. mathematics

Article

On the Geometry of Kobayashi-Nomizu Type and Yano Type
Connections on the Tangent Bundle with Sasaki Metric

Esmaeil Peyghan '*(0, Davood Seifipour >* and Ion Mihai 3*

check for
updates

Citation: Peyghan, E.; Seifipour, D.;
Mihai, I. On the Geometry of
Kobayashi-Nomizu Type and Yano
Type Connections on the Tangent
Bundle with Sasaki Metric.
Mathematics 2023, 11, 3865. http://
doi.org/10.3390/math11183865

Academic Editor: Marian Ioan

Munteanu

Received: 14 August 2023
Revised: 6 September 2023
Accepted: 7 September 2023
Published: 10 September 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://

creativecommons.org/licenses /by /
4.0/).

1 Department of Mathematics, Faculty of Science, Arak University, Arak 38156-88349, Iran;
e-peyghan@araku.ac.ir

2 Department of Mathematics, Abadan Branch, Islamic Azad University, Abadan 63176-36531, Iran;

davood.seifipour@gmail.com

Department of Mathematics, University of Bucharest, 010014 Bucharest, Romania

*  Correspondence: imihai@fmi.unibuc.ro

These authors contributed equally to this work.

Abstract: In this paper, we address the study of the Kobayashi-Nomizu type and the Yano type
connections on the tangent bundle TM equipped with the Sasaki metric. Then, we determine the
curvature tensors of these connections. Moreover, we find conditions under which these connections
are torsion-free, Codazzi, and statistical structures, respectively, with respect to the Sasaki metric.
Finally, we introduce the mutual curvature tensor on a manifold. We investigate some of its properties;
furthermore, we study mutual curvature tensors on a manifold equipped with the Kobayashi-Nomizu
type and the Yano type connections.
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1. Introduction

Let M be a differentiable manifold, with p € M and T,M the tangent space to M
at p. The geometry of the tangent bundle TM = UpepTpM has a significant number of
applications in geometric mechanics, Lagrangian geometry, and mathematical physics. As
an example, it can be regarded as a state space. In fact, the first n-tuples of the coordinate
system of T M are given by the position of the object and the second n-tuples of its coordinate
system are given by the velocity of the object.

The most remarkable geometric object in the Riemannian geometry of TM is the
Levi-Civita connection. In the present paper, we consider other two important connections
on TM. One of them is the Kobayashi-Nomizu type connection and another is the Yano
type connection; then, we study their geometric properties. We also emphasize that these
connections are fundamentally defined on a (J? = £1)-metric manifold [1].

In this paper, we assume TM is equipped with the Sasaki metric ¢°; then, we con-
struct a (J? = 41)-(metric) structure on TM and according to this structure we apply the
Kobayashi-Nomizu type and Yano type connections on TM and study their geometric
consequences.

The geometry of tangent bundles endowed with certain Riemannian lift metrics
has been studied extensively (see [2—6]). The purpose of this paper is to investigate the
Kobayashi-Nomizu type and the Yano type connections on TM and their geometric prop-
erties [1]. Then, as mentioned in [7], we study the mutual curvatures of TM and their
relations with the curvature of M and mutual curvatures of M. We also consider the pair of

- C - ~
connections (Vk", V) and (Vk", VY) on TM and study the mutual curvatures of these pairs,
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where V¥, V¥ and % are the Kobayashi-Nomizu type, the Yano type, and the complete
lift connections on T M, respectively.

Information geometry is a branch of mathematics which relates to the differential
geometry and statistics [8]. Moreover, it is connected to applied sciences and pure sci-
ences [8,9]. In this field, we use the methods of differential geometry in probability theory.
This new approach of information geometry was initiated by C. R. Rao. He has shown that
a statistical model is a Riemannian manifold, endowed with the Fisher information matrix.
This means that, on any space of probability distributions, one can define a Riemannian
metric. In fact, information geometry is the study of natural geometric structures on families
of probability distributions. An important tool in this respect are the statistical connections
and statistical manifolds. They can also be applied in computer science, physics, machine
learning, neural networks, image processing, statistical mechanics, etc. More precisely, a
statistical manifold is a manifold whose points are probability distributions (see [8-11], for
more details).

A statistical structure on a (pseudo-)Riemannian manifold (M, g) is a pairing (g, V),
where V is a torsion-free affine connection such that Vg is totally symmetric. A (pseudo-
Riemannian) manifold (M, g) endowed with the Levi-Civita connection V with respect to
g is the simplest example of a statistical manifold. Then, the statistical manifolds can be
regarded as generalizations of (pseudo-)Riemannian manifolds.

This paper is organized as follows: first, we introduce the concept of (J> = +1)-
(metric) manifolds and then, from a Sasaki type connection, we construct the Kobayashi—
Nomizu type connection V¥ and the Yano type connection VY on TM. Then, we study
the couples (g%, V) and (g5, V¥) and their geometric consequences on TM. We also find
conditions under which these connections are torsion-free, Codazzi, or statistical structures,
respectively, on (TM, g°). In the second part, we compute all the curvature components of
the Kobayashi-Nomizu type and the Yano type connections. Furthermore, we also prove
that (TM, ¢°) equipped with these connections is a flat space if and only if (M, g) is a
flat space with respect to the Levi-Civita connection. Finally, we introduce the mutual
curvature of a Riemannian manifold (M, g) and we obtain some interesting properties

_.C
of it. Then, we study the mutual curvatures of TM for the pairs of connections (V*", V)

and (Vlkn, sz), where V, V! and V2 are torsion-free connections on M. In our future
work, we will explore how the main results in this paper can be applied in conjunction
with soliton theory, submanifold theory, and other related fields (as discussed in [12-23]) to
yield more new results.

2. Preliminaries

We recall some basic facts which we use in this paper.

Let (M, g) be an n-dimensional Riemannian manifold and V an affine connection on
M. A Codazzi couple on M is a pairing (g, V) such that the cubic tensor field C = Vg is
totally symmetric, i.e., the Codazzi equations hold:

(Vxg)(Y,Z) = (Vyg)(Z,X) = (Vz8)(X,Y), VXY, Z € x(M).

