A), say g(w)
under the SEL function, can be obtained as

255 (@ %) = Eujuy(8(@)),

where

O%»ﬁ
o . |®—3

TTTTT (@)@ | xy) m(6r) ma(or) m(6) ma(8) 7us(02) 16 (62) 707 (A) 6y dordyd6y dosddy dA
00000 ) (22)

T L(w]xy) m(61) ma(or) m3(61)a(62) 7t5(02) 716(d2) 717 (A) 6y doyddyd6y dopddy dA
000000

Eupxy(8(w)) =

It was noticed that the ratio of multiple integrals in Equation (22) cannot be obtained
in an explicit form. Thus, the MCMC technique generates samples from the joint posterior
density function. To implement the MCMC technique, we considered the Gibbs within
Metropolis-Hasting samplers procedure.

In the MCMC method, we estimated the posterior distribution and the multi-integrals
via simulated samples generated from the posterior distribution. The MCMC technique
was performed, where Gibbs sampling and the Metropolis—Hastings (M-H) algorithm
were used for finding the MCMC method. That algorithm was first studied by [34,35].
Similar to the acceptance-rejection sampling, the M-H algorithm combines each iteration
of the algorithm with a chosen value that can be generated from a certain distribution;
so, the chosen value was accepted according to a suitable acceptance probability. This
action assures the convergence of the Markov chain for the objective density. For more
information about the applications of the M-H algorithm, one may refer to [36-38].

For the Type-II censoring data, Equation (16) can be used to replace Equatlon (14)
to obtain the Bayes estimates of the unknown parameters 0,,01,61,0,,07,6, and A. At
this point, we concluded that the idea behind using the MCMC method over the MLE
method is that it can obtain a reasonable interval estimate of the parameters by constructing
the confidence intervals based on the empirical posterior distribution. This is regularly
inaccessible in the MLE case. Chen and Shao [39] used a technique that extensively
generates the highest posterior density intervals of unknown parameters of the distribution.
In this study, the M-H algorithm was used to select samples that were used to generate
failure times estimates.

5. Confidence Intervals

In this section, we introduce two methods for generating confidence intervals for the
unknown parameters of the BMEXE distribution, the asymptotic confidence interval, and
the bootstrap confidence interval of 9]-, i, 5]-, where j = 1,2 and A. There are two parts to
the bootstrap method; bootstrap percentile and bootstrap-t.
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5.1. Asymptotic Confidence Intervals

The asymptotic property of normal distribution for the MLEs is the most commonly
used method for producing confidence bounds for the parameters. The Fisher information
matrix I(w) is created in combination with the asymptotic variance-covariance matrix of
the MLE for the parameters by getting the negative second derivatives of the log-likelihood
function at & = (61, ¢y, 81,65, 05,05, A).

Assume the parameter vector w’s asymptotic variance-covariance matrix is

0161
Itflffl Iy
15191 151(71 151 3
Ho)=| lgg Ige los Iog ,
Ieg, loe lss g6 oo
152(;1 Itfzifl 5% 152‘;2 I5A217A2 15252
L Bey Lo, L e L, L Dl

where V(@) = I71(®) is the variance-covariance matrix.
A 100(1 — )% confidence interval for the parameter vector w can be built based on the
MLE'’s asymptotic normality. Using the asymptotic normality of the MLE, a 100(1 — )%
confidence interval for parameter vector w can be constructed as

@iZV\/%, G+ Zy\ /s, %iZw\/%andﬁizym,
where Z, is the percentile of the standard normal distribution with a right tail
probability of 7.

5.2. Bootstrap Confidence Interval

Bootstrap is a re-sampling method used in statistical inference. It is frequently utilized
to compute confidence intervals; for more information, see Efron [40]. In this subsection,
we used the parametric bootstrap method to compute confidence intervals for the unknown
parameters 6, 0y, o, where k = 1,2 and A. We provide two parametric bootstrap methods
for confidence intervals, percentile bootstrap, and bootstrap-t confidence intervals.

5.2.1. Percentile Bootstrap Confidence Interval

The following steps summarize the algorithm for obtaining percentile bootstrap confi-
dence intervals:
1. MLE and Bayesian estimators are measured for the BMEXE distribution’s parameters;
2. Create bootstrap samples with 6y, 0k, i, and A obtain the bootstrap estimate, respec-
tively, as 62, U,f , (52 and A’ using the bootstrap sample;
3. Repeat step (2) M times to have (92(1), 92(2), ... ,GZ(M)), ((7:(1),(7,’:(2), ... (T,f(M)),
(600, 5P@)  5PM)y and (AP, Ab2), . AVM));

4.  Arrange (9;:(1),92(2), ... ,QZ(M)), (0113(1)’0:(2)’ .. .,U,’:(M)), ((Sb(l),é;:(z), ... ,(5;:(/\4)) and

(Ah(l),)\b(z) .. .,Ab(M)) in ascending order as (9;;[1],92[2], ... ,GZ([MD),
(0 GH0L | M (G 2 g e e, My
5. The two side 100(1 — )% percentile bootstrap confidence intervals are given by

(AP(IMED ABEMA-3D)),

5.2.2. Bootstrap-t Confidence Intervals
The following steps summarize the algorithm for obtaining bootstrap-t confidence intervals:

1. The steps (1, 2) are the same as in Boot-p;



Mathematics 2023, 11, 2142

12 0f 23

2. Where V(&) is asymptotic variances of @’ and it can be obtained using the Fisher

17(2;

