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1. Introduction

The degree of approximation by univariate and multivariate singular integral opera-
tors has been researched extensively in [1-5]. All these sources motivate our current work.
In particular we studied the approximation properties of the smooth singular integral
operators in [1,3,4]. These are not in general positive operators. Here, we use the uniform
and Ly, p > 1, results of our multivariate general theory [6,7], to establish approximation
properties of the smooth Gauss—Weierstrass singular integral operators. The degrees of
approximation are given quantitatively by employing the uniform and L, first moduli of
continuity. The fundamental tool here comes from [8], where a multivariate trigonometric
Taylor formula is presented. For recent related work, see [9-13]. Other important articles
on the topic are [14-18].

In the history of this topic, we mention the monograph [4] published in 2012, which
was the first comprehensive source to exclusively address the classic theory of the approxi-
mation of singular integrals to the identity-unit operator. The authors there quantitatively
studied the basic approximation properties of the general Picard, Gauss—-Weierstrass and
Poisson—-Cauchy singular integral operators over the real line, which are not positive linear
operators. In particular, they studied the rate of convergence of these operators to the unit
operator, as well as the related simultaneous approximation. This is given via inequalities
and with the use of a higher-order modulus of smoothness of the high-order derivative of
the involved function. Some of these inequalities have been proved to be sharp. Also, they
studied the global smoothness preservation property of these operators. Furthermore, they
gave asymptotic expansions of Voronovskaya type for the error of approximation. They
continued with the study of related properties of the general fractional Gauss—Weierstrass
and Poisson-Cauchy singular integral operators. These properties were studied with re-
spect to the Lp norm, 1 < p < 0. The case of Lipschitz-type functions approximation was
studied separately and in detail. Furthermore, they presented the corresponding general
approximation theory of general singular integral operators with many applications to
the previously under-explored domain of trigonometric singular integrals.
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2. Background on General Theory
Here,r € N, m € Z, we define
r— r .
(-1) ]< i )] moifj=1,2,..,r1,
o oc][f:l] = . 1)
1— Y ( 1)V_J< . )™, ifj=0
j=1 J
and
== 2 o, k=1,2,.,meN. 2)
See that
= ]
Y ol =1, @)
j=0
and .
i r r
e () =cr(y)
=1 J 0
Let iz, be a probability Borel measure on RN, N>1,&,>0,n€eN.
We now define the multiple smooth singular integral operators
On(f; X1, XN) 1= 9%} (f;x1, .0 XN) 1=
=l
sz], S+ s1f,x2 4 2], XN+ 5nf)dpig, (5), 4)

J=

where s := (s1,...,5N), X := (X1,...,XN) € RN, nreZ me Zy, f - RN — R is a Borel
measurable function, and also (&), is @ bounded sequence of positive real numbers; we
take0 < ¢, < 1.

Remark 1. The operators 9%] are not generally positive (see [2], p. 2).
We observe that

Lemma 1. It holds

where c is a constant.
We need
Definition 1. Let f € C(RN), N > 1. We define the first uniform modulus of continuity of f as

wi(f,8) = sup |f(x)=f(y)l, 6>0, ®)
x,y€RN:
lx=yllw<d

where |||, is the max norm in RN. The functional wy(f,d) is bounded for f being bounded or
uniformly continuous, and wy (f,5) — 0as & — 0, in the case of f being uniformly continuous.

We mention the main uniform general approximation result regarding the operator 0.

Theorem 1 ([6]). Here, f € CZ(RN) andletalla; € Z*,i=1,..,N,N > 1, |a| := Z ;=2

x € RN, and all the partials fy of order 2, along with f € Cp (RN ) (continuous and bounded
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functions); or all f, of order 2, f € Cy (RN) (uniformly continuous functions). Let yg, be a Borel
probability measure on RN,for 0<¢y<1,nmeN.

