
Citation: Luo, X.; Zhang, X.; Bao, J.;

Chang, L.; Xi, W. Statistical Modeling

of Shadows in SAR Imagery.

Mathematics 2023, 11, 4437.

https://doi.org/10.3390/

math11214437

Academic Editor: Konstantin Kozlov

Received: 31 July 2023

Revised: 13 October 2023

Accepted: 17 October 2023

Published: 26 October 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

Statistical Modeling of Shadows in SAR Imagery
Xiaojun Luo 1, Xiangyang Zhang 1, Jiawen Bao 1,* , Ling Chang 2 and Weixin Xi 1

1 Faculty of Geosciences and Environmental Engineering, Southwest Jiaotong University,
Chengdu 611756, China; lxj@swjtu.edu.cn (X.L.); zxy9719@my.swjtu.edu.cn (X.Z.);
xwx@my.swjtu.edu.cn (W.X.)

2 Department of Earth Observation Science, Faculty of Geo-Information Science and Earth Observation,
University of Twente, 7514 AE Enschede, The Netherlands; ling.chang@utwente.nl

* Correspondence: rsjwb@my.swjtu.edu.cn; Tel.: +86-18402890424

Abstract: Shadows are a special distortion in synthetic aperture radar (SAR) imaging. They often
hamper proper image understanding and target recognition but also offer useful information, and
therefore, the statistical modeling of SAR image shadows is imperative. In this endeavor, we
systematically deduced the statistical models of shadows in multimodal SAR images, including
single-look intensity and amplitude images and multilook intensity and amplitude images in a real
domain and complex domain, respectively. In particular, for the filtered SAR image shadow, we
introduced the generalized extreme value (GEV) distribution to characterize its statistics. We carried
out an experiment on shadows in a real SAR image and conducted chi-square goodness-of-fit tests on
the deduced models. Furthermore, we compared the deduced statistical models of shadows with
state-of-the-art statistical models of SAR imagery. Finally, suggestions are given for selecting the
optimal statistical model of shadows in multimodal SAR images.
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1. Introduction

Synthetic aperture radar (SAR) is an active remote sensing system that uses backscat-
tered echoes to image targets. SAR can monitor targets during the day and at night in
any climate environment, and it has been widely used in the monitoring and mapping of
the Earth’s surface. SAR image shadows are a special distortion in SAR imaging. They
are generated when electromagnetic waves are blocked by the terrain and ground objects,
and they have both positive and negative effects on the applications of SAR imagery. The
positive effect is that shadows can provide image relief, which is helpful for the under-
standing of SAR imagery. Additionally, shadows can embody the shapes and positions
of targets, which makes the shadows applicable to target recognition [1–3], moving target
detection [4–7], impervious surface extraction [8,9], and deforestation detection [10]. The
negative effect is that shadows often cause a lack of echoes from ground targets within
the shadow areas. Consequently, the ground targets in shadow areas will be omitted in
the process of target recognition. For instance, landslides usually develop on steep slopes,
where shadows are prone to generate. Therefore, when using SAR images to identify
landslides, the landslides in shadows will inevitably be omitted [11,12]. No matter the
positive or negative effects, the accurate recognition of SAR image shadows is a priority
task. For this purpose, an appropriate statistical model of shadows is necessary.

Up to now, there has been no proprietary research on the statistical modeling of
SAR image shadows. Almost all attention has been paid to the statistical modeling of
SAR imagery, and dozens of state-of-the-art statistical models have been presented [13,14].
From a methodological point of view, these statistical models of SAR imagery can be
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classified into three categories: physical mechanism models, data-driven models, and
technical models.

Physical mechanism models are deduced from the composition mechanism of backscat-
tered SAR echoes of a resolution cell. According to SAR imaging theory, the complex
backscattered SAR echoes of a resolution cell can be regarded as the product of speckle and
terrain backscatter [15,16]. Note that terrain backscatter is a signal free of speckle noise [15].
Thus, a complex SAR image, namely, Z, can be modeled as

Z = X·Y (1)

where X denotes the terrain backscatter, and Y denotes speckle noise. These are two in-
dependent random variables. X is usually considered positive real, while Y could be
complex (if the considered image is in a complex format) or positive real (intensity or ampli-
tude) [15]. According to [17], if speckle is fully developed in a SAR image, statistical models
of the speckle can be obtained under the assumption that the real and imaginary parts
of a complex SAR echo signal are independently Gaussian-distributed with a zero mean
and identical variance. In this case, negative exponential [16], Rayleigh [16], Gamma [18],
and Nakagami [19] distributions have been proposed to characterize single-look inten-
sity speckle, single-look amplitude speckle, multilook intensity speckle, and multilook
amplitude speckle, respectively [20].

However, for SAR images of complex scenes, e.g., high-resolution SAR images and
heterogeneous images, the above models are no longer applicable. Under such circum-
stances, many statistical models have been created from the multiplicative formulation
(1) based on various statistical assumptions for speckle and terrain backscatter. Common
distribution models include the κ distribution [21,22], g distribution [15], generalized
Gaussian–Rayleigh (GGR) distribution [23], generalized Gamma–Rayleigh (GΓR) distribu-
tion [20], and generalized Gamma distribution (GΓD) [24]. Among these models, the GΓR
distribution includes the GGR distribution. The κ distribution is a special case of a g distri-
bution, which is appropriate for modeling homogeneous and heterogeneous SAR images.
Another special case, namely, the g0 distribution, is suitable for modeling heterogeneous
and extremely heterogeneous SAR images.

