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Abstract: In this paper, an approach to solving direct and inverse scattering problems on the half-line
for a one-dimensional Schrodinger equation with a complex-valued potential that is exponentially
decreasing at infinity is developed. It is based on a power series representation of the Jost solution in
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representation leads to an efficient method of solving the corresponding direct scattering problem for
a given potential, while the solution to the inverse problem is reduced to the computation of the first
coefficient of the power series from a system of linear algebraic equations. The approach to solving these
direct and inverse scattering problems is illustrated by several explicit examples and numerical testing.
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1. Introduction
Consider the one-dimensional Schrodinger equation

y] == —y" +q(x)y = Ay, x € (0,00), 1

with A € C and a complex-valued potential g(x) satisfying the condition
/ e*|g(x)|dx < o0 ()
0

for some e > 0. By p, we denote the square root of A such thatp € C+ := {w € C : Im(w) > 0}.
In the present work, an approach to solving direct and inverse scattering problems for (1)
under Condition (2) is developed.

Complex-valued potentials arise when studying parity time (PT)-symmetric poten-
tials [1] (Chapter 1), [2], quasi-exactly solvable (QES) potentials [3,4], hydrodynamics, and
magnetohydrodynamics [5]; see also [6-8].

Studying a Zakharov-Shabat system, even with a real-valued potential, naturally leads
to a couple of equations of the form (1) with complex-valued potentials; see [9]. Indeed,
consider the Zakharov-Shabat system

Telx) = ( o1(x) )x = < —;l(ff) uz(:)c) )7(x), 0<x<oo 3

va(x)
where p is a complex spectral parameter and u(x) is a real-valued potential.
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The further transformation of ¥ (x) is as follows:
yi(x) = v2(x) —ivq (x),
y2(x) = va(x) +ivy(x)
This leads to a pair of Schrodinger equations with complex-valued potentials
=y () + (=i (x) = w? (0))y1 (%) = Py (), )
—5 (0) + (i’ (x) = u?(x))y2(x) = p2y2(x). ®)

Thus, the results of the present work are applicable to direct and inverse scattering
problems for a Zakharov—Shabat system.

A direct scattering problem for (1) with a complex-valued potential was studied in a
number of publications ([10-13]). Equation (1) under Condition (2) was considered in [12]
(p. 292), [14-20] (p. 353), and [21,22].

It is well-known (see, e.g., [12] (p. 443), [18]) that (1) admits a unique solution, which
we denote by e(p, x), satisfying the asymptotic equality

e(p,x) = eP*(1+0(1)), x — co.

This solution is called the Jost solution of (1). It admits the Levin integral representa-
tion [12] (see also [18,23,24])

e(p, x) = ef~ +/ A(x, t)e'ftdt, Imp > —%, x>0 (6)
X

where for every fixed x, the kernel A(x,t) belongs to L£;(x,c0). In [25] (see also [26]) a
Fourier-Laguerre series representation for A(x, t) was proposed in the form

A(x,t) = f an(x)La(t — x)e’T, @)
n=0

where L, (7) stands for the Laguerre polynomial of order n. A recurrent integration
procedure was developed in [27] to calculate the coefficients a, (x). The substitution of (7)
into (6) was found to lead to a series representation for the Jost solution [25,26]

e(p,x) = e'f* (1 +(z+1) i (1)”z”an(x)>, x>0,peCt 8)
n=0
where <% ) ip)
z=1z(p) = 5 )
(1

In the present work, we consider the direct and inverse scattering problems for (1)
subject to the homogeneous Dirichlet condition

y(0) =0, (10)

however, the approach developed here is also applicable in the case of other boundary
conditions, such as

¥ (0) —hy(0) =0
with i € C.
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The problem (1) and (10) under Condition (2) possesses a continuous spectrum coin-
ciding with the positive semi-axis A > 0, and may have a point spectrum that coincides
with the squares of the non-real roots of the Jost function

e(p) :=e(p,0),

if such roots exist. Let us denote them as py, ..., px. Their multiplicity may be greater

than one. In this case, instead of norming constants associated to the eigenvalues, the

corresponding normalization polynomials Xy (x) naturally arise (see Section 3.3 below).
As a component of the scattering data for (1), the scattering function

is considered in the strip |Im(p)| < &9 where g is sufficiently small (see Section 3.2 below).
The direct scattering problem for (1) and (10) consists of obtaining the set of the
scattering data

{{ok me, Xi(x) }e1,5(p) }- (11)

The overall approach developed in the present work to solve this problem is based
on the representation (8). Indeed, the calculation of {py };_, is easily realizable with the
aid of the argument principle theorem applied to find zeros of (8) in the unit disc. To the
best of our knowledge, there has been no practical way of calculating the normalization
polynomials. We propose a simple procedure for computing their coefficients by solving a
finite system of linear algebraic equations. For this, an auxiliary result for the derivatives
%e(p(z), x) is obtained.

The calculation of the scattering function s(p) requires an analytic extension of the
Jost function e(p) obtained from (8), onto the strip —¢p < Im(p) < 0. We explore different
possibilities for such an extension, including the Padé approximants (see [28,29]) and the
power series analytic continuation [30] (p. 150), [31]. This results in an efficient numerical
method for solving the direct scattering problem.

The inverse scattering problem consists of recovering the potential g(x) from the set
of the scattering data. A general theory of this inverse problem can be found in [12,13,20]
(p. 353), [24,32-35]. Here, we use the representation (7) for the numerical solution of the
problem, thus extending the approach developed in [25,26,36-38] to the non-selfadjoint
situation. The inverse Sturm-Liouville problem is reduced to an infinite system of linear
algebraic equations. The potential g(x) is recovered from the first component of the solution
vector, which coincides with a(x) in (7).

The reduction to the infinite system of linear algebraic equations is based on the
substitution of the series representation (7) for the kernel A(x, t) into the Gelfand-Levitan
equation (see [39]),

o

Alx,t) = / AC,u) f(u+ )du+ f(x+1), 0< x < t < oo, (12)

where the function f can be computed from the set of scattering data (11):

00+i1]

fx) = %/ (s(p) —1)e™Pdp — Y Xi(x)e'P, 0 < 7 < gg.

To approximate the complex-valued function ag(x), we consider the truncated system
of linear algebraic equations, for which the existence, uniqueness and stability of the
solution is proved.

Finally, we illustrate the proposed approach by numerical calculations performed in
Matlab2021a.
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We discuss the details of the numerical implementation of the method: its convergence,
stability and accuracy. In a couple of examples, we show the “in-out” performance of
the approach, i.e., we solve the direct problem numerically and use the results of our
computation as the input data to solve the inverse problem.

The approach based on the representations (7) and (8) leads to efficient numerical
methods for solving both direct and inverse scattering problems.

In Section 2, we recall the series representations for the kernel A(x,t) and for the
Jost solution, then prove additional results related to these representations. In Section 3,
we recall the set of scattering data and put forward an algorithm for solving the direct
scattering problem. Additionally, we present analytical examples. In Section 4, the approach
for solving the inverse scattering problem is developed. Analytical examples from Section 2
are considered in order to illustrate the approach. In Section 5, we discuss the numerical
implementation of the algorithms proposed for solving the direct and inverse scattering
problems. Section 6 contains some concluding remarks.

2. Series Representations for the Transmutation Operator Kernel and Jost Solution

Consider the one-dimensional Schrodinger equation on the half-line (1) where
A = p* € C is the spectral parameter. The potential g(x) is a complex-valued function
satisfying Condition (2) for some € > 0.

Equation (1) is considered on the class of functions D(I) = {y € W?%(0,) : I[y] € £,(0,00)}.

Series Representation for Solutions of the One-Dimensional Schrodinger Equation

Equation (1) possesses the unique so-called Jost solution e(p, x) (see, e.g., [12] (p. 443), [18]),
which for all x > 0 is a holomorphic function of p in the half-plane Im p > 0 and satisfies
the asymptotic relation

e(p,x) = e**(1+0(1)) when x — coand Imp > 0. (13)
The function e(p) := e(p, 0) is called the Jost function.

Remark 1. Under the assumption q(x) € L(0,00) instead of (2), for every x > 0 the solution
e(p, x) is continuous with respect to p for p € C+ \ {0} and holomorphic with respect to p for
o € C*. Ifin addition (1+ x)q(x) € £(0,00), the functions e)(p, x), v = 0,1 are continuous
forp € Ct, x > 0 (see [24] (p. 105)).

Remark 2. Under Condition (2), the Jost solution satisfies the asymptotic relations

ol

< — (ix) () giox —5x | =
aX].e(p,x) (ix)Ve +0(e 2), j=0,1,... whenx — oo,

provided the existence of these derivatives; see [21].
The solution e(p, x) admits the Levin integral representation [12]
e(p,x) = P —i—/ A(x,t)eiptdt, Imp >0, x>0, (14)
X

where A(x,t) is a complex-valued continuous function for 0 < x < t < co. Denote
Q(x) := {1l £(x,c0)- The kernel A(x,t) admits the bound [24] (p. 108)

1 t
AG0] < 50( 55 ) exp (1l ) ~ 1351 ): (15

Under Condition (2), the Jost solution is extensible onto the half-plane Imp > —§
through the Levin representation (14). The extension satisfies (13) for Imp > —5.
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Proposition 1. Under Condition (2), the kernel A(x,t) admits the bound

|A(x, )] < %e_g(%ﬂ) (/i

2

e”lq(T)IdT> EXP(C;(e‘” e~ *“)> 0<x<t<oo (16)

where Ce = [ e[q(t)|dt.

Proof. Under Condition (2), the potential g(x) satisfies the inequality

Qx) <e ™ /Oo e!|q(t)|dt = Cee . 17)

Moreover, for any fixed x € [0, c0) we have [12] (p. 317)

Ce _
||QH,C(X,00) = ;8 . (18)

Thus, substitution of (17) and (18) into (15) gives us (16). O

Additionally, the kernel A(x,t) has first continuous derivatives that satisfy the in-
equalities [12] (p. 305)

|Ax(x, 1), |At(x, 1)] < i’q(x ;_ t) ’ +C; exp(—e(ix—l— t)), (19)

and the equality [12] (p. 328)

Alrx)= 5 / (bt (20)

As was pointed out in [25], since A(x, ) € L;(x, o0), the function
a(x,t) == e%A(x,t—l-x) (21)

belongs to Ly([0,0);e~!) and hence admits the series representation
t) =) an(x)Lu(t), (22)
n=0

where L, () stands for the Laguerre polynomial of order n and a,,(x) are complex-valued
functions such that {a, (x )}Zo o € b for any x > 0. For all x > 0, the series (22) converges
in the norm of £,([0,00);e*). Thus,

Ean )L (f—x)e T (23)

and
Z an(x (x,x) =5 / (24)

This series representation was obtained in [25] for real-valued g4(x). However, (23)
remains true in the non-selfadjoint case as well.

Proposition 2. For any fixed x > 0, the series
2 an(x ,t€0,00) (25)

converges pointwise.
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Proof. We use [40] (Theorem 6.5), and thus need to verify that the following assertions
are true.

1. a(x,-) is of class £([0,00);e7").

2. a(x, -) is y-Holder continuous, i.e., there exists 0 < v < 1, such that

la(x,to) —a(x,t)] < Mltg— |7,

for some constant M > 0 and arbitrary ¢, ty € [0, 00).
3. The integrals

-1 ]
/ =34 a(x, )| dt, / e~/2|a(x, £)|dt (26)
0 1

exist.
To prove the first assertion, it is enough to consider estimate (15). Indeed,

/O e \a(x,t)|dt_/0 |A(x, x + 1)|dt
1 [ 2x 4+t
<3 1B exp (10t — 190 o))

 o9(1e) [ o(Z5) exp( Nl my )

= oxp(1Qlctxes)) [ QT exp(~11Q ey )

Note that d% Q] L(te) = Q(7) and therefore

| 0@ exp(~11Qll e )T = 1~ exp (<11l iz 27)

Thus,
/o e fa(x, t)|dt < eXP(||Q||£(x,°°)) Tl

The second assertion follows from the inclusion A(x,-) € C!(x, ).
The existence of the first integral in (26) follows from the continuity of a(x, -). Finally,
for the second integral we have
/ o2 |a(x, 1) |dt = / |A(x,x + £)|dt < / |A(x, x + t)|dt,
1 1 0

and thus, from the proof of the first assertion, we obtain fl e t2|a(x,t)|dt < 0.
Now, the application of Theorem 6.5 from [40] completes the proof. [

Following [25] (see also [26] (p. 63)), the substitution of (23) into (14) and termwise
integration lead to the series representation (8) for the Jost solution.