N
Suppose that for all & := (a1, ...,an), &; €ZT,i=1,.,N,|a| = Y a; =2,j=0,1,...,7,
i=1

we have that both
1](“) T RN + 367[ H|51| .”Cn (S), (6)

i) = [ (10 B30 )t 9, ”

are uniformly bounded in &, € (0,1].
Denote (n € N)

i, axiax]*
ij*e{1,.,N}
Then
(i) .
A ()] < [An(*) ]l < Yo
. 1 o
BT | |t [ (14 2) (H|sz| )dums) ¥
D(iEZ+, H lxll R n i=1
lX:|tX|:2 i=1
sorr,n [ (14 B ape )] = g, ©)
2 ron 3(‘: én gn
In case of all fy of order 2 and f € Cy(RN) and &, — 0, as n — oo, then Ay (x), || Ap(x)|lo — 0
with rates.

(i1) Ifaja:(f) =0,i=1,..,N,and fu(x) =0,a; € Z",i =1,.., N, with |a| = 2, then

160 (f, %) = F(*)] < 9, (10)

And 0,(f,x) — f(x) in the uniformly continuous case.
(iii) Additionally, assume all partials of order < 2 are bounded. Hence,
16n(f) = fllow = <Z|"‘J|]> (0.8414)

= w( /RN\Sildugn (s))
(Jg’ﬂéj|j2) (0.459) {ZNl ( [ S )>‘
r (L <s>)‘

i,
ij*€{l,..,N}

+

N
3
i=1

of
axl-

*f

-
2

+ ¢z,- (11)

0% f
axiax]‘*
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Ifall [ s?due, (s) and [gn|si]
and all f, of order 2, f € Cy (RN), then

sj+ |dug, (s) converge to zero, as n — oo, with {n — 0,

16 (f) — flloo — O with rates, as &, — 0, n — +oo.

Next, we deal with f € C"(RN), m € Z*, with f, € L,(RN), [a| =m € Z*,p > 1;

where f, denotes the mixed partial %, aj € Zt,j=1,.,N:|a| == Y aj =],
Bxl ...8xN j=1 J
7: 1,...,m.
We need

Definition 2 (see also [2], p. 20). We call

A:lf(x) = Aal,uz,...,uz\]f(xll s XN) = (12)
r . r
Z(—l)r_]( j >f(x1 + juq, X3 + jug, ..., XN + jUN).
j=0
Letp > 1, the Lp modulus of smoothness of order r is given by

wr(fih), = sup Ay (f)ll, (13)

l[ull2<h

h>0.
We mention

Theorem 2 ([7]). Let f € Cm(]RN), m € N, N > 1, with fy € LP(RN), la| = m, x € RN,
Letp,g > 1: % + % = 1. Here, ji¢, is a Borel probability measure on RN for &, > 0, (&u)

neN
N
bounded sequence. Assume for all & := (ay,...,an), &; € ZT,i=1,..,N, |a| := ¥ a; = m that
i=1
we have
/ ﬁ|5r|“f (1 + ”S”2>r g (s) < oo (14)
RN 1 1 CYI Vén *
- N -
Forj=1,..m,and a := (a1, .., an), & € ZT,i=1,..,N, |a| := ¥ a; =, call
i=1
N
Cu,n,f = /]RN H 5; ld:u(fn (S) (15)
i=1
Then

m c JalX
|| = ol i) — £ = L7 iy | I (16)
’ =R <n ai!)
i=1 px

YA 1
( (m—1)! ) <(q(m1)+1)5> \N\Z::m fllﬂéi!
i=1

N PP 5
[/RN [(El&"‘i) <1+ H;'f) ] dygn(s)] w,(fa,gn);j)] .
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Asn — oo and ¢, — 0, by (16), we obtain that ’ Em — 0 with rates.
P
One also gets by (16) that
00 (fix) — f)|| <
px

|5l [Can] R.H.S. (16 17

LM X T I all, |+ RS, (16), (17)

=1 |a|=f H ;!

i=1

given that ||f,||, < oo, |a| =7, 7 =1,..,m

1
Assuming that C, n7—> 0,Cn — 0,as n — oo, we get

0" (£) —pr — 0, that is 0" — I

the unit operator, in Ly, norm, with rates.
We make

Remark 2. Notice that (p > 1)

[/RN <<ﬂ|5i|ai> (1 + ”;Jz)r> pdygn (s)} ' < oo, (18)

as assumed in Theorem 2.
By (18), we get that

N
/R sl dug, (s) < oo. (19)
i=1

Hence, ¢ wnj e R.