The triple (M, g, V) is called a Codazzi manifold and V is called a Codazzi connection.
Furthermore, if V is torsion-free, then we say that (M, g, V) is a statistical manifold,
(g, V) is a statistical couple, and V is a statistical connection. If we denote by Ky ¢ the
difference tensor of V and the Levi-Civita connection V (Kvﬁ(X, Y) = VxY — VxY),
then it follows that Ky ¢ is symmetric (ie., Ky ¢(X,Y) = Ky ¢(Y, X)) if and only if
V is torsion-free. Furthermore, if V is a statistical connection on (M, g), then we have
C(X,Y,Z) = —2¢(Kg (X, Y), 2Z).
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For any torsion-free affine connection V on a Riemannian manifold (M, g), the dual
(conjugate) connection V* is defined by

Xg(Y,Z) = g(VxY,Z) +g(Y,ViZ), VX,Y,Z € x(M). )

Then, we say that (g, V, V*) is a dualistic structure on M. It is easy to see that V is
torsion-free if and only if V* is torsion-free. Moreover, if V is a statistical connection on
(M, g), thensois V*. In this case, if we consider the cubic tensor of V* by C*, then it is easy
to see that C* = —C, and consequently Ky ¢ = —Kg ¢. We have also Ky v+ = 2Kg ¢

If (g, V, V*) is a dualistic structure on M we can define a family of a-connections [21]
{V(®)},cr as follows:

1+oc —u

() —
\Y V+ 5

V¥, Yo € R. )

It is known that, for any « € R, V(® is a statistical connection on (M, g). Obviously,
vVl =v, vD) = v*and V(O = V. Let R, R* and R be the curvature tensors of V, V*,
and V, respectively. Then, we have

R(X,Y)Z = R(X,Y)Z+ (VxK)(Y,Z) = (VYK)(X, Z) + [Kg ¢, Ky ¢](X, Y)Z,

R(X,Y)Z+R*(X,Y)Z = 2R(X,Y)Z +2[Ky ¢, Ky o] (X, Y)Z,
where
Ky ¢ Ky o] (X,Y)Z = Ky o (X,Kg ¢ (Y, Z)) — Kg o (¥, Ky ¢ (X, 2)),
forall X,Y,Z € x(M). It is known that
g(R(X,Y)Z,W) = —g(R(X,Y)W,Z), g(R(X,Y)Z,W)=g(R(Z,W)X,Y),

forall X,Y,Z,W € x(M).
Note that the above equations do not hold for R and R*. But we have the following
equations for them:

S(R(X,Y)Z,W)=—g(R" (X, Y)W, Z),
and
SR(X,V)Z,W)+g(R(Y,X)W,Z) =g(R(Z,W)X,Y)+ g(R(W, 2)Y, X).

Let (x',y') be an induced coordinate system of TM and {% | (x,y)7 aiyi |(xy)} be the
natural basis of Tixy) TM. Then, various lifts of a vector field X = X'9; on M (complete lift,

horizontal lift, and vertical lift, respectively) are defined as follows:

XC _XiESciera(a”Xi);yi’ xH Xlaa yal—-k xi %

0 xvoxi2
ayk’ ay'’

where 9, X' = ‘3X,; and 1"] denote the Christoffel symbols with respect to g.
It is known that T( )TM can be decomposed as H, TM & V(,,)TM, where

H(,,)TM is spanned by (% o yh — 9 (x) —ykl";ﬂ.(x)aiyj lxyt and Vi)

o = ()" = 5
is spanned by {2 = (:2)?} where I'.. are the coefficients of an affine connection V
P Yy ayl (xy) ki

dax!
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on M. According to [22], the Lie brackets of horizontal and vertical lifts of vector fields are
given by

(X, Y] = [X, YT = (R(X, Y)y)", X7, Y] = (VxY)" = T(X,Y)", [X",YV] =0, (3)

where T and R are the torsion and curvature tensors of V, respectively.
On a Riemannian manifold (M, g), one can define the Sasaki lift metric ¢° on TM as
follows (see [23]):

8oy XYM =ax(XY), gl (X", YT =0, g0 (X", YY) =g:(X,Y). (4)

The components of the Levi-Civita connection of the Sasaki metric g° are given by

A 1, . 1,4
(Vi YNy = (VxN(y = 5 Re(X )Y, (Vi YTy = 5 Rey, X)), ()
o 1, 4
(VY )y = (V) oy + 5 (Re(y, VX, (VYY) ) =0, (6)

for all vector fields X,Y on M and (x,y) € TM, where V is the Levi-Civita connection
of (M, g) and R is its curvature tensor. V° gives us the idea of introducing a new affine
connection on TM. To construct this affine connection, we first assume that V is a torsion-
free affine connection on (M, g). Therefore, we consider the following affine connection on
TM (which is called a Sasaki type connection):

~ 1 ~ 1

(Vxrn YT ey = (VXY)(3y) — 5 (Rx(X, VY, (VY = 5 (Rx(y, X, @)
_ 1 _

(VYY) () = (VXY)E/W) + 5 (Re(y, VX", (Ve YY)y =0, 8)

for all vector fields X, Y on M and (x,y) € TM, where R is the curvature tensor of V. Now,

we will obtain the dual connection of V. Before this, we need the following remark:
Remark 1. Let V be a torsion-free connection on (M, g). We set
8(R(X,Y)Z,W) = g(R(Z,W)X,Y), g(R*(X,Y)Z,W) =g(R(Z,W)X,Y), (9

forany X,Y,Z,W € x(M), where R* is the curvature tensor of the dual connection V. Then, R
and R* are (1,3)-tensor fields on M and satisfy

g(R(X,Y)Z,W) = —g(R(X, Y)W, Z) = —g(R*(Y, X)Z, W). (10)

Lemma 1. The components of the dual connection V* of V are given by
(VYD) = (Vi) + 5 (R(Y, X)), (11)

 * 1 *
(Vi Y") () = 5 (Ri(y, X)),

(Ri(, X", (VY )(xy) =0 (12)

