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1. Introduction

The study of Frobenius algebras and Frobenius extensions has a long history. It has
long been well known that Frobenius algebras and extensions receive extensive applications;
for instance, they are related to Hopf algebras [1,2], topological quantum field theory [3],
Yang-Baxter equations [4], representation and homology theory [5-9], Lie theory [10,11],
etc. Recently, Frobenius extensions have found applications in matrix theory and invariant
theory [12-14].

Let R and S be rings and let g Mg be a bimodule. Assume that M is projective both as a
left R-module and as a right S-module. If M satisfies certain self-dual properties (Definition
2.11in [15]), then it is call a Frobenius bimodule. Now, assume R is a ring and that Sis a
subring of R. It was proved in [15] that the ring extension R/ S is a Frobenius extension if
and only if R, viewed as an R-S-bimodule, is a Frobenius module. Many other properties
of ring extensions may be determined by Frobenius bimodules; for example, separable
Frobenius extensions are determined by Frobenius bimodules, and two rings are separable
equivalent if and only if they are linked by a Frobenius biseparable bimodule [16]. More
properties and applications of Frobenius bimodules may be found in [14-17]. Note that
Frobenius bimodules are assumed to be projective as both left modules and right modules;
however, many examples show that if we drop the assumption of the projectiveness in the
definition of a Frobenius bimodule and keep the self-dual property, the resulting bimodules
continue to possess many properties similar to those of Frobenius bimodules.

In this paper, we provide a modified definition of Frobenius bimodules over a single
algebra. Let A be an algebra and let 4 M 4 be a finite-dimensional bimodule. If M admits a
nondegenerate bilinear form which is balanced associated to a pair of automorphisms of
A, then we say that M is a Frobenius module (more precisely, see Definition 2). Note that
we drop the assumption that M is projective as a left or right A-module. Such Frobenius
modules exist extensively; indeed, as is shown in Theorem 3, every finite-dimensional
A-bimodule is a direct summand of a Frobenius module. Because a Frobenius module is
not necessary projective, it has many nontrivial homological properties.

The rest of this paper is organized as follows.

In Section 2, we provide a precise definition of Frobenius modules associated with a
pair of automorphisms of a given algebra, then discuss the basic properties of Frobenius
modules. In particular, we provide a criterion condition for a bimodule to be Frobenius
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(Theorem 4) and prove that the Nakayama automorphism of a Frobenius module is a
bimodule homomorphism (Proposition 4 and Corollary 3).

In Section 3, we focus on the homological properties of Frobenius modules over
finite-dimensional algebras. The main results of this paper are as follows.

Theorem 1 (=Corollary 4). Let A be a finite dimensional algebra and let (¢, o) be a pair of
automorphisms of A. Assume that M is a (g, o)-Frobenius module; then, we have isomorphisms

Ext} (M, M) = Ext}. (M, M)

for all n > 0, where Ext’y (M, M) is the Ext-group of the left A-module oM and Ext’j. (M, M) is
the Ext-group of the right A-module M 4.

The above theorem shows that the Ext-group of a Frobenius module is left-right
symmetric, which is a consequence of a more general result (Theorem 5).

Theorem 2 (=Theorems 6 and 8). Let A and M be the same as in Theorem A and let 4 X and Y 5
be finitely generated A-modules; then, we have the following isomorphisms:

(i) TorZ(X,M)* = Ext".(X, M) forn > 0;

(i) Hom,(Y, M) = Tor{(Tr(Y), M).

In the above theorem, Hom 4 (Y, M) is the stable Hom-set and Tr(Y) is the Auslander—
Retein translation of Y4 (see the main text above Theorem 6). Isomorphism (ii) in the above
theorem may be viewed as a new explanation of Auslander—Reiten duality for Frobenius
modules.

Throughout this paper, k is a field with characteristic zero and all algebras and modules
considered are over the field k. Letting V be a vector space, we write V* = Homy (V, k).