We mention also the following trigonometric induced alternative L, approximation
result for 6, operators.

Theorem 3 ([7]). Let p,q >1: %—I— % =1,0 < &, <1,n € N. Here, we deal withf € C2(RN),

N > 1, with f, fu € Ly(RN), |a| = 2, wherea; € ZF,i =1,...,N, and |a| = Xocl,xeRN

Let pgy, be a Borel probability measure on RN. Suppose that forall a : |a| = 2,j = 0 1,..,1, we
have that both
oo lsl
hj(a Hlsll Lt = | o), (20)
n
I= / <||S|2>pdy (s) 1)
RN\ Cn e l20r

are uniformly bounded in &, € (0,1].
Denote (n € N)

An(x) = 0u(f,x) — f(x) — (

—2<Z¢x]] )sm (;) {1i</ﬂw zdﬂén( )>825"x(12x)+ (22)

~
101+
\Q
~
N———
&2
5
—
—_
SN—
=
=
QO
=
~ }.(
S—
N
g
z
wn
[
=
A
SN—
'
| S
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Pf(x)
s-s-*dygn(s)>
17;(, (/I’QN 7 ax,ax]*
ij*e{l,.,N}
Then, it holds
1
! 1 2 N(N+1)+2
18, (), < (2!a]|‘7> )
j=0 (g+1)7
P
T . 1 P S p
N7 | [t ( L (Tm) (1758 o) @
=0l lel=2) 17 &t Cn
i=1

Blsll? ;
antrap(f, (14258 Yo 0) |}

Asn — coand &y — 0, by (23), we obtain that || Ay||,, — O with rates. One also gets by (23) that

16 (f, ) = fFO) |0 <

(Lot s [£]22] ([ i 0]
a(fl? )t (B (L Ao [54] -

Yo ([ <s>)‘

i7"
ij*e{1,.,N}

given that| fal|, < oo, |a| = j, = 1,2. Assuming that [gn s2duz, (s), [an (s),

i,j* € {1,..,N}, i # j*, converge to zero as & — 0, we get ||6,(f,x) — f(x)[|, — O, that is

0y — I the unit operator, in L, norm, with rates.

+R.H.S. (23), (24)

If
axl‘a.x]'*
P

Furthermore, we mention the following trigonometric-based alternative L; approxi-
mation result for 6, operators.

Theorem 4 ([7]). Let 0 < &, < 1,n € N, x € RN. Here, we deal with f € C*(RN), N > 1,
N

with f, fo € L1 (RN), |a| =2, wherea; € Z*,i =1,..,N, and |a| = ¥ a;. Let pug, be a Borel
i=1

probability measure on RN, Suppose that for all a : |a| =2, j = 0,1, ..., 7, we have that both
AYANILAY
fy) = [ (1T o2 ), (3), @)

L= /R } |2L|2dy§” (s), (26)

and

are uniformly bounded in &, € (0,1].
Here, Ay (x) is as in (22).
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Then, it holds

2 N ,
1An ()]l < Z|a]|] Y% w1<fa,cn>1</w<n<|si|>“l>
|a|=2 IT ;! i=1
i=1

(1 + @)dﬂgﬂs)) +wi(f, 8y (/RN (1 + jHé,S;Jz)dygn(s)ﬂ } 27)

Asn — oo and & — 0, by (27), we obtain that ||Ay||; — O with rates. One also obtains by (27)
that

162 (f) = flly <
r ) N
(Bt s [, e

(S s (3) (L Ao >)

J
2

82
x (/RN i (s)> ax,-a{c]-* +RHS. (27), (28)
1]*61? ..... N}

given that||fu|l; < oo, |a| = j, j = 1,2. Assuming that [y s?dyug, (s) (s),
i,j* € {1,...,N},i # j*, converge to zero as &, — 0, we derive ||0,(f) — f||; — O; that is 6,, — I
in Ly norm, with rates.

