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Abstract: We consider two abstract systems of parabolic-hyperbolic type that model thermoelastic
problems. We study the influence of the physical constants and the initial data on the nonexistence of
global solutions that, in our framework, are produced by the blow-up in finite time of the norm of
the solution in the phase space. We employ a differential inequality to find sufficient conditions that
produce the blow-up. To that end, we construct a set that is positive-invariant for any positive value
of the initial energy. As a result, we found that the coupling with the parabolic equation stabilizes the
system, as well as the damping term in the hyperbolic equation. Moreover, for any pair of positive
values (¢, €), there exist initial data, such that the corresponding solution with initial energy & blows
up at a finite time less than €. Our purpose is to improve results previously published in the literature.
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1. Introduction

We analyze two abstract problems that cover some mathematical models of thermoe-
lastic type reported in the literature. For a detailed explanation of the physics behind those
models, the interested reader should consult the bibliography at the end of the article. The
purpose here is to prove that under some conditions on the initial data, the corresponding
solutions of the abstract systems exist only up to a finite time due to the blow-up of the
solutions in the norm of the phase space. We will illustrate our main theorem with some
concrete thermoelastic systems and show that the results published in previous articles
are improved.

Firstly, we present two thermoelastic problems that have been analyzed by several
authors in previous publications and give the corresponding abstract formulation within a
functional framework where our analysis is carried out. In particular, we define what we
mean by ‘solution’. Next, we present our main results and illustrate our analysis with some
thermoelastic systems. We compare our conclusions with the results already published.
Finally, we present some extensions.

Let us first introduce two parabolic-hyperbolic systems that will motivate our abstract
formulations. We begin with a Cauchy one-dimensional thermoelastic problem with
short memory.

), up(x),0p(x)) e RxR xR,

Given initial data (ug(x
t) € R, such that

find u(x,t) € R, 0(x,
(ThE)1<  usy — auxxy — buy + 70y + duy = f(t,u), x € (0

0 — KOxx + Nyt — h % Oxx — puy — g6 = g(0), x€(0,L), t>0,
u=1uy, ur =1uy, 6 =00, x € (0
u=du=0, 6 =0, X
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where u(x, t) is the vertical or transversal displacement of a one-dimensional rod of length
L at the point x € [0, L] and time t > 0, and 6(x, t) is the temperature a,c,1,x,0 are positive
numbers, b, p, q are nonnegative constants, (11 I)( fo (t —s)l(s) ds, is the convolution
and & is a relaxation function, see [1-5] for detaﬂs of this model and related, using either the
Fourier’s law of heat flux or the theory due to Gurtin-Pipkin. In those references, (ThE) is
analyzed without source term in the parabolic equation g(6) = 0. Here, we shall study this
problem with g = p = b = 0,c = 1 and an autonomous source term f. The assumptions on
the initial data, constants, the relaxation function, and the source terms will be given later.

The second problem models the dynamics of an extensible plate equation with long
thermal memory.

Given initial data (ug,u1,60p(s)) € R" x R" x R, s <0,
find u(x,t) € R", 6(x,t) € R, such that

(ThE), up + ANu — (||Vu|| YAu(t) + A0 + duy = f(u), xeQ, t>0,
0 —wAl— (1 —w fo (t—s)AO(s) ds —nAuy = g(0), x€Q, t>0,
U =up, Uy = uy, xeQ, t=0,
0 = 6, xeQ, t<0,
u=du=0, 0=0, x€ed), t>0,

where O C R? is a bounded domain, with a smooth boundary dQ and corresponding
normal vector v, k is the long memory relaxation kernel, %, J are as before, and

2
¢(IVul3) = 1+(|Vuly’, p=1l

See [6-8] for the physics of the model. These sources point out that this problem
considers a heat flux theory due to the Coleman—-Gurtin with parameter w € (0,1). This
theory has the following as limit cases: Fourier’s law when w = 1 and the theory due to
Gurtin-Pipkin if w = 0. In [7,8], a rotational term is considered. As in the last problem, the
assumptions on the initial data, constants, the relaxation kernel, and the source terms will
be given later.

In the systems introduced above, we have two types of memory terms, a short one and
a long or infinite memory. We also observe that the coupling terms in these systems are of
two kinds. In (ThE),, the corresponding operator has opposite signs in the equations of the
system, and is symmetric and positive. In (ThE)1, the coupling operator is antisymmetric
and the sign in both equations is the same. In order to handle these examples and some
more, we shall work with two abstract systems. The first is a system with short memory and
an antisymmetric coupling operator. The second is a system with long memory, a coupling
positive coefficient, and a symmetric operator. Although more combinations of memory
and coupling terms can be studied, their analysis can be performed in a similar way.