2. Frobenius Modules Associated with Algebra Automorphisms

Let A be an algebra and let M4 be a right A-module. For o € Aut(A), we write M“
for the A-module whose right A-action is twisted by ¢. Below, to avoid possible confusion,
we use ¢ to denote the right A-action twisted by ¢, that is,

xoa=xo(a)

forx € Manda € A. Similarly, if 4N is a left A-module, then “ N denotes the left A-module
obtained from 4N with the left A-action twisted by the automorphism c.

Definition 1. Let o be an automorphism of A and let 4 M4 be an A-bimodule.

(i) A bilinear form (—,—) : M x M — k is said to be o-inner-balanced if it satisfies the
following condition: foralla € A, x,y € M,

(xa,y) = (x,0(a)y).

(i) A bilinear form (—,—) : M x M — k is said to be o-outer-balanced if it satisfies the
following condition: foralla € A, x,y € M,

(ax,y) = (x,yo(a)).

(ili) A bilinear form (—, —) : M x M — k is nondegenerate if (x,y) = 0 for all y € M implies
that x = 0.

A bimodule with a nondegerate balanced bilinear form has nice dual properties.
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Proposition 1. Let A be an algebra and let 4 M 4 be a finite-dimensional A-bimodule. The following
are equivalent:

(i)  There is a nondegerate o-inner-balanced bilinear form (—, —) : M x M — k;

(if) There is an isomorphism of right A-modules f : M — M

(iii) There is an isomorphism of left A-modules g : M — M*.

Proof. (i) = (ii). We define a linear map f : M — M"* by setting f(x) = (x, —) for all
x € M.Fora € Aand y € M, we have

f(xa)(y) = (xa,y) = (x,0(a)y) = f(x)(c(a)y) = (f(x) -o(a))(y),

where f(x) - o(a) is the right A-module action on M*; therefore,
flxo™H(a)) = f(x) - o(07 (a)) = f(x) -a.

Hence f : M7 — M*isa right A-module homomorphism. As the bilinear form is
nondegenerate, it follows that f is injective. Because M is finite-dimensional, we have
dim(M) = dim(M*); hence, f is indeed an isomorphism.

(ii) = (i). Define a bilinear map (—, —) : M x M — k by setting (x,y) = f(x)(y).
Because f : M — M*isa right A-module homomorphism, we have

(xa,y) = f(xa)(y) = f(xoc(a))(y) = (f(x)-o(a))(y)
= f(x)(e(a)y) = (x,0(a)y).

The injectivity of f implies that (—, —) is non-degenerated.

(if) = (iii). Taking the vector space dual of the right A-module isomorphism f, we
obtain an isomorphism of left A-modules f* : (M*)* — (M ")*. Note that (M? ' )* =
o (M*). Let T : M — (M™*)* be the valuation map, thatis, 7(x)(a) = a(x) forallx € M
and « € M*. Now, for a € A we have t(ax)(x) = a(ax) = (a-a)(x) = t(x)(a-a) =
(a-7(x))(a). Therefore, T is an isomorphism of left A-module isomorphism. Setting
g = f* o1, gisindeed an isomorphism of left A-modules from “M to M*.

(iif) = (ii). This case is similar to the previous case. [

The proof of the above proposition shows that the nondegeneracy of the bilinear form
defined in Definition 1(iii) is symmetric.

Corollary 1. If (—, —) is a nondegenerate o-inner balanced bilinear form defined on M, then
(x,y) = 0 forall x € M implies that y = 0.

Proof. From the proof of Proposition 1, f = (x,—) : M7 — M*isan isomorphism
of right A-modules and ¢ = f* o7 : “M — M"* is an isomorphism of left A-modules.
Fory € M, we have g(y) = f*(t(y)) = (x,y). If (x,y) = 0 for all x € M, then g(y) = 0.
Because g is an isomorphism, it follows thaty = 0. O

Similar to the above proposition, we have the following results for outer-balanced
bilinear forms.