3. Auxiliary Essential Results
We need

N

Theorem 5. Let N € N;o; € Z,i =1,.,N: |a| := Yo; = 2,8 € (0,1, n € N;
i=1

j=0,1,..,vr € N. Then

H [‘12

= e o (145 ) (1) Tisdns @
(5
(=)

are uniformly bounded, and Il*]-(zx) —0,as ¢y, — 0.
Above, | - | denotes the integral part.

e+ aep(1)] <

< 09,

i+ ()

Proof. We have that

N
I

1 Ll
Ilj(“)_(\/n*@)N/RN< 3§n1><lljsl|> O dsy...dsy =
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N 2

): 5%

N i i
(Hs?")e 7 dsy..dsy = (30)

i=1

(81)

N N N Y
?\/»\7:)(;7\1[ (1 +]N)—|—(1 +])/(]R+_[01])N (lei> (Hzf“)e z§1 le dZN] <
2N VG Nz‘ Nzal NerNz
el LT Bl g high
?f\:)a (1+jN)+ (1+ j)ﬁ1 /1 mzf”‘f+2)le—2fdzi] = (32)
(by [19], p. 348)
N N
?fg’@ (1+jN)+(1+j)11r((“i+2)r1)] =
(where I'(+, -) is the upper incomplete gamma function )
i e [T <
T i=1 €
2NV [ Lee \N -
(\/E) (I1+jN)+ (1+])< . ) < +oo.
That is,
N
e < van( =) [+ aep(E)] < )
N
(Z) Jasm+asp(Ld)] < s

are uniformly bounded; furthermore, I;(x) — 0,as ¢, — 0. O



Mathematics 2024, 12, 115 90f18
We make
Remark 3. By Theorem 5,j=0,1,..,r € N;i,j* € {1,..., N}, i # j*, we have that
! / B i“ dsq...ds
( nCn)N 1.--4SN,
1 5
2 -5 *
71\]/ sie oo dsy..dsy < L <eo, (34)
(V7ga)™ JRY
and
1 by
—_— sile” o dsq..dsy < (35)
(V)" J
I§s2
1 / > -
—x sie o dsqy...dsy < o9,
(Vrga) ™ /BY

and all these integrals are uniformly bounded in &, € (0,1]. And all integrals converge to zero,
as ¢y — 0.

We continue with

Theorem 6. Let N > 1, &, € (0,1], n € N. Then

.1 =
B (\/ﬂgn) /RN Cn : N S
1 (21N le] \ N
— (=) [N+ (&) . 36
) v () ] (%)
Proof. We observe that
. Isll -7,
E (ﬁnan)N/ﬂw 7, ¢ e
Ls Lo
2N P i
e o dsq.dsy =
VAT R T o
751(;57)2,1 1 45N 37
(me/RN<, 1(¢?)> VI 7
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(by [19], p. 348)

proving the claim. O

We need the following.

(38)

N
Theorem 7 ([3], p. 403). Letr,N,m € N, withm >r;a; € ZT,i=1,.,N:|a|:= ¥ a; =m,
i—1

1

¢n€(0,1,neN; p>1. Then

N
T s

Ag () := ¥/ <<ﬁ|s|“‘> (1 + ”S|2>r> pefi:@%dsl dsy <
() = i <
(vn‘fn)N RN i=1 Cn
pom-n) (2 \V . N
vV Gn (ﬁ) [(1+N) P4 orrr ((m+r)p+1,1)] <
N
<2> {(1 + NP+ 2PN (m + r)p + 1,1)} < oo,
VT
are um’formly bounded, where m > r.
Also, Ag, (0) - 0,as &y — 0, n — 4o0.
Above, T'(-, ) is the upper incomplete gamma function.
Clearly, for (m > r),
N
Be, (1) = —— (ﬁ ) .
&\ ::7/ sil * e n o ds]..dsy < 0o,
(\/ﬂgn)N RN i=1 l

uniformly bounded in &, € (0,1]. And, clearly, Bz, (&) — 0, as &, — 0, n — 0, by (39).