Let us now consider the following semilinear problems associated with abstract
parabolic-hyperbolic systems with short and long memory terms, respectively. The first
one models problems with short memory.

For every set of initial data 1, u1, vo, the goal is to find functions t — (u(t),v(t)), t >
0, such that the following system holds for every t > 0,

Puy(t) + Aqu(t) —nBo(t) + 6Puy(t) = f(u(t)),
(P)1q Poe(t) + Ayo(t) + fo (t — 1) Agv(t) dT — Buy(t) = g(v(t)),

u(0) = ug, ut(0) = uq, v(0) = vp.

In the second problem, we consider infinite memory as follows.
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For every set of initial data u, 11, vg(+), the goal is to find functions t — (u(t),v(t)), t >
0, such that the following system holds, for every ¢t > 0,

Puy(t) + Aqu(t) — yBo(t) + 0Puy(t) = f(u(t)),
(P)28 Por(t) + wAzo(t) + (1 —w) [y~ k(s)Azo(t —s) ds + nBuy(t) = g(o(t)),
u(0) = ug, ut(0) = uy, v(—t) =vg(—t), t > 0.

Here, 7 > 0,6 > 0and 0 < w < 1 are constants. Functions k(t), t > 0and k(¢), t € R
are short and long memory relaxation kernels, respectively. Functions f(u) and g(v) are
nonlinear source terms. The following operators, defined on Banach spaces, are linear and
continuous:

P:Vp = Vp, Aj: Vy — VAJ_,]':LZ, B: Vg — Vj.

We assume that

VAICVAzCVBCVpCH,
are linear subspaces of a Hilbert space H, and the inner product (-,-), norm || - ||, and
Hl, Vl/j, VA],, =12, VI; are the corresponding dual spaces. We identify H = Hl, then
HCVpCVyCVy CVy.
In terms of the corresponding duality pairs, we have the following bilinear forms:

Plu,w) = (Pu,w)levp, u,w € Vp, B(u,w)= (Bu,w) u,w € Vg,
r

Aj(u,w) = (Aju, w)

Vyx Vg’
V,/L\]-XVA]-’ u,w e VA].,] =1,2.

We assume that P and Aj, j = 1,2 are positive and symmetric; then we have the
corresponding norms for Vp, VA],, =12,

||u||%/P =P(u,u), uc Vp, ||u||%/Aj = Aj(wu), u€Vy,j=12,

The following hypotheses are assumed to hold throughout the paper.
(i) There are constants ¢ > 0, ¢ > 0, such that

(HO)  lully, > cllullyy, u € Vay, |B(w,v)| <ellullv, [olv,, 1€ Vay, v € Vs.

For the problem (P);, we assume that the operator B is antisymmetric
(HO0), B(u,v) = —B(v,u), u,v € Vg,

in particular
B(v,v) =0, v € V.

For the problem (P),, we assume that the operator B is symmetric and positive, then
we define a norm for B

(HO)2 [ull¥, = B(v,0), v € V.

(ii) The nonlinear source term f : V4, — H is a potential operator with potential
F: Vs — R;thatis, f(u) = D,F(u). We assume that f(0) = 0 = ¢(0), and that there
exists a constant ¥ > 2, such that

(H1), (f(u),u) —rF(u) >0, u € Vu,,
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and

(H1)2 lully,, = (g(u),u) =0, u € Va,.

(iii) The relaxation kernel # € C'(R*,R™), satisfies the following conditions

(H2), W) >0, 1= 1~ [Th(e) de > 0, h(r) = %h(t) <0,t>0,
0
and h is a positive definite kernel; that is
t t
(H2), / (hw)(s)w(s) ds > cq / |(h % w)(s)|? ds,
0 0

1

forevery w € Lj,.

(R*,V4,) and some constant ¢y > 0, where
S
(h*w)(s) = / h(s — T)w(t) dT >0,
0

is the convolution of & and w.
(iv) The long memory relaxation kernel k € C!(R,R") satisfies the following hy-
potheses:

(H2)3 &) =-(1-wk(t) 20, () <0,

(H2)4 é(t) —0, k(t) >0 as t— oo.
The phase space, where we study the dynamics of (P)1, is
H1=Va, X Vp X Vp,
with the corresponding square norm
(0, 0) |13, = llully, + lwly, +llollF,.

For the problem (P),, we introduce the following new memory function
s t
p(t,s) = / v(t—1)dt = / v(y) dy,
0 t—s

forevery t > 0, s > 0 and, hence,

pi(t,s) +ps(ts) = o(t),

with 0
p(t,0) =0, p(0,5) = po(s) = | vo(y) dy.