\/V(wb)’

information matrix, the t-statistic of w is computed as T =

3. Repeat steps 2-3 M times and obtain (T(l), T®?),. .., TM) );
Arrange (T(l), T@),. .., T(M)) in ascending order as (Tm, TR ..., TM );
5. The two side 100(1 — )% percentile bootstrap confidence intervals are given by

0% —I—T [M ) ((7]?),0’](‘1‘ /V((T]?)T:([M(l_%)])],
5 +T PMED v (ab), 6+ V((sh)T”(W“’%)”} and

A+ 1M ey A 4 v T MO D

6. Simulation Study

-

[6k
[
[
[

In this section, a Monte Carlo simulation was performed using the copula function.
The BMEXE parameters were estimated using the R program. Nelsen [1] described how
to generate a sample from a given joint distribution. We can generate a bivariate sample
using the conditional approach by following the procedure below.

e By using uniform (0, 1) distribution, generate U and V independently;
T
L4 Setx = QMEXE(W) = %\/40’1 (1 — 11‘1(1 — W))Gl + (5% — 40’1) — 51,‘

*  Set F(y|x) = V in Equation (12) to obtain y by numerical analysis;
e Toobtain (x;,y;),i =1, ..., n, repeat the above steps (1) times.

A simulation algorithm: simulation experiments were performed with the following
data generated from the BMEXE distribution, where X, Y are following the MEXE distribu-
tion with 0;, 0;, and J; where j = 1,2, thus the parameters 61,01, 61,62, 02, 62, and A were
obtained with the following cases for the random variables, generating:

Case-l: 0; =2,00 =21,01 = 18,600 =13,00p =15, =1.3and A = —0.3.
Case-II: 91 = 0.6, o] = 0.7, 51 =0.8, 92 =0.9, 0y = 0.5, 52 =06and A =0.8.
Case-Ill: 6 =1.6,00 =1.7,6; = 08,0, =0.9,00 =1.5,5, = 0.6 and A = 0.5.

We chose several sample sizes, such as n = 40, 100, and 200, and different Type-II
censored sample sizes, such as r = 30, and 40, for n = 40, r =70, and 85 forn = 100, and r = 160,
and 180 for n = 200. The bias, mean square error, length of asymptotic confidence intervals,
length of bootstrap-p, and length of bootstrap-t were calculated for MLE, while bias, the
mean square error, and length of credible confidence intervals were calculated for the
Bayesian method. A comparison was performed between the different approaches of the
resulting estimators with respect to the bias and MSE, where L = 5000 is the number of
simulated samples.

The 95% of confidence intervals were produced using asymptotic MLE and credible
intervals and they were evaluated against different criteria. The length of the typical
confidence intervals was compared. Estimates of the parameters in the Bayes technique
were generated from three cases as informative, non-informative priors, and non-prior in
order to evaluate the type of prior. In the case of informative priors, the hyper-parameters
were selected by elective hyper-parameters utilizing MLE information to display the
outcomes of the estimated parameters.

In Tables A2—-A4 and Figure 1, the simulation analysis yields the following findings,
which we highlight as follows:

*  When sample size grows and Bayes estimates are used, the bias, mean square error, and
length of confidence intervals for computed MLE parameters have a downward trend;

*  For bias, mean square error, and length of the asymptotic confidence interval under
the Bayes estimates consistently outperform the MLEs;

e  The performance improves as the censored sample size r rises, keeping the Type-II
censored sample size n and time fixed;
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¢ Compared to the confidence interval methods, the bootstrap confidence interval
estimates are superior as they have the least confidence length;
e Compared to the estimation method, the Bayesian estimates are superior.

Tables A2-A4 are shown in Appendix A, where the notation MSE refers to mean
square error, LACI is the length of asymptotic confidence intervals, LBP is the length of
bootstrap-p, LBT is the length of bootstrap-t, and LCCI refers to the length of the credible
confidence intervals.
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Figure 1. Comparison between MLE and Bayesian by MSE.

7. Application of Real Data

The data set contains n = 50 simulated primitive computer series systems, each with a
processor and a memory. The computer works if both components of the system are in
good working order. Let us assume that the system is going through a latent deterioration
process. Over a small period of time, the deterioration progresses swiftly (in hours). The
system becomes more susceptible to shocks as a result, making it possible for a lethal shock
to randomly destroy either the first, the second, or both components. Because a fatal shock
can kill both components at once, the independence premise could not be reliable, hence we
used the Farlie-Gumbel-Morgenstern to examine this issue. Life of the processor can be
denoted as X and memory lifetime can be denoted as Y. The data set is shown in Table A1
in Appendix A.

In order to check the outliers in the processor and memory data, Figure 2 was obtained,
where a scatter plot with a boxplot was used to differentiate between the various groups. In
contrast, Figure 3 presents the dependence plot of processor and memory, which have been
reviewed to indicate independence in the data and the density distribution of numerical
data. Figures 2 and 3 show that the data have right-skewed shapes, non-symmetric ships,
and low negative correlation.
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Figure 2. Scatter plot with boxplot.
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Figure 3. Correlation measure and its plot.