Proposition 2. Let A be an algebra and let 4 M 4 be a finite-dimensional A-bimodule. The following
are equivalent:

(i)  There is a nondegerate o-outer-balanced bilinear form (—, —) : M x M — k;
(ii) There is an isomorphism of right A-modules f : M7 — M*;
(iii) There is an isomorphism of left A-modules g : 7 M — M*.

Proof. We only show the following two directions, as the others are similar to the proof of
Proposition 1.
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(i) = (iii). Similar to the proof of Proposition 1, set g(x) = (x, —) forall x € M. To
avoid possible confusion, we use ¢ to denote the left A-action on ”71M, thatis,aox =
o~ a)xfora € Aand x € M. Wehave g(aox)(y) = (¢ (a)x,y) = (x,ya) = (a-g(x))(y)
for y € M; therefore, g is a left A-module homomorphism. The injectivity follows from
similar arguments as those in Proposition 1.

(iii) => (ii). Note that (° ' M)* 2 (M*)" . Taking the vector dual of the map g,
we obtain g* : (M*)* — (7 'M)* = (M*)? . As in the proof of the Proposition 1,
the valuation map 7 : M — (M*)* is a right A-module isomorphism. We obtain an
isomorphism f := g*oT : M — (M*)”il. Note that f is indeed an isomorphism
M7 — M*. O

1P|

In view of the propositions above, we make the following definition of Frobenius
modules.

Definition 2. Let A be an algebra and let 4 My be a finite-dimensional A-bimodule. Assume that
(¢, o) is a pair of automorphisms of A.
(i)  If there is a nondegenerate bilinear form

(= =) MxM-—k

which is both g-inner-balanced and o-outer-balanced, then we call M a (g, 0 )-Frobenius
module, or simply, a Frobenius module.
If the automorphisms ¢ = o = id, then we call M a balanced Frobenius module.

(ii)  If there is an id-inner-balanced nondegenerate bilinear form

(=, =):MxM-—k
such that (x,y) = (y,x) forall x,y € M, then we call M a symmetric module.

Remark 1. In [15], Kadison introduced the notion of a Frobenius bimodule g Mg over rings R
and S, where M is assumed to be projective both as a left R-module and as a right S-module (see
Definition 2.1 in [15]). We drop these assumptions so that the homological properties of a Frobenius
module are not trivial.

Next, we provide an example of a Frobenius module.
Example 1. Let A = k(x,y)/(xy + yx) be a skew polynomial algebra, define an automorphism o
on A by setting o(x) = —x and o(y) = —y, and let M = A/ (x*A + y?>A). Then, M is an A-
bimodule. Note that M has a basis {1, x,y, xy}. Defining a bilinear form (—, —) : M x M — k by
<k0 +kix + kzy + kgxy, lp+hx+ lzy + lg,xy> = kols + k3lg + k112 + ko14,

where ko, ..., k3, 1o, ..., 13 €k, it is easy to check that M is an (id, o)-Frobenius A-module.

Condition (ii) in Definition 2 is stronger than the condition of balanced Frobenius
algebras. Indeed, we have the following proposition.

Proposition 3. If 4 M4 is a symmetric module, then it is a balanced Frobenius module.

Proof. Foranya € A, x,y € M, we have (ax,y) = (y,ax) = (ya,x) = (x,ya). Hence, M is
a balanced Frobenius module. [

Remark 2. If A is a Frobenius algebra, then it is a Frobenius module when viewed as an
A-bimodule. Indeed, from the definition of a Frobenius algebra, there is a nondegenerate bilinear
form (—, —) : A x A — k which is id-inner-balanced. Assume o is the Nakayama automorphism
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of A; then, forall a,b,c € A we have (ab,c) = (a,bc) = (bc,0(a)) = (b,co(a)). Hence, the
bilinear form is o-outer-balanced and 4 A 4 is a (id, o )-Frobenius module.

The next result shows that Frobenius modules exist extensively. Indeed, every finite
dimensional bimodule can be viewed as a direct summand of a Frobenius module.