—S

With respect to this new function, we define the following space

My, = LZ(RT,Va,) = {w tRT = Va,,

| e w3, ds

<,

with norm

ol = [ E@wE)R,, b
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We notice that, by an integration of parts,

[e9)

(1-w) / k(s) Ago(t — ) ds = — (1 — w) / k(s) Agp(t,s) ds.
0 0
Then, the problem (P); is equivalent to the following:

For every set of initial data u, 11, vg, po, the goal is to find functions t — (u(t), v(t), p(t),
t > 0, such that the following system holds, for every ¢t > 0,

Puy(t) + Aqu(t) — nBo(t) + 6Pus(t) = f(u(t)),
Py 4+ wAyu(t) + [y &(s)Azp(t,s) ds + nBuy(t) = g(o(t)),
(P)2q pe(t,s) +ps(t,s) =o(t),

u(0) = ug, ut(0) = uy, v(0) = vy, p(0,-) = po(-) £ >0,

such that p0(0) = vg.
The phase space, where we study the dynamics of (P);, is
Hy = Vs, X Vp X Vp x MVAZ’
with the corresponding square norm
100,001, = il + Il + 10l + 1ol

The concavity argument, introduced by Professor Howard Levine [9,10], is one of
the methods to study the nonexistence of global solutions of evolution equations due to
blow-up and has been generalized by means of differential inequalities. See [11] for an
account of several methods to study blow ups in equations of mathematical physics. The
purpose of this work is to prove that under some conditions on the initial data, there exist
non-global solutions to the abstract problems (P)1 and (P)3 by means of the analysis of
a differential inequality recently studied in [12]. Our main result can be applied to some
mathematical problems in thermoelasticity. Without attempting to provide the state of
the art of thermoelastic models, we only mention some cases outside the scope of our
analysis. For instance, in [13,14], chemical potentials are included. In [15], time fractional
parabolic-hyperbolic and time fractional hyperbolic thermo-elasticity equations are studied.
Other nonlinearities like p-Laplacian and fractional powers of operators are focused on
in [16-20]. Equations with delay terms are studied in [21,22]. In the last section, we mention
some extensions of this work; for instance, we comment on a thermoelastic system in n-
dimensions with short memory, as studied in [23,24]. Finally, parabolic-hyperbolic systems
similar to the ones presented in the introduction have been analyzed in [25,26].

The analysis of problem (P); will be conducted for weak solutions in the following
sense,

Definition 1. For every set of initial data,
(MOI U, UO) € Hl/
the map, for t > 0,

(ug, u1,0v9) = (u(t),1(t),v(t)) € D1 = Va, x Vg x Vs, C Hy,
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is a weak local solution of problem (P)q, if there exists some T > 0, such that

(u,11,0) € C([0,T); H1)

with
i € L*([0,T]; Vp), v € L*([0, T]; Va,),
M(O) = Uy, M(O) =uy, U(O) = 0o,
and
%7’( (1), w) + Ay (u(t), w) —yB(v(t), w) + 6P (u(t), w) = (f(u(t)), w),
d 3 .
EPE0, @)+ Aa(o(), @)+ [ 1t - 1) Aa(e(0), ) de B, )

= (g(v(t)), ),
a.e.t€(0,T), foreveryw € Vy, W€ Vy,.

We shall consider that the solution in this sense is unique and satisfies the following energy
equation for T >t >ty > 0,

E(u(t) (1), 0(1) — Elu(t0),n(t0), olt0) = =0 [ [1(s) [}, ds
—n/ (Io6s) 1, = (5t 0(61)) ds =1 | Aol 0)(s),05) s,
where
l(8) 3, + T(u(0), 0(1)),
I13,) = Flu(®)).

(u(t),u(t), o(t)) =

()13, +nllott

N N =

Due to (H1), and (H2),,
E(u(t), u(t),v(t)) — E(u(to), i(to), v(to) < 5/ li(s) 117, ds
= [ (IKO)IR,, = (8006, 26) + aol(+0)(s)[3,) ds <0,

Then,

E(H) = 5 (u(t) a(t),o(6)) B, ~ F(u(t)) < Eg

where
_ 1 2
Eo = E(0) = 5[(uo,u1,v0) I3, — F(uo)-
Furthermore, if the maximal time of existence Tayax < oo, then

im0, 5(8),0(8) [, = o,

consequently, )
lim F(u(t)) = .

t—}TMAX
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The analysis of problem (P); will be conducted for weak solutions in the follow-
ing sense,