The MLE estimator of marginal parameters with standard error (SE) and Kolmogorov—
Smirnov (KS) statistics with the p-value for all competing models, as MEXE is included
in Table 1. Figure 4 displays the estimated CDF with empirical CDF, pdf with histogram,
and PP-plots for each sample. Table 1 includes the estimates’ results along with various
goodness-of-fit indices. We note that the data are consistent with this distribution.

Table 1. MLE of BMEXE parameters with SE and KS test.

Processor Memory
Estimates SE Estimates SE
0 1.1278 0.0556 2.0966 0.0913
o 0.0311 0.3501 0.0586 0.5922
0.3843 0.0780 0.4618 0.1371
KS 1.1278 2.0966
PVKS 0.9213 0.3040

Table 2 discusses different measures of goodness-of-fit, including AIC, CAIC, the
BIC, and (HQIC), as well as the MLE estimator for the marginal parameters with SE. The
comparison was performed for three models: BMEXE, Bivariate Lomax—Claim (BLC),
which was introduced by [41], bivariate Fréchet (BF) by [6], and bivariate Lomax (BL)
by [42].

Table 2 displays the MLE with SE for the BMEXE model parameters. Comparisons
of bivariate models based on the BMEXE model, utilizing the AIC, CIAC, BIC, and HQIC



Mathematics 2023, 11, 2142

15 of 23

metrics, are covered in Table 2. These findings lead us to the conclusion that the BMEXE
distribution outperforms other bivariate distributions in terms of the goodness-of-fit
measures mentioned before. We found that Bayesian estimates outperform MLE in terms
of the value of SE when comparing them.

0.4
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Figure 4. Marginal estimated plotting.

F(x)

F(y)

P—P plot

probability(x)
P-P plot

probability(y)

The distributions of the parameters from the computer data set were trace plotted in
Figure 5 for 6,01, 61,02, 02 and &, to follow the posterior density of the MCMC outputs
when r = 50 (complete sample). The marginal posterior density estimates of the parameters
of the BMEXE distribution, along with their histograms based on 10,000 chain values, are
also displayed in Figure 6 for 61,01, 61,0, 02 and ;. In the case of the copula parameter,
we generated a plot of the MCMC, shown in Figure 7. All of the generated posteriors
are symmetric with regard to the theoretical posterior density functions, according to the

estimations, which are obvious in these figures.

Table 2. MLE with SE and different measures to compare between bivariate models.

BMEXE BLC BF BL
Estimates  SE Estimates SE Estimates  SE Estimates SE
01 0.4829 0.2111 1342571 56.9368 0.6353 0.1110 1723502  464.2317
0 0.6469 0.3098 0.0045 0.0018 0.8886 0.0889  103.0818  275.7959
&1 0.6425 0.2529  825.2748  5.6516
&) 1.5264 0.7685  68.9989  56.7898  0.2456 0.0893  86.7328  164.7504
o) 0.0125 0.0309 0.0095 0.0078 0.4201 0.0389 55.3910 103.7675
%3 0.2967 0.1472  369.3705 256.5926
A 0.4050 0.3183 0.5054 0.3286 0.7265 0.4591 0.5006 0.3314
AIC 312.8515 319.6854 386.8855 313.2396
CAIC 315.5182 322.3521 388.2492 317.6033
BIC 322.2357 333.0696 396.4457 322.7998
HQIC 317.9483 324.7822 390.5261 318.8802
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Figure 7. MCMC trace and MCMC histogram of posterior density plot for A.

Table 3 discusses point and interval estimation for the unknown parameters using the
MLE and Bayesian methods based on Type-II censored samples with different samples and
a 95% confidence level. The results show how well the MCMC algorithm converges and
how near the 95% asymptotic and higher posterior credible confidence interval boundaries
are spaced. Also, the SE has a downward trend when r increases.
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Table 3. MLE and Bayesian methods based on Type-II censored samples with different sample sizes.

MLE Bayesian

r Estimates SE Lower Upper Estimates SE Lower Upper
61 0.4829 0.2111  0.0692  0.8966 0.4769 0.0906  0.3038  0.6543
ogl 0.6469 0.3098  0.0397  1.2540 0.6268 0.1881  0.2954  1.0398
& 0.6425 0.2529  0.1468 1.1383 0.6347 0.1156  0.3928  0.8515

50 ) 1.5264 0.7685  0.0201  3.0328 1.5087 0.2826  0.9539  2.0453
o 0.0125 0.0309 0.0048 0.0731 0.2805 0.0115 0.00001  0.0395
& 0.2967 0.1472  0.0082  0.5852 0.2805 0.1262  0.0136  0.5034
A 0.4050 0.3183 —0.2189 1.0289 0.4032 0.1122  0.1867  0.6240
a1 0.4828 0.2121  0.0701  0.8955 0.4763 0.0902  0.3043  0.6537
B1 0.6473 0.3976  0.1320  1.4265 0.6266 0.1879  0.2582  1.0020
& 0.6424 0.3053  0.0440  1.2407 0.6344 0.1156  0.3926  0.8513
35 o 1.5245 0.8049  0.0531  3.1021 1.5088 0.2806  0.9571  2.0395
B2 0.0126 0.0460 0.0078  0.1028 0.2815 0.0112  0.0000  0.0389
) 0.2971 0.2460 0.0185 0.7793 0.2815 0.1256  0.0134  0.5024
A 0.4051 0.3218 —0.2188 1.0289 0.4028 0.1121  0.1831  0.6203
o 1.5527 07124  0.1564  2.9490 1.5461 0.3553  0.8464  2.2203
B1 0.0048 0.3995  0.0000 0.1123 0.0406 0.0321  0.0000  0.1043
& 0.2941 0.3623  0.0482  0.7364 0.2974 0.1510  0.0001  0.5581
30 %) 1.5480 0.9020 0.2199  3.3160 1.5489 0.2984  0.9447  2.0986
B2 0.0119 0.0604 0.0011  0.1303 0.2936 0.0311  0.0000  0.1002
& 0.2921 0.2777  0.0115  0.6993 0.2936 0.1352  0.0085  0.5298
A 0.3895 0.3283  —0.2539 1.0330 0.3873 0.1138  0.1641  0.6081