The series (8) is convergent in the open unit disk of the complex z-plane, D := {z € C: |z| < 1},
and for every x, the function e(p, x)e~*** belongs to the Hardy space H?(ID) as a function
of z [26].

Proposition 3. Let q(x)(1+ x) € £(0,00). Then, the kernel A(x,t) admits the representa-
tion (23), where for any x fixed the series converges in the norm of L,(x, c0), and the complex-valued
coefficients a, (x) satisfy the system of equations

—I[ag] —ay = g, (28)
~lay]) —a), = —l[a, 1] +a, {, n=1,2,..., (29)
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as well as the inequality

lan(x)| < exp(HQHE(xm)) -1,n=0,12,.... (30)
Proof. The proof of (28) and (29) from [26] (Theorem 10.1, p. 66) given for the case of a

real-valued g remains valid in this more general situation as well.
Note that

an(x) = /O " a(x, ) Lo (H)etdt.
From estimate (15) and inequality ([41] (p. 164)) |L,(t)| < €'/2, t > 0, we have
()| 1A G 3+ DLa(0le "2t < 3 " Q) exp (1Ql o) — 19l o250 )
= eXp(||Q||£(x,oo)) -1 (31)
(see (27)). O

Corollary 1. Under Condition (2), the coefficients ay, satisfy the inequality

lan(x)] < exp<i€e€x> -1 (32)
Proof. Substitution of (17) and (18) into (31) yields (32). O
Remark 3. Under the assumption that functions a¥) (x, t) are absolutely continuous with respect

to t in [0, 00) for v = 0,1,2, the convergence of the power series in (8) for z € D can be proved with
the aid of a result from [42], which states that

%4
|an ()] < ,
nn—1)(n-—2)
provided that
im e 2,0 (x Y=0 =
tgrilooe taV (x,-) =0 j=0,1,2 (33)
and
V= \//0 t3e~t[a®) (x,‘)}zdt < oo. (34)
Moreover,
N
a(x,t) = Y an(x)La(t) < VVN .
= omey  VIN-DIN-2)(N3)

To ensure Condition (33) for j = 0, notice that from (16) we have
la(x, t)| = e%|A(x,t+ x)| < Ceze(*7). (35)

For j = 1, Condition (33) holds due to (19). However, the fulfillment of (33) for j = 2 as well
as that of (34) requires the additional regularity of q(x), ensuring the possibility of the differentiation
of the integral equation for the kernel

o (x+1)/2 t+E—x
A =3 [* a@deg [ g ([ anan)ae

(x+t)/2

1 [ tHE—x
T2 /(t+x)/2 7(¢) (/,; A(é'”)d’odﬁr 0<x<t<o
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at least three times [12] (p. 296).

Remark 4. Denote
) N
en(p,x) = e~ (1 +(z+1) Z(—l)”z"an(x)>, peCt. (36)
n=0

In [271], the following statements were proved in the case of a real-valued potential.
1. IfImp > 0, then

e~ Impx

e(pr) — enp0)] < ex() e

where

o 1/2 o 1/2
en(x) = ( ) an(x)ZD = </0 e fla(x,t) —aN(x,t)|2dt> . (37)

n=N+1

2. Ifp € R, then

le(x) = en (- )l £, oo,00) = V27EN ().

These results remain valid in the case of a complex-valued potential. Moreover, under the
assumptions of Remark 3, we obtain the inequality

en(x) < VVN .
V(N=1)(N-2)(N-3)

Remark 5. The substitution of p = } into (8) leads to the equality ag(x) = e(%, x) e/2 1.
Moreover, note that we have

_ap(x) — ah(x)

ax) = = (38)
By w(p, x), we denote the solution of (1), satisfying the initial conditions
W(0,0) = 0, L(0,0) =1 (39)
P/ - Y dx p, — 1.
We also need the solution
2iow(p, x

e(p)

3. Direct Problem
3.1. Spectrum of (1) and (10)

Consider the problem (1) and (10) under Condition (2). Let us recall some definitions
and facts from [12] (p. 452) (see also [18]). The continuous spectrum fills the entire semi-axis
A > 0.

Definition 1. We call the roots of e(p) that lie in CT \ {0} the singular numbers of the problem
(1) and (10).

If they exist, their number is finite. Let us denote the non-real singular numbers by p1, . . ., Pa-
The numbers Ay = p? constitute the point spectrum of the problem, and the multiplicities of the
zeros px (k=1,...,a) are called the multiplicities of the singular numbers and denoted by my,
respectively.
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Thus, we are interested in the zeros zj of the Jost function
e(p) =1+ (z+1) ) (—1)"z"a,(0) (41)
n=0
. . zr—1 2
to obtain the eigenvalues from A = — (m) .

For an estimate of the number of the eigenvalues, we refer to [43].

3.2. Scattering Function s(p)

Let us introduce ¢; as the distance from the real axis to the non-real roots of the
function e(p). Let gy = min(sl, %) when €1 # 0 (¢1 = 0 means that there are no non-real
roots), or g = 5 otherwise.

The scattering function s(p) is defined by

s(p) 1= “, % IIm(p)] < eo )

Let us recall some properties of the Jost function e(p) and scattering function s(p)
(see, e.g., [39]).

1. e(p)isholomorphic forImp > —ep, and forevery 0 < 1 < ¢ it satisfies the asymptotic
relation

e(p) =1+ O(;), as|p| — oo (43)

uniformly in the strip [Imp| < 7.
2. s(p) is meromorphic in the strip |Im p| < €g, and for every 0 < 7 < go:

s(p) =1+ O(;), as|p| — oo (44)

uniformly in the strip |Im p| < 7.

3. s(p) has no non-real poles in the strip [Imp| < &o.
4 s(p)s(—p) =1
5. 5(0) = £1.

A function satisfying properties 2-5 is said to be of S-type in the strip [Im p| < &g. The
following examples illustrate some of the above definitions.

Example 1 ([44,45]). Consider the potential
g1(x) :==10ie™", x >0

with 0 < & < 1in (2). With the aid of Wolfram Mathematica v.12 the Jost solution can be obtained
in a closed form,

e1(p, x) = (\/—101') e T2, ((2 = 20)v/5e /2T (1 - 2ip), x > 0, Tm(p) > —1/2,  (45)

where ], (z) stands for the Bessel function of the first kind of order v.
Hence,

er(p) = (V101) a2~ 20)VB)T(1 — 2ip),

and the eigenvalues are the squares of the values p € C* such that

]—Zip((z —2i) \/g) =0.
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From here, we obtain the only singular number
po ~ 1.784065847527427576134879232 + 0.6087886812067186310240220034:. (46)

The scattering function has the form

(1 i) 5y (2 — 20)VE)N(L + 2ip)
) = GBI —2ip) @)

It is well-defined in the domain

D(s;) = {p €C:J 2 ((2-20)V5) #0A (Im(p) > —% vV —2ip ¢ Z) A (Im(p) < %\/Zip ¢ Z)}

and is an S-type function in the strip |Im(p)| < 3.

Example 2. Consider the potential
g2(x) := —4isech(2x) tanh(2x) — 4 sech?(2x), x > 0,

which satisfies Condition (2) for 0 < & < 2. The Schiodinger equation with this potential comes
from a Zakharov-Shabat system (3) with the potential u(x) = 2sech(2x) and its reduction to
Equation (5).

The corresponding Jost solution ey (p, x) is obtained from the Jost solution of a Zakharov-Shabat
system (see [46]) with the potential u(x),

p — tanh(2x) sech(2x)

; 1
= X x > —=.
ex(p, x) ot e, x >0, Im(p) > 5
Thus, the Jost function is
_ptl !
er(p) = ot Im(p) > 5
It has one root, p, = —1, which corresponds to the spectral singularity A, = p% = 1.
The scattering function is given by
1—p\[(p+i )
=1 p 48
s2(p) (z—p)<p+1 (48)

which is an S-type function in the strip |Im(p)| < 3.
Example 3 ([21]). Consider the potentials of the form

q(x) = —2a*sech?(ax +b), x>0,b€C,a>0 (49)
satisfying Condition (2) for 0 < e < 2a. The Jost solution has the form

_ ptiatanh(b +ax) ;. S B
e(p,x) = ot i e, x >0, Im(p) > —a,

from which the Jost function is obtained

_ p+iatanh(b)

P Im(p) > —a

e(p)

with the single root p = —ia tanh(b).
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iRes((p, x); px) = Xx(x)e(pr, x) + P Y (—1)"an(x) )

The square of this p represents the discrete spectrum of the problem. The potential (49) is
complex-valued when b is not purely imaginary. The scattering function has the form

(p — iatanh(D)
(p + iatanh(b)

(o +ia)

o) = (o —ia)’

~— | —

which is an S-type function in |Im(p)| < min{a, Im(—iatanh(b))} in the case of a complex-
valued potential. In the case of a real-valued potential, s(p) is an S-type function in [Im(p)| < a.
To present an explicit example, we fixa =1and b = —1 — i in (49). Then,

N /—~

g3(x) = —2sech?(x —1—1i), x >0
with 0 < & < 2 in Condition (2) and the Jost solution is

_ p+itanh(x —1—1)
B p+i

es(p, x) e?*, x >0, Im(p) > —1.

Thus, the Jost function has the form

p — itanh(1 + 1)

ot , Im(p) > —1,

es(p) =

and one eigenvalue exists: A = — tanh?(1 + ).
The scattering function

(p+itanh(1+41))(p +1)
(p—itanh(1+1))(p —1)
is an S-type function in the strip [Im(p)| < 1.

s3(p) = (50)

3.3. Normalization Polynomials

The normalization polynomial Xy (x) of degree my — 1, associated with the eigenvalue
p? (my is the algebraic multiplicity of py as zero of e(p)), defined by the equation [18]

iRes(Q(p, x); px) = € X (x) + / A(x, 1) X (t)etdt, (51)

where Q(p, x) is defined by (40). Using the series representation (23) of the kernel A(x, ),
we can obtain a method to compute the coefficients of Xy (x).

Remark 6. Note that the series (8) can be written as

[e9)

e(p,x) = e'f* (1 +(z+1) ) (—1)”an(x)Pr(l_"’O)(1 —|—ZZ)>, peCT(zeD) (52
n=0

in terms of the Jacobi polynomials P,g“’ﬁ ) (7).

Let us write Equation (51) in terms of the Jost solution and Jacobi polynomials,
as follows.

Proposition 4. Let Ay = p7, k = 1,...,a be an eigenvalue of problem (1) and (10) and my. be its
multiplicity. For the normalization polynomial X;.(x), the equality holds

00 mp—1 ] . .
%(Zk + 1PV 1 1 02), x> 0. (53)
n=0 = dv
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Proof. The substitution of (23) into (51) yields

iRes((p, x); px) = P (Xk(x) + /Ooo i)an(x)Ln(S)e(%iPk)SXk(x + s)ds).

Here, we change the order of summation and integration due to Parseval’s identity [47]
(p. 16) and additionally use the equality

sl @i X (x)
( ) ];] jvooax

Thus,

iRes(Q(p, x); py) = 0¥ (Xk(x) + i an(x) mf LdXy(x) /O ” Ln(s)e(%wk)ssfds).

n=0 = b dd
The last integral can be explicitly evaluated [48] (Formula 7.414 (7))
« —(l—ipk)s Jde — & j+1 ; . — j+1 np(j—n0)
i (Ln(s)e 2 )s ds = j1(zx + 1VUE (=, j+ 1, Lz + 1) = jl(ze + 1) (=1)"PY 0 (1 + 22),

where F(a,b,c;z) stands for the hypergeometric function [49] (p. 56). Thus, we have
the equation

agk

iRes(Q(p, x); px) = e | Xi(x) +

m—1 odi -
(~1)au(x) Y (aa+ 1P XD plin0 g gy
j=0

dx]

n=0

and due to Remark 6, we obtain (53). O

Hereinafter Cl’{Z = < Z ) denotes the binomial coefficient.