Data-driven models are obtained by analyzing real SAR image data, without tak-
ing into account the physical nature and mechanisms of SAR. A few data-driven models
have been used to characterize the statistics of SAR amplitude or intensity data, such
as log-normal (LN) [25], Weibull [26], and Fisher distributions [27]. Theoretical analysis
shows that LN, Weibull, Rayleigh, negative exponential, Nakagami, and Gamma distribu-
tions are special cases of the GΓD [24], while the Fisher distribution is equivalent to a g0

distribution [27].
The technical model here is the general name for non-parametric models and mixture

models in the literature [14,20]. Usually, this kind of model is based on the weighted
sum of different kernel functions. Therefore, the technical model is also called a mixture
model. The well-known techniques used to establish the technical model involve the
Parzen window [28], k-nearest neighbor [29], artificial neural network [30], support vector
machine [31], and relevance vector machine [32]. Some notable mixture models are reported
in [33,34]. The technical model is suitable for estimating a complex or unknown distribution.
However, because of the huge computational load and numerous sample datasets involved,
technical models are seldom used in practice.

For a clear and concise summary, we briefly summarize the relationships between
the state-of-the-art SAR image statistical models and their applications (see Table 1). The
technical model is not listed in Table 1 due to its rare application. Although many statistical
models for characterizing SAR imagery have been proposed, there is a lack of research on
statistical models specifically targeting shadows in multimodal SAR images. In this paper,
multimodal SAR images refer to single-look intensity and amplitude images and multilook
intensity and amplitude images in a real domain and complex domain, respectively, and
filtered SAR images.
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Table 1. The relationships and applications of state-of-the-art models.

Model Families Model Relationship Application Cases

Physical mechanism
models

g Including κ, g0 (or Fisher)
Homogeneous, heterogeneous, or extremely
heterogeneous region; multi- or single-look;

intensity or amplitude

GΓD

Including LN, Weibull,
Rayleigh, negative

exponential, Nakagami,
Gamma

Homogeneous region; moderately high
resolution or high resolution; multi- or

single-look; intensity or amplitude

GΓR Including Rayleigh, GGR
Moderately high resolution or high

resolution; homogeneous or heterogeneous
region; multi- or single-look amplitude

Data-driven models

LN — Moderately high resolution; amplitude

Weibull Including Rayleigh, negative
exponential

High resolution; amplitude or intensity;
single-look

Fisher Equivalent to g0
Homogeneous, heterogeneous, or extremely
heterogeneous region; multi- or single-look;

intensity or amplitude

Inspired by the statistical modeling of SAR imagery, we systematically deduced
statistical models for shadows in multimodal SAR images from the perspective of a physical
mechanism. For filtered shadows, we suggest involving the generalized extreme value
(GEV) distribution in modeling the filtered SAR image shadows. A chi-square test was
used to validate these derived models. Furthermore, the deduced statistical models of
shadows were compared with the state-of-the-art statistical models for characterizing SAR
imagery. Our significant contributions include systematically deducing and establishing
the statistical models of shadows in multimodal SAR images and providing suggestions
for the selection of the optimal statistical model of shadows for multimodal SAR images.

This paper is organized as follows. Section 2 introduces the formation and mathemati-
cal expression of SAR image shadows. Sections 3 and 4 describe the deduction of statistical
models of shadows in multimodal SAR images. The modeling of filtered SAR image
shadows is presented in Section 5. Experimental results and comparisons are reported in
Section 6. Finally, we draw conclusions in Section 7.

2. Shadow Formation and Expression

Shadows in SAR imagery are formed because a steep terrain or high artificial targets
block electromagnetic waves from SAR to the ground surface. As shown in Figure 1, the
shadow field, indicated by A, cannot be illuminated by a SAR sensor. Consequently, SAR
cannot receive any backscattered echoes from the shadow field, except for system noise [35].
The shadow can be expressed as

Zs = k·η (2)

in which
η = x + i·y (3)

Here, Zs denotes the values of shadows. It is usually expressed in complex form. k
represents the backscatter of objects in the shadow area, which is zero theoretically [35]. To
avoid a zero Zs value, k can be assumed to be a minimal constant close to zero. Although
the shadow constant may vary with different image regions or observation conditions, each
shadow formation principle is the same, and the shadow signal mainly comes from system
noise. For simplicity, the constants k for all shadows can be considered the same. These
assumptions are reasonable because the actual values of shadows are generally not zero.
Furthermore, the statistical characteristics of shadows will not be affected by the constant,
in essence. η denotes the systematic noise of SAR. It is the main component of Zs and
usually expressed in complex form, namely, complex speckle noise. x, y are the real and
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imaginary components of the complex speckle noise, respectively. i is the imaginary unit,
i =
√
−1.
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Figure 1. Schematic diagram of shadow formation. Area A represents a shadow area. θ is the look angle.

As mentioned above, the value Zs of the shadow is not zero because of the systematic
noise of SAR. Generally speaking, in a normal SAR system, the noise level is lower than the
terrain backscatter. Consequently, the value Zs of the shadow is significantly lower than
that of the surroundings, and it is mainly confined to an interval close to zero. Therefore,
most state-of-the-art statistical models developed for characterizing SAR images are not
suitable for shadows in SAR images.