We need the following

(39)

(40)
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N
Theorem 8. Leta; € ZT,i=1,.,NeN:|a| == Y a;=2,& € (0,1, n e N, p > 1,

i=1

andj=0,1,...,r € N. Then

g N
Aje, () := W;)N/RN <E|Si|w> ( L !’nHZ)

(ﬁn)”(jﬁ)N[(l FPNP)+ (14 )T Bp +1,1)] <

(\;)N [(1+PNP) + (14 )TV @p +1,1)| < +oo,

$2
5i

H F’IZ

dsy..dsy < (41)

are uniformly bounded; furthermore, g]’@w (x) = 0,as ¢ — 0, n — oo,
Let ﬁjén(zx) be denoted as Ajén () when p = 1.

Proof. We estimate (p > 1)

2N RYANLEAY 5
(ﬁf)N(\/?)N/M Qsi 1+ &7 i dsy..dsy < (42)
ZN(\/Z, 2p N s \ P4
S L) )

( Sé?l>2d Sl SN —

(5]} 4

o
<<¢¢7>*’ i <¢]?>
(G O folf) (o () ) Hosn-

05 G (1) <<z>>

N
(va) (%)
p_X 2
(14 PNP) + (1+] )/(R+_[01])N (ﬂzf“) <i21> e 5 dz dZN:| <
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(147 NP) + (1 + 'P)/ [Tz ﬁ = ﬁd
Z e 7 zi| =
! ! Ry—[01)Y \j7 i=1 1

(
2 \N
(va)' (%)
(by [19], p. 348)
(&) (3%)
(by [19], p. 909)

(V&) <\/2E>N [+ PN7) + (14PN Ep+11)] <

’ (1+/"NP)+(1 +j”)ﬁf((P(0¢i+1) +1),1)] <

(45)

(\%)N [(1 +PNP) + (1+°)TN(3p + 1,1)} < 400,

are uniformly bounded. [

We need the following.

Theorem 9. Letp > 1,¢, € (0,1], n € N, N > 1. Then

N
T s

Ky e — / Islla\" -5 g, sy < (46)
P ()Y e\ N =

! 2>N[NP+FN(;9+1,1)]

W(ﬁ

We set Kz, as Kz when p = 1.

Proof. We have (p > 1)

K _ 1 / <||S||2>pe én . dSl..-dSN =
pén ( ﬂén)N RN\ Cn

2

(47)

Mz
2]
= N N/ N———
<
|
M=z

1 (s VYR e e
)N (V@) s (Zl(ﬁ» Y
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2N -p N\ -p2
—— (V& zi | e =1 dzy.dzy =
e B e (Z ) o
2N -p N o\ -p2
&n zi | e =1 dzj.dzn+
V) [/W (L) « AT
N r 22
/(R+—[01])N <§Zi> I
2N 7p N ZZ,
é NP + zf e =1 dzqi..dz =
e ) Jiccon (Hl ) : N]
2N -p N oo
NP + zl’.’e_zfdz- = (48)
() o e
2N

(ve)

o N
NP + (/1 z”ezdz> ]

(\/Z%N (\/5)7’7 [NP +TV(p + 1,1)]

(vm)™
(by [19], p. 348)

O

4. Main Results

The general smooth multivariate Gauss—Weierstrass singular integral operators are
defined as:

Wi (f;x1,., xN) == W, (f X1, XN) 1=

Z s
(W N Z ]r f X1 +81j, X2 + 82f, ., XN + SNf)E T dsq..dsy. (49)
n =
Observe that
N
1 ki
— e nodsy.dsy =1, (50)
(Vgn)" Jos

see [2], p. 15.