Definition 2. For every set of initial data
(uo, u1,00,0) € Ha,
the map, for t > 0,
(1o, u1,v9,0) — (u(t),u(t),v(t),p(t) € Dy = Va, x Vg x Vy, X My, CHy,
where p(t) = p(t,-), is a weak local solution of problem (P)3, if there exists some T > 0, such that
(u,1,v,p) € C([0, T]; Ha)
with
i € L*([0,T]; Vp), v € L*([0, T); Va,),
u(0) = up, 1(0) = uy, v(0) = vy, Po(0) = vy,

and

%’P(ﬂ(f),W) + A1 (u(t), w) —yB(o(t), w) + 6P (i(t), w) = (f(u(t)), w),

SP(0, @)+ w2 + [ @) ds -+ 1 B((1), D)

= (8(v(t)), @),
Az (pe(t,s), @) + Az (ps(t5), @) = Aa(o(t), @),

a.e.te(0,T),s>0, foreveryw € Va,, W€ Vy,.
We shall consider that the solution in this sense is unique and satisfies the following energy
equation for T >t >ty > 0,

E(u(t), (t), 0(t), p(t)) — E(uto), i(to), o(to) _ _5/ ()3, dr
= [ (wlolR,, - sem),0 m”/ [ 8@ lp(r.s) Py dsar,

where

N =

E(t) = EGu(t) (1), 0(0p(8)) = 2 [(1) [}, + 1 (u(t), o), p(1)),
D=5 (IR, +aloI, +alp®lBs,, ) - Fo)

Indeed, from this last definition

TE@) ﬂs/ lia(s)I%, ds — 11/ wllo(s)I3,, — (8(2(5)),2(5))) ds

— [ e Aol 9),000) ds+ 1 [T a6 o) IR, s
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But,

[e9)

~ [T e dalott ), o0) s+ 35 [T 8ot ds

= /Ooo G(s) Aa(p(t5), pe(t,5) —0(t)) ds = — /Ooo G(s) Aa(p(t, ), ps(t5)) ds

00 J 1 [,
_ _%/O 5(s)5:llo(ts)3, ds = 5/0 §()llo(t,5)I5,, ds

Due to (H1), and (H2)3,
E(t) — Elty) < 0.

Then,

E(t) = %II(u(i‘),L’t(i‘),v(f)rp(f))llit2 — F(u(t)) < Eo

where

1
Ey=E(0) = §||(u0r”1/00/P0)||%{2 — F(uo).
Furthermore, if the maximal time of existence Tpyax < oo, then

lim [ (u(t),i(t), o(t), (t) |31, = oo,

t—?TMAX
consequently, )
lim F(u(t)) = co.

tHTMAX

2. Main Result

In this section, we shall analyze the nonexistence of global solutions for both problems
presented in the introduction and any positive value of the initial energy. To this end, we
define the following constants

1)

We assume that
1
(H3) r> =g, r>2+§517, then « >0, §>0.

Along the solutions in the sense of Definitions 1 and 2, respectively, we define the
following functions

p(t) = llut),,

2w
up(t) = L2 (4’(t) - a(lﬁza)lp(t) (Aképllég)) >’
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fort >0, v>0,A€e(0,1),and

2
j 6 1 . d
o =9(0), ¢o=¢(0) = (41? - 1/18) + ﬁ%, Yo = 2 9(0). ®3)

I «
%o

Theorem 1. Consider any solution either from problem (P)q or problem (P)3, in the sense of
Definitions 1 and 2, respectively. Assume that hypotheses (HO) — (H3) hold. If

o > glPo >0, 4)

is satisfied, then there exists a nonempty interval

Z=(ab)C (0, ! —1—2204(1)0)’

with the following consequences:
(i) Ify =2rEy € Z, then (t) blows up at a finite time t* > 0; that is,

lim ¢(t) = oo.

t—t*

Hence, the corresponding solutions of both problems are not global.

(i) a = 0y(0) and b = u,(0), moreover,

Bo Bo

a= - <
(T42a)v*)2e  (1+2a)

b — o 142« (1+20¢ 142« B

A% 2 ¢0 - 2 X(A*));BIPO > > ¢0 - ﬂIPOI

for some 25 < A* < Land v* > 14 2a, where 1 < x(A*) < 352 is a function of A*.

(iii) For fixed g, o,
0 +— t*, is strictly increasing, and

0+ |Z| = b — a, is strictly decreasing.