Lemma 1. The m-th derivative of the Jost solution e(p, x) with respect to the variable z admits
the representation

m m—1 i 1 m| i o
—(e(p,x)) =e(p,x 1) Ccm= L XM (1) 2m
g (€0, 3)) = p.x) L (21 Q e e )
ipx - n S (j—n—=1,0) L s+j+1~m—1 m! m—s s+1-2m
+ ey (=1)"an(x) Z Py, (14 2z) Z (1) CHHWX (z+1) , (54)
n=0 j=2 s=j—1
where p € CT(z € D) and x > 0.
Proof. We use the identity [50] (p. 3)
E(-n,j,1,z+1)(z+1) = jF(—n,j+1,1,z+ 1) — jF(-n,j, 1,z + 1), (55)

where F, means the derivative with respect to z, and j, n are integers.
Let us prove the lemma by induction. For m = 1, from (52), we have

e = (o) (1 HE) D)@ +zz>>

+eif”‘< an(X)F(—n,1,1,z+1) + (z+1) }_ ay(x)E(—n,1,1,z+ 1)).
n=0 n=0
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The application of (55) gives

S (elp3)) = TP e 3 (<) an ()P 1+ 25, 56)
n=0

Consider Formula (54) as the induction hypothesis for m = k. The idea is to prove
the equation

d k—1 ) k! . )
5 (e(p,x) X(q)fc]k—lmxk—f (z+ 1)1—2k>

j=0
) k-1 . k! . .
— et Z ay(x)F(—n,2,1,z+1) Z(—l)]C]-‘*li'.xk’J(Zle)]’Zk
n=0 =0 b (k=)
k
k+1)! _i i Dk—
]Ck(i k+1 j Z+1] 2k—2 (57)
Jg‘) I (k+1—j)! ( )
and the equality
k+1
<pr2an Y F(-n,j,1,z+1)
j=2
. ] m+1~k—1 k! k—m m—2k+1
Z Cm j+1 (k m)|x (Z+1)
m=j—1 :
ix v v k-1 kK j—2k
+e'f* ; (—n,2,1,z+1) ;)(—1)](:].— Wx Tz 1)~

k+2

=eP* Y a,(x) <Z F(—n,j,1,z+1)
n=0 j=2

k
< f 1( 1)m+]+1cm i (k (k; i_)l) xk7m+1(z + 1)m2kl> ) ) (58)
m=j—

Then, noting that the second terms on the left-hand side of (57) and (58) coincide up to
the sign, the desired result is obtained by summing up both equations.

The proof of Equations (57) and (58) is presented in Appendix A, which completes the
proof of the Lemma. O

As long as there is no possible misunderstanding, we consider a fixed p = p; with
a multiplicity m = my and the corresponding normalization polynomial X(x) = Xi(x).
Thus, the index k is omitted along the following two statements.

Lemma 2. The coefficients b; of a normalization polynomial X(x) of degree m — 1

m—1 )
=) b (59)
j=0
satisfy the equation
' O\ o +r+l
iRes(Q(p, x); px) = boe(px, x Z Z (azrﬂ (E(P/x))> (zk + )" (60)
n=1 r=0 Z=Z}




Mathematics 2023, 11, 3544 14 of 51

Proof. Comparing (53) with (60) we see that, in fact, we need to prove the equality

) ) m—1 gj . .
X()e(p,x) + 07 Y- (—1)a(x) ¥ T (4 1)+ pY 101 1 22)
n=0 = v
"t
=bge(p, x) + Z Z by C” lazr+1( e(p,x))(z + 1)L, (61)
n=1 r=
Note that
. m—1 dix i
X(x)e(p, x) + € Y (=1)"an(x) y (jx) (z+ 1)]HP,5] O)(l +2z)
n=0 j=1 ax
m—1 ) ) m—1 gj [m—1 . (j=n,0)
= L baelp, )+ L (1)) 1 dx,-(Z b) (z+ I (14 22)
s=0 n=0 j=1 5=0
_ ) o) m—1 1 . . ;
Z sx°e(p, x) + €™ Y (=1)"an(x) (Z G - ]-),bsxs"> (z+ 1)/ (1 4 22)
=0 n=0 s=1 \j=1 '
=boe(p, x) + Z bs < x4 Y (1) "an(x) Y € - j).xs*’<z+1)]“P£f*”'°’<1 +2z>)- (62)
n=0 =1\

Then, upon comparison of (61) with (62), it can be observed that proving (61) is
equivalent to proving the equality

= s! s—1 ar+1 s+r+1
Lo e )G+ (63)
r=0 :

. © S | . . .
=e(p,x)x" + %% ) ) (—=1)"an(x) G i'].),xS*J(er1)J+1P,$f‘"'°>(1 +22)  (64)
n=0;j=1 .

for some natural number s < m — 1. Thus, we are going to prove (64). The substitution of
the term with the derivative in (63) by Formula (54) for m = r + 1 is enough to obtain (64)
as follows

¥ ar+1 s+r+1
Z +1 | T azr+1 (e(p/x))(z+1)

-1
:SZ (rj'l) Cs 1e p’ <i ]Cr T+1) xr7j+1(z+1)j72772

r=0 = 1’+1 *])
ipx - r+2F —nil 1 e, 1 s+]+lcr (7’+ 1) r—s+1 1 s—2r—1
+e* Y ay(x) Y F(—n,j,1,z+1) Y (-1) R R (z+1)
n=0 j=2 s=j—1
s—1 ! r
st cr (r+1)! At —2r—2

= .7 z 1 ]—&r

E)(r—i-l). (Z’ F(r+1—j)! (z+1)

ipx - " ; I s+jcr (1’ + 1)! r—s+1 s—2r—1
+eP* Y a,(x) Y F(—n,j+1,1,z+1) ) _(-1) Csfjmx (z+1)
n=0 j=1 s=j :

=e(p,x xﬂlﬂ"ZZan (S ].) (241 F(=n,j+1,1,2+1).
n=0 j=1 /)

This completes the proof of the Lemma. [J
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Equation (60) provides us with a simple method for computing the coefficients b;
in (59), and consequently for calculating the normalization polynomials.

mkfl

Theorem 1. The coefficients b; of a normalization polynomial Xi(x) = ) bjxf corresponding
=0

to a complex singular number py. satisfy the system of linear algebraic equations

A-B=D, (65)

where A is an m X my matrix with entries defined by

e(pk, X;), n=1,
A = n—2 n! ar+l (66)
mn n—1 n+r+1
C L X 1 ;o I<n<m—1.
};)(T+1)! r (azr+1e(pk x])) z:zk(2k+ ) = my

Here, x; > O are distinct points, j = 1,...,m (m > my). B is an my vector with its entries being the
normalization polynomial coefficients B, = b,,_1,n =1,...,my, and D is an m vector defined by

D; = iRes(Q(p, x;); ok)- (67)

Proof. The proof consists of observing that each row in (65) is just Formula (60) correspond-
ing to a point x;. The number of rows must be at least m; otherwise, the system (65) is
underdetermined. O

Thus, the coefficients of the normalization polynomial are obtained from the sys-
tem (65).

Definition 2. A set
] = {{Pk/ g, Xi(X) b1, a0 S(P)} (68)

is called the scattering data set of problem (1) and (10).

Here, py are the non-real singular numbers, my. their multiplicities, Xy (x) the correspond-
ing normalization polynomials, and s(p) is the scattering function (S-type function in the strip
Im p| < &p).

In order to recall a result on the characterization of the scattering data, we need the
following definition [39].

Definition 3. Lef s(p) be an S-type function in the strip [Imp| < eg and let L be a curve lying in
the strip and running from —oo to 400, such that all roots (poles) of s(p) are situated above (below)
L. The increment divided by 27t of a continuous branch of Args(p), when p runs along L from
—o0 to 409, is called the index of s(p) and denoted by Ind s.

Let us assume that a set | as in Definition 2 is given. A necessary and sufficient
condition (obtained in [18]) to ensure that this set represents the scattering data for a
problem (1) and (10) with Condition (2) is the following relation

Inds+2m+»x=0 (69)

where
0 for e(0) #0,

m=mi+...+m,, »x=
! « 1 for e(0)=0.

N =

[1-5(0)] = {

In the case when m; = 1, the notion of the Birkhoff solution is useful for computing
the corresponding norming constants.
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Remark 7. Let E(p, x) denote the Birkhoff solution of Equation (1) (see [24] (p. 113)), i.e., a
solution satisfying the asymptotic relation

E(p,x) = (—ip) e #*(1 4 0(1)), x = 00, v = 0,1

uniformly for |p| > 6, for each 6 > 0. For Im p > 0, this solution is not unique. Indeed, if Eq(p, x)
is a Birkhoff solution, then E(p, x) = Eo(p, x) + ce(p, x) is also a Birkhoff solution of (1) for any
constant ¢ € C. Note that for p = py (a singular number of the problem), the values of all Birkhoff
solutions at the origin coincide. We have E(py) := E(px,0) = Eo(pk,0), because e(px) = 0.
Moreover,

2ipk
(pk) el(sz ) (70)

which can be observed by considering the Wronskian W{e(p, x), E(p, x)] = —2ip.
Remark 8. The solution w(p, x) satisfying Conditions (39) has the form

w(p, x) = ERee: X)Zzpe(p)E(p, ) peT. 71)

Note that py is a pole of (p, x) in the upper half-plane of the complex variable p if
and only if it is a root of the Jost function e(p) (see (40)). Thus, in case of a simple pole p; in
Equation (67), the residue can be computed as follows

Res(Q(p, x); px) = Res(ei;p)w(p,x);pa = Res(E(p)e(p,x)e(:))e(p)E(p,X)mk)

E(pr)e(pr, x) —e(ox)E(or, x) E(pk)e(pk,X),

é(px) é(px)

where é(p) := di) e(p), and the corresponding normalization polynomial (in fact normaliza-

tion constant) is given by

o Res(Q(p, x); o), _ Epx) 72

e(pox, x) é(px)

Moreover, due to (70), we have

20

é(px)e (ox,0) 73)

Cl = —

Similarly to the case of a real-valued potential [51] (p. 95), one can see that

1 1

Ck =
Jo e(px x (€' (px,0))? J5~ w?(py, x)dx

If |g(x)| < cpexp(—ca|x|7), v > 1 (for some constants c1, c; > 0), then e(p) is an entire
function of p (see [51] (p. 95)). In this case, as a Birkhoff solution E(p, x), one can consider
the Jost solution e(—p, x), Im(p) > 0, and hence from (72) we obtain

_ Ao, 74)

Example 4. According to Remark 8, the normalization constant associated with the unique eigen-
value of the operator from Example 3 is

e(iatanh(b ))
é(—ia tanh(b))

( 2atanh(b)
€1

tanh(b) + ) (tanh(b) —1),
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and, in particular, for q3(x), we have

2(1+ tanh(1+i)) tanh(1 + i)
1 —tanh(1+1i)

1 =

Example 5. With the aid of Remark 8, an approximate value of the normalization constant for the
eigenvalue Aq from Example 1 is obtained

cp =~ 16.339391035537 + 40.670169841396:.

3.4. Numerical Algorithm

The approximate solution of the direct problem can be performed with the following
steps.

1.  Compute the Jost function using (41) and the recurrent integration procedure from [27],
for Im(p) > 0.

2. Extend the Jost function e(p) to —gp < Im(p) < 0 using any convenient technique,

such as the classic analytic continuation, Padé approximants [28] or some other

approach [52,53].

Obtain the scattering function s(p) for 0 < |[Im(p)| < €9 by Formula (42).

4. To locate the eigenvalues, find the non-real poles of the function Q(p, x), which is
equivalent to finding zeroes of the function e(p) in the unit disk in terms of z. This
can be achieved with the aid of the argument principle theorem. In particular, in the
present work, we compute the change in the argument along rectangular contours .
If the change in the argument along v is zero, consider another contour. Otherwise,
subdivide the region within the contour until the desired accuracy is attained. Note
that for a sufficiently large N, zeros of ex(p), approximate the square roots of the
eigenvalues of the problem arbitrarily closely. The proof is analogous to that in [54]
and is based on the Rouché theorem from complex analysis.