That is, Wr[z] are the 9%] operators applied for the Borel probability measures on RN,
N2>1,

1 i
dye, (s) = 71\[67 % dsy..dsy, s € RV, (51)
(V/7En)

where0 < ¢, <1,neN.

We will apply to W,[ZZ] the Theorems 1-4, with the help of all of Section 3. This section
presents an approximation of properties of W;,.

Here, first apply Theorem 1 to the W;, operators.

Theorem 10. We consider f € C2(RN) and let all ; € ZF,i = 1,.,N, N > 1, |a| :=

N

Y a; =2; x € RN, and all the partials fy of order 2, along with f € ( ) or all fy of order 2,
i=1

feCy®RN);,0<¢g, <l,neN
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Denote (n € N)

N
v s
T 1 N 1 _i aZf(x)
0 wjf? sinz() . — / s?e” @ dsy..dsy
(o) )& v | o o
%
L 2
+ Z % / sisj-e B Cn dsq...dsn af(X)
() | e oy
ij*e{1,.,N}
Then
(i)

r
A5 ()] < 14511 < ) o
j=0

PY | o]+

w €L, IT «;!
wlal=2\ [

;cu1(f,§n)[1+élf}} = 9%,

where Ii‘j(zx) is as in (29), and I3 is as in (36).

(52)

(53)

In the case of all f, of order 2 and f € Cy(RN) and &, — 0, as n — oo, then A}j(x),

1A ]| — O with rates.
N = 0,i=1,.,N, and fo(x) =0,0; € ZT,i=1,...,

[Wa(f, x) = f(x)] < 9,

And Wy (f,x) — f(x) in the uniformly continuous case.
(iii) Additionally, assume all partials of order < 2 are bounded. Hence,

W (f) mw_<ZMW>0MM

g 2
N i Si
Y o 171\] / |sile” T dsy..dsy | |+
= ax; ( /Té’n) RN
AV N - 2’ f
172 (0.4596) / 20 T sy dsy | || 22
]§)|a]\] ( 1; 7T§n) o 51¢ $1...dsN P oo+

N, with |a| = 2, then

(54)
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¥
Z ! / Isi||s e_l% : dsq...ds H 2f + @i (55)
EEEEE—— i ]* n 1.--USN Yy "
iz (Vg | ey oxdxye || [ 7F
ij*e{l,..,N}

Ifall fy of order 2, f € Cyy(RN), then
IWn(f) = flloo — O with rates, as &, — 0, n — +o0.
Proof. By Theorems 1, 5, 6 and Remark 3. [

Next, we apply Theorem 2 to W, operators.

Theorem 11. Let f € C”’(]RN),m eN,m>r, N>1, with f, € LP(RN), la| =m, x € RN,
Letp,g>1: %—I—% =10<¢ <1,neN Forfz 1,..,m,and a := (aq,...,an), a; € ZT,

N -
i=1,..,N,|a| ==Y a; =, call
i=1

1 N iglsiz
= Y e T dsy..dsy. 56
€ Wb /RN (Hsl )e 51...dsy (56)
Then
. Copifu(X)
|ES| = [WenFix) = ) = Lol | 2 <
j=1 || =j <H Oéi!>

==

where Agn (w) as in (39).
Asn — oo and ¢, — 0, by (57), we obtain that ‘
One also obtains by (57) that

m 1 -
r 7A n([x)wr(f“/ é")p ’ (57)
<(q(m —1)+ 1)a> \A\Z:;m 1 ! ¢ :
i=1

E;lr

‘ — 0 with rates.
4

[[Wa(f3%) = ()l x <

*

m c +
)y 5}{":] Y Ll |+ RES. (57), (58)
=1 a=7 T a!

i=1

given that || fo|,, < oo, [a] =jj=1,.,m.
Finally, we get |Wyn(f) — fll, — 0as ¢y — 0, and n — oco. That is, W, — I the unit
operator, in Ly, norm, with rates.