3. Statistical Modeling of Single-Look SAR Image Shadow

In this section, the objective is to deduce the statistical models of the single-look
shadow intensity and single-look shadow amplitude based on the shadow expression. Ac-
cording to Equation (1), the value of the shadow is scaled SAR systematic noise, i.e., scaled
speckle noise. As the value of the shadow is significantly lower than that of the environ-
ment, the SAR image shadow can be reasonably regarded as a homogeneous region. In
other words, it can be assumed that the speckle is fully developed in the shadow. Moreover,
according to the coherent SAR imaging theory [35,36], the complex speckle noise of a
shadow resolution cell is synthesized by summing a series of complex systematic noise
vectors in the resolution cell. Hence, the expression of the complex speckle noise of the
shadow, i.e., η (in Equation (2)), can be given as

x + i·y = ∑n
j=1 (xj + i·yj) (4)

By combining Equations (2)–(4), the complete expression for shadows can be given as

Zs = k∑n
j=1 (xj + i·yj) (5)

where n is the number of complex systematic noises in a resolution cell. As [16] introduced,
for a large number of independent and identically distributed noises, x and y are indepen-
dently Gaussian-distributed with a zero mean and equal variance, and the variance is δ2.
In order to express the statistical model of the intensity and amplitude SAR image speckle
noise as a standardized mathematical model, the variance is denoted by σ2/2 [16], where
σ =
√

2δ. Then, the statistical models presented in [16] for characterizing the intensity and
amplitude SAR image speckle noise can be directly introduced to describe the statistical
characteristics of the intensity and amplitude speckle noise of SAR image shadows, re-
spectively. Therefore, the intensity of the complex speckle noise of shadow Iη , defined as
Iη = x2 + y2, has a negative exponential distribution (NED),

f Iη1(Iη) =
1
σ2 ·exp

(
−

Iη

σ2

)
, Iη ≥ 0 (6)
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where the subscript “1” denotes single-look or 1-look. f Iη1(Iη) is the probability density
function (PDF) of Iη . The mean of Iη is M1(Iη) = σ2, and the variance is Var1(Iη) = σ4.

The amplitude of the complex speckle noise of the shadow, Aη , defined as
√

Iη , has a
Rayleigh distribution,

fAη1

(
Aη

)
=

2Aη

σ2 exp

(
−

A2
η

σ2

)
, Aη ≥ 0 (7)

The mean is σ
√

π/2, and the variance is (4− π)σ2/4.
Based on Equation (5), the single-look intensity of shadow Is is k2 times that of the

complex speckle noise of shadow Iη ,

Is = k2·Iη (8)

Therefore, the PDF of the single-look shadow intensity, f IS1(Is), can be converted from
Equations (6) and (8) as follows:

f IS1(Is) =
1
k2 · f Iη1

(
1
k2 Is

)
(9)

Then, the analytic distribution model of the single-look shadow intensity is derived as

f IS1(Is) =
1

σ2·k2 ·exp
(
− Is

σ2·k2

)
, Is ≥ 0 (10)

It can be seen that Equation (10) is a NED model with two parameters. For given SAR
image shadows, σ and k are constant. Accordingly, let α = σ·k. The PDF of the single-look
shadow intensity can be simplified as

f IS1(Is) =
1
α2 ·exp

(
− Is

α2

)
, Is ≥ 0 (11)

with the mean M1(Is) = α2 and variance Var1(Is) = α4. Equations (6) and (11) are identical
in form, but their parameters, σ and α, are not the same.

The amplitude value of the shadow, As, is the square root of the intensity value of
the shadow, As =

√
Is. According to Equation (8), As is k times that of the complex

speckle noise of the shadow, Aη , As = kAη . Therefore, the PDF of the single-look shadow
amplitude, fAS1(As), can be derived from Equation (7) as follows:

fAS1(As) = 1
k fAη1

(
1
k AS

)
= 2AS

k2·σ2 ·exp
(
− A2

S
k2·σ2

) (12)

Let α = σ·k. The PDF of the single-look shadow amplitude can be simplified as

fAS1(As) =
2As

α2 ·exp
(
−A2

s
α2

)
, As ≥ 0 (13)

Obviously, the single-look shadow amplitude follows a Rayleigh distribution with the
mean M1(As) = α

√
π/2 and variance Var1(As) = (4− π)α2/4.

The form of the deduced NED and Rayleigh models for single-look SAR image shad-
ows looks similar to the corresponding models for SAR images in [16]. This is because
the deduced statistical models for shadows and the statistical models of SAR images both
originate from the same speckle noise expression in Equation (4). The significant difference
is that the parameter α of shadow models is k times the parameter σ of SAR image models.
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4. Statistical Modeling of Multilook SAR Image Shadow

Multilooking is a common procedure for correcting the distortion of the azimuth
and range resolution of single-look SAR images, and it also has the ability to suppress
speckle noise. According to the theory of statistics, multilooking changes the statistical
characteristics of the SAR image shadow. Since the SAR image is commonly expressed
in complex form, multilooking can be implemented in the real domain on amplitude
and intensity individually or on both real and imaginary components in the complex
domain. Accordingly, the statistical characteristics of SAR image shadows multilooked in
the real domain and complex domain will be different. The purpose of this section is to
deduce the statistical models of SAR image shadows multilooked in the real domain and
complex domain.

4.1. Modeling of SAR Image Shadow Multilooked in Real Domain

According to [19], the set of samples obtained within the full synthetic aperture can be
split into several adjacent subsets. Each subset forms a separate image, namely, a 1-look
image. Multilooking is to average adjacent 1-look images. It can be performed in the
real domain or complex domain. For the former, the 1-look image is first converted to
intensity or amplitude, and multilooking is then performed on the intensity or amplitude.
Multilooking in the real domain can not only correct image distortion but also improve the
radiometric accuracy of measurements, and thus, it is popular in SAR image applications.