Theorem 3. Let A be an algebra and let s M4 be a finite dimensional A-bimodule. Let o be
an automorphism of A and set To(M) := M7 © M*. Then, T,(M) is a (¢!, o)-Frobenius
module.

In particular, T(M) := M & M* is a symmetric module.

Proof. We define a bilinear map (—, —) : To(M) x Ty (M) — k by setting

((x,a), (y, B)) = a(y) + B(x)

forallx,y € M,a, p € M*. Now, for a € A we have

(xa)-a,(yp) = ((xoaua-a)(yp))
(

and similarly, we have

(a-(x,a), (v, B)) = ((x,a), (y, p) - 0 (a)).

The nondegeneracy of the bilinear form is easy to see. Hence, T, (M) isa (¢!, o)-Frobenius
module. [

Propositions 1 and 2 imply the following criteria in order for a bimodule to be Frobenius.

Theorem 4. Let A be an algebra and let 4 M 4 be a finite-dimensional A-bimodule. Suppose that
(¢, o) is a pair of automorphisms of A. Then, the following are equivalent:

(i) Misa (g, 0)-Frobenius;
(i) There is an A-bimodule isomorphism oM 2 M
(iii) There is an A-bimodule isomorphism M7 = M*.

Proof. (i) = (ii). As was shown in Proposition 1, the map f : M — M*isan
isomorphism of right A-modules where f(x) = (x,—). Proposition 2 shows that f is
indeed an isomorphism of left A-modules f : 7'M —s M*. Hence, f is an A-bimodule
isomorphism.

(if) = (i). This is similar to the proof of Proposition 1.

(ii) <= (iii). This is obtained by taking the vector space dual. O

The following is an immediate consequence of the above theorem.
Corollary 2. If ;M is a (g, 0 )-Frobenius module, then M* is a (o, g)-Frobenius module.

Let AM4 be a (g, 0)-Frobenius module. Similar to Frobenius algebras, there is a
Nakayama automorphism of M. Indeed, from Corollary 1, for an element x € M there is
a unique element x’ € M such that (x, —) = (—,x’) in M*, which induces a linear map
n: M — M such that

{x,y) = (y,n(x))
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for all x,y € M. Indeed, from Proposition 1 we have n = ¢! o f, where f and g are
isomorphisms in Proposition 1; hence, n is a linear automorphism. We call n the Nakayama
automorphism of M.

It is clear that 4 M 4 is a symmetric module if and only if the Nakayama automorphism
of M is the identity map.

Proposition 4. Let 4 My be a (g, 0)-Frobenius module. The Nakayama automorphism n is an
A-bimodule isomorphism
n: M’ — M.

Proof. For x,y € Mand a € A, we have

{y,n(xa)) = (xa,y) = (x,6(a)y) = (g(a)y,n(x)) = (y,n(x)o(c(a)));

therefore,
n(xa) = n(x)og(a).
Similarly,
(y,n(ax)) = (ax,y) = (x,yo(a)) = (yo(a),n(x)) = (y,¢o(a)n(x));
therefore,

n(ax) = go(a)n(x).
Hence, the result follows. [

The above proposition implies the following result.

Corollary 3. Let o be an automorphism of A. If AMy is a (¢, 0~ ')-Frobenius module, then the
Nakayama automorphism is an A-bimodule automorphism of AM 4.

3. Homological Properties of Frobenius Modules over Finite-Dimensional Algebras

In this section, we always assume that A is a finite-dimensional algebra. We write A°
for the opposite algebra of A. Then, a right A-module can be viewed as a left A°-module.
If X and Z are left A-modules, then we write Hom, (X, Z) and Ext’y (X, Z) for the Hom-set
and extension groups of X and Z, respectively, while if X and Z are right A-modules, then
we write Hom 40 (X, Z) and Ext’y. (X, Z) for the Hom-set and extension groups of X and Z.