Proof. By Theorems 2,7 and (40). O

Next, we apply Theorem 3 to W, operators.
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Theorem 12. Let p,q > 1 : %—i—% =1,0 < &, <1,n € N. Here, we deal with f € C*>(RN),

N
N > 1, with f, fu € Ly(RN), |a| =2, wherew; € Z+,i =1,..,N,and |a| = ¥ a;; x € RN;
i=1

i=01,..,r
Denote (n € N)

1\ | & 1 =ul 02 f(x
(Z ajf )sm ( ) Z —x /]RN slze ¢n dsy..dsy fo(z )—|— (59)
= 1

i 2
Z % / sisj-e g7 dsq...dsny °f(x)
iz, (Vg R i

ij*e{1,.,N}

- S [ 2 /NNt 2Vh
18, = (L) {(q“);( 0e2) }

p

Then

==

(fmgn) ]i;n( )“'wl(frgn)z[l‘l'].prén] , (60)

r
DTS
j=0

N
la|=2 IT !

where Ajgn () as in (41), and Kz, as in (46).
Ome also obtains from (60) that

IWa(f) = fll, <

r N
<Z\w]-|j> sin(1) 3| o
j=0 i=1 !

(711(§)N /RN|si|e_Tdsl...dsN ]
PV n

N 1:1.
o sin s2e” @ dsy..ds
2 Sl w02 ()4 £ e | e e

Es
S dsy...dsn

+R.H.S. (60), (61)

0 f
axl‘ax]‘*
P

1
R Je
ij*e{1,.,N}
given that|| fu|,, < oo, [a] = j=12
Additionally, assuming that w (f, gn)p < A8y, A >0, thenas n — oo and &, — 0, by (60),
we obtain that || A, Hp — O with rates, and furthermore by (61), we derive that || Wy (f) — fIl,, — 0;
that is, Wy, — I the unit operator, in L, norm, with rates.
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Proof. By Theorems 3, 8, 9 and Remark 3. [
We finish with an application of Theorem 4 to W), operators.
Theorem 13. Let 0 < &, < 1,n € N, x € RN. Here, we deal with f € C2(RN), N > 1, with f,

N _

fa € Ly (RN), la| =2, wherea; € Z",i=1,..,N,and |a| = ¥ a;;j = 0,1,...,r. Here Ay, as in
i=1

(59). Then

1Ball, < Z\“]|J ¥ | =2 @ e A, ()

|a|=2 Hﬂéi!
i=1
+on(f, 8 [1+iKE ]| (62)
where Z]’é‘n («) as in Theorem 8, and K3 ' as in Theorem 9.
We also derive that
IWa(f) = fll =
N 2
(t’txﬂj) sin(1) ﬁ g—f 1 /‘N|sl-|e EE ldsl N
=0 i=111 90X (ﬁ) R
N 2
+2<Z|uc]]] )sm ( ) i% / size*i%‘n] dsy..dsn jzr + (63)
i=1 (\/ nén) RN X
ot
iZ1 2
Z % / |SiS]'* e ‘3" dsy...dsy | I f + R.H.S. (62),

ij*e{1,.,N}

given that||fo||; < oo, || =, j = 1,2. Additionally, assuming that w1 (f, &n); < A*En, A* >0,
then as n — oo and &, — 0, by (62), we obtain that || Ay ||, — O with rates. Furthermore, by (63),
we derive that ||Wy,(f) — f||; — 0; that is, Wy, — I the unit operator, in Ly norm, with rates.

Proof. By Theorems 4, 8, 9 and Remark 3. [

5. Conclusions

A new type of approximation was introduced for singular integrals. This approxima-
tion is an interesting trigonometric-based one.
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