For fixed 1y, 0,
o — t*, is strictly decreasing, and
and
o — |Z|, is strictly increasing.
We have the bounds
1+ 2« 14 2a “ 1
0<— ¢o — |Z] < ( P —x(A )+1>5¢’o,
((1+2a)v*)2=

: 1
t* > (al/Jo - 5) .
Yo
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(iv) Furthermore, for Yy fixed, we have the limit values as 1y — oo,

1+2
a—0, ‘b— +2a¢0 —0, =0,
2 142«
* A¥ —_— A* .
Ve e T 1r o XA = =

Corollary 1. Consider any solution either from problem (P)q or problem (P)3, in the sense of
Definitions 1, 2, respectively. Assume that the hypotheses of Theorem 1 are met. Given any numbers
¢ > 0,e > 0, we can choose initial data with P (ug, uq) being large enough, so that the conclusions
of Theorem 1 are satisfied for initial energy with Ey = ¢ at a blow-up time t* < e.

For the proof, we will employ the following definitions.
First, we consider the orthogonal decomposition of the velocity
P(u,u)

0= > u+h, P(u,h) =0,
[,

PQ,u)? _ |P,u)?

lully, — N,

Q(u,u). )

1%, = InlI%, +

Second, since the conditions on the initial data that produce the nonexistence of the
global solution in both problems are only on ug, 11, we define the auxiliary space

ﬁEVAl X Vp,

then the phase spaces for the problems, in the sense of Definitions 1 and 2, become,
respectively,

Hy=H x Vp, szﬁXVPXMVAz-

Third, we define the concept of a positive-invariant set with respect to any solution
from problem (P); or problem (P)j3, in the sense of Definitions 1 and 2, respectively.
Indeed, W € H; is a positive-invariant set, along (u, i, v), respectively, and W, € H; is a
positive-invariant set, along (1,1, v, p), if

(1o, u1,00) = (u(0),1(0),v(0)) € Wy
(u(t),u(t),v(t)) € Wy, forany t >0,

I

respectively

(o, 11,00, o) = (4(0),1(0),v(0),0(0)) € W2
(u(t),u(t),v(t),p(t)) € Wy, forany t > 0.

4

Fourth, from (2) and (3), and by introducing the function,

G(t) =y (1),

the inequality in (4) has the equivalent forms

. ) . 1) .
2P(u, i) > &H”H%/p & o> 9o < Go < 0.
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Finally, we define the sets
o 0
V=< (uu)eH:2P(u,u) > &HMHVP
:{(u,u)eﬁ:¢>ilp}:{(u,u)e’}%:g'<0}.

V) = {(M,ll,v) € Hq: (M,ll) S V} VYV, = {(u,u,v,p) € Hy: (u,ll) S V}

Lemma 1. Consider any solution either from problem (P)q or problem (P)}, in the sense of

Definitions 1 and 2, respectively. Assume that hypotheses (HO) — (H3) hold and (4) is satisfied. If
there exists a constant K% > 0, such that

J(s) 2 x5 >0, >0, ©)
where the function J (s) is defined by

20(2 14+2a 2 2 —(1+2«) 2’)’
= —— a — - >
J(s) 1+2(X'ys aBs” +aip, do T5om ) s>0

then the corresponding set V;,j = 1,2 is positive-invariant. Furthermore,
G(t) < -k <0, for any t > 0.

Proof of Lemma 1. Consider a solution either from problem (P); or problem (P)3, such
that the initial data are in the corresponding V;,j = 1,2. Then, in any case, (i, u1) =
(u(0),1(0)) € V. To show the invariance property, we proceed by contradiction. Assume
that there exists some f > 0, such that

(u(t),u(t)) €V, fort € 0,#), and (u(f),u(f)) ¢V,

thatis
Gg(t) <0, teo,f), G(f) =0.

We shall prove that the time f is never reached. To this end, we first construct a
differential inequality for the function

9(t) = u(t)|}, €RY, t>0.

We calculate the first and second derivatives of ¢(t), and we use Definitions 1 and 2.
First, we only use the hyperbolic equation, which is the same in both problems. Then, we
conclude the following for ¢ > 0,

o) =2P(u(t),u(t))
e =21a0l, — w1}, +rBEE),u(t) + (Fu(®),u(®) 7)
—26P (u(t), u(t)).
We shall estimate the terms on the right-hand side of the second derivative of (t).

First, we consider the problem (P);. By the corresponding energy equation and hypothesis
(H1), we obtain the following:

2([2 (517, — Nu(®)IF,, + (f (), u(®))) +2r(E(H) — E(1))
> (r+2)lla(DF, + (r = 2@, +ryllo®)], —2rE.
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For the problem (P);, we estimate in a similar way the terms on the right-hand side of
the second derivative of (t)

2(|[a (517, — Iu(B)IIF, + (f (), u(t)) +2r(E() - E(1))
> (r+ 2O}, + (r = 2)[u®)lIF, +rmllo®)]f, erllp(f)llevA2 —2rEg

)
> (r+2)lle()%, + (r = 2)u(®)llF, +rylle®)], —2rE.