Given an intensity SAR image multilooked in the real domain, and assuming that the
shadow constants k in all 1-look images are equal, the multilook shadow intensity can be
calculated with Equation (5) and expressed as

IMLR =
1
N ∑N

j=1 Is(j) =
k2

N ∑N
j=1

(
x(j)2 + y(j)2

)
(14)

where IMLR is the shadow intensity multilooked in the real domain. N is the multilook
number. Is(j) is the intensity of the jth look. x(j) and y(j) are the real and imaginary
parts of the jth look, respectively, and they are independently Gaussian-distributed with
a zero mean and equal variance, i.e., x(j), y(j) ∼ N

(
0, σ2

2

)
. According to probability

theory, x(j)
σ/
√

2
and y(j)

σ/
√

2
follow the standard normal distribution, i.e., x(j)

σ/
√

2
∼ N(0, 1)

and y(j)
σ/
√

2
∼ N(0, 1). Therefore, the sum ∑N

j=1

((
x(j)

σ/
√

2

)2
+
(

y(j)
σ/
√

2

)2
)

obeys a chi-square

distribution with 2N degrees of freedom, i.e., ∑N
j=1

((
x(j)

σ/
√

2

)2
+
(

y(j)
σ/
√

2

)2
)
∼ χ2(2N).

∑N
j=1

((
x(j)

σ/
√

2

)2
+
(

y(j)
σ/
√

2

)2
)

can be converted to

∑N
j=1

((
x(j)

σ/
√

2

)2
+

(
y(j)

σ/
√

2

)2
)

=
∑N

j=1

(
x(j)2 + y(j)2

)
σ2/2

(15)

Let I′ = ∑N
j=1

(
x(j)2 + y(j)2

)
; then, I′

σ2/2 ∼ χ2(2N), and Equation (14) can be trans-
formed into

IMLR =
k2

N
I′ (16)

Therefore, the PDF of the multilook shadow intensity IMLR can be derived as

fN(IMLR) = (
N

σ2·k2 )
N
· IMLR

N−1

Γ(N)
·exp

(
− N

σ2·k2 ·IMLR

)
, IMLR ≥ 0 (17)
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with the mean MN(IMLR) = σ2·k2 and variance VarN(IMLR) = σ4·k4/N. Here, Γ( ) is the
Gamma function. By substituting α = σ·k, the PDF of the shadow intensity multilooked in
the real domain is simplified as

fN(IMLR) =
NN ·IMLR

N−1

α2N ·Γ(N)
·exp

(
− N

α2 ·IMLR

)
, IMLR ≥ 0 (18)

with the mean MN(IMLR) = α2 and variance VarN(IMLR) = α4/N. Obviously, the shadow
intensity multilooked in the real domain follows a Gamma distribution with 2N degrees
of freedom. A comparison with [16] indicates that Equation (18) and the PDF proposed
in [16] for multilook intensity speckle are in the same form. The significant difference lies
in the parameters α and σ.

The multilook shadow amplitude can be obtained in two ways. One way is to obtain
it directly from the multilook amplitude SAR image. The other way is to use the square
root of the multilook shadow intensity. In the former way, the analytic form of the PDF
of the multilook shadow amplitude is hardly obtained. In the latter way, the multilook
shadow amplitude, AMLR is AMLR =

√
IMLR. Accordingly, the PDF of the multilook

shadow amplitude can be derived from Equation (18).

fN(AMLR) =
2NN

α2N ·Γ(N)
·AMLR

2N−1·exp
(
− N

α2 ·AMLR
2
)

, AMLR ≥ 0 (19)

The mean of AMLR is MN(AMLR) = α·Γ(N + 1
2 )/(Γ(N)·

√
N), and the variance is

VarN(AMLR) = α2 − α2·Γ2(N + 1
2 )/(N·Γ2(N)). Obviously, the shadow amplitude mul-

tilooked in the real domain follows a Nakagami distribution. Similarly, the comparison
with [16] indicates that Equation (19) and the PDF proposed in [16] for multilook intensity
speckle are in the same form. The significant difference lies in the parameters α and σ. The
reason is the same as described in Section 3.

4.2. Modeling of SAR Image Shadow Multilooked in Complex Domain

In addition to multilooking the SAR image in the real domain, the SAR image is some-
times multilooked in the complex domain by averaging its real and imaginary components,
respectively. In this way, the multilook shadow is also complex. Its calculation formula can
be derived from Equation (5) and expressed as

Zs = k
(

1
N ∑N

j=1 x(j) + i· 1
N ∑N

j=1 y(j)
)

(20)

where Zs denotes the shadow multilooked in the complex domain. x(j) and y(j) are the
real and imaginary parts of the jth look, respectively. Then, the multilook shadow intensity
is given as

IMLC = k2

((
1
N ∑N

j=1 x(j)
)2

+

(
1
N ∑N

j=1 y(j)
)2
)

(21)

where IMLC is the shadow intensity multilooked in the complex domain.
Let X′ = 1

N ∑N
j=1 x(j) and Y′ = 1

N ∑N
j=1 y(j). We obtain

IMLC = k2(X′2 + Y′2) (22)

On the basis of the same assumption as Equation (14) for x(j) and y(j), it is easy

to know that ( X′

σ/
√

2N
)

2
+ ( Y′

σ/
√

2N
)

2
obeys the chi-square distribution with 2 degrees of

freedom, i.e., X′2
σ2/2N + Y′2

σ2/2N ∼ χ2(2). According to Equation (22), the PDF of IMLC can be
derived as

fN(IMLC) =
N
α2 ·exp

(
− N

α2 ·IMLC

)
, IMLC ≥ 0 (23)
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where α = σ·k. Equation (23) shows that the shadow intensity multilooked in the complex
domain has a negative exponential distribution modulated by the multilook number (M-
NED) with the mean MN(IMLC) = α2/N and variance VarN(IMLC) = α4/N2.