N =

(ﬁaHYV)(x,y) = (V§(Y)E/x,y) -
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Proof. We prove only one of them. Using (1), (7), (8) and (10) we obtain

S (Vi zHy = xPg(yH, z") — ¢5(VyuzH, yH) (13)
= XMg(YH, zH) — ¢5((Vx2)H, Y1)
= Xg(Y,2) —g(VxZ,Y) = g(VxY, Z) = &* (Vi) z"),

and
ST 2) = g (T2’ Y = S (RN a9
= —28(RW,Z)X,Y) = —38(R(X, )y, 2)
= S8R (Y, X)y,2) = 585 (R (Y, X)y)", 2").
The two above equations imply the first Equation (11). O

Remark 2. Due to the fact that ¥V is torsion-free, it is easy to verify that \V (also V*) is torsion-free.
It is obvious that V and NV* cannot be compatible with g (unless they reduce to the Levi-Civita
connection V). But the most important question is whether these connections can be statistical
connections or not.

Proposition 1. Let V be a torsion-free connection on (M, g). Then, the Sasaki type connection V
is a statistical connection on (TM, g°) if and only if it reduces to the Levi-Civita connection V5.

Proof. Using (7) and (8), we obtain (Vyvg®)(Y,Z") = 0 and (Vyug®)(X",2") =
(Vyg)(X,Z). Then, V is a statistical connection on (TM, g°) if and only if (Vyg) (X, Z) = 0,

forall X,Y,Z € x(M). Therefore, V reduces to the Levi-Civita connection V of (M, g).
Consequently, V is the Levi-Civita connection V° of (TM, g°). O

3. Kobayashi-Nomizu Type and Yano Type Connections on TM

In this section, we recall the concept of (J? = £1)-metric manifold. Then, we study
the geometry of (TM, ¢°) with the Kobayashi-Nomizu type connection V¥ and Yano type
connection VY.

Definition 1 ([1]). A smooth manifold M having a tensor field | of type (1, 1) with J*> = ald,
where 1d denotes the identity tensor field and o = +1, is said to be a (J*> = £1) manifold or
a manifold endowed with an a-structure. Furthermore, if g is a Riemannian metric on M such
that g(JX,JY) = €g(X,Y), for all X,Y € x(M), where € = +1, then we say that M has an
(a, €)-structure or M is a (J? = £1)-metric manifold.

Definition 2 ([1]). Let (M, ]) be a (J* = 41) manifold and ¥ an affine connection on M. The
affine connection V° given by

VY = VxY + %(fo)llﬂ VXY € x(M), (15)

is called the V° type connection on (M, ]). Also, the Kobayashi-Nomizu type connection V*"* of
(M, ]) is defined by

VEY = VY + (_4"‘> {(VyDIX=(Viy)X}, VXY € x(M). (16)

Furthermore, the Yano type connection VY of (M, ]) is given by

vir = vir + Sy s E iy - vy, vy exm, @)
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Remark 3. If (M, ], g) isa (J? = +1)-metric manifold and V is the Levi-Civita connection of
g, then VO, V¥, and /Y are called first canonical, Kobayashi—-Nomizu, and Yano connections,
respectively.

Now, we consider the almost complex structure ] on TM defined by
J(xH) = =X, J(XV) = X", ¥X € x(M). (18)

It is easy to see that (TM, ], ¢°) is an almost Hermitian manifold. In fact, (TM, g%)
has a (—1,1)-structure, i.e., x = —1 and € = 1. We assume in the following that TM is
equipped with the almost complex structure | defined above.

Using (5), (6), (15) and (18), the components of Vo type connection on TM are as
follows:

T = (Vi) = LRV + ROy V)XY, (19)
VoYY = (VxY)" + }L{R(y, Y)X 4+ R(X,Y)y}H, (20)
T = LR XN, Ty = LR @)

From (16) we have
o o1~ o -~
k _ 0
VY = VY + JAR ), YR,Y € X(TM), 22)
where A(X,Y) = (ﬁfjﬁ(f{) - (@7(?)7)5(. Using (5), (6) and (15), it is easy to verify
that A(XH, YH) = A(XV, YY) = A(XY,YH) = A(XH,YV) = 0. Therefore, we obtain

Vi = 0, Therefore, we state the following interesting result:

Lemma 2. Let M be a manifold with a torsion-free connection V. Then, the Kobayashi—-Nomizu
type connection of (TM, V) coincides with V, i.e.,

Vi YH = (V)P + jI{R(Y, X)y +R(Y,y)X}Y, (23)
TV = (V1) 4 LR Y)X +ROX )y, (24)
Vv = LRy ), Ty = L@ X)), 25)

Proposition 2. Let M be a manifold with a torsion-free connection V and let TM be its tangent

bundle equipped with the Kobayashi—-Nomizu type connection. Then, the following assertions hold:

(1)  The Kobayashi-Nomizu type connection V" is torsion-free if and only if M is a flat space. In
this case, V1 reduces to V. B

(2)  The Kobayashi-Nomizu type connection V*" is a Codazzi connection if and only if V reduces

to V. In this case, V*" is a metric connection for (TM, g%).

Proof. According to (23)- (25) and (3 ( ), the components of the torsion tensor of the Kobayashi—
Nomizu type connection Vkn

Th(xH, yHy = TP (xV,YH) = —E(R(Y, X)y)Y, (26)
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TF(xH,yV) = 1(R(X, Y)y)Y, T (xV, YY) =

1 (R(Y, X)y)". (27)

N

Then, (26) and (27) imply item (1).
Now, we consider the Riemannian manifold (M, g) equipped with a torsion-free
connection V. Direct computations and (23)-(25) give

(Vh g5 (YH,ZV) =0, (Vig%)(XY,ZY) = (Vyg) (X, Z).