Let (g, o) be a pair of automorphisms of A and let 4 M 4 be a (g, 0)-Frobenius module.
Then, take a projective resolution of the left A-module 4 M:

i — Py — - — P —Ph— M —0, (1)

where P, is a finitely generated projective left A-module for all n > 0. Twisting the left
A-actions on the modules in the above sequence, we obtain a projective resolution of “ M:

— Py — - — P — 7Py — M — 0. ()
Taking the vector space dual of sequence (1), we obtain the following exact sequence:
0O— M — Py — P — - — Py — . 3)

Because P, is a projective left A-module for every n > 0, it follows that P;; is an injective
right A-module for every n > 0. Therefore, the exact sequence (3) is an injective resolu-
tion of the right module M*. From Theorem 4, we have the A-bimodule isomorphism
¢MY = M*. Hence, the exact sequence (3) is an injective resolution of the right A-module
M?. Then, we have the following injective resolution of the right A-module M:

0—M— (B — (P17 — o — (PF) — e, (4)
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or equivalently,
0—M— (T P —> (" P = — (T Py — (5)

Now, let 4Y be a finite-dimensional left A-module and consider the right A-module
(‘771 Y)*. Applying the functor Hom 4. ((‘771 Y)*, —) to the injective resolution (5), we obtain
the following complex:

0 — Homo ((7 ' Y)*, (7 'Py)*) — -+ — Homue (7 V)5, (7 'By)*) —> -+ . (6)

Taking the n-th cohomology of complex (6), we obtain the extension group
1

Ext’}o (7 Y)*, M).
Notice that we have

Hom o ((?X)*, (°Z)*) = Hom4 (Z, X)

for any finite-dimensional left A-modules X, Z and any automorphism 0 of A. The sequence
(6) is equivalent to the following complex:

0 — Homy (P, Y) — Homy (P, Y) — - -+ — Homuy (P, Y) — - -+, (7)

which is exactly the complex obtained from projective resolution (1) by applying the functor
Hom4(—,Y). The n-th cohomology of complex (7) is the extension group Ext} (M,Y).
Therefore, we have

Ext’ (M, Y) = Ext’. (" 'Y)*, M)

foralln > 0.

Notice that from Theorem 4 we also have an A-bimodule isomorphism IMS
Replacing the isomorphism o~ ! in sequences (5) and (6) with ¢, we finally obtain the
isomorphism

Ext’} (M,Y) = Ext%. ((°Y)*, M)

foralln > 0.
Summarizing the above narratives, we obtain the following result.

Theorem 5. Let 4 My be a (g, 0)-Frobenius module and let 4Y be a finite-dimensional module.
For each n > 0, we have

Ext” (M, Y) = Ext. (7 Y)*, M) = Ext’l. (°Y)*, M).

The above theorem implies that the Ext-groups of a Frobenius module are left-right
symmetric.

Corollary 4. Let 4 My be a (g, 0)-Frobenius module. For each n > 0, we have
Ext’y (M, M) = Ext’y. (M, M).

Proof. Note that as a right A-module, from Theorem 4 we have

M = (M*)Uﬁl o~ ((T’lM)*'
The result follows from Theorem 5 by setting Y = M. O

Next, let X4 be a right A-module. Applying the functor (X ®4 —)* to the projective
resolution (1) of M, we obtain the following complex:

O—)(X@APQ)*H(X®AP1)*—>—>(X®Apn)*—>, (8)
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the n-th cohomology of which is equal to Tor; (X, M)*.
Note that this complex is equivalent to the following complex:
0 — Homyo (X, (Py)*) — Homyo (X, (P1)*) — - -+ — Homgo (X, (Py)*) — -+ . (9)

From sequence (4), we can see that complex (9) is indeed obtained by applying the functor
Hom - (X, —) to the injective resolution of M“. Hence, the n-th cohomology of complex (9)
is the extension group Ext’}. (X, M7).

Summarizing the above narratives, we obtain the following Tor-Ext translation.

Theorem 6. Let 4 My be a (g, 0)-Frobenius module and let X 4 be a right A-module. Then, we
have the following isomorphisms:

TorZ (X, M)* = Ext". (X, MY)
foralln > 0.