The shadow amplitude multilooked in the complex domain, AMLC, is the square
root of the shadow intensity, i.e., AMLC =

√
IMLC. Accordingly, the PDF of the shadow

amplitude multilooked in the complex domain can be easily deduced from Equation (23)
as follows.

fN(AMLC) =
2N·AMLC

α2 ·exp

(
−

N·A2
MLC

α2

)
, AMLC ≥ 0 (24)

As shown in Equation (24), the shadow amplitude multilooked in the complex domain
obeys a Rayleigh distribution modulated by the multilook number (M-Rayleigh). The
mean and variance are MN(AMLC) =

√
π/N·α/2 and VarN(AMLC) = (4 − π)/4Nα2,

respectively. It is obvious that there is a significant difference between the statistical models
of shadows multilooked in the real domain and complex domain.

5. Modeling of Filtered SAR Image Shadow

Filtering is a common procedure for suppressing SAR image noise. It will change
the statistical characteristics of the SAR image and shadow. Since each filter has its own
specific algorithm, theoretically, the image filtered by a given filter has its own specific
statistical model. Next, taking the classic Lee filter [37] as an example, we will demonstrate
the derivation of the statistical characteristics of SAR images filtered by the Lee filter.
According to [37], the formula for the Lee filter is

Ẑp =
−
Zp + C(Zp −

−
Zp) = C·Zp + (1−V)

−
Zp (25)

where Zp and Ẑp are the observation, i.e., intensity, and filtered output of pixel p, respec-

tively.
−
Zp is the mean value of pixels within a window centered on pixel p. C is the filtering

coefficient, and it is a constant. C·Zp and (1− C)
−
Zp can be regarded as two independent

random variables. Let X1 = C·Zp and X2 = (1− C)
−
Zp; the formula for the Lee filter can be

simplified as
Ẑp = X1 + X2 (26)

Therefore, the random variable Ẑp, i.e., the filtered output, is the sum of two indepen-
dent random variables.

Since Zp follows the distribution of the single-look shadow intensity, i.e., Equation (11),
the PDF of the random variable X1 can be derived as

fX1(x1) =
1

Cα2 ·exp
(
− x1

Cα2

)
, x1 ≥ 0 (27)

Furthermore, Zp is identical to the multilook result of the filtering window centered
on pixel p, and its distribution characteristics can be represented by the distribution of the
multilook shadow intensity.

f (ZP) =
NN ·ZP

N−1

α2N ·Γ(N)
·exp

(
− N

α2 ·ZP

)
, ZP ≥ 0 (28)

where N is the scale of the Lee filtering window N × N. Based on Equation (28), the PDF
of the random variable X2 can be derived as

fX2(x2) =

(
N

(1− C)α2

)N x2
N−1

Γ(N)
·exp

(
− N
(1− C)α2 x2

)
, x2 ≥ 0 (29)
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According to Equations (26), (27), and (29), the PDF of the filtered output Ẑp can be
derived as

fẐp
(ẑp) =

∫ +∞
0 fX1

(
ẑp − x2

)
· fX2(x2)dx2

=
∫ +∞

0
1

Cα2 exp
(
− ẑp−x2

Cα2

)
·
[(

N
(1−C)α2

)N x2
N−1

Γ(N)
·exp

(
− N

(1−C)α2 x2

)]
dx2

= 1
Γ(N)Cα2 ·

(
N

(1−C)α2

)N∫ +∞
0 x2

N−1·exp
(
− ẑp−x2

Cα2 − Nx2
(1−C)α2

)
dx2

(30)

Obviously, it is difficult to obtain the integral of fẐp
(ẑp). In other words, it is difficult to

obtain an analytic distribution model for the filtered SAR image shadow from the physical
mechanism perspective. The same problem also exists in images filtered by other filters.

As described in Section 2, speckle noise is the main component of the shadow, and its
value (intensity or amplitude) is extremely small. Correspondingly, the filtered shadow
value is also extremely small. Since the generalized extreme value (GEV) distribution [37]
has excellent performance in characterizing the smallest or largest values among a large
set of independent and identically distributed random variables, the GEV is introduced
into the modeling of the filtered SAR image shadow in this paper. For both single-look
and multilook filtered shadows, the statistical model of their intensity or amplitude can be
uniformly expressed as follows [38]:

f (Z) = 1
a

(
1 + ξ· (Z− b)

a

)− ξ+1
ξ

·exp

(
−
(

1 + ξ· (Z− b)
a

)− 1
ξ

)
, 1 + ξ· (Z− b)

a
> 0 (31)

where Z denotes the intensity or amplitude of the filtered SAR image shadow, and
f (Z) is its PDF with the scale parameter a, location parameter b, and shape parame-
ter ξ. The mean is M(Z) = b − a/ξ + a/(ξ·Γ(1− ξ)), and the variance is Var(Z) =
a2/ξ2·

(
Γ(1− 2ξ)− Γ2(1− ξ)

)
. The unknown parameters, i.e., a, b, and ξ, can be estimated

using a maximum likelihood estimator [39].

6. Experimental Results and Discussion

In this section, we report experiments conducted on real SAR images to validate the
series of deduced models of SAR image shadows. Firstly, these deduced models were tested
using the chi-square goodness-of-fit tests. Then, qualitative and quantitative comparisons
were made between the deduced models of shadows and the state-of-the-art statistical
models of SAR imagery. This comparison was made to evaluate the performance of these
deduced models and provide suggestions for the selection of the optimal statistical model
of shadows for multimodal SAR images.