Consequently, from (7), hypothesis (HO), (H0), and (HO0)3, (5), and the last inequali-
ties, we obtain for both problems and for ¢ > 0,
d? T .
() = (r+2)[[a(t)|ly, —20P(u(t), u(t))
+(r=2)[u®)F, +ml®l,

L1 2 2
— e (Iln(®)I1},, +lo(®)]1},) —2rE

d 2
(E#’(f))
o)+ (r+2) "=
1

. 1.
+ (r=2= g0 ) o), +n(r = 5) oo, — 2789

d
>_52
- 5dt

4p(n)”
> —(s%lp(t) +(r+ 2)(‘”11)“)) + c(r 2= ;;75> ¥(t) — 2rEy.

That is, for t > 0, the following inequality is satisfied

2
’ o)
Z0(0+0 590 — +z>(d¢(t)> —e(r-2-gue )y Ezo. @®

From (H3), we can simplify the notation by substituting the constants defined in (1).
After multiplying the differential inequality (8) by (), we obtain

2 d d 2 )
WO a0 + 090 T9(0) = (1+0) (90 =By + 190 20, 120 ©)

This is the differential inequality studied in [12]. Here, we will apply it to prove the
nonexistence of global solutions of the abstract problems (P); and (P);.
We set G(t) = p%(t)e® in (9), then this inequality becomes

dzgt—édgt G(E) —ayG (e~ T <0, t>0
ﬁ() ﬁ()‘ﬂxﬁ() ayG @ (t)em« <0, t>0.

From the definition of f > 0,
d .
—(SEQ(t) >0, for t€[0,f),
and the last differential inequality, in terms of G(t), we obtain

2 1+a t I4a A~
%g(t) +aBO(E) < G (e % <G (1), te [0,).
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Consequently, we arrive to
d Lia .
ﬁg(t) +aBg(t) —ayGw (1) <0, tel0f). (10)
Multiplying (10) by 4£G(t) < 0, we conclude the following integral:
d 2 A
(dtg(t)> <J(G(t), telot). (11)

By the hypotheses, there is a constant x5 > 0, such that
J(s)>x5>0, s>0,
then, from (11)
; d "
gt) = Eg(t) < —x9 <0, tel0f).

By continuity, when t — £,
G(f) < —xo <0,

which contradicts the definition of £. Hence, as long as the solution exists,
and the corresponding V;,j = 1,2 is positive-invariant. [

Proof of Theorem 1. If the solution is global, then
t— (1) = [lu(D]7, € R,

that is, it is well-defined for any ¢t > 0. The conclusions of Theorem 1 are derived from the
analysis of (9), as was made in [12]. However, for completeness, we shall sketch the proof.
First, from Lemma 1,

d
EQ(” < —xp <O0.

And consequently,
0 < p(1)e’ = G(t) < Y™ — tro.

Then t — t* = (koyg) ! implies that ¢(t) — co. That s, ¢(t) blows up at #*.
The proof of (6) is as follows. First, we notice that J (s) attains an absolute minimum

B\" ;
atsg = (§> ; that is

J(s) > T (s0) = a2y "7 (90 — K (7)),

_ 2y B (B\* 12
M= 195 T e+ 2w <7> v

We define x5 = 7 (so). Then, (6) holds if and only if

where

K(7) < ¢o. (12)

We notice that

K(y) — o0 as either v —0 or ¢ — oo.
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Furthermore,
K = Ko)=Ego, 9> 0,

where 9 = Bipo. Hence, there exist two different roots, denoted by a and b, of
K () = ¢o-
That is, there exists a nonempty interval Z = (a, b), such that

1+2
0<a<y<b< +2“47o,

and
B

Lo <K <gposrel=(ab)r#

Then, (6) holds if and only if v € Z. The strict monotonicity of K for ¥ < g and ¢y > o,
implies that, for fixed 1, the interval Z grows as )y grows. That is,

lim

l[')o—mo

‘1—1—20(

> gbo—b‘:O: lim a.

Po—rco
The rest of the conclusions follow as in [12]. O

Proof of Corollary 1. Since i)p — c0 = a — 0, b — o0 and t* — 0, then, for every ¢ > 0
there exists 771 > 0, such that ¢ > 71 = v = 2r¢ € Z = (a,b). Also, for every € > 0 there
exists #, > 0, such that l,bo > 11 = t* < €. Hence, any solution with /2r = Ey = ¢ blows
up at a finite time t* < € if 9 > 7 = max{ny, 2}. O

Remark 1. Notice that glpo < ¢o, the assumption (4) in Theorem 1, is the condition that allows
the existence of T, and v € I characterizes the condition that implies the positive invariance of
Vj,j = 1,2 and, hence, the blow-up of Y(t) in finite time and, consequently, the nonexistence of
global solutions.