8. Conclusions

In this paper, we proposed a new bivariate family called the BMEXE, which is derived
from the Farlie-Gumbel-Morgenster copula function and the modified extended expo-
nential distribution. This family’s statistical properties have been described; as a result,
it can be used very efficiently in life testing data such as for medical data and computer
survival times. The maximum likelihood method and the Bayesian method with the M—
H algorithm were used to estimate parameters. Three types of prior distributions were
assumed; the informative Gamma, the non-informative, and the non-prior distributions.
As a result, we can conclude that Bayesian estimation is the best estimator for the BMEXE
distribution. Furthermore, the new bivariate model can be utilized in place of other clas-
sical bivariate distributions for a variety of applications. The BMEXE model is efficient
because the marginal functions are the same as the basic distribution; in addition, the
moment-generating function and product moments have closed forms. For estimating
unknown parameters, three types of confidence intervals were considered: asymptomatic,
bootstrap, and Bayesian credible intervals. A real data analysis based on computers’ failure
times for their processors and memories was performed using some goodness-of-fit tests;
the analysis shows the suitability of the new bivariate model with the failure times of
computers. Some limitations may appear in modeling bivariate data, such as the skewness,
the sample size, and the dependence issue between failure causes. Hence, more work is
still needed in this field to improve more flexible bivariate models.
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Appendix A

Table A1l. Computer works data.

i X Y i X Y
1 1.9292 3.9291 26 0.1115 0.1115
2 3.6621 0.0026 27 0.8503 2.8578
3 3.6621 0.0026 28 0.1955 0.1955
4 3.6621 0.0026 29 0.4614 0.8584
5 1.0833 3.3059 30 3.3887 1.9796
6 1.0833 3.3059 31 0.1181 0.0884
7 0.3309 0.3309 32 5.0533 2.3238
8 0.3309 0.3309 33 1.6465 2.0197
9 0.5784 1.8795 34 0.9096 0.6214
10 0.552 0.552 35 1.7494 2.3643
11 1.9386 4.0043 36 0.1058 0.1058
12 2.1 2.0513 37 0.1058 0.1058
13 0.9867 0.9867 38 0.9938 1.7689
14 0.9867 0.9867 39 5.7561 0.3212
15 1.3989 4.1268 40 5.7561 0.3212
16 2.3757 2.7953 41 0.627 1.7289
17 3.5202 1.4095 42 0.7947 0.7947
18 2.3364 0.1624 43 0.5079 5.3535
19 0.8584 1.9556 44 2.5913 2.5913
20 4.3435 1.0001 45 2.5372 2.4923
21 1.1739 3.3857 46 1.1917 0.0801
22 1.3482 1.9705 47 1.5254 4.4088
23 3.0935 3.0935 48 1.0986 1.0986
24 2.1396 2.1548 49 1.0051 1.0051
25 1.3288 0.9689 50 1.364 1.364