5. Obtain the normalization polynomials.

@

51  For simple poles, use Remark 8 to obtain the normalization constants.

52  Otherwise, for higher multiplicities, solve the linear system of Equation (65)
for the coefficients by, , n, = 0,1,...,m; — 1 computing Ajn and D; defined in
Equations (66) and (67) for several values of x;.

4. Inverse Problem
In order to reconstruct the potential in (1) from the scattering data, it is convenient to
introduce the function [39]

1 co-+in

0= 5 [, () =i 75)

where 7 is a number satisfying the inequalities 0 < 1 < g (ggs, defined in Section 3.2), and

the function
o

f(x) = ¢ps(x) = Y Xpe(x)e?™, x > 0. (76)

k=1

Remark 9. Hereinafter, we use the notation

- ~00+i1]
£,7 J —co+in

for 0 < n < eq where Ly represents a line parallel to the real axis crossing ir.
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| Al =

/Ooof(s +2x)Ly(s)e 3ds =

The kernel A(x, t) and the function f(x) satisfy the following Gel’fand-Levitan (G-L)
equation [39] (Theorem 10.1)

A(x,t):/ Alqu)f(u+t)du+ f(x+1), 0<x <t <oo. (78)
X
4.1. Infinite Linear Algebraic System for Coefficients a,(x)

Following [38], from the G-L Equation (78), we deduce the following system of linear
algebraic equations for the coefficients a, (x) from the series representation (23).

Theorem 2. The complex-valued functions a,(x) satisfy the equations
2 an (x)Apn(x) = fm(2x), m=0,1,... (79)
where
fm(x) = /000 F(5+ X)Ly (s)e™ 2ds, (80)
A () 1= /0°° Fa(2% + 8) L (s)e~ 3 ds.

Proof. Substitution of the series representation (23) into (78) leads to the equalities

f(x+t):i n(xX)Ly(t—x)e . i /ooLnu—x)er(qut)du
n=0 n=0
= ¥ a0t - 2T i /Oo W)e 2 f(x+y+0dy,  (81)

3
I
<}

where the change in the order of summation and integration is justified by the general
Parseval identity [47] (p. 16).
We have

P

Ax, x + u),m>g2(o o)

< (x,x +u), ”/2Ln(u)>

EZ(O 00) <€_u/2Ln(”)/f(u + X + t)>

/ e 2Ly (u) f(u+ x + t)du.

L5(0,00)

Y]
gl

Denote s = t — x. Equation (81) is equivalent to

[e9)

fls42x) =) an(x)

n=0

/—\
N\w

i / (et f(s+2x+y)dy.  (82)

Multiplying the last equation by Ly, (s)e” 2 and integrating this, we obtain

i an(x) /OO Ly($)Lim(s)e " ds
n=0 0
—2&2;1(36)(/0 L (s 3(/ f(s+2x+y)Ly(y)e 2dy>ds) (83)
Note that

/ Ly($)Ly(s)e™°ds = éyn,
0
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and

/0 f(s+2x+ y)Ln(y)e*%dy = fa(2x +s).
Thus, from (83) we obtain (79). O

4.2. Expressions for fp(x) and Amn(x)

It is convenient to regard the functions f,;(x) and A, (x) as a sum of the components
corresponding to the continuous fy,c(x), Amn,c(x) and discrete spectra f,; 4(x), Ay a(x),
and simplify these expressions with the aid of the formula ([48], Formula 7.414 (6))

./ooo Lm(s)eS(iP—%)ds = (_1)m<% i ip) . (84)

(% B ip) m+1

The continuous and discrete components for the function fy,(x) have the form

) o= [ uls D Ln(s)ehds = o [ (slo) =100 [ L(s)easdy
1\
—1)" 2 +1P iox
S ACORE E ?Meﬂ i) )
(z—ZP

and

fm,a (%) _—E/ Xi (s + x)e! kL, (s)e™ 2 ds,

oo (M1 d]Xk(x) AN .
= k_zlelﬁk’(/o (; (j!> ) /P Ly, (s)e” 2ds,

j=0
o my— dix o . —(L—ipg)s
:_; ; < > dfcf )/0 SL(s)e™ (270)°ds,
a mp—1
- £ o P (o B (2. (86)

For the function A, ¢(x), we have

Amne(x) = /Ooo Lin(5) fue(2x +5)e ™ 2ds

= % /£1, (s(p) — 1)((% il ip) (/000 Lm(s)e_(%_ip)sds> %% dp

1 lp) n+1
B (_1)n+m
- 2r /5,7 (

< ) n+m
”;
1 n+m+2 1pxdp, (87)
2
and for A,,;, 4(x), we use (84) to obtain

ip
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Auna(x) = [ Lu(s)fya(2x + s)e” s

0 a mp—1 g , , ,
= _/o Liu(s) Z Z o ](Xk(2x+s))(zk+1)]+1F(—n,j+1,1;zk—i—l)ez’Pk"e*(%*lpk)sds
k=

x m—1 ) '
= Z Z (Zk + 1)]+1F(_nrj+ 1/ 1;Zk + 1)621ka

w gi (M=l g gp I
/0 dx]<p¥0 <2pp!dxp(xk(2x))>>Lm(s)e (3-ipr)s 4

imflmk71 1 dp ]
P i) 2P pl dxpi

—— (Xk(2%)) (z + 1)]""‘1[_‘(,”,]' +1,1;z + 1)62ipkx

/OO sme(s)e_(%_ipk)sds
0

a m—lm—1=j 4 gptj

_ m+n+1 - i
zv—:l ]zv—‘(‘) p=0 2P dxP]

PO (1 4 2zp)2iPs, (88)

(Xe(22)) (2 + 1)PH2PY "0 (1 4 27,

Remark 10. When an eigenvalue p? is simple and the corresponding normalization polynomial
Xy (x) is just a normalization constant cy, expressions (86) and (88) can be written in the form

fma(x Z Pk (—zp)" (z¢ + 1)y, (89)
mn d 2 ezlek Zk m+n (Zk + 1) (90)

We illustrate the calculation of the functions (85)—(88) with some examples.

Example 6. Consider the scattering function obtained in Example 2:

- (22)(25)

in the strip 0 < Im(p) < 1, with no discrete spectrum and thus no normalization polynomials. Let
us compute the function ¢s(x) defined by (75), where the line L lies in the strip 0 < Im(p) < 1.
Since the function sy(p) is analytic in the strip 0 < Im(p) < 1, the value of the integral is
independent of the choice of 0 < y < 1. Using Jordan’s lemma to calculate the integral in (75),
we obtain

£(x) = gu(x) = ~2ie

Now, computing the functions fu (x) and Ayu(x) from Formula (85) and (87) and using the
residue theorem, we obtain

Fn(x) = —4i .37 De=x A (x) = —8i - 37 (1HmH2)p=2x

Thus, in the case of the potential g,(x), the system of Equation (79) can be written explicitly.
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Example 7. Consider the scattering function s3(p) from Example 3. It has two poles in the upper

half-plane: at i and i tanh(1 + ). Hence, using the residue theorem, we find that

2(1 + tanh(l =+ Z‘))efx(lthanh(lJri)) (extanh(lJri) _ X tanh(l + l))
9s(x) = tanh(141i) — 1 ’

f(x) _ _26(27x+2i)’ fm(x) - 4. 37(m+1)€(27x+2i)’ Ay (x) = _86272x+2i37(m+n+2).

Aguin, the corresponding system of Equation (79) can be written explicitly.

Example 8. Consider s1(p) from Example 1. To compute ¢s(x), we consider the singularities
of s1(p) in the upper half-plane. From the set D(s1) (see Example 1), we have that s1(p) has an
infinite number of isolated singularities at the points py = % with k € N\ {0} and a singular

number po; see (46). Using properties of the gamma function, we obtain

Res (s1(p) —1) = <(1 — 1) IS g (2 21)\/5)> Res T'(1+ 2ip)

p=p —aip (2= 20)V/B)T (1 —2i p=p
Db J-2ip, (2 = 20)v/5)I'(1 — 2ipy) L

((1 - i)stkf_k«zzi)ﬁ)) (- (5(1—i)*)F
k(2 = 2i)VB)T(1+ k)

20—1)  2ki(k—1) "

and

Res(s1(6) ~ 1) = 290 — i

where cg is the normalization constant obtained in Example 5. Therefore, for x > 0, we have

<(x) = iR )4y e ¥R 1
9o(3) = 0" Res(s1(p) 1)+ Lo~ ¥ Res (s ) 1)

k
) 1> (—E_%) ) efe’X/zfx/Z
_ 1xp0 _ = _ 1xp0
= cpe E - = (g€ + —
0 ) 0 2

Hence, the function f(x) has the form

—e¥/2_x/2 e—e’x/z—x/Z

— cnelXPo — oneltP0 —
f(x) = coe™0 + 5 coe 5 ,

1.,
and we obtain the functions fy,c(x) and fy, 4(x) in terms of zg = %+§'£ 0 (see (9)) as follows
2 1o

k
x) = cnel¥Po (1)1 " _1\n - (—e‘i) (1-K"
fn,c( ) coe'™? ( 1) ZO(ZO+1)+( 1) kgl (k—l)! (1+k)n+l’

and
faa(x) = (1) cge™0 (g + 1)z

Thus, from Equations (92) and (93) we obtain

Nl=

k
— (_1\n - (767 ) (1_k)n

(92)

(93)
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Likewise, applying the residue theorem, we have

*x>k (1-k""
1+k)n+m+2

Amn(x) =2(— i =

Thus, as in the previous two examples, the system of Equation (79) can be written explicitly.

The cancellation of terms when summing up (92) with (93) is not incidental and is
generalized below in Remark 12.

To calculate the integrals in functions f; and A, in the case when the scattering func-
tion is given explicitly, we implement Jordan’s lemma and the residue theorem considering
the asymptotics (44). However, often the function s(p) is not given in a closed form but
as a table of data—then, the following techniques can be useful to compute the integrals.
First, we recall a widely used technique for the quadrature of highly oscillatory integrals
through approximations of the Fourier sine and cosine transform. This is illustrated below
in Example 16. A second option is a transformation of integrals in f,;, and A, into integrals
over a finite interval providing a certain advantage for its numerical implementation. This
is illustrated below in Example 21.

Remark 11. We mainly discuss the calculation of the functions f,,. The calculation of Ay
is analogous.

1. Suppose s(p) is given in a closed form. By Pol we denote the set of its poles in the open upper
half-plane. Since s(p) satisfies the asymptotics (44), the integral in (85) can be computed with
the aid of Jordan’s lemma and the residue theorem as follows

fme(x) = (=1)™i Z Res (z+1)z"(s(p) — 1)eip", (94)

p]EPOI P=hj

provided the series on the right-hand side is convergent; see [55] (p. 459).
If Pol contains only simple poles, we obtain

fe(x) = (=1)" ) (zj +1)z]" ePi*Res (s(p) — 1). (95)

p]'EPOI P=pj

2. Consider the integral in (85)

_ m,—nx o0 l + .
fnel) = CLEE [ (s( i) 1) Chalady zﬂﬂ e 96)
- L —i(o+in)

for some 0 < 1 < €q. Following the approach from [56] (p. 236), denote

¢ +i(a+i17))m

. . m—+1’
(1—ito+m)
and set (o) = g(o) + g(—0), ¢(0) = g(0) — g(—0). Then
(% +i(a+i17)>m
. . m+

- 1((7+117))

8(0) = (s(e+in) =1)

geel

. P g — ./0'°° 1/)(0_) cos(ox)do + l’/o 4)(0’) sin(ox)do. 97)

N—
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frme(x) =

The integrals on the right hand side (the Fourier cosine and sine transforms) are approximated
by the corresponding sums

hlﬁ;‘)lp ( <k + ;>h) cos (x <k + ;)) and hki)cp(kh) sin(xkh), (98)

where h and N are chosen to be sufficiently small and large, respectively.
3. Transform the line L into a circle centered at % of radius ﬁ with the aid of the formulas

_i(1+4n —exp(if))
 2(1+exp(if))

(i) (L 27)
, dp = exp(z@)mde. (99)

This enables us to consider the integral in (85) in the form

T e ) ) e (= (o eatan )

(

(-(os) e
1
2

) p(i0) — 90,
1447 —exp(if) m+1 (1+ exp(z@))2
+ (Tt

reducing the integration to a finite interval.
Remark 12. Suppose that the eigenvalues are simple, and Formula (74) is applicable. Denote

the set K = {p1,...,pa} of non-real singular values. From (89), (90) and (95), we have that the
functions fu(x) and Apy(x) can be computed as

fulx) = (“D™ Y () (2 + 1)e i Res(e(—p)ip = p}),
pjEPol \K ¢(oy)

1

An(x) = (1" Y ()" (zj + 1)¢*Res (e(—p); p = pj).

pyepa\k ¢(P5)

4.3. Stability of the System and Its Solution
Consider the truncated system (79):

M
am(x) — ;)an(x)Amn(x) = fm(2x), m=0,..., M. (100)

Denote its solution as Uy = {a%}%zo. In the following two theorems, we prove
the unique solvability of (100), the convergence of its solution to the exact one as well as
its stability.