Remark 2. The blow-up of the norm of the solution comes from two different sources. (i) The
physical properties of the model: 6,r, 1. (ii) The initial data: o, Y. The source term f destabilizes
the system and it is the main cause of the blow-up, meanwhile, the source, g, is controlled by the
hypothesis, (H1),. The blow-up property is reached for a larger set of values of r as long as ¢én
decreases. That is, if the ‘decouple’ coefficient 1 decreases, then the source terms f that produce the
blow-up are larger. If we decouple the system, 1 = 0, then the blow-up is reached as if the parabolic
equation did not exist. The coupling with the parabolic equation stabilizes the system, as does the
damping term in the hyperbolic equation. Indeed, the numbers a and b become closer to each other as
the damping coefficient 6 or the coupling factor &y grows. Hence, the length of the blow-up interval
T decreases as 6 or ¢y increases. Therefore, as the damping coefficient or the coupling factor grows,
the set of initial energies where global nonexistence can occur becomes smaller. On the other hand, a
notable property that should be highlighted is that the blow-up time approaches zero and the length
of the blow-up interval T becomes infinite as (o approaches infinity. That is, if the inner product
between the displacement and velocity at the initial time increases in value, then the range of initial
energy values where the blow-up is reached becomes larger, and the blow-up time is closer to zero.

3. Applications and Some Extensions

First, we shall apply the results proved in the last section to the following two problems,
which are related to the ones introduced at the beginning of this work. Then, we will present
two more problems where our analysis can be extended.
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3.1. Cauchy Problem of a One-Dimensional Thermoelastic Model with a Short Memory

Given initial data (uo(x), u1(x),60p(x)) €e Rx R xR,
find u(x,t) € R, 0(x,t) € R, such that

(ThE); utt—auxx+179x+(5ut f(u), xeQ, t>0,
O — KOxx + Nyt — fo Oxx(s) ds = ¢(0), xeQ, t>0,
u:uo,ut:ul,G—Go, xeQ, t=0,
u=20,0=0, xe€od) t>0.

Here, Q) = (0, L), the short memory kernel  satisfies hypotheses (H2)1, (H2),, and
P(u,w) = (u,w), u,weV,=H=1L(Q),

Ay (1, 0) = a(ugw0), ww e Vy, = HY(Q),

Az (0, w) = x(0x, wy), u,w € Vy, = H}(Q),

B(u,0) = _”(”xfe)vngB = ”(Gx’”)vngB =—B(8,u), u,6€Vg= H1/2(Q),
1B(u,6)] < el 18y 4 € Vin 8 € Ve
Then, hypotheses (HO) and (HO0); are satisfied. Moreover, the nonlinearities satisfy

hypotheses (H1)1, (H1),. We assume that (H3) holds. Consider a solution in the sense of
Definition 1, such that the initial data satisfy

luoll> >0,

20
(uo,ul) > P

then there exists a nonempty blow-up interval Z, given by Theorem 1. If the initial energy
is such that 2rEy € Z, then the corresponding solution is not global and blows up in
finite time. Furthermore, for every positive value of the initial energy, there exist initial
data, such that the corresponding solution blows up. Since we consider a larger set of
initial energies where the solutions can blow-up in finite time, our conclusions improve
the ones for blow-up showed in [1,4], under our hypotheses on the physical constants and
memory kernel.

3.2. Plate Equation with a Long Thermal Memory

Given initial data (ug, u1,600(s)) € RxR xR, s <0,
find u(x,t) € R, 6(x,t) € R, such that

up + Nu — Au(t) — ||Vu||§pAu( ) +nA0 +our = f(u), x€Q, t>0,

(ThE); 0 — wAl — (1 —w fo (t—s)AO(s) ds —nAuy = g(0), x€Q, t>0,
u=ugy, U = uq, xeQ, t=0,
0 = 6, xeqQ, t<0,
u=9du=0, 6 =0, x€o), t>0,

Here, O C R? is a bounded domain, with a smooth boundary 0() and normal vector
v, the long memory kernel k satisfies hypotheses (H2)3, (H2)4 with w € (0,1), and
P(u,w) = (u,w), u,weV,=H=1Ly(Q),
Ai(u,w) = (Au, Aw) + (VO,Vw), u,we Vy, = H3(Q),
Ao (0,w) = B(6,w) = (V,Vw), u,w € Vu, = Vg = Hy(Q),
1B(w,0)| < cllull (o 10llLy) # € Vay, 0 € V.
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Then, hypotheses (HO) and (HO0); are satisfied. The nonlinearity g satisfies (H1);.
The nonlinear term in the hyperbolic equation satisfies (H1);. Indeed, the nonlinear source
f is such that

(f(u),u) —pF(u) >0, p>2,
where F is the potential of f . Then,

f(u) = f(u) + | VulBydu,

has the potential
1

F(u) = F(u) — 3+ 1)

V72200
Hence, (H1) is satisfied if
p>r>2(p+1).