Mathematics 2023, 11, 2142 19 of 23
Table A2. MLE and Bayesian for parameters of BMEXE distribution: Case L
Case I MLE Bayesian
Gamma Prior Non-Informative Non-Prior
n r Bias MSE LACI LBP LBT Bias MSE LCCI Bias MSE LCCI Bias MSE LCCI
01 0.3412  1.3996 4.4426 0.1479 0.1473 0.0762 0.1886 1.5742 0.1217 0.2748 1.6517 0.0810 0.0842 0.9829
op 0.0480 1.3054 4.4770 0.1449 0.1450 —0.0374 04946 27226 0.4353 45401 7.8002 —0.0109 04360 2.5702
61 0.0471 22593 5.8922 0.1880 0.1880 0.0084 0.2977 19582 0.5365 1.8851 4.5058 0.0195 0.3334 2.1709
30 6, 05006 1.4703 4.3314 0.1380 0.1372 0.1038 0.1481 1.1580 0.1151 0.3260 1.9067 0.0655 0.0881 1.1062
o, 0.0612 3.8303 7.6720 0.2499 0.2486 —0.0612 0.3732 21782 03701 1.9305 4.7939 0.0355 0.3613 2.1449
6, —0.1086 1.3166 4.4799 0.1466 0.1479 0.0238 0.2260 1.8376 0.3670 09104 3.0914 0.0463 0.2627 1.8758
0 A —0.0128 27066 22723 0.9092 0.9489 0.0531 0.2739 19791 —-0.0151 0.1397 1.4803 0.0939 0.1211 1.1772
#; 03789 09405 35011 0.1116 0.1115 0.0248 0.0601 0.9280 0.0741 0.2241 1.6587 0.0209 0.0248 0.5948
o1 0.0017 1.0461 4.0114 0.1310 0.1309 —0.0054 0.1207 1.3744 0.6473 4.1495 6.8329 0.0028 0.1214 1.3236
61 —0.1353 0.8414 35582 0.1070 0.1072 —0.0141 0.0991 12076 0.5124 1.6294 4.0504 —0.0029 0.1025 1.1892
40 6, 04732 09750 3.3989 0.1111 0.1099 0.0326  0.0340 0.6976  0.0881 0.2925 1.7683  0.0289  0.0343 0.7008
o, 0.0424 3.0921 7.0710 0.2338 0.2528 —0.0216 0.1197 1.3350 0.4615 1.8002 4.7378 —0.0031 0.1128 1.3177
6, —02191 0.5427 2.7584 0.0859 0.0853 —0.0063 0.0858 1.0969 0.3833 0.8560 2.8654 0.0102 0.0899 1.1200
A 03572 13152 19026 0.6857 0.8163 —0.0014 0.0898 1.1513 0.0020 0.1154 1.2721 0.0315 0.0762 1.0194
f#; 02005 04766 25908 0.0857 0.0861 0.0831 0.1709 1.5082 0.1478 0.3577 2.0246 0.0859 0.0853 0.9791
op 0.0383 0.5458 2.8936 0.0920 0.0912 —0.0185 0.4816 2.6493 0.2961 3.5878 7.1639 0.0040 0.4238 2.5265
61 0.0124 1.0822 4.0797 0.1297 0.1314 0.0143 02194 1.7979 0.4568 1.4503 3.8907 0.0154 0.2982 2.0084
70 6, 03203 07531 3.1631 0.1007 0.1003 0.0645 0.0733 0.9884 0.0943 0.2421 15769 0.0764 0.0858 1.0045
o, —0.0371 1.7746 5.2226 0.1596 0.1691 —0.0579 0.3249 2.0676 0.4994 1.7361 4.3245 0.0156 0.3162 2.0386
6, —0.1170 04535 2.6011 0.0846 0.0877 0.0397 0.1725 1.5271 0.2139 04737 24359 0.0260 0.1933 1.6283
100 A —0.1343 1.2022 25160 0.4022 04051 0.0731 0.1797 1.6045 0.0071 0.1023 1.2283 0.0089 0.1014 1.1652
04 0.1184 0.3587 2.3968 0.0800 0.0791 0.0089 0.0540 0.9089 0.1180 0.2578 1.6657 0.0314 0.0219 0.5475
o1 —0.0124 0.3896 2.4476 0.0755 0.0755 —0.0332 0.1171 1.3321 0.4489 3.3804 6.6175 0.0018 0.1106 1.2615
61 0.0181 0.6702 3.2100 0.1048 0.1065 0.0219 0.0938 1.1289 0.3512 09778 3.3468 0.0009 0.1038 1.2222
85 6, 03304 05922 27259 0.0834 0.0843 0.0222 0.0240 0.5846 0.0813 0.2374 1.7729 0.0222 0.0277 0.6041
o, 0.0336 1.6090 4.4019 0.1413 0.1407 —0.0135 0.1055 1.2469 0.3656 1.5288 4.0971 —0.0044 0.1088 1.2830
6, —0.1607 02637 19129 0.0625 0.0621 —0.0059 0.0712 1.0236 0.1841 0.3709 2.0891 0.0282 0.0900 1.1145
A 02600 09221 1.1643 04015 0.3612 0.0221 0.0818 1.1452 0.0057 0.0881 1.1228 0.0062 0.0746 0.9865
01 0.0379 04541 24622 0.0813 0.0814 0.0622 0.1314 1.3060 0.1110 0.2098 1.4561 0.0572 0.0497 0.7810
o1 0.0070 0.1990 1.7497 0.0638 0.0632 —0.0654 0.1542 15111 0.2984 22272 52226 0.0084 0.3763 2.3492
61 —0.0161 0.3544 2.3345 0.0887 0.0883 0.0493 0.1919 1.6173 0.2432 0.6166 27866 0.0172 0.1929 1.6450
160 6, 0.1676 0.6768 3.1594 0.1186 0.1206 0.0736  0.0620 0.8364 0.0894 0.1834 1.3994 0.0472 0.0610 0.8897
o, 0.0555 1.1195 4.1447 0.1483 0.1484 —0.0267 0.2885 1.9571 0.3119 1.1073 3.5263 0.0364 0.3003 2.0330
6 —0.1162 0.1662 1.5330 0.0597 0.0590 0.0307 0.1616 1.1683 0.1220 0.2232 1.6960 0.0460 0.1202 1.2825
200 A 01469 09311 24837 0.3904 0.3903 0.0129 0.0866 1.1384 0.0010 0.0635 0.9623 0.0332 0.0701 0.9589
01 0.0615 0.2162 1.8077 0.0547 0.0565 0.0798 0.1190 1.2598 0.1030 0.1514 1.3370 0.0232  0.0145 0.4598
o1 —0.0150 0.1893 1.7054 0.0549 0.0539 —0.0746 0.1413 1.4981 0.3180 2.1978 5.2201 0.0028 0.1174 1.3480
61 0.0134 02770 2.0636 0.0623 0.0625 0.0302 0.1821 1.5441 0.1674 0.4576 24139 —0.0110 0.0862 1.1300
180 6, 02109 0.3179 2.0509 0.0639 0.0640 0.0702 0.0552 0.8278 0.0711 0.1694 1.3047 0.0198 0.0219 0.5728
o, 0.0732  1.0995 4.1024 0.1347 0.1347 —0.0503 0.2711 19576 0.2984 1.0912 34578 0.0279 0.1174 1.3413
6, —0.1152 0.1436 1.4160 0.0423 0.0433 0.0238 0.0938 1.1715 0.1017 0.2015 1.6516 0.0111 0.0644 0.9630
A 0.0788 0.8367 1.2892 0.2609 0.2481  0.0159 0.0588 0.9287  0.0008 0.0477 0.8459 0.0173  0.0487 0.8320
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Table A3. MLE and Bayesian for parameters of BMEXE distribution: Case II.