Let Y be a finitely generated left A-module. There is an Auslander—Reiten transpose
Tr(Y) of Y (for instance, see [6]) which is defined as follows. Let

Pt —Y-—0

be a minimal projective resolution of Y; applying the functor Hom4(—, A) to the left

A-module homomorphism P; A, Py, we denote the result of the right A-module homo-
morphism by Hom 4 (d, A), that is, we have

Homy(d, A) : Homy (Py, A) — Homy (P, A).
The Auslander—Reiten transpose is defined to be the right A-module:
Tr(Y) := coker Homy (d, A).

Let 4X be another finitely generated left A-module. Let P(Y, X) be the subspace of
Homy (Y, X) consisting of homomorphisms f which factors through a projective mod-
ule, that is, there is a projective module P such that f = gh whereh: Y -+ P, g: P — X.
Now, we write

Hom (Y, X) := Homx (Y, X)/P(Y, X).

The isomorphism in the next theorem is called the Auslander—Reiten duality.
Theorem 7 ([18]). Let 4 X and 4Y be finitely generated left A-modules. There is an isomorphism
Hom 4 (Y, X)* = Extl (X, Tr(Y)*).

Lemma 1. Let Y be a finitely generated left A-module. Assume that 6 is an automorphism of A.
We have Tr(®Y) = Tr(Y)?.

Proof. Let P; i> Py — Y — 0 be a minimal projective resolution of Y; then, op, l
9Py — %Y — 0 is a minimal projective resolution of Y, where the map %d is indeed
the same as d. Applying the functor Hom 4 (—, A), we have the following right A-module
homomorphism:

Homy (%d, A) : Hom, (°Py, A) — Hom, (°Py, A). (10)
Because ! ' A =2 A? as A-bimodules, we have the following right A-module isomorphisms:

Homy (*Py, A) 2 Homy (Py,? ' A) = Homy (Py, A?) 22 Homy (P, A)P.
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Then, the right A-module homomorphism in (10) is equivalent to the following map:
Homy (d, A)? : Homy (Py, A)? — Homy (P, A)Y. (11)

Hence,
Tr(°Y) = coker Hom 4 (°d, A) = coker Hom 4 (d, A)® = Tr(Y)?.

O

Remark. We end this note with the following explanation of Auslander—Reiten duality
for Frobenius modules.

Theorem 8. Let (g, o) be a pair of automorphisms of A. Assume that 4 M, is a (g, o)-Frobenius
module and that oY is a finitely generated left A-module. Then, we have the following isomorphism:

Hom (Y, M) = Tor{(Tr(Y), M).
Proof. From the Auslander—Reiten duality, we have
Hom 4 (Y, M)* 2 Extl (M, Tr(Y)*).
From Theorem 5,
Extl, (M, Tr(Y)*) & Extlo (7 (Tr(Y)*))*, M).

Now, per Lemma 1,

therefore, we have
Hom , (Y, M)* & ExtL. (Tr( 'Y), M). (12)

Because the functor (—)? is an auto-equivalence of the Abelian category of right A-modules,
we obtain the following isomorphisms:

Extl. (Tr(7 ' Y), M) 2 ExtL. (Tr(7 ' Y)?, M%) = Extl. (Tr(Y), M?). (13)
From Theorem 6, we have the isomorphism
Extly. (Tr(Y), M%) = Tor{! (Tr(Y), M)*. (14)
Combining isomorphisms (12)-(14), we obtain
Hom 4 (Y, M)* 2 Tor{!(Tr(Y), M)*.
Hence, the result follows. [

Conclusions

In this short note, we have introduced the notion of Frobenius modules over a single
algebra, which is a modification of the concept of Frobenius bimodules in the literature.
Because a Frobenius module in our sense is not necessary projective as a left module or
a right module, it enjoys many nontrivial homological properties. We have proved some
symmetric properties of Ext-groups and Tor-groups of Frobenius modules. The following
questions deserve further consideration:

(a) Is the differential graded structure on the co-chain complex of a Frobenius module
still left-right symmetric?