Theorem 3. Let x > 0 be fixed. Consider the system (100) truncated to M + 1 equations. Then,
for a sufficiently large M, the truncated system is uniquely solvable, and

Mx) = am(x), M —o00,m=0,1.... (101)

a
Proof. Since {fn(2x)}y_g € {2 and {Anu(x)};,,—g € (2 ® f, and we look for
{am(x)};n_y € {2, the assertion of the theorem for the truncated system follows directly
from the general theory presented in [57] (Chapter 14, §3). O

M

Theorem 4. The approximate solution {al!(x)}, _,

of the system is stable.
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Proof. Note that the truncated system (100) coincides with that obtained by applying
the Bubnov-Galerkin procedure to the G-L Equation (78) with the orthonormal system
of Laguerre polynomials in £2([0,00);e™*); see [58] (§14). Let I denote the (M + 1) x
(M + 1) identity matrix, Lyy = {Amn(x) }% 1—o be the coefficient matrix of the truncated

system and Ry = { fm(2x) }%:0 the right hand side of (100). Following [58] (§9), consider a
system called inexact
(IMm+Lpm+Trm) Ve = Ry + 6m,

where I'yris an (M + 1) x (M + 1) matrix representing errors in the coefficients A, ,, and
Op is the column vector representing errors in the coefficients f,,. Let Vs be a solution of
the non-exact system. The solution of the Bubnov—Galerkin procedure is said to be stable
if there exist constants c1,c; > 0, such that for ||[T'p|| < r and arbitrary ) the non-exact
system is solvable, and the following inequality holds

[Um = Vmll < c1|ITmll + e2l|omll- (102)

Now, since in the case under consideration, the inequality (102) is true (see [58]
(Theorems 14.1 and 14.2)), the approximate solution is stable. [

4.4. Algorithm to Recover the Potential

Given a scattering data set | as in Definition 2, the algorithm to recover g(x) consists
of the following steps.

1. Compute the functions fy,(x) and A, (x) with the aid of (85)-(88).
2. Solve the truncated system of linear algebraic Equation (100) to obtain the coefficient
ap(x).

3. Recover the potential q(x) from (38).

5. Numerical Examples

We implemented the algorithms proposed in Sections 3.4 and 4.4 to solve the direct
and inverse problems, respectively, with machine precision and with the aid of Matlab2021.
Several examples are discussed, some of which have been introduced in previous sections.

5.1. Direct Problem

In this subsection, we discuss the computation of the scattering data, based on the
series representation of the Jost solution (8). We deal with the approximate solution
obtained by truncating the series (36).

The computation of the coefficients a,(x) is performed with the aid of the recurrent
integration procedure from [27].

First of all, we discuss the choice of the number N in (36). Below, we show that a
satisfactory accuracy is attained for a relatively small N (from several units to several
dozens), and a reliable indicator

€N = max (103)

N 0
Zoan(x)—;/x g(b)dt

can be used to choose an appropriate N.
In the case of simple singular numbers p, the norming constants can be computed
with the aid of (73):

20x
R —————————. 104
k én(pox)en 0k 0) (104

Another possibility consists of using (74) in the form

[m’ n]eN(p) (*Pk)

NP (109)

Cl =~
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where [m, n], ) (—pk) stands for the Padé approximant of ey(p) at p = —pi. This can
be achieved when the accuracy of this rational approximation in the upper half-plane is
satisfactory, i.e., when one has a suitable small value of max‘ [m, 1.y () (p) —en(p)|ina
sufficiently large region in the upper half-plane of the complex variable p.

A reliable algorithm to compute derivatives of (36) in (104) is proposed in [27].

To obtain the scattering function (42) in the strip [Im(p)| < €9 we consider two options
depending on how the computation of the Jost function is performed for p in the lower
half-plane. The first one uses

[, 1],y (p) (=)

s(p) = en (o)

provided [m, n], ) (p) extends en(p) analytically onto a certain strip in the lower half
p-plane. A second option for the computation of s(p) is

s(p) ~ m (106)

where the expression (36) is calculated at points p of a parallel line sufficiently close to the
real axis and contained in the lower half p-plane.

Remark 13. The notation for the approximate Jost solution (Jost function) may contain two indices,
kand N: ex 5 (p, x) (ex N (p)), where k denotes the solution associated with the Schrodinger equation
with the potential qi(x) and N is the parameter from (36).

Example 9. Consider the potential q;(x) from Example 2. We present the indicator ey in Table 1
for different values of N in (103).

Table 1. Example 9: indicator ¢ for different values of N.

N en forx € [0,12] N en forx € [0,12]
2 1.57 x 1071 30 6.7 x 10712
3 5.24 x 1072 35 6.02 x 10712
5 5.82 x 1073 40 521 x 10712
10 239 x 1072 45 498 x 10712
15 9.86 x 108 55 434 x 10712
20 411 x 10710 180 1.98 x 10712

Figure 1 shows the real and imaginary parts of the approximate and exact Jost solution
computed from (36) at a sample point p = 1+1i/3 with N = 30, i.e., ep30(1 +1i/3,x). The
maximum absolute error of the computed Jost solution for x in the interval [0,12] is 2.14 x 10713
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Figure 1. Real (left) and imaginary (right) parts

er30(1+1/3,x).

0.6+ "

TG0+ i3.2))
........... Im(easo(1 +1i/3,x))

8 10 12 0 2

10 12

of e(1+i/3,x) and approximate Jost solution

Table 2 presents the maximum absolute and relative errors of the approximate Jost function
ex N(p(z)) for z € D for different values of N.

Table 2. Maximum absolute and relative errors of the approximate Jost function e y(0(z)) in D.

N 2 5 25 30 40 180
Abs. Error 157 x 1071 582x1073  4.06x10710  168x10712 248 x107# 198x107#* 196 x 10714
Rel. Error 1.78 x 10 6.58 x 10~1 458 x 1078 1.89x10710 966 x10713  317x10713 157x10°13

Figure 2 shows the function |ey30(p(z))| for z € D. Here, we illustrate the existence of a
unique singular number. Indeed, this singular number p = —1 corresponds to z = —0.6 — 0.8i
and the value ey 30(—1) is —5.55 x 1071% 4 2.66 x 10~ 1%i.

-0.5

S

CoCSesses

(L

o s
e
S R T

%‘.ﬁ‘.&-‘-.:
e

O3S

0
Re(z)

Figure 2. Function |ep30(p(z))| for z € D.
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The distribution of the absolute and relative errors of the approximate Jost function is presented
in Figure 3 and Figure 4 (respectively), where the maximum absolute error is 1.98 x 10~1* and the

maximum relative error is 3.17 x 10713,

15

05 -
Z’”(e) 1 o Rel?)

Figure 3. Absolute error of approximate Jost function e; 30(p(z)) for z € D.

Rel. Error
&

0
Imiy >, Rel?)

Figure 4. Relative error of approximate Jost function e;39(po(z)) for z € D.

Furthermore, a good approximation of the derivative of the Jost function becomes essential for

the argument principle algorithm performance. This is necessary to obtain the eigenvalues as the
dez30(0(2))

squares of non-real zeros of the approximate Jost function. In Figure 5, we illustrate —=3-==,
and Figures 6 and 7 depict the distribution of the absolute and relative errors, respectively. The

maximum absolute error is 9.6 x 10~13 and the maximum relative error is 7.21 x 10713,

1.5 —

0.5

1 B e B I A

0
Z; -1-1 -0.5 0 0.5 1
7(z) Re(z)

%‘forzéﬁ-

Figure 5. Function
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Figure 6. Absolute error of d 5
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Rel. Error
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0
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Figure 7. Relative error of 7'162'3‘11(5 G) ;eD.

To find the singular numbers, we consider the circle {z € C : |z| = 1} (real axis in p) and a
cubic spline interpolation of the approximate Jost function (N = 30). For the spline interpolation,
we use the Matlab routine csapi. To locate the zeros of the spline, we use slmsolve from the Shape
Language Modeling (SLM) toolbox, version 1.14 by John D’Errico [59], available for Matlab2021a.
The value p1 = —1.000000000000003 was obtained with an absolute error of 3.11 x 10715,
Additionally, the argument principle algorithm applied to ey 30(p(z)) in D discarded any eigenvalue
of the problem (non-real zero p).

The second step of the algorithm from Section 3.4 requires computing the Jost function in the
strip —eg < Im(p) < 0 (g9 = § = 1). In this example, we extend ep30(p0(z)) analytically via
Padé’s approximation. The Padé approximant [m, n] was computed in Matlab2021a using the
routine pade.

In Table 3, we computed the maximum absolute and relative errors of the Padé approximant
(1 1e, v (o) of ean(p) with N = 3,5,20,30,40,50 and 180 for 0 < Im(p) < 1. These values
indicate the possibility of dealing with this Padé approximant when computing the set of scattering
data. Additionally, from Table 4, we confirm that this approximant satisfactorily extends the Jost
function to a desirable strip in the lower half-plane (the strip is related to the one needed for the
calculation of the scattering function s;(p)).

e230(p)
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Table 3. Maximum absolute and relative errors of the Padé approximant [1,1] esn(p) With respect to
ez N(p) in a strip in the upper half p-plane.

Max. Abs. Error of [1, 1]22N(p) (p) Max. Rel. Error of [1, 1]22N(p) (p)

N with 0 <Im(p) <1 N with 0 < Im(p) <1
3 718 x 1071 3 2.97

5 5.45 x 1071 5 2.14

20 1.26 x 107° 20 43 x107°

30 46 x 1071 30 1.58 x 10710

40 8.71 x 10712 40 3.10 x 10~ 1

50 1.93 x 10711 50 6.56 x 10711

180 1.05 x 10710 180 3.56 x 10710

Table 4. Maximum absolute and relative errors of the Padé approximant [1, 1] esn(p) With respect to
the exact Jost function e, (p) in a strip in the lower half p-plane.

Max. Abs. Error of [1, I]Ezw(p) (p) Max. Rel. Error of [1, 1]22N(p) (p)

N in—-1<Im(p) <0 N in—-1<Im(p) <0
3 3.07 3 2.99

5 2.66 5 2.16

20 7.99 x 1070 20 434 x107°

30 2.89 x 10710 30 1.59 x 10710

40 5.65 x 1071 40 312 x 1071

50 1.23 x 10710 50 6.61 x 10~ 11
180 6.54 x 10710 180 3.59 x 10710

To obtain sy(p) numerically on the strip 0 < Im(p) < €9 = 1, we use the truncated series
e2,30(p) and the Padé approximant [1,1],, . ;)

[1’ 1]@2,30( ) (—P)

s2(p) ~ e230(p)

The maximum absolute error inside the region R =[-30,30] x [1072, (e —1072)i] is
9.64 x 1017,

Remark 14. The order of the Padé approximant used for the Jost function is not arbitrary.
Although the maximum absolute errors inside the region R of other approximations of s, (p)
using (2,2}, () (9:35 x 1071, [3,3],, (o) (1.34x1071), [4,4],, () (1.5x107M) and
(7, 75 30(p) (6.37 x 1012) are better in comparison with [1, e, 30 (o) we choose [1,1],, () as
the most suitable option to avoid the appearance of Froissart doublets. Indeed, the use of the Padé
approximants when there is no available information about the smoothness of the function to be
approximated is challenging. Some publications propose modified algorithms [60], even using the
Toeplitz matrix theory with many numerical implementations in Maple, Wolfram Mathematica
(see [61]) or Matlab (see [62]). For the purposes of this paper, it is sufficient to use only the informa-
tion obtained from the truncated series en(p) and the argument principle algorithm to construct
the approximant. Consider the number K of zeros counting multiplicities of the approximate Jost
function ey (p) (singular numbers being calculated using the argqument principle algorithm) located
inside D as the degree of the polynomial in the numerator in the Padé approximant. Recalling that,
in most cases, an accurate Padé’s approximation is obtained on the diagonal approximant types for

analytical functions, it is reasonable to choose the Padé approximant as [K, K], (p)-
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Example 10. Consider the potential q3(x) from Example 3. The approximate Jost function ez n(p)
is computed in the strip 0 < Im(p) < 5 = 1 for several values of N. In Table 5, the maximum
absolute error of the approximate Jost function is presented.