Then, (6’§1vg5)(YH,ZV) = (?’;’Lgs)(Xv,Zv) if and only if (Vyg)(X,Z) = 0, for all
X,Y,Z € x(M) (i.e., V reduces to V). In this case, we obtain

(Vag®) (1, 2) = (Fh.8%) YV, 2V) = (Vitug®) (Y, 2) = (T (v!, 21) = 0.
Thus, V¥ is a metric connection with respect to 5. [

Corollary 1. The Kobayashi-Nomizu type connection is a statistical connection on (TM, g%) if
and only if M is a flat manifold and V*" reduces to V°.

Remark 4. The item (2) of Proposition 2 states that the Kobayashi—Nomizu type connection is
Codazzi if and only if it is the Kobayashi—-Nomizu connection.

Next, we study the Yano type connection on the tangent bundle of a manifold. Ac-
cording to (17) and using (5) and (6), we deduce that the components of the Yano type
connection V¥ of (TM, J) are given by

VI YH = (Vx)H + %{ZR(Y, X)y +R(Y,y)X}Y, (28)
TtV = (V1) + L {R@,XY +RX, )y}, @)
VY = LR, X)Y = RO, @0
VI YV = %{R(y, X)Y 4+ R(X, Y)y}V. (31)

Proposition 3. Let (M, g) be a Riemannian manifold with a torsion-free connection V and let
TM be its tangent bundle equipped with the Sasaki metric and the Yano type connection. Then, the
following assertions hold:

(1) The Yano type connection is torsion-free, if and only if M is a flat space. In this case, V¥

reduces to V.
(2) (g5, VY) is a Codazzi couple for TM if and only if V reduces to V and

R(X,Y,y,Z)+R(X,Z,y,Y) =R(Y,X,y,Z) + R(Y,Z,y,X), VX,Y,Z € x(M). (32)

Proof. Applying (28)-(31) and (3), it is easy to see that the components of the torsion tensor
of the Yano type connection V¥ are

PO = JROGX)Y)Y, TV = JREGYYY, 69)

V(X" YY)y =XV, YH) = Z(R(Y, X)y)". (34)

] =
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Then, (33) and (34) imply (1).
By using (28)—(31), after direct computations, we obtain

(Vi) (Y, 2%) =0, (V},8°)(X",2") = (Vyg)(X,Z) =0, YX,Y,Z € x(M).

Therefore, (ﬁz{vgsg(YH, zZV) = (ﬁzHgs)(Xv, Z") if and only if V reduces to the
Levi-Civita connection V of (M, g). According to this fact, we obtain

(V4ug®) (Y, 27) = (V},8%)(x",Z2V) = (Viug®) (YH, zH) = 0. (35)
On the other hand, we obtain
~ ~ 1. . A~
(Vi) (Y, 2Y) = =(V5ug®) (YV, 21) = = {R(X, Y, 5, 2) + R(X, Z,y, Y)},
and
(V9,8°)(xH, zH) = ,{R(Y X,y,Z)+R(Y,Z,y,X)}.
Then,
(Viwg”) (Y, 2Y) = (Vi ¢°)(XY, Z2Y), (Viug®)(YY, ZM) = (Vi,¢°)(X", Z"),
if and only if
R(X,Y,y,Z) +R(X,Z,y,Y) = R(Y,X,y,Z) + R(Y, Z,y,X), VX,Y,Z € x(M).
Therefore, we have item (2). O

Corollary 2. Let (M, g) be a Riemannian manifold with a torsion-free connection V. Then,
(TM, g%, VY) is a statistical manifold if and only if M is flat and VY reduces to V°.

Remark 5. From Propositions 2 and 3, we conclude that the Kobayashi-Nomizu type connection
cannot be a pure Codazzi connection (non-metric connection), but this is possible for the Yano type
connection.

4. Curvatures of Kobayashi-Nomizu Type and Yano Type Connections on TM

In this section, we compute all the components of the curvature tensors of the
Kobayashi-Nomizu type and Yano type connections of the (J2 = —1) manifold (TM, J)
and we study some of their properties.

Lemma 3. Let M be a smooth manifold with a torsion-free connection V and TM be its tangent

bundle equipped with an almost complex structure J. The components of the curvature tensor R¥"
of the Kobayashi—-Nomizu type connection are

Rk (xH,yHyzH = {R(X, Y)Z + %{R(y,R(Z, Y)y)X + R(X,R(Z,Y)y)y (36)
+R(y, R(Z y)Y)X + RO R(Z )V xor + 3 (R R VW)Y
+ L (VxRZ )y + R(Z, )V

+(VXR)(Z,9)Y +R(Z V)Y

7
XY
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RF(xH yHyzV = {R(X, Y)Z + %{R(y, R(Z,Y)y)X + R(X,R(Z,Y)y)y (37)
+R(y,R(Z,y)Y)X +R(X,R(Z,y)Y)y}xev + i(R(y, R(X, Y)y)Z)}V
+ 1 {(TxRIZ )y +R(Z )V

H
+ (VxR)(Z,y)Y + R(Z,Vxy)Y }

XoY
Rkn(xV,yV)zH = i{R(y X)R(y Y)Z}H (38)
! 16 ’ ’ XY
Rkn(xV,yV)zV = i{R(y X)R(y Y)Z}V (39)
’ 16 ’ ! XY

RE(XH, YV)ZH = L{(VxR) (4 Y)Z + ROV, V)ZH + SRR YV)Z, Xy @0)
+R(R(y,Y)Z,y)X = R(y, Y)R(Z, X)y = R(y, Y)R(Z,y) X},

R (XH,YV)ZY =~ {R(y, Y)R(3, Z)X + R(y, Y)R(X, Z)y ~ R(y, R(y, )Z)X  (41)
~R(X,R(yV)Z)y}" + L {(VxR)(y, Y)Z + R(Vxy, Y)Z},
where {B(X,Y)}xey = B(X,Y) — B(Y, X).