Case II MLE Bayesian
Gamma Prior Non-Informative Non-Prior
n r Bias MSE LACI LBP LBT Bias MSE LCCI Bias MSE LCCI Bias MSE LCCI
0 —0.0279 1.8203 52981 0.3369 0.3395 0.0555 0.0339 0.6017 0.0171 0.0348 0.6872 0.0437 0.0337 0.6453
op 01303 1.0415 3.9755 0.2502 0.2520 0.0512 0.2294 1.3993 0.2662 04775 2.0356 0.1279 0.2179 1.5395
61 —0.2400 0.4439 24410 0.1499 0.1494 0.0227 0.0962 1.2855 0.2716 0.5271 24130 0.1093 0.1740 1.4573
30 6, 02542 1.0549 3.9085 0.2434 0.2450 0.0448 0.0647 0.8840 0.0836 0.1420 1.0932 0.0092 0.0686 0.8091
o, 01391 0.8391 3.5561 0.2237 0.2334 0.0655 0.1460 1.1260 0.1365 0.1724 1.3382 0.1963  0.1677 1.2356
6, —0.2096 0.2894 19458 0.1249 0.1248 0.0495 0.1056 1.0977 0.1796 0.2184 13567 0.1562 0.1430 1.1551
20 A 1.2454 27575 3.0965 19012 1.8937 —0.0058 0.3108 2.0259 —0.1318 0.4159 2.6092 —0.3361 0.1794 0.8895
#; 01300 0.6387 3.1053 0.2698 0.2819 0.0604 0.0294 0.6224 0.0227 0.0342 0.6132 0.0556  0.0325 0.5955
o1 0.0063 0.7471 3.4038 0.2328 0.2234 0.0423 0.2041 1.2985 0.2997 0.4658 2.1937 0.0998 0.1830 1.4200
61 —0.1533 02277 1.7793 0.1372 0.1711 0.0265 0.0892 1.1587 0.2545 0.3877 19279 0.0873 0.1530 1.2701
40 6, 0.1116 09097 3.8101 0.2401 0.2341 0.0369 0.0447 0.7428 0.0596 0.1174 1.0819 0.0318 0.0662 0.8851
o, 01240 0.7488 3.4710 0.2144 0.2104 0.0277 0.0972 1.1349 0.1985 0.1523 1.5292 0.1601 0.1458 1.2523
6, —0.1690 02474 1.8421 0.1128 0.1179 0.0970 0.0965 1.1842 0.1511 0.1912 15130 0.1005 0.1231 1.1778
A 1.0185 21196 29589 1.7804 1.6423 —0.0121 0.1722 1.5851 —0.0319 0.2746 1.8937 —0.2774 0.1370 0.8157
07 —0.1095 1.6453 5.0189 0.2909 0.3067 0.0703 0.0364 0.6788 0.0361 0.0484 0.6894 0.0706 0.0434 0.6853
op 01006 0.5213 2.8076 0.1706 0.1772 0.0064 0.1733 1.3901 0.2683 0.4557 2.1750 0.0895 0.1961 1.5373
61 —0.1176 0.1454 1.4243 0.0891 0.0874 0.0429 0.1210 1.1089 0.1717 0.2516 1.6126 0.0401 0.1116 1.2140
70 6, 01693 07996 3.4480 02175 0.2115 0.0335 0.0484 0.8184 0.0628 0.1170 1.0616 0.0294 0.0602 0.8275
o, 00734 05409 2.8736 0.1652 0.1655 0.0696 0.1176 1.1169 0.1597 0.1912 1.3807 0.1539 0.1561 1.3075
6, —0.0960 0.0858 1.0866 0.0645 0.0654 0.1075 0.0723 09160 0.1497 0.1355 1.2080 0.1353 0.1152 1.1706
100 A 1.0587 20526 23198 17366 1.8791 —0.0813 0.1934 1.6415 —0.1023 0.2866 2.0637 —0.2824 0.1390 0.8436
01 —0.0451 0.4194 42869 0.2499 0.2525 0.0581 0.0235 0.5013 0.0293 0.0345 0.6078 0.0471 0.0298 0.5517
o1 0.0631 05162 25090 0.1684 0.1688 —0.0234 0.1227 1.2411 0.2067 0.2890 1.7492 0.0914 0.1828 1.4852
61 —0.1571 0.1288 1.2670 0.0759 0.0753  0.0452  0.1020 1.0411 0.1467 0.1734 13763 0.0574 0.1004 1.1454
85 6, 0.0517 0.7289 3.3466 0.2166 0.2128 0.0215 0.0338 0.6750 0.0399  0.0955 0.9692 0.0255 0.0601 0.8916
o, 01248 04635 2.6283 0.1591 0.1635 0.0796  0.0929 1.0841 0.1743 0.1770 1.3729 0.1753  0.1475 1.2905
6, —0.0647 0.0847 0.9813 0.0637 0.0627 0.0472 0.0315 0.6182 0.1136  0.1048 1.1304 0.0967 0.0787 0.9380
A 0.9029 15177 14766 1.6946 1.7172 —0.0502 0.1330 1.3737 —0.0832 0.1542 1.4465 —0.2439 0.1101 0.7945
f; 0.0630 0.0385 0.7289 0.0228 0.0228 0.0352 0.0140 0.4294 0.0520 0.0408 0.6540 0.0503 0.0276 0.5496
o1 0.0951 04219 25202 0.0783 0.0781 0.0199 0.0980 1.2165 0.1641 0.2698 1.7806 0.0819 0.1601 1.3876
61 —0.0684 0.0552 0.8813 0.0262 0.0264 0.0417 0.0413 0.7265 0.0697 0.0938 1.1145 0.0299 0.0641 0.9341
160 6, 0.1185 0.1265 1.3152 0.0407 0.0413 0.0284 0.0270 0.5823 0.0554 0.0818 0.9720 0.0168 0.0459 0.7905
o, 0.0848 0.2269 1.8383 0.0583 0.0584 0.0613 0.1015 1.0018 0.1241 0.1246 1.1581 0.1467 0.1230 1.1677
6, —0.0572 0.0294 0.6338 0.0195 0.0197 0.0340 0.0210 0.5236 0.0686 0.0527 0.8170 0.0790 0.0489 0.7562
200 A 0.0165 0.0783 1.0955 0.0347 0.0344 —0.0495 0.0730 1.0388 —0.0844 0.0882 1.1066 —0.1891 0.0708 0.6723
01 0.0467 0.0280 0.6301 0.0201 0.0203 0.0210 0.0072 0.3010 0.0331  0.0277 0.5189 0.0316 0.0128 0.3792
o1 0.0834 0.3167 21827 0.0671 0.0673 —0.0091 0.0535 0.8947 0.1589 0.2240 1.6564 0.0172  0.0729 0.9874
180 47 —0.0549 0.0440 0.7944 0.0246 0.0246 0.0226 0.0315 0.5860 0.0688 0.0688 0.9622  0.0090 0.0422 0.7927
6, 01012 0.0962 1.1496 0.0369 0.0365 0.0233 0.0167 0.4803 0.0406 0.0617 0.8306 0.0145 0.0255 0.6001
o, 0.0616 0.1578 1.5390 0.0464 0.0454 0.0222 0.0407 0.7185 0.1255 0.1174 1.1285 0.0645 0.0581 0.8185
6, —0.0509 0.0259 0.5991 0.0191 0.0190 0.0101 0.0208 0.4362 0.0396 0.0350 0.6830 0.0292  0.0265 0.5947
A 0.0007 0.0452 0.8334 0.0257 0.0260 —0.0221 0.0386 0.7574 —0.0620 0.0603 0.9743 —0.1025 0.0326 0.5204
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Table A4. MLE and Bayesian for parameters of BMEXE distribution: Case IIL