6.1. Experimental Data and Scheme

Our experiments utilized a SAR image of the Nyingchi region in Tibet, acquired
by TanDEM-X in December 2013 (see Figure 2). Due to the steep topography, a large
number of shadows are observed in the SAR image example (e.g., outlined in green in
Figure 2). Filtering and multilooking of the SAR image were implemented with the Sentinel
Application Platform (SNAP) ver. 9.0.0 software. From the single-look SAR image and
correspondingly filtered SAR image, 523,177 shadow pixels were automatically extracted.
After the single-look SAR image was multilooked at a ratio of 2:2, 131,651 shadow pixels
were obtained from the multilook SAR image in the real domain, the multilook SAR image
in the complex domain, and the correspondingly filtered SAR images.
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Figure 2. Single-look amplitude SAR image of TanDEM-X (size: 4978 × 4978 pixels; resolution:
16 m × 16 m) and shadows in research region. The green polygons are shadows. The bottom image
is an enlarged view of the red dashed area in the top image.

The performance of the series of deduced models was evaluated by qualitative and
quantitative comparisons with state-of-the-art statistical models. It is known that SAR
image shadows are almost homogeneous, and their values are extremely small. Therefore,
κ, g0, GΓD, and GΓR distributions that can characterize the statistical characteristics of
homogeneous regions (see Table 1) were chosen as references for comparison. Also, the
GEV distribution was involved. The qualitative comparison is depicted by the normalized
histograms of shadow samples, deduced models, and reference distributions. The quan-
titative comparison is illustrated by the symmetrical Kullback–Leibler (KL) distance [40]
between the normalized histogram of shadow samples and the estimated PDFs of the
deduced and reference distributions.

DKL(F, P) =
1
2∑N

i=0 ( f (xi)In
f (xi)

pi
+ p(i)In

p(i)
f (xi)

) (32)
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where DKL(F‖P ) is the symmetrical KL distance between a statistical distribution model F
and a set of samples P. f (xi) represents the probability density of the statistical distribution
model F at xi. p(i) is the height of bin I, and N is the total number of bins in the frequency
histogram of the sample. The smaller symmetric KL distance indicates better consistency
between the estimated PDF and the sample data.

The validation of the GEV distribution was performed on a series of filtered mul-
timodal SAR images. At the same time, the performance of the GEV distribution on
filtered SAR image shadows was evaluated by performing qualitative and quantitative
comparisons with κ, g0, GΓD, and GΓR distributions.

In the experiment, the parameters of the derived statistical models and GEV distri-
bution were estimated using a maximum likelihood estimator. The parameters of GΓD
and GΓR distributions were estimated with the logarithmic cumulant method [20], and the
parameters of κ and g0 distributions were estimated using a moment estimator.

6.2. Chi-Square Goodness-of-Fit Tests of Deduced Models

In order to validate the derived models for multimodal SAR image shadows, we
conducted chi-square goodness-of-fit tests on all deduced models and the GEV distribution.
The test statistic values for all distributions are presented in Table 2. These tests were
conducted on four groups of samples with different sizes (n = 10,000, 20,000, 50,000, 100,000),
and the four groups of test samples were randomly selected from the corresponding shadow
pixels, i.e., the shadow population. The number of histogram classes that were subject to
the goodness-of-fit tests was determined by the Sturges rule. The number of degrees of
freedom was determined by the number of histogram classes and the number of unknown
parameters of the models.

Table 2. Results of chi-square goodness-of-fit tests on GEV, NED, Rayleigh, Gamma, M-NED,
Nakagami, and M-Rayleigh distributions. r is the number of degrees of freedom. The symbol /
indicates that the statistical test was not passed.

Samples

n = 10,000 n = 20,000 n = 50,000 n = 100,000

Chi-
Square

Stat
p-Value

Chi-
Square

Stat
p-Value

Chi-
Square

Stat
p-Value

Chi-
Square

Stat
p-Value

NED 5.7573 0.9278 (r = 12) 10.9234 0.6172 (r = 13) 17.6603 0.2809 (r = 15) 20.6354 0.1922 (r = 16)
Rayleigh 9.2035 0.6855 (r = 12) 14.8233 0.3185 (r = 13) 19.9137 0.1753 (r = 15) 21.0974 0.1748 (r = 16)
M-NED 7.7898 0.8013 (r = 12) 13.5467 0.4065 (r = 13) 16.3543 0.3589 (r = 15) 22.1802 0.1375 (r = 16)

M-Rayleigh 8.3445 0.7577 (r = 12) 10.6023 0.6441 (r = 13) 19.9641 0.1733 (r = 15) 21.3512 0.1654 (r = 16)
GEV 7.2102 0.7055 (r = 10) 9.3685 0.5879 (r = 11) 16.0199 0.2481 (r = 13) 21.0521 0.1003 (r = 14)

Gamma / / / /
Nakagami / / / /

As shown in Table 2, all models, except for the Gamma and Nakagami models, passed
the tests with a significance level of 0.05 (α = 0.05). The test results indicate that the deduced
Gamma and Nakagami distributions cannot effectively characterize the statistics of SAR
image shadows multilooked in the real domain. The main reason is probably that the
assumption that the summation part in Equation (14) is chi-square-distributed with 2N
degrees of freedom is not completely true. A more accurate assumption is needed to deduce
the physical mechanism model of this kind of SAR image shadow.