Proof. Using the formula of the curvature tensor and (23)-(25), we obtain the components
of RF. O

It is known that a Riemannian manifold (M, g) with constant (sectional) curvature
is called a space form. If x denotes the constant value of the sectional curvature, then the
curvature tensor field has the expression

R(X,V)Z =x(g(Y,Z2)X - ¢(X,2)Y), VX,Y,Z € x(M),

where R is the curvature tensor field of the Levi-Civita connection V of g.
We can generalize this definition for Codazzi manifolds as follows:

Definition 3. We say that a Codazzi manifold (M, g, V) has constant curvature if there is a
constant x such that the curvature tensor field R of V is given by

RIX,VZ=x(g(Y,2)X—-g(X,2)Y), VX,Y,Z e x(M)

According to Proposition 2, if we consider the Levi-Civita connection V on (M, g),
then (TM, g%, V¥") is a Codazzi manifold. The following theorem shows that (TM, g5, V")
cannot have non-zero constant curvature.

Theorem 1. Let (M,g) be a Riemannian manifold with the Levi-Civita connection V. If
(TM, gs, Vk”) has constant curvature, then TM is flat.

Proof. Assume that (TM, gs , ﬁk”) has constant curvature. Then, there is a constant ¥ such
that

R(%,X)Z = k(85(V, D)X — $5(X, 2)¥), VX, V.7 € x(TM).
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Using (39), we obtain
K(g?x,y) (YV/ ZV)XV - g‘(sx,y) (XV/ ZV)YV)

~ 1 R R 174
_ pkn V Vv L
=Ry, (X" Y2 = {RW,XRW,Y)Z) .

If we take y = 0 in the above equation, we obtain
K(gx(Y, Z)X{ o) — 8x(X, 2)Y( ) = 0,

which implies x = 0, and so R¥" = 0. [

Now, we investigate the flatness of (TM, g°, Vkm).

Theorem 2. Let M be a smooth manifold with a torsion-free connection V and let TM be its
tangent bundle. Then, TM equipped with the Kobayashi—Nomizu type connection V*" is a flat
space if and only if M is a flat space.

Proof. According to the above description, it follows that if M is a flat space, then all of
the components of the curvature tensor of the Kobayashi-Nomizu type connection in TM
are zero. Moreover, the Equation (36) holds for every (x,y) € TM, in particular for y = 0.
Thus, we derive that all terms of (36) are zero except R(X, Y)Z. Then, if (TM, g%) is a flat
space equipped with V¥, then from (36) we derive that M is a flat space. [

Lemma 4. Let M be a smooth manifold with a torsion-free connection V and TM its tangent

bundle equipped with an almost complex structure J. The components of the curvature tensor RY of
the Yano type connection are as follows:

RY(XH, Y2 = aR(X,V)Z 4 {RR(Y, Z2)y,y) + RR( Z)Y, ) KD xoy  42)
R, R(X,Y)Y)Z - RR(X,V)y,Z)y}
+ 1 {2AVxR)Z V) + REZ V) V)
+ (VxR)(Z,y)Y + R(Z, VX]/)Y}V ,

XY
1

RY(xH, YH)zV = {R(x, Y)Z + —{2R(R(y,Y)Z, X)y + R(R(y,Y)Z,y)X (43)

16

F2R(R(Y, Z)y, X)y + RR(Y, Z)y, )X} xeor + (RO, ZDRX )y}
H

L

RY(XV,Y")Z" = = [R(y, X)R(y,Y)Z ~ R(X,R(y,Y)Z)y ~ Ry, X)R(Y, Z)y  (44)

16
H
FRGRY, 2y
~ 1
R(XY Y2V = {RR(Z )Y, )X} o, (45)
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ﬁ]/(XH, YV)ZH — %{(VXR) (y, Y)Z + R(ny, Y)Z _ (VXR)(Y, Z)y _ R(Y,Z)VX]/}H (46)
+ 11? {ZR(R(% Y)Z,X)y +R(R(y,Y)Z,y)X — 2R(R(Y, Z)y, X)y

~ ROR(Y, 2)y,y)X + 2R(R(Z,X)y,y)Y + RR(Z )X, p)¥}

RY(xY)ZY = {(VxR) (4, 2)Y + R(Vxy, 2)Y) — S (ROCYR(Z )X xor @)

+R(Y,R(Z,y)X)y + R(X, R(Z,y)Y)y}H.

According to Proposition 3, if we consider the Levi-Civita connection V on (M, g)
and assume that the curvature tensor of V satisfies (32), then (TM, gs , ﬁy) is a Codazzi
manifold. The following theorem shows that (TM, gs v/ ) cannot have non-zero constant
curvature.

Theorem 3. Let (M,g) be a Riemannian manifold with the Levi-Civita connection V. If
(TM, gs , VY) has constant curvature, then TM is flat.

Proof. The proof is similar to the proof of Theorem 1. [J

In the similar way of Theorem 2, we can deduce the following;:

Theorem 4. Let M be a smooth manifold with a torsion-free connection V and let TM be its
tangent bundle. Then, (TM, g°) equipped with the Yano type connection VY is flat if and only if
M is flat.

5. Mutual Curvature Tensor

Mutual (or relative) curvature tensor is a concept related to two affine connections
on a manifold M. If these two connections are equal with the Levi-Civita connection of
a Riemannian manifold (M, g), we must have the Riemannian curvature tensor. Mutual
(or relative) curvature was previously introduced by O. Calin and C. Udriste in [24] and
S. Puechmorel in [7] in two different ways. Then, D. losifidis showed in [25] that none of
these are tensor. He also presented a new and correct definition of mutual curvature tensor.
Recently, D. Iosifidis and K. Pallikaris in [26] formulated a bi-connection theory of gravity
whose gravitational action consists of a mutual curvature scalar. This shows the important
application of mutual curvature in mathematical physics.