Bayesian
Case I1I MLE
Gamma Prior Non-Informative Non-Prior
n r Bias MSE LACI LBP LBT Bias MSE LCCI Bias MSE LCCI Bias MSE LCCI

6; 01923 0.8245 3.4851 0.2058 02119 0.0354 0.1460 1.4163 0.1806 0.7681 2.6878 0.0378 0.1398 1.3746
op —0.0762 0.7538 3.3966 0.2041 0.2107 —0.0276 0.3490 21310 0.5137 25342 55758 0.0451 0.3549 2.1955
61 0.0512 0.5382 2.8740 0.1781 0.1822  0.1288 0.3162 1.4772 02081 03847 21325 0.1143 0.1913 1.4679
30 6, 05891 1.6109 4.4149 02718 0.2707 0.0457 0.0574 0.7639 0.0522 0.1198 1.0622 0.0610 0.0552 0.7885
o 01573 39219 7.7528 0.4526 04510 0.0062 0.2904 2.0252 0.6265 1.9657 4.3585 0.0191 0.3469 2.1114
6 —0.2288 0.8162 3.4324 0.2139 0.2261 0.1089 0.5168 1.2836 0.1395 0.2368 1.8228 0.1469 0.1516 1.2540
A 03553 25694 20682 0.6956 0.7551 —0.0314 0.2871 19752 —0.0393 0.2521 19196 —0.1894 0.1355 1.1279

0 61 01634 0.8066 3.3908 0.1100 0.1117  0.0635 0.1150 1.2182 0.1653 0.5826 2.5263 0.0239 0.1217 1.2579
op 0.0420 0.4366 2.5802 0.1499 0.1507 —0.0350 0.3021 2.1559 04860 2.1191 4.6266 0.0450 0.3480 2.3639

61 —01177 0.2210 1.7848 0.0557 0.0558  0.0428 0.1087 1.2527 0.2019 0.3467 2.0030 0.1315 0.1729 1.4465

40 6, 04600 0.8574 3.1518 0.1036 0.1045 0.0453 0.0384 0.6968 0.0478 0.1029 1.1596 0.0593 0.0547 0.8508

o 0.0400 24696 6.1614 0.1969 0.1977 —0.0199 0.2513 1.9473 0.5020 1.6866 4.1549 0.0132 0.3208 2.0043