That is, the nonlinearity of the source term f is stronger than the one of ¢.

We assume that (H3) holds. Consider a solution in the sense of Definition 2, such that
the initial data satisfy

26

r—2
then there exists a nonempty blow-up interval Z given by Theorem 1. If the initial energy
is such that 2rEy € Z, then the corresponding solution is not global and, in fact, blows
up in finite time. Furthermore, for every positive value of the initial energy, there exist
initial data, such that the corresponding solution blows up. Problems similar to (ThE)}
have studied long-time dynamics and decay estimates of the solution to zero, in [6,27,28].
However, to our knowledge, our analysis is the first to address the blow-up.

In (ThE)j, as well as in (ThE);

Ic <0/{2”u\/;(;”{(uO/ul)_rz_éz”MOHZ}}z),

and as (ug,u1) — 00, Z — (0, 00). Next, we present two problems where we can extend
our analysis.

luoll> >0,

(M(), ul) >

3.3. Thermoelastic System in n-Dimensions with a Short Memory
Consider the following n-dimensional system of thermoelasticity under Fourier’s law
of heat flux.

Given initial data (u(x),u1(x),00(x)) € R" x R" x R,
find u(x,t) € R", 6(x,t) € R, such that

(ThE)3{ uy — pAu— (u+A)V(V-u) +nVo+dur = f(u), xeQ, t>0,
O — kA —x [y Ab(t—T)0(T) dT+ V- uy =g(0), x€Q, t>0,
u=ug, ur =u1, 0 =0, xeQ), t=0,
u=0, =0, x€eo, t>0,

where u(x, t) is the displacement vector, 6(x, t) is the difference temperature, ) C R" is a
domain with a smooth boundary dQ). Here, A, u denotes the Lame moduli, « is the Fourier
heat conduction coefficient, § > 0 is the damping coefficient, and c,# denote positive
constants. Finally, f(u), g(v) are nonlinear source terms. This problem was studied in [23]
with second sound, and in [24,29-32], it was investigated with viscoelastic dissipation
acting on a part of the boundary, but without the source term in the parabolic equation
g(0) = 0, without damping § = 0, and without the viscoelastic term in the parabolic
equation. An abstract formulation was studied in [33] with Cattaneo’s law and inertial
terms. Notice that the hyperbolic component is a system of equations in contrast with the
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References

parabolic one, which is a single equation; thus, our formulation cannot be applied directly
and must be adapted. However, we can extend our results and obtain the same conclusions.
That is, if the initial data satisfy

20
r—2

(Mo,ul) > Hu0||2 >0,

then 7 # @ and the solution blows up if 2rEy € Z. As far as we know, this analysis about
blow-up would be the first one for this problem (ThE)s3.

3.4. Kirchhoff Equation with a Long Thermal Memory

Given initial data (ug,u1,00(s)) e RxR xR, s <0,
find u(x,t) € R, 0(x,t) € R, such that

(ThE), ] 1t = Au(t) - V|37 Au(t) + A6 + dus = f(u), xeQ, t>0,
0 — wAO — (1 —w) i~ k(t—s)AB(s) ds —nAuy = g(0), x€Q, t>0,
u=ug, Uy =1uq, xeQ, t=0,
0 =6y, xeQ, t<0,
u=0, 6=0, x€d), t>0,

Here, 3 C R" is a bounded domain, with a smooth boundary 02, and the long
memory kernel k satisfies hypotheses (H2)3, (H2)4 with w € (0,1). This is a quasilinear
problem and our functional framework does not cover it. However, we can extend our
analysis and conclude blow-up if the nonlinearities hold the same relations as in (ThE)}.
That is, the nonlinearity of the source term f is stronger than the one of ¢. Then, if the
initial data satisfy

26
r—2
then 7 # @ and the solution blows up if 2rEy € Z. To our knowledge, this analysis would
be the first one about blow-up for problem (ThE)s.

luoll* >0,

(ug, uy) >

4. Conclusions

We introduce two parabolic-hyperbolic abstract problems, motivated by two cor-
responding thermoelastic models, to prove the nonexistence of global solutions due to
blow-up in finite time. We exemplify our main theorem with some concrete models found
in existing literature, showing that our sufficient conditions on the initial data, which lead
to blow-up, improve those already published. We also provide some extensions of the main
result.
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