Definition 4 ([25]). Let M be a manifold endowed with a pair of connections (V?1,V?). Then,
their mutual curvature tensor Ry 2 is a tensor of type (1,3) defined by

Roic2(X,Y)Z = S {VAVAZ ~ VIVAZ - Wl Z + VAVYZ - V3VkZ -V}, (49)
forall X,Y,Z € x(M).
It is easy to verify that the mutual curvature has the following properties [27]:
Ry192(X,Y)Z = Ryp 51 (X, Y)Z, Ror 2 (X,Y)Z = =Ry v (Y, X) Z,
Ry1v2(X,Y)Z 4 Ry1 2 (Y, Z) X + Ry v2(Z, X)Y = 0,

forall X,Y, X € x(M).
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Lemma 5. Let M be a manifold and (V',V'?) a pair of torsion-free connections. Then, we have
Rygi g2 = %(va + Ry2 — [Kg1 w2, Ky v2]), (49)

where [Ky1 g2, Kg1 2] is the (1, 3)-tensor given by

[Kg1 w2, Kg1 2)(X, Y) Z = Ky g2 (X, K 92 (Y, Z)) — Ko g2 (Y, Ky 52(X, Z)), - (50)
forall X,Y,Z € x(M).
Proof. Considering Ky1 2 = V1 — V2 in (48), the proof is complete. [

It is easy to verify that [Ky1 2, Ky1 2] satisfies the following properties:
(K1 w2, Ky 92 )(X, Y) Z = —[Kg1 y2, Kg1 2] (Y, X) Z,
[Kg1,v2, K1 2] (X, Y)Z + [Kg1 g2, Ko 2] (Y, Z) X + [Kg1 g2, Ky 2] (Z, X)Y = 0,

for all X,Y,Z € x(M). Moreover, if (M,g) is a Riemannian manifold and K1 2 is
symmetric relative to g, i.e., (X, Kg1 g2(Y, Z)) = g(Y, Ky1 2(X, Z) ), then we have

g([Kvl,sz Kvl,vz} (X,Y)Z,W) = —g( [Kvl,vz, Kvl,vz] (X,Y)W,Z2), VX,Y,Z,W € x(M).
The above properties state that [Ky1 g2, Kg1 v2] is a curvature-like tensor.

Remark 6. In [28], Opozda considered a statistical connection V on a Riemannian manifold
(M, g) and introduced the concept of sectional K-curvature by using the curvature-like tensor
[Kvﬁ' Kvﬁ]' According to Opozda’s point of view, a statistical manifold (M, g, V) has constant
(sectional) Ky, -curvature (since she was dealing with a statistical connection, she used the symbol
K instead of Ky, ) if there is a constant number A such that

[KV,V'KV,V](Xf Y)Z=Ag(Y,2)X—g(X,2)Y), VX,Y,Z e x(M). (51)

Starting from this idea, we can introduce the concept of constant (sectional) Ky y2-curvature,
considering two statistical connections V1 and V2 on (M, g).

Definition 5. Let V! and V2 be statistical connections on (M, g). We say that M has constant
Ky1 ya-curvature if there is a constant number A such that

[Kg1 vz, Kg1 2] (X, Y)Z = A(g(Y, Z2)X - g(X,2)Y), VX,Y,Z € x(M). (52)

The study of the sectional K1 2-curvature of statistical manifolds can be an interest-
ing and important topic for researchers, and many articles can be written on this concept in
the future. We provide an example.

Example 1. Let (M, g) be a Riemannian manifold and 1 a 1-form on M. Considering the affine
connection V given by

VxY =VxY +g(X, V)t +(X)Y +7(Y)X, VX, Y € x(M),
it is easy to see that V is a statistical connection on (M, g) (see [29], for more details) with

Ky o(X,Y) = g(X, V)n* +n(X)Y + n(Y)X.
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Using (50), we obtain

Ky ¢ Kg o] (X, Y)Z = g(Y, Z)n(X)n* — g(X, Z)n(Y)n* + g (Y, Z)n($)X — g(X, Z)n(4)Y
+n(Z)n(YV)X —n(Z)n(X)Y.

The above equation can be written as

Ky ¢ Kg o] (X, Y)Z = n(n*)(8(Y, 2)X — g(X, Z2)Y) + 1(Z)(g(Y, )X — g(X, #*)Y)
+8(3(Y, 2)X — g(X, Z)Y, ")yt

Then, (M, g, V) has constant curvature A if and only if

(%) — M) (g(Y, Z)X — g(X,2)Y) +1(Z) (3(Y, 1) X — g(X, 1})Y)
+8(8(Y, 2)X — g(X,2)Y,n*)y* =0.

Putting Z = n* in the above equation, we deduce that if (M, g, V) has constant curvature A,
then n1(n*) = % (i.e., n has a constant norm).

Let (M,], g) be a (J> = 41)-metric manifold equipped with a dualistic structure
(V,V*) and {V®} R be a family of («)-connections on M. Using (48) and (2), we obtain

Rvkn v (@ (1 + “)Rvkn v + (1 - “)Rvk”,v*’ (53)
and
Ryy g = (14+a)Ryy v + (1 —a)Ryy v~ (54)

Evidently, if the mutual curvatures Rvk",v and Rvk",v* are zero, then Ry, ¢ van-
ishes. Similar conclusion holds for RW v
In the following we present more results on Rgin g and Rgy ¢

Proposition 4. Let (M, ],g) bea (J*> = +1)-metric manifold equipped with a dualistic structure
(V,V*) and {V®)} g a family of («)-connections on M. Then, the following assertions hold:

(1) If the mutual curvatures Ryin 7 and Ry -+ (respectively, Ryy v and Ryy v+) are parallel
with respect to the V and V*, then the mutual curvature Ryn g (respectively, Rgy gw) is

parallel with respect to the (B)-connection V(P).

(2)  The mutual curvature Ry ) is parallel with respect to the Kobayashi-Nomizu type (re-
spectively, the Yano type) connection whenever, Ry, Ry« and the mutual curvature Ry v+ are
parallel with respect to the Kobayashi—Nomizu type (respectively, the Yano type) connection.

(3)  The («)-curvature R of an («)-connection V%) is parallel with respect to the Kobayashi—
Nomizu type (respectively, the Yano type) connection whenever, Ry, Ry« and the mutual
curvature Ry v+ are parallel with respect to the Kobayashi—-Nomizu type (respectively, the
Yano type) connection.

(4)  If the mutual curvatures Ry  and Ry o+ (respectively, Ryy v and Ryy v+) are parallel
with respect to the Yano type (respectively, Kobayashi—-Nomizu type) connection, then the
mutual curvature Ry, () (respectively, Ry, ) is parallel with respect to the Yano type
(respectively, Kobayashz—Nomzzu type) connection.