Table 5. Maximum absolute error of the Jost function e3 (o) for N = 2,5,20,30, 50 and 180.

N 2 5 20 30 50 180
Abs.

Error

234x1071 865x107% 6.03x10710 557x1071¥ 472x107% 467 x 10714

Similarly to the previous example, a search for real singular numbers was performed; however,
none were detected. Subsequently, the argument principle algorithm located a non-real singular num-
ber in D, with the wvalue zy ~  —0.386709149322063 — 0.105221869864471i
(01 ~ —0.271752585319512 + 1.083923327338694i). Its absolute error is 8 x 10715, The contour
refinement is not a concern, since the performed algorithm from [54] is based on the argument
principle algorithm followed by several Newton iterations.

Additionally, the Jost function was extended to the strip |Im(p)| < eg = 1 through the Padé
approximant

1]  p(4.69 x 10° + 4.94 x 1037) +1.94 x 10" — 4.92 x 10"
7 es30() T p(4.69 x 1015 4 6.12 x 1014i) — 6.11 x 1014 + 4.69 x 1015~

The corresponding maximum absolute error of [1,1],, 0(0) (p) inside the rectangle
Ry = [-20,20] x [0i, (e9 —1072)i] in the complex p-plane is 8.43 x 1071 Inside
Ry :=[—20,20] x [(—e0 + 1072)i, (g0 — 10_2)1'], the maximum absolute error is 8.42 x 1011,
Next, an approximate value of the normalization constant corresponding to p1 was computed

c1 A~ [1/1]3350(,0)(_91)
! é330(01)

i = —10.317711295453737 + 12.894194226972697i

with an absolute error of 2.8 x 10~°.
Finally, we calculate the scattering function by

_ [1’1]63,30(P)(_p)

53 (P) ~ e3,30 (P) (107)

The maximum absolute error of the approximation of s3(p) in Ry is 1 x 10~ (see Figure 8).

0.5 10

Zn, - 0
) 0 20 1 Relp)

[1’1]33l30 0 (=P

Figure 8. Absolute error of the approximate scattering function s3(p) = erso(p)
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Example 11. Consider the potential q,(x) from Example 1. Table 6 shows the parameter € for
some values of N.

Table 6. Example 11: parameter ey for different values of N.

N ey forx € [0,12] N en forx € [0,12]
2 443 38 1.12 x 107
3 291 48 6.97 x 1077
5 1.13 58 5.17 x 1078
10 1.32 x 1071 88 446 x 1071
15 1.88 x 1072 98 5.12 x 10712
20 3.17 x 1073 108 9.48 x 10713
28 227 x 10~* 178 1.49 x 10712

Note that the approximation of the Jost function in this example requires more terms in the series
representation than in previous examples. To control the accuracy of the approximation, in addition to
the parameter €, one can use the asymptotic relation for the Jost function from [24] (p. 105),

_ w0 q(0)  «?(0) 1 +
e(p) =1+ ” 2ip)? + 2i0)? +o0 ) lo| = 0,0 € CT\ {0}, (108)
where w(x) = —1 |, > q(s)ds. This relation is valid for q(x) with first and second summable
derivatives.

Figure 9 depicts the Jost function computed with N = 98 and the singular number

po ~ 1.784065846059995 + 0.608788673578742i. Figure 10 shows the fulfillment of the asymp-
9(0) _ «*(0)

totic relation (108), namely the graph of |e1 9g(p) — %?) + GipE T @R | which tends to 1 when
lo] = 0.
20
=1
S
"% 10
al\
2 5
0.
20
10

0
0 -10 RelP)

Figure 9. Absolute value of ej 9g(p) in the upper half p-plane. The marked point is the singular

number pg.
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Figure 10. Graph of ‘61/98 (o) — %;)) + (g%z — ‘(‘fl’g‘;l tending to 1 when |p| — oo.

The eigenvalue is computed numerically as a zero of the exact Jost function with the aid
of Wolfram Mathematica v.12 (Wolfram Research, Inc., Champaign, IL, USA) g =~ Aj :=
2.8122672899483 + 2.1722381890043i. This “exact” eigenvalue is compared with the approxima-
tion 2.812267289948449 +- 2.172238189004328i obtained as the square of the approximate pg. The
absolute error is 1.52 x 10713,

For the numerical calculation of the analytic extension of ej9g(p) onto the strip —% <
Im(p) < 0, it is not possible to consider the Padé approximant [1,1],, (). This does not approx-
imate eq 93(p) accurately even in the upper half-plane of the complex variable p. Using the Padé
approximant [7,7],, . o) the absolute error was 0.17.

Instead of using Formula (105) to compute the normalization constant co, Formula (104)
is applied to obtain the approximation ¢y ~ 16.339391965970112 + 40.670169715260290i with
absolute error 3.05 x 10712,

To compute the scattering function s1(p) on a line parallel to the real axis contained in the strip
IIm(p)| < €9 = |Im(pp)| = 0.608788673578742i, Formula (106) was used. The function e1(p) is
represented by (36) for p on a line in the lower half p-plane parallel and sufficiently close to the real
axis. Having calculated these series representations for the functions involved in s1(p), we compute

- e198(—p)
si(p) = e1,98(p)

with a maximum absolute error 1.45 x 10~7 along the line Ly—o1 (see (77)).

In this example, we obtain a satisfactory accuracy in the calculations of the scatterin data set
using the expression (36) alone and the derivatives required by (104).

Example 12 ([44]). Consider the potential
ga(x) := Risin(x)e™ 7,

with R being a constant (Reynolds number). When R > 0 is sufficiently large, the eigenvalues may exist.
For example, for R = 10, there is one eigenvalue in the box B := 1.60439123% + 1.7978849i%} [44]
(see also [45]).

The Jost solution is not available in a closed form. In order to check the validity of the numerical
calculation of the coefficients a, (x) for eq n(p.x), we consider the indicator € (Table 7).
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Table 7. Example 12: indicator ¢y for different values of N (potential g4 (x) with R = 10).

N en for x € [0,12] N en for x € [0,12]

2 443 55 3.92x 1077

3 291 105 9.77 x 10~ 1

5 5.97 x 107! 136 1.06 x 10~12

10 7.85 x 1072 137 9.19 x 10718

15 1.17 x 1072 155 6.11 x 10713

20 1.70 x 1073 175 7.77 x 10713

45 6.95 x 107° 200 9.72 x 10713

Figure 11 depicts the Jost function computed with N = 137 and the approximation of the
singular number p1 ~ 1.416695330664399 + 0.634534798062634i, with its square belonging to
the box B. Additionally, Figure 12 shows the fulfillment of the asymptotic relation (108).

\64,137(P)|

o
(=}

10
L)

0
0 -10 Rel)

Figure 11. Absolute value of e4 137(p) (R = 10) in the upper half p-plane and the marked point is the
approximate singular number p;.
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772(/0) 0 -10 ® Re((ﬂ

Figure 12. Graph of |e4 137(p) — (Zip)z ~ @)

w(0 0 w?(0
0 | 40 oo

tending to 1 when |p| — oo (R = 10).
The normalization constant cq is calculated using (104),

c1 ~ 0.423317609673475 + 10.608764849282464i.

Finally, the scattering function is approximated by w.
e4137(p)
Now, take R = 30 in the potential q4(x). In this case, two boxes localizing the only two
eigenvalues Ay and Ay were obtained in [44],

By := 2.55564161433 4 7.68818701813i, B, := 6.3746573 + 2.469932i.
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Table 8 provides the values of the indicator e for several values of N.

Table 8. Example 12: indicator ) for different values of N (R = 30).

N ey for x € [0,12] N en for x € [0,12]
5 1.09 x 10! 105 1.27 x 1077
10 2.86 155 230 x 10710
15 7.71 x 1071 175 278 x 10~ 1
20 1.17 x 1071 200 5.70 x 10712
45 1.66 x 1073 220 6.46 x 10712
55 1.65 x 1074 230 7.04 x 10712

Approximate eigenvalues computed from eq N (p) for different values of N, are presented in
Tables 9 and 10.

Table 9. Approximate eigenvalue A; computed using different values of N in es n(p) (R = 30).

N A1

35 2.555647790300414 + 7.688132784089897i
65 2.555641614022092 + 7.688187017680658i
105 2.555641614273991 + 7.688187018110548i
200 2.555641614273991 + 7.688187018110548i
230 2.555641614273991 + 7.688187018110548i

Table 10. Approximate eigenvalue Ao computed using different values of N in e4 n(p) (R = 30).

N Az

35 6.368733224187178 + 2.460948309337657i
65 6.374657558248066 + 2.460950123973226i
105 6.374654410969357 + 2.460950093296220i
200 6.374654410861196 + 2.460950093077938i
230 6.374654410861196 + 2.460950093077938i

Note that Ay € By and Ay € B, for N = 200. Finally, the normalization constants are
calculated using es 200 (p) in (104),

c1 ~ 1.669128547357084 x 10% — 1.694940279771396 x 10%i
cy = —54.578951306154920 + 45.276710620944780i.

Although, in this example, more powers for the series representation of the Jost function were
used, the method proved to be applicable to obtaining the scattering data set without any additional
informatio. The good accuracy achieved is confirmed by the ability t use the scattering data obtained
as input data to solve the inverse scattering problem to recover the potential q4(x) with R = 30
below in Example 22.

5.2. Inverse Problem

In the present section, we discuss the accuracy, convergence and stability of the
proposed method for solving the inverse scattering problem.
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Remark 15. By gy p1(x), we denote the approximation of the potential qi(x) (k = 1,2,3,4,5)
obtained by solving the truncated system (100) with the sum up to M, i.e., with M + 1 equations.

5.2.1. Convergence and Accuracy

Example 13. Consider the scattering data calculated in Example 3:

2(i +itanh(1 +{)) tanh(1 4 1)
i —itanh(1 +1) }'

))(p +1i) }
i) (o —1i)
where s3(p) is an S-type function in the strip 0 < |Im(p)| < g9 = 1.

We shall recover the potential q3(x) = —2sech?®(x — 1 — i). The system (100) of linear
algebraic equations for this example is obtained in a closed form (see Example 7). For a different
number of equations in the truncated system, we obtain a solution symbolically by using the Matlab
routine solve. The potential q3(x) is recovered from (38). Figure 13 presents the recovered potential
in each case.

J= {{m =itanh(1+1i),m =1,¢1 =

_ (p+itanh(1
(0) = (o itanh(1

+
+

Imaginary part exact potential g;(z)
Imaginary part potential with 5 egs | ]
Imaginary part potential with 8 egs

Imaginary part potential with 10 eqs
Tmaginary part potential with 12 eqs| |

7
N

/

/

|

Real part exact potential g;(z)
Real part potential with 5 eqs
Real part potential with 8 eqs
Real part potential with 10 eqs
—-—-—Real part potential with 12 eqs

Figure 13. Real (left) and imaginary (right) part of the recovered potential g3 p1(x) for M = 4,7,9 and 11.

The corresponding absolute and relative errors are presented in Figure 14 and Figure 15, respec-
tively. Note that a high accuracy is attained even in the case of a very reduced number of equations
in the truncated system. Moreover, a very fast convergence of the method can be appreciated.