6.3. Experiment on Single-Look SAR Image Shadow

The purpose of this experiment is to evaluate the performance of Equation (11) and
Equation (13), i.e., the NED distribution and Rayleigh distribution, respectively. A total of
523,177 shadow samples were used in this experiment. The estimated PDFs of the NED,
Rayleigh, GΓR, GΓD, κ, g0, and GEV distributions are depicted in Figure 3, as well as the
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corresponding normalized histograms of the samples. The quantitative comparison results
of all the models are shown in Table 3.
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Table 3. Values of symmetrical KL distance obtained by GΓR, GΓD, κ, g0, GEV, NED, and Rayleigh
distributions. Best values are displayed in bold font.

Distribution Intensity Amplitude

NED 0.0000316 —
Rayleigh — 0.0037223

GΓR 0.0000074 0.0006900
GΓD 0.0000204 0.0101596
κ 0.0004125 0.0142517
g0 0.0326374 0.1551140

GEV 0.0002549 0.0010526

As shown in Figure 3a, the derived NED distribution has almost the same performance
as the GΓR and GΓD distributions in characterizing shadow intensity statistics, though
the symmetrical KL distance value of the deduced NED model is slightly smaller than
those of the GΓR and GΓD distributions (see Table 3). In Figure 3b, it can be seen that
the deduced Rayleigh distribution has good performance in modeling the statistics of the
shadow amplitude, though the symmetrical KL distance value of the deduced Rayleigh
model is slightly smaller than that of the GΓR distribution. However, in both cases, the
performance of the κ and GEV distributions is inferior to that of the deduced NED and
Rayleigh distributions. And the g0 distribution is offset by a significant distance from the
histogram. The same conclusion can also be confirmed from the visual point of view (see
Figure 3).

The experimental results show that the shadow Intensity and amplitude in single-look
SAR images follow the deduced NED distribution and Rayleigh distribution, respectively.
In addition, the GΓR distribution can also effectively characterize the statistical characteris-
tics of the shadow intensity and amplitude in single-look SAR images.

6.4. Experiment on SAR Image Shadow Multilooked in Real Domain

The goal of this experiment was to evaluate the performance of deduced
Equations (18) and (19), i.e., the Gamma distribution and Nakagami distribution. The
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SAR image was multilooked in the real domain at a ratio of 2:2, i.e., four multilook num-
bers, and 131,651 shadow samples were obtained from the multilook image. The estimated
PDFs of the Gamma, Nakagami, GΓR, GΓD, κ, g0, and GEV distributions are illustrated in
Figure 4, as well as the corresponding normalized histograms of samples. The quantita-
tive comparison results of all the models are shown in Table 4. In the table, Gamma and
Nakagami denote Equations (18) and (19), respectively.
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Table 4. Values of symmetrical KL distance obtained by GΓR, GΓD, κ, g0, GEV, Gamma, and
Nakagami distributions for 2:2 multilooked shadows. Best values are displayed in bold font. The
mark “F” means the failure of the estimation of the symmetrical KL distance.

Distribution Intensity Amplitude

Gamma 0.000242 —
Nakagami — 0.016177

GΓR 0.000009 0.000934
GΓD 0.562952 F
κ 0.002410 0.046220
g0 0.000610 0.009446

GEV 0.000035 0.000246

In Figure 4, it can be seen that there is a significant deviation between the probability
density function curves of the deduced Gamma and Nakagami distributions and the
histograms of the samples. This phenomenon coincides with the statistical test results of
these two distributions, as shown in Table 2. The values of the symmetrical KL distance
listed in Table 4 also indicate that the performance of the deduced Gamma and Nakagami
distributions in characterizing shadow statistics is significantly inferior to that of the GΓR
and GEV distributions.

Furthermore, both Figure 4 and the values of the symmetrical KL distance listed
in Table 4 show that the GΓR distribution is the best model to characterize the shadow
intensity of the multilook SAR image, followed by the GEV distribution. The g0 and
κ distributions have the worst performance. The GΓD distribution has the maximum
symmetrical KL distance value. For the multilook shadow amplitude, the GΓR and GEV
distributions also yield a good performance in characterizing its statistics, and the g0 and
κ distributions supply a poor performance. The maximum symmetrical KL distance of
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the GΓD distribution indicates that the GΓD distribution hardly fits the histogram of the
multilook shadow amplitude. Therefore, in the case of the terrible performance of the
deduced Gamma and Nakagami distributions in characterizing the statistics of SAR image
shadows multilooked in the real domain, the GΓR and GEV distributions can be used to
characterize both the intensity and amplitude SAR image shadows multilooked in the
real domain.

6.5. Experiment on SAR Image Shadow Multilooked in Complex Domain

The purpose of this experiment was to evaluate the performance of Equations (23)
and (24), i.e., the M-NED distribution and M-Rayleigh distribution. Like the operation
in Section 6.4, the SAR image was multilooked in the complex domain at a ratio of 2:2,
i.e., four multilook numbers. Also, 131,651 shadow samples were used in this experiment.
The values of the symmetrical KL distance obtained by the M-NED, M-Rayleigh, GΓR,
GΓD, κ, g0, and GEV distributions are listed in Table 5. The normalized histograms and
the estimated PDFs for the shadow intensity and amplitude are illustrated in Figure 5. In
Table 5, M-NED and M-Rayleigh represent deduced Equations (23) and (24), respectively.

Table 5. Values of symmetrical KL distance obtained by GΓR, GΓD, κ, g0, GEV, M-NED, and M-
Rayleigh distributions for shadows multilooked in complex domain. Best values are displayed in
bold font.