Mathematics 2023, 11, 3865 14 of 18

Proof. For the mutual curvature Ry () and the (B)-connection V(A by direct computa-
tions we obtain the following:

A+0)1+p)

(V) Roun ) (Y, Z)W = (VxRyin,5) (Y, Z)W ©2)

+ w(vxkvkw*)(mzm

2
+ O—’_DC)ZM (vg}Rvkn,v) (Y/ Z)W
n W(VBERWV*)(YIZ)W'

for every X,Y,Z,W € x(M). Replacing V¥" by V¥ in (55), we derive that (55) holds too.
Thus, (55) proves item (1). As mentioned in Lemma 2, in [27], we also have

(V¥R v@) (Y, Z)W = W(V’;‘?RV)W,Z)W (56)
+ U8B (kg o) (v, 2w
Gl G ) “)4(1 —B)(hRe) (Y, Z2)W.

From (56), we derive that if Ry, Ry+, and Ry v+ are parallel with respect to the
Kobayashi-Nomizu type connection V¥, then the mutual curvature Ry yp) is parallel

with respect to V¥. Moreover, if we put the Yano type connection V¥ instead of V¥ in (56),
it implies that (56) is true too. Therefore, this proves item (2). Putting « = p in (56), the
item (3) is proven. (53) and (54) give the following relations:

(Vi Ryt g ) (Y-Z)W = (14 &) (ViR o) (Y, Z)W + (1 — &) (ViR v ) (Y, Z)W,  (57)
(V¥ Ry ) (Y-Z)W = (14 ) (V¥Ryv,v) (Y, Z)W + (1 — a) (V¥ Ryv,v) (Y, Z)W.  (58)
From (57), (58) it follows (4). O

Mutual Curvatures on the Tangent Bundle

We study the complete, horizontal, and vertical lifts of the mutual curvature Ry, v,
on the tangent bundle. Recall the definitions of the complete and the horizontal lifts of an
affine connection.

Let V be an affine connection on a Riemannian manifold M. The horizontal lift
connection V! and the complete lift connection VC of V are defined by [22]:

H
(VHE oY) = (Vx)H, (VYY) = (VxY)Y, (VEwYH) = (VYY) =0,
(VExaY) = (V) + (R(y, X)Y)Y, (Vo YP) = (VoY) =0, (59)
C
(Ve YY) = (VxY)Y, Ve YC = (VxY)C, VEYY = Vi YC = (VxY)V.

Lemma 6. Let (M, g) be a Riemannian manifold and (N1, V2) a pair of connections. Then, the
following identities hold:

(RVI,VZ (X, Y)Z)C = ﬁvlc € (XC, YC)ZC,

(Ryt 2 (X, Y)Z)H = R oon (XM, YH) ZH,
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(Ry1v2(X,Y)Z)" =R (xH,yHzV =R

(xH,yHzV,

H \H\—-7V
Vlc/vzc VlH,VZH (X Y )Z
- V! H,VZC

forall X,Y,Z € x(M).

Proof. We prove only the first equation. Using [XC, Y] = [X, Y], (48) and (59), we obtain

1
(Ry1 2(X,Y)2)C = (E{vl XVNZ = VYV Z =V xyZ + V2 xVyZ = V3 V5 Z

c 1 C C C —oC C
- VZ[X,}/]Z}) - (E{VlXcVZYcZC - vlyCv2xCZC - Vl[Xc,Yc]ZC

C C
+ Vz;cgcvlyczc — Vzlc/cV]XCZC — Vz[CXclyc]Zc})
= Ryc goc (X6, Y6)ZE.

O

Lemma 7. Let M be a manifold with a torsion-free connection V and TM its tangent bundle
equipped with an almost complex structure J. If we denote by V' the complete lift connection on

TM, then the components of the mutual curvature tensor Rgy, ¢ are as follows:

H 1
+Ry,REYIZ] + {(VXR)(Z Y)y+ (VXR)(Z, )Y

14
+4(VxR)(y,Y)Z +5R(Z,Y)Vxy —3R(Z, ny)Y}X

7
<Y

Rt ge (X, YH)ZV = %{SR(X,Y)Z +{R(y, X)R(v, Z)Y + R(y, X)R(Y, Z)y} xcv
FRORENZY + 5 {(VxR) (1, 2) +R(Vxy, 2)Y

H
+(VxR)(Y,2)y +R(Y,Z)Vxy}

R@kn,vC (XV/ YV)ZH = ﬁ%kn %(Xv, YV)ZV = 0,
5 H Vo H _ 1 H
R gc (X7, Y1) 2 = g{(VxR)(y,Y)Z+R(ny,Y)Z}
1 1%
~s{REYVREXZ}

1
Ronye (XY, Y12V = —L{(VyR) (1, X)Z + R(Vyy, X)Z}".

In the similar way as Theorem 2, we can deduce the following:

(60)

(61)

(62)

(63)

(64)

Theorem 5. Let M be a manifold with a torsion-free connection V and TM its tangent bundle
equipped with an almost complex structure J. The mutual curvature Ry, ¢ vanishes if and only

if M is a flat manifold.