10 0 _
---------- Abs. error 5 egs
----- Abs. error 8 egs
p Abs. error 10 egs
1071 — — —Abs. error 12 eqs
,-"—--.\~
~
\.\
8 10-10 [ .,
B -7 S
= r ~ .
@ ™~ ~.
£ > B
'_g S >~ ~ \.~~N
2 10 -15 | > Q\’\
< ~ S
S \.\.
\~
e
Pl
{aY
1020 | P S
\ l‘\,\J\\ “"\T‘T“
"
102 ‘ ; ‘ ‘
0 2 4 6 8 10

Figure 14. Absolute error of the recovered potential g3 pr(x) with M = 4,7,9 and 11.
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104 ¢
---------- Rel. error recover potential 5 eqs
----- Rel. error recover potential 8 eqs
108 L Rel. error recover potential 8 eqs
— — —Rel. error recover potential 12 eqs
e =
8 \’x
L 10°E T
IS] ‘o
- S
- Y
€3] ’~~\
200 s
= .
= — i
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1012 L S \.\
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Figure 15. Relative error of the recovered potential g3 ;(x) with M = 4,7,9 and 11.

Example 14. Consider the scattering data | = {sy(p)} from Example 2. As was shown above
(Example 6), the system (100) for this example can be written explicitly. Again, when solving
the corresponding truncated system for different values of M we observe a fast convergence and
remarkable accuracy even for small values of M (see Table 11 and Figure 16).

Table 11. Maximum absolute error of the approximate potential g p1(x) for some values of M.

M in (100)

0 1 2 3 6 8

max l72(x) — q2,m(x)]

1.05 1.13 x 1071 1.25 x 1072 1.4 x 103 1.91 x 107° 235 %1078

Figure 16. Exact and computed potential g 6(x).

Example 15. Consider the closed form of the scattering function s1(p) from Example 1. We
compute functions fum c(x) and Amn,c(x) using the first option from Remark 11. Some poles and
residues are given in Table 12 (computed with the aid of the package Numerical Calculus of
Mathematica v.12).
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Table 12. Poles and residues in the upper half-plane of the function s1(p) — 1.

Poles

Residues

0.51

5

1.784065846059995 +- 0.608788673578742i

40.670169841396 — 16.339391035537i

li —25i
1.5i -1

2i i
2.5i &

3i —823
3.5i - e
4i 2%i

6i e
7i — oA

Note that the absolute value of the residues decreases considerably as the poles move away from
the origin on the imaginary axis. This allows us to use a small number of poles for the calculation of
the functions fy, c(x) and App,c(x).

The convergence of the method in this case results to be slower; see Figure 17, although a
satisfactory accuracy is attained for M = 9.

100 . error approx. potential with 3 eqs 12
[ . error approx. potential with 5 eqs -—- \ql_lg(az)\
. error approx. potential with 10 egs 10 “h (I)l 1
5 . error approx. potential with 12 eqs
= . error approx. potential with 14 eqs 8t
Lq . error approx. potential with 16 eqs
"qé 107° . error approx. potential with 20 egs 6L
=
S
2]
o) 4l
= —
2 )
-~ L
10-10] \\\
| | | ~— 0 T~
4 6 8 10 0 5 10
x T

Figure 17. Absolute error for different values of M in the truncated system (100) (left) and the
absolute value of the recovered potential 47 19(x) computed with 20 equations (right) for x € [0, 10].

5.2.2. Stability of the System

Since the stability of the method was proved in Theorem 4, we are able to work
efficiently with noisy scattering data. First, we consider the natural noise arising from the
numerical implementations of the last two procedures in Remark 11, i.e., calculation of
the approximate matrix in (100) from the scattering function s(p) given in a closed form.
Another situation considered in this subsection is the recovery of the potential from a
uniformly noisy scattering function.

Remark 16. Henceforth, denote by fu(x), fumc(x), Apn(x) and Ay c(x) the numerical approxi-
mation of fi(x), finc(x), Amn(x) and Appc(x).

Remark 17. In the last step of the algorithm from Section 4.4, for recovering q with the aid of (38),
the coefficient ag needs to be differentiated twice. This was performed by interpolating ag(x) with

a quintic spline through the Matlab routine spapi and a posterior differentiation with the Matlab
command fnder.
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Example 16. Let us consider the scattering data from Example 2. The recovery of the potential
q2(x) from the exact scattering function s, (p), obtained by using approximate functions fu(x)
and Ay (x) in the truncated system (100), is presented. The computation of functions fy,(x) and
Amn(x) requires numerical integration along the line L,—o5 (see (77)). For this purpose, the last
two procedures in Remark 11 were applied.

Method 1. The second option in Remark 11 is implemented. With the scattering function (91)
at points p = 0+ 0.5i and 0 = —(k+1/2)h fork = 0,1,...,N(x), where N(x) = 55000/ x
and h = 0.145454545, the calculation of the Fourier transforms in (98) is carried out. In Table 13,
the maximum absolute error of fu,(x) is presented for 4 values of the parameter m.

Table 13. Example 16: maximum absolute error of fy,c(x) calculated with the second procedure in
Remark 11.

m 0 1 2 3

- f, 1.102 x 1072
xggggo)}fm(x) fu(x)] 02 x 10

7.995 x 10~10 7.988 x 10~10 8.757 x 10~10

Now, we compute Ay c(x) using the same numerical integration method with parameters
N(x) = 5500/x and h = 0.127272727.

Table 14 shows the maximum absolute error of An (x) for parameters m,n =0,1,2,3.

Table 14. Example 16: maximum absolute error of A (x) calculated with the second procedure in
Remark 11.

max |Amn(x) — Apn(x)|

m x€(0,20)

n=20 n=1 n=2 n=3
0 4721 x 10710 4712 x 10710 4711 x 10710 4.714 x 10710
1 4712 x 10710 4711 x 10710 4.714 x 10710 4712 x 10710
2 4711 x 10710 4714 x 10710 4712 x 10710 4,699 x 10710
3 4.714 x 10710 4712 x 10710 4.699 x 10-10 4.678 x 1010

The system (100) constructed with fo,(x) and Ay (x) is solved numerically in Matlab for
several values of M. Maximum absolute and relative errors of the approximation of the potential
go,m are shown in Table 15.

Table 15. Example 16: maximum absolute and relative errors of the approximation of the potential
g2,m(x) by the recovered potential for some values of M in (100).

M in (100) 0 2 3 5 7
Abs. Error of gp p(x) 9.3 x 1071 1.1 x 1072 1.21 x 1073 1.06 x 1074 1.14 x 1074
Rel. Error of g p(x) 1.6 1.74 x 1072 1.93 x 1073 2.14 x 1074 415 % 107° 2.04 x 1076

Figure 18 presents the absolute value of the recovered q, potential from 4 equations in (100).
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g2 ()]
3.5F - = =lg23(@)] |7

T

Figure 18. Recovered potential 45 3(x) by Method 1 in Example 16.

Method 2. Now, we compute the approximate functions fu(x) (see Table 16) and Ay (x)
(see Table 17) following the third procedure in Remark 11.

Table 16. Example 16: maximum absolute error of fy,(x) after applying the third procedure in

Remark 11.
m 0 1 2 3
n(lax )} fn(x) = fm(x)] 6.05 x 107> 2.02 x 1072 6.73 x 107° 224 x107°
x€(0,20

Table 17. Example 16: maximum absolute error of Ay, (x) after applying the third procedure in

Remark 11.
S A (<) = A ()
m ,
n=20 n=1 n—=2 n=3

0 1.27 x 10713 426 x 10714 1.42 x 1014 474 x 10715
1 122 x 107° 142 x 10714 4.74 x 10715 1.58 x 10~ 15
2 4.07 x 10710 1.36 x 10710 1.58 x 10~ 1° 529 x 1016
3 1.36 x 10710 452 x 10~ 1 15 x 10~ 11 1.68 x 10712

In Table 18, the absolute error of the recovered potential for some values of M in (100) is presented.

Table 18. Example 16: maximum absolute error of recovered potential g »1(x) using the third option
in Remark 11.

M in (100) 0 1 2 3 5 7

n'(lax )|q2(x) —qam(x)]  825x107! 234 x 107! 5.25 x 1072 9.71 x 1073 5.71 x 1073 223 x 1073
x€(0,20

Rel. Error of gp p(x) 1.24 1.21 x 1071 52x 1071 8 x 1072 6.19 x 1072 7.25 x 1073

Both methods (procedures 2 and 3 from Remark 11) illustrated in the above exam-
ple have proven to be suitable for calculating the functions f;;, and A, from a table of
values for the s;(p). Nevertheless, it is worth mentioning that although the first method
(procedure 2) produced slightly more accurate results, this approach might be sensitive to
the choice of the N(x) and h parameters, whereas the second method (procedure 3) only
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requires the implementation of trapz, the Matlab integration routine on a dense set of points
defined in the interval (0,27). Hence, for the purposes of this paper, it is sufficient to
consider procedure 3 from Remark 11 in the following examples, so as to obtain satisfactory
approximations of f;; and Ayy.

As expected from the results of Example 14 for this potential, the numerical method
for recovering the potential g, (x) converges very fast. Indeed, an acceptable approximation
of g2(x) is achieved with only four equations in this case, where an inexact matrix in the
linear system (100) is considered. In fact, the difference between the approximate and the
exact potential presented in Figure 18 is indistinguishable.

In the following examples, a noisy scattering function with a uniformly distributed
noise ¢(p) added to the rand routine of Matlab is considered.

Example 17. Consider the scattering function sy(p) and denote the noisy scattering function
by $2(p) := sa(p) + €(p). Here, €(p) is £5% uniformly distributed complex-valued noise (the
percentage of the noise is applied pointwise to the modulus and arqument of the value of sy(p)). The
maximum absolute error of 8, on the line Ly—o5 is 2.46 X 101, The potential was recovered using
five equations with a maximum absolute error of 5.2 x 10~1. The real and imaginary parts of the
potential and the absolute error of its recovery are shown in Figure 19.

- = ~Im(g:4(2))

Figure 19. Example 17: figures on the top part show the recovered potential g5 4(x), and the bottom
figure shows the absolute error of the recovered potential.

Despite the noise that §,(p) produces in the matrix of the system (100), the method
recovers the shape of the potential g, with reasonable accuracy.

Example 18. Consider the scattering function s3(p) and define $3(p) := s3(p) + (p) where e(p)
is a £10% uniformly distributed complex-valued noise (considered as in the previous example).



Mathematics 2023, 11, 3544

41 of 51

The maximum absolute error of $3 on the line Ly—o5 is 1.75. The potential was recovered using
eight equations with a maximum absolute error of 8.6 x 10~1. The real and imaginary parts of the
potential as well as the absolute error of its recovery are shown in Figure 20.

2 ‘ 5
Re(gs(x))

. Re(gsq(x))
O =
2t
4t
6F
-8 ?

0 1 2 3 4 5 0 E 2 ’ ! ’

) x

10(]

Figure 20. Example 18: figures on the top part show the potential g3 7(x) recovered with eight
equations, and the bottom figure presents the absolute error of the recovered potential.

Although, in this case, the absolute error of $3(p) is larger, the shape of the recovered potential
is still quite close to that of the exact one.

5.2.3. In-Out

In this subsection, we consider the results obtained in Section 5.1 as input data for the
inverse problem.

Example 19. We use the approximate scattering function s3(p) from Example 10 calculated
by (107). Particularly, the form in which it is given allows for us to approximate functions fy, c(x)
and Amn,c (x) with the aid of the numerical calculus of residues, i.e., the first procedure in Remark 11
(see Tables 19 and 20).

Table 19. Example 19: maximum absolute error of the approximation of the function fy, ¢ (x) using
calculus of residues.

m 0 1 2 3

rr(l(%)} fine(x) = fne(x)]  4795x 10710 1911 x 10710 7494 x 10711 2.861 x 107!
xe(0,
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Table 20. Example 19: maximum absolute error of the approximation of the function A c(x) using
calculus of residues.

max ’Amn,c (x) — Amn,c(x)‘
m x€(0,15)
n=20 n=1 n=2 n=3
0 2.995 x 1010 1.206 x 10~10 4835 x 10~ 11 1.895 x 10~ 11
1 1.206 x 10710 4835 x 10~ 11 1.895 x 10~ 11 7.238 x 10712
2 4.835 x 10711 1.895 x 10~ 11 7.238 x 10712 2.73 x 10712
3 1.895 x 10~ 11 7.238 x 1012 2.73 x 10712 1.057 x 10~12

The potential q3(x) was recovered with an absolute error of 1.8 x 1075 in the interval (0,15)
using 8 equations.