Distribution Intensity Amplitude

M-NED 0.000066 —
M-Rayleigh — 0.005537

GΓR 0.000010 0.001119
GΓD 0.000127 0.014428
κ 0.000826 0.020225
g0 0.000484 0.225945

GEV 0.000234 0.000288
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We found that, in Table 5, the symmetrical KL distance value of the deduced M-
NED distribution is slightly larger than that of the GΓR distribution and slightly smaller
than that of the GΓD distribution, while the κ, g0, and GEV distributions are offset by a
significant distance from the histogram. In Figure 5a, it can be seen that the deduced M-NED
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distribution can characterize the statistical characteristics of the shadow intensity of the SAR
image multilooked in the complex domain. As for the multilook shadow amplitude, the
performance of M-Rayleigh is slightly inferior to that of the GEV and GΓR distributions. As
shown in Figure 5, the probability density curves of the deduced M-NED and M-Rayleigh
distributions are in good agreement with the shadow histograms. Therefore, the M-NED
and M-Rayleigh distributions can be used separately for the statistical modeling of the
intensity and amplitude of shadows multilooked in the complex domain. Of course, the
GΓR distribution can be applied to the statistical modeling of the shadow intensity and
amplitude.

6.6. Experiment on Filtered SAR Image Shadow

The goal of this experiment was to validate the GEV distribution on the filtered SAR
image shadow. Meanwhile, its performance was evaluated by qualitative and quantitative
comparisons with GΓR, GΓD, κ, and g0 distributions. It has been proved in Section 6.4
that the GEV distribution can characterize the statistics of shadows multilooked in the real
domain. Therefore, only the single-look SAR image and the SAR image multilooked with
a ratio of 2:2 in the complex domain were used in this experiment. These images were
filtered by a Lee filter with a window size of 3 × 3. The values of the symmetrical KL
distance obtained by the GΓR, GΓD, κ, g0, and GEV distributions are listed in Table 6. The
normalized histograms and the estimated PDFs, excluding GΓD, are illustrated in Figure 6.

Table 6. Values of symmetrical KL distance obtained by GΓR, GΓD, κ, g0, and GEV distributions for
filtered shadow intensity and amplitude. The mark “F” means the failure of the estimation of the
symmetrical KL distance of the GΓD distribution. The best values are displayed in bold font.

Image GEV GΓR GΓD κ g0

Intensity Single-look 0.000012 0.000054 1.682804 0.003711 0.000186
Multilook 0.000004 0.000131 F 0.003649 0.000101

Amplitude Single-look 0.000135 0.004880 0.202100 0.067226 0.001377
Multilook 0.000690 0.016712 F 0.062596 0.002651

As shown in Figure 6 and Table 6, all of the symmetrical KL distance values of the
GEV distribution are the smallest. It is obvious that the GEV distribution is the best generic
model to characterize the filtered SAR image shadow, whether for amplitude or intensity,
single-look or multilook images. The probability values obtained by the GΓD distribution
for filtered single-look and multilook shadow intensities are extremely small, and the
estimated symmetric KL distance values are invalid. However, the symmetric KL distance
in the filtered shadow amplitude is too large. Therefore, the filtered SAR image shadows
do not conform to the GΓD distribution. Meanwhile, the κ distribution has the largest
symmetrical KL distance values in all filtered SAR image shadows, which means that the κ

distribution is not suitable for the statistical modeling of the filtered SAR image shadow.
Moreover, the GΓR distribution performs poorly on the filtered shadows, except for the
filtered single-look shadow intensity. The performance of the g0 distribution is inferior to
that of the GΓR distribution. The same conclusion can be drawn by visual comparison in
Figure 6.
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7. Conclusions

In this study, a series of statistical models of shadows for multimodal SAR images
were systematically deduced from the physical mechanism perspective. Based on a real
SAR image, chi-square tests were conducted on these models. Moreover, the performance
of these models in characterizing the statistical characteristics of shadows was evaluated
on the real SAR image and compared qualitatively and quantitatively with GΓR, GΓD,
κ, and g0 distributions. Based on this study, it can be concluded that the intensity and
amplitude of shadows in single-look SAR images follow the derived NED distribution and
Rayleigh distribution, respectively. The intensity and amplitude of shadows multilooked
in the complex domain conform to the deduced M-NED distribution and M-Rayleigh
distribution, respectively. The deduced Gamma distribution and Nakagami distribution
for shadows multilooked in the real domain perform poorly in characterizing the statistical
characteristics of such shadows. The filtered shadow intensity and amplitude obey the
GEV distribution. Furthermore, the GΓR distribution performs well in characterizing the
statistical characteristics of shadow intensity and amplitude in multimodal SAR images,
except for filtered shadows. The research results of this article can provide a reference for
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the selection of the optimal statistical model for shadows in multimodal SAR images in
applications.

Although statistical models for shadows in multimodal SAR images have been de-
rived, the deduced Gamma and Nakagami distributions cannot effectively characterize
the statistics of SAR image shadows multilooked in the real domain. Fortunately, the GΓR
and GEV distributions can be used for this situation. In addition, there is still no unified
statistical shadow model applicable to all types of SAR images. A generalized statistical
shadow model suitable for all SAR images is worthy of future research. Furthermore, these
models are derived based on the principle of coherent SAR imaging. Due to the completely
different imaging principles and shadow signal compositions between SAR images and
optical images, theoretically, the shadow statistical model derived in this paper is not appli-
cable to optical images. Of course, further experiments are needed to verify this. Moreover,
the derivation of statistical models for SAR image shadows in this article can provide
inspiration for studying statistical models of optical image shadows and distortions in SAR
images, such as layover and foreshortening. These will be our next research interests.
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