6 —0.2304 0.2754 1.8493 0.0572 0.0568  0.0608 0.0931 1.1854 0.1411 02218 1.7167 0.1279 0.1454 1.2049

A 03120 1.4408 1.8553 0.1351 13.5553 —0.0350 0.1761 1.6262 —0.0408 0.2019 1.7513 —0.1349 0.1083 1.0553

6; —0.0025 0.8166 3.2795 0.2046 02062  0.1295 0.1591 1.4675 0.1227 05089 23896 0.0400 0.1354 1.3707

op —0.0166 0.5084 2.8069 0.2587 0.2749 —0.0637 0.3914 22389 04839 2.0677 4.7579 0.0310 0.3058 2.1595

61 —0.0186 0.1834 1.6847 0.1527 0.1538  0.0526 0.1304 1.1904 0.1948 0.2893 1.8306 0.1000 0.1356 1.2789

70 6, 0.0955 1.1364 4.1806 0.3891 04389  0.0436 0.0275 0.5419 0.0701 0.1054 1.0796 0.0612 0.0468 0.7340

o 02628 1.8646 5.2762 0.4980 0.5034  0.0237 0.3007 1.9400 0.4479 14193 3.9201 —-0.0098 0.2722 1.9890

6 —0.0983 0.1676 1.5648 0.1472 0.1670  0.0316 0.0435 0.8041 0.0930 0.1360 1.3986 0.1148 0.1139 1.1451

100 A 12078 11718 15663 0.4768 0.4969 —0.0867 0.1532 13772 —0.0524 0.1962 1.6983 —0.1524 0.1148 1.0683
6; 01841 0.7692 3.0369 0.2031 02046  0.0700 0.1245 1.2476 0.1159 04823 22657 0.0162 0.0432 0.7756

op 0.0065 04573 2.7480 0.1985 0.2006 —0.0118 0.3087 2.0627 0.4858 1.9393 45295 0.0304 0.0985 1.1868

61 —0.0888 0.1563 1.5132 0.1022 0.1013  0.0709 0.0980 1.1302 0.1622 02192 1.5615 0.0276  0.0536 0.8725

85 6, 0.1851 0.5012 2.6844 0.1752 0.1740 0.0503 0.0269 0.5860 0.0533 0.0813 0.9255 0.0311 0.0178 0.4668

o 01570 1.5032 4.7770 0.3179 03172 —0.0383 0.2477 19164 0.4413 12153 3.6372 —0.0157 0.1073 1.2644

6 —0.0915 0.1565 1.5120 0.0993 0.1022  0.0601 0.0414 0.7286 0.0857 0.1046 1.1234 0.0289  0.0507 0.8505

A 04384 07753 1.2669 04188 0.4053 —0.0451 0.1249 1.2968 —0.0434 0.1267 1.3767 —0.0490 0.0633 0.8571

61 0.0552 0.4036 2.5008 0.3098 0.3415 —0.0264 0.0947 1.0220 0.0993 0.3258 2.0504 0.0307 0.1006 1.1943

op —0.0073 03355 2.2887 0.2979 0.3002 0.1020 02557 17316 03783 13526 3.9226 0.0251 0.2767 1.9947

61 0.0115 0.1721 1.5813 0.2253 0.2810 0.1026 0.1060 1.2579 0.1176  0.1351 1.2482 0.0828  0.0889 1.0708

160 6, 01567 0.3046 2.0911 0.2613 0.2628  0.0384 0.0232 0.4418 0.0651 0.0810 0.9165 0.0441 0.0355 0.6420

oo —0.1110 0.7601 3.4170 0.4364 04354 —0.0211 0.1627 1.4987 0.3031 0.8765 3.1774 0.0195 0.2520 1.9188

6 —0.0502 0.0368 0.7315 0.0892 0.0911 0.0310 0.0172 0.4795 0.0582 0.0614 0.8532 0.0847 0.0606 0.8430

200 A 00776 0.1163 13121 0.1593 0.1600 —0.0188 0.0712 09691 —0.0481 0.0919 1.1572 —0.0820 0.0626 0.8729

6; 0.0746 0.1750 1.6404 0.2769 02826  0.0159 0.0915 1.2362 0.0812 03046 19759 0.0218 0.0376 0.7306
o 01237 03061 2.0782 0.2577 0.2577  0.0078 0.2389 1.6017 0.3646 1.2295 3.8526 0.0064 0.0961 1.1813
61 —0.0026 0.0553 0.9370 0.1612 0.1579  0.0975 0.0644 0.8327 0.0805 0.0972 11153 0.0240 0.0428 0.7688
180 6, 02025 0.1345 1.2187 0.2093 0.2126  0.0184 0.0086 0.2980 0.0422 0.0626 0.7998 0.0203 0.0112 0.3941
o —02822 0.6379 29773 0.3517 0.3516 —0.0693 0.1471 1.1522 0.3478 0.8709 3.1675 —0.0140 0.0921 1.1367
6 —0.0278 0.0136 0.4516 0.0833 0.0840 0.1051 0.0146 0.3813 0.0377 0.0513 0.8087 0.0346 0.0363 0.7069
A —0.0208 0.0434 0.8256 0.1461 0.1502 —0.0746 0.0615 0.8677 —0.0325 0.0609 0.9586 —0.0288 0.0441 0.7842
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