Example 20. Consider the approximate scattering function sy (p) from Example 11. The coefficient
ao(x) was recovered using 14 equations with a maximum absolute error of 4.29 x 10~3, from which
the potential was recovered with a maximum absolute error of 0.23, Figure 21.

10 , , , ! 10°
|q1 ()]
sl s g (@)] |
107!
=
61 2
-
= 10—2
I g v N W
4 fc b ““y \ m\\“u“v” \‘\/‘w‘\ Wit/
. | Il WM
1073 | \g N Wl
2+ v \J |
0 1074 ‘
0 5 0 1 2 3 4 5
x xT

Figure 21. The (left) figure shows the recovered potential 41 13(x), and the (right) figure presents the
absolute error of the recovered potential.

Example 21. Consider the approximate scattering data obtained in Example 9. The approximate
functions fp(x) (see Table 21) and Ay, (x) (see Table 22) were obtained accurately enough to
recover the potential (see Table 23).

Table 21. Example 21: maximum absolute error of the approximation of the function f, (x).

m 0 1 2 3

fi 33x1074
S5y i) = ()] "

892 x 1073 297 x 1073 991 x 1074

Table 22. Example 21: maximum absolute error of the approximation of the function A, (x).

. gy A () = Ao ()]

n=20 n=1 n=2 n=23
0 1.5x 1077 48x1078 1.6 x 1078 5.4 x107°
1 2.7 x 1076 1.6 x 1078 5.4 x 1077 1.8 x107°
2 9 x 1070 29 %107 1.8 x 1077 6 x 10710
3 3x107° 9.9 x 1077 33 %1077 2x10°10
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Table 23. Maximum absolute error of the approximation of the potential by the recovered potential

q2,m(x).
M in (100) (Dax |92(x) — g2,/ (%) |

0 1.09

1 1.63 x 1071
2 6.44 x 1072
3 5.41 x 1072
5 53 %1072
7 53 x 1072

Figure 22 illustrates the stability and convergence of the method with the absolute error
stabilized at 5.3 x 1072

0
10 \—Abs. error approx. potential with 1 eqgs
---------- Abs. error approx. potential with 2 eqs
Abs. error approx. potential with 3 eqs
— — —Abs. error approx. potential with 4 eqs
b —— Abs. error approx. potential with 6 eqs
H Abs. error approx. potential with 8 eqs
— [ 2
LE 102 :“*'\
% .'~§,;r',‘
< -
1074 : :
0 0.5 1

Figure 22. Absolute error of the approximation of the potential by the recovered potential g p1(x)

using 1,2,3,4, 6 and 8 equations.

Example 22. Consider the potential q4(x) = 30isin(x) exp(—x) introduced in Example 12.
Using the results of the solution of the direct scattering problem from Example 12, we recover qa(x)
using 20 equations with a maximum absolute error of 8.67 x 10~ (Figure 23).

0.1

0

-0.1F

02+

-0.3+

04+

-0.5%

-0.6

e,

Re(q(x)
Re(ga,19(

] —

)| |

0 2

4 6
T

8 10

10

8t

-2

o Im(Q4,19(

Im(qu(z))

)1

10

Figure 23. Real (left) and imaginary (right) parts of the exact potential and the recovered g4 19(x)
(R = 30).
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It is worth mentioning that the coefficient ag(x) is recovered with an absolute error of
2.28 x 1072 (Figure 24). The error is calculated and compared with the solution of the Cauchy
problem

ag (x) — ag(x) = g4 (x)(ag(x) +1), (109)

for a sufficiently large value of b > 0, obtained using ode45 routine of Matlab2021a.

1071 T T T T
Abs. error ay(x) recovered with 20 egs.
in comparison with ag(z) solving the
Cauchy problem using ode45
1072
—_
o
-
=
5
L 10-3
E 10
o
%
0
<
1071
10_5 1 1 1 1
0 2 4 6 8 10
X

Figure 24. Example 22: absolute error of the recovered coefficient ¢ (x) with 20 equations.

This is a case where closed formulas for the scattering data set are unavailable. Therefore, the
In—Out procedure confirms a satisfactory accuracy in the solution of both the direct and inverse
scattering problems.

Example 23. Consider the singular potential

xp(—2.5x
35(x) = e(xp( g)l/ﬁ -

In Table 24, we present the parameter €y for different values of N in (103).

Table 24. Example 23: indicator ey for different values of N.

N en forx € [0,4] N en forx € [0,4]
2 1.57 x 1071 35 1.10 x 1073
3 5.24 x 1072 40 1.03 x 1073
5 3.97 x 1073 45 9.57 x 104
10 225 % 1073 150 484 x 1074
15 1.77 x 1073 250 3.60 x 1074

25 133 x 1073 450 2.56 x 1074
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Using data from Table 24, we computed the scattering data with N = 45. No eigenvalue was
detected, so the scattering data set consists of the scattering function approximated by the expression

~ 35,45(—P)

,0€R.
e545(0) P

Using this scattering data set to solve the inverse problem, we obtained the coefficient ag(x) as
shown in Figure 25. The maximum absolute error resulted in 1.9 x 1072,

0.02
0r A ettt b
7
/

-0.02 + 4 1

' // ag obtained solving direct problem

ap recovered

004t/
-0.06 + //
-0.08 -

-0.1 /
-0.12 ‘ . . .

0 1 2 3 4
X

Figure 25. Example 23: coefficient ag(x) with four equations.

The potential is recovered as shown in Figure 26. The corresponding absolute error is presented
in Figure 27. Indeed, the maximum absolute error is 9.82 x 10~2,

0.5

Figure 26. Recovered potential q53(x).

107! | :
‘—Abs. Error qa,s(z)‘

8
51072
o
<]
)
)
=
[}
21072
<

104 ‘ : ‘

0 1 2 ’ !
X

Figure 27. Absolute error of 453 (x).
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This example shows the applicability of the proposed algorithms to both the solution of the
direct and inverse scattering problems in the case of non-smooth potentials.

6. Conclusions

An approach to solving the direct and inverse scattering problems on the half-line
for the one-dimensional Schrodinger equation with an exponentially decreasing complex-
valued potential is developed. It is based on a series representation of the Jost solution
from [25], which is shown in the present work to remain valid in a non-selfadjoining case.

When solving the direct problem, this representation is used to calculate the scattering
data set through a simple and efficient procedure, which includes a proposed algorithm for
computing normalization polynomials (which are part of the scattering data set) by solving
a finite system of linear algebraic equations for its coefficients.

When solving the inverse problem, the use of the series representation combined
with the Gel'fand-Levitan equation reduces the problem to a system of linear algebraic
equations for the series coefficients, and the knowledge of the first coefficient is sufficient
to recover the potential.

The numerical results illustrate the remarkable accuracy of the proposed algorithms
in solving both the direct and inverse scattering problems.
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Appendix A. Proofs of Auxiliary Equalities for Lemma 1
Let us prove Equation (57). Consider

d ( = k1K ki, 42k
E eP/x);( ) ] (k—')!x (Z+ )
j=0 J
o k! . .
_plpx an(x 01 n) ]Ck 1 xK=i(z 4 1)—2
L Z S G
= k-1 K ok
=e;(p,x —1)Ci~ C ki 1)
2(p )];)( )G =) (z+1)

F=i( =2k + j)(z +1)/7%1

o0 k—1
. _ . k! . .
_plpx Z an(x)P,go’l 1) Z(_l)]C]lg—lm k—](z+1)]—2k'
n=0 j=0 1):

Using the representation (52) for the Jost solution, the last expression can be written
as follows

xe(p,x) - K ke j—2k
Z+1)2 Z AN PETECRR

]:

k—1 1 k!
+e(p,x) Y (~1)/C| (kﬂ)_

j=0

“I(j—2k)(z + 1) %1
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— k! i op ) _
=e p, ]20 ]C;( 1 k_j)!xk ]+1(Z+1)] 2k 2<1+(]—2k)<x l(Z—I—l)))
=l (k+1)! 4 ok
=e(p,x )]:0( )]Cki(klef]) XK (7 4 1) 72%=2
(k+1)!
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k
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Now, let us prove equality (58). Consider

) o0 k+1
32 P L an(x) Y F(=nj 1,z +1)
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k
2 (1) 1 mEjck-l ka*m<z+1)m72k+l
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Note that the last expression can be written as e/** Y%, a, (x) F,(z) where
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Associating terms in the expression for F;(z), we obtain
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Simplification of the last expression results in
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where we applied Formula (55). Thus,

k+1

k
) k! _ _
= z 2: F(—Tl,], 1,Z—|—1) E‘, 1( 1)] m+lcfn 1]+1mxk m(Z"’ 1)711 2k+1
J= m=j—

x  2%k=1-m j
(z+1)? z+1 z+1
k+1

. . k! _ _
+2]P(—n,]+l,l,z+l Z 1)/- mHC”; lJ“(k m)'xk Mz 41)m2k
=2 m=j—1 :

k=1 . ! . )
+F(-n,2,1,z+1) Z(—1)ch—1ka‘f(Z+1)"2k
j=0 '

k+1

k
; k! _ B
ZZF(—n,],l,z+l) 2 1( 1)/~ mHCl’; 1]+1mxk M (g 1)m 2kt
= m=j—

x  2%k=1-m ]
(z+1)? z+1

z+1

k
k!
H H +1 k-1 k— —2k
+'§:2]F(—n,]+1,1,z+1 m:2]—1 1)/—mHick- T Mz +1)"

k—

k _ 1
+(k+1)F(—n,k+2,1,z+1) Z 1)k ’"H( k=1 )(kfm),x Mz 41)m=2k

m—k
k=1 4 k! . 4
+F(—n,2,1,z+1) Z(—l)fc]’f—lmxk—f(z +1)i72%
j=0 '



Mathematics 2023, 11, 3544 49 of 51

k+1 k k!
— i j—m+1-~k-1 : k—m m—2k+1
_ZF( n,],l,z+1)m§l( 1) Co! Ry - XMz 4+1)

x  2k-=1-m j
(z+1)2 z+1 z+1

k
: ) k! _
+Z]F(—n,]+1,1,z+1 21 1)/ —mHick- 1J+17(k m)!xk Mz 4 1)m—2k
— m=j—
++Ll}(F(—n,k+2,1,z+1)k!—|—P(—n,2,1,z+1)%(—1)7C’f_1L,xk_](z+l)j 2k
(z+1) = I (k=)
o ; i j—m+1-k—1 k! k—m m—2k+1
:ZF(—n,],l,z—i—l) Z (—-1) Cr ]me (z+1)
=2 m=j—1 '
x  2%k—=1-m ]
(z+1)? z+1 z+1
k
: ) k! _
—i—Z]F(—n,]—i—l,l,z—i—l 21 1)i- m“Cf; 1]“7(]{ m)!xk Mz 41)m2k
- m=j—
- ! . .
+F(-n,2,1,z+1) Z Ck 1 k‘.' K=i(z 1)~
=0 ( _]>'
+F(=nm,k+2,1,z+1)(k+1)!(z+1)0
k+1 k+1 (k+1)
—_ n, " 1,Z+1 1 (m+]+1)c xk*ﬂ’H’l Z+1 m—2k—1
LFnitzey) 3 (<) b e D)
+F(—mk+2,1,z+1)(k+1)(z+1)7F
k+1 k+1 (k+1)
—n, " 1,Z+1 1 (m+]+1)c 7x(k7m+l) z4+1 (mkafl)
; ) )m§1< ) m—j+1 (k m_|_1) ( )
k+1)!
+P(—n,k+2,1,z+1)(—1)<2k+4>c’5( (45),> Lz+1)7F
k+2 ) k+1 k+1 B o
:;F(—Tl,],l,z“rl) 21< 1>m+]+lcm ]+1(k(m+)1) k m+1(z+1)m 2k—1
= m=j—

which is the desired result.
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