Next, we consider two torsion-free connections V! and V2 on a manifold M, then the

. . —kn —y —kn . . .
pair of connections (V1 ,V?%"), where V! is the Kobayashi-Nomizu type connection

and V2 is the Yano type connection on TM.
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Lemma 8. Let M be a manifold equipped with torsion-free connections Vi, i=1,2,and TM its
tangent bundle equipped with an almost complex structure J. Then, we have

%{Zva,vz (X,Y)Z + %{2RV1 (v,Re2(Z,YV)y)X  (65)
+2Rg1 (X, Ry2(Z, Y)y)y + Ron (v, Ry2 (Z,y)Y) X

+ Ry1 (X, Ry2(Z,y)Y)y + Ry2 (v, X)Rg1 (Z,Y)y

+ sz (X, va (Z, Y)y)y + sz (y, X)va (Z, y)Y

+ Ry2(X, Ryt (Z, ) Y)y}xesy

1
+ 1{Rv2(% Ry2(X,Y)y)Z — Rz (Ry2 (X, Y)y, Z)

valknl,vvzy(xH, yHyzH =

H 1
+ Ryt (0, R (X, V)92 + {2V xRy2)(Z, Yy
+2R2(Z,Y)Vixy + (VIxRe2)(Z,y)Y + Ry (Z, Vixy)Y
+ (VxRg1)(Z, )y + Re1 (Z,Y)Vixy + (VxR ) (Z,y)Y

14
Ro1 (Z, Vixy)Y
+ Ry1(Z, Vxy) }X<—>Y’

. 1
Ry o (XYM ZY = 2{2Re1 o (X,Y)2 66)

1
+ E{RVI (Ry2(v, Y)Z, X)y + Rg1(Rya(y, V) Z,y) X

+ Ry1(Re2(Y, Z2)y, X)y + Rg1 (Re2(Y, Z2)y, y) X + 2Rq2 (Rg1(y, 2)Y, X)y
+ Ry2(Ry1 (¥, 2)Y, y) X + 2Rg2(Ry1 (Y, Z)y, X)y + Ry2 (R (Y, 2)y, y) X} x sy

1 v
+ 1 IRy (Y, Ryt (X, Y)y)Z + Rez (v, Ro2 (X, Y)y) Z + Ry (Rya (X, Yy, Z)y}}

1
+ g{(lesz)(yr Y)Z+ Ry2(V'xy, Y)Z + (V'xRg2)(Y, Z)y + Ry2(Y, Z) V' xy

H
+ (V2xRo1) (1, 2)Y + Ro1 (V2xy, Z)Y + (V2xRo1 ) (Y, Z)y + Ren (Y, Z)szy}XHy,

=~ 1
R (XYY ZM = Z{Ro1 (1, X)Rya(y, Y)Z = Ryn(y, X)Rea (Y, 2)y - (67)
H
+Ry2(s, X)Ry1 (1, Y)Z — Ren (X, Ren (v, V)2)y |,
~ 1
V VN7V _
R o (X7, 0)2Y = S {Roi(y, X)Rea(y, Y)Z (68)
+ Ry (41, X)Ry2(Y, Z)y + Ryz (v, X)Ren (4, Y) Z
v
Ro2(X, R Y)Z
+ Ry2(X, Ry (,Y) )]/}XHY,
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_ 11
valknl,vvzy(xH, YV)zH = E{Zlesz(y, Y)Z — VxRea (Y, Z)y (69)

—Ro1(y, Y)V?xZ + V*xRe1 (y,Y)Z

H
— Ry2(y, Y)VIXZ + R (Y, V% Z)y — Ry (y, V2xY)Z + Ry (VZXY, Z)y}

1
t3 {Rv1 (Ry2(v,Y)Z, X)y + Ry1 (Ry2 (v, Y) Z,y) X — Rg1 (Ry2 (Y, Z)y, X)y
— Ry1(Ry2(Y, 2)y,y) X +2Rq2(Ry1 (v, Y) Z, X)y + Ry (Ryn (v, Y) Z, y) X

— Ry2(y, Y)Rg1(Z, X)y — Rez (Y, Ry1 (Z, X)y)y = Rez(y, Y)Ry1 (Z,y) X

1%
— Ry2(Y,Re1(Z,y)X)y = Ry (4, Y)2R2(Z, X)y = Re1 (v, Y)Ry2 (Z,y)X |,

_ 1
Royin o (KT YNZY =~ {Roi(y, )Rz (y, X)Z + R (y, Y)Rez (X, Z)y (70)

— Ry1(y, Re2(v, Y)Z)X

— Ry1(X, Ry2(y, Y)Z)y — R (v, Ry (Y, Z)y) X — Ryn (X, Ry2 (Y, Z)y)y
+ Re2(y, Y)Ry1 (v, Z) X — Re2 (Y, Ryn (y, Z) X)y + Re2 (v, Y)Ry1 (X, Z)y
(

H
— Ry2(Y, Ryt (X, Z)y)y + Ry (y, X)Ro1 (v, Y)Z + Ry (X, Ryr (v, Y)Z)y}
1
+3 { (VIxRe2)(y,Y)Z + Re2(Vixy, Y)Z + (VIxRe2) (Y, Z)y + Rea (Y, Z)Vixy
2 2 v
+ (V2xRe1) (1, Y)Z + Ren (Vixy, Y)Z} .
Using the above lemma, we derive the following:

Theorem 6. Let M be a manifold equipped with torsion-free connections Vi,i=1,2,and TM its
tangent bundle equipped with an almost complex structure |. Then, the following assertions hold:

(1) If the mutual curvature R 2 vanishes and M is a flat space with respect to V!and V2,
then the mutual curvature R —y, —, vanishes.
v, v2

(2)  If the mutual curvature ﬁﬁk,l o vanishes, then the mutual curovature Ry 2 vanishes.

(3) IfV! = V2=V, then the mutual curvature ﬁﬁk"ﬁy vanishes if and only if M is flat.

6. Conclusions

This research has studied two important families of linear connections on statistical
manifolds. Due to the fact that these connections are made with the help of complex
structures (which are the basis of Kéhler manifolds), they can have many applications in
mathematical physics.

Considering the Kobayashi-Nomizu type and the Yano type connections on a Rieman-
nian manifold and its tangent bundle (with Sasaki metric), we investigated conditions that
they are torsion-free, Codazzi, and statistical structures, respectively. We also studied the
relations of the curvature of a Riemannian manifold endowed with a statistical manifold
with the curvature of Kobayashi-Nomizu type and the Yano type connections.

The study of the mutual curvature of these connections on the tangent bundle of a
Riemannian (or statistical) manifold is an important part of this paper. The importance of
the mutual curvature in mathematical physics was shown by formulating a bi-Connection
Theory of Gravity with the contribution of D. Iosifidis and K. Pallikaris.
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