(b) Does a Frobenius module have certain duality properties between Hochschild coho-
mology and Hochschild homology, say, Poincare duality?
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(¢) Does a Frobenius module relate to certain weak versions of Frobenius extensions?

Author Contributions: Conceptualization, J.-W.H.; methodology, ].-W.H. and C.R. All authors have
read and agreed to the published version of the manuscript.

Funding: The work was partially supported by NSFC (No. 12371017).

Data Availability Statement: Data supporting the results of this study are available from the
corresponding authors upon request.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Farnsteiner, R. On Frobenius extensions defined by Hopf algebras. ]. Algebra 1994, 166, 130-141. [CrossRef]

2. Fischman, D.; Montgomery, S.; Schneider, H.-J. Probenius extensions of subalgebras of Hopf algebras. Trans. Am. Math. Soc.
1997, 349, 4857-4895. [CrossRef]

3. Abrams, L. Two-dimensional topological quantum field theories and Frobenius algebras. J. Knot Theory Its Ramif. 1996, 5, 569-589.
[CrossRef]

4. Beidar, K.; Fong, Y.; Stolin, A. On Frobenius algebras and the quantum Yang-Baxter equation. Trans. Am. Math. Soc. 1997, 349,
3823-3836. [CrossRef]

5. Abe, H.; Hoshino, M. Frobenius extensions and tilting complexes. Algebr. Represent. Theory 2008, 11, 215-232. [CrossRef]

6. Auslander, M.; Reiten, I.; Smale, S. Representation Theory of Artin Algebras; Cambridge Studies in Advanced Mathematics 36;
Cambridge University Press: Cambridge, UK; New York, NY, USA, 1995.

7. Peacock, S.F. Separable equivalence, complexity and representation type. J. Algebra 2017, 490, 219-240. [CrossRef]

8. Ren, W. Gorenstein projective modules and Frobenius extensions. Sci. China Math. 2018, 61, 1175-1186. [CrossRef]

9. Zhao, Z. Gorenstein homological invariant properties under Frobenius extensions. Sci. China Math. 2019, 62, 2487-2496.
[CrossRef]

10.  Bell, A ; Farnsteiner, R. On the theory of Frobenius extensions and its applications to Lie super algebras. Trans. Am. Math. Soc.
1993, 335, 407-424. [CrossRef]

11.  Bouarroudj, S.; Maeda, Y. Double and Lagrangian extensions for quasi-Frobenius Lie superalgebras. |. Algebra Appl. 2023,
22,2450001. [CrossRef]

12. Xi, C,; Yin, S. Cellularity of centrosymmetric matrix algebras and Frobenius extensions. Linear Algebra Appl. 2020, 590, 317-329.
[CrossRef]

13.  Xi, C,; Zhang, J. Centralizer matrix algebras and symmetric polynomials of partitions. J. Algebra 2022, 609, 688-717. [CrossRef]

14.  Zhu, R. On Frobenius extensions of the centralizer matrix algebras. Arch. Math. 2023, 121, 241-243. [CrossRef]

15.  Kadison, L. Separability and the twisted Frobenius bimodule. Algebr. Represent. Theory 1999, 2, 397-414. [CrossRef]

16.  Kadison, L. Separable equivalence of rings and symmetric algebras. Bull. Lond. Math. Soc. 2019, 51, 344-352. [CrossRef]

17.  Kadison, L. New Examples of Frobenius Extensions; University Lecture Series 14; American Mathematical Society: Providence, RI,
USA, 1999.

18.  Auslander, M.; Reiten, I. Representation theory of Artin algebras, IIl. Commun. Algebra 1975, 3, 239-294. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1006/jabr.1994.1144
http://dx.doi.org/10.1090/S0002-9947-97-01814-X
http://dx.doi.org/10.1142/S0218216596000333
http://dx.doi.org/10.1090/S0002-9947-97-01808-4
http://dx.doi.org/10.1007/s10468-007-9065-2
http://dx.doi.org/10.1016/j.jalgebra.2017.06.039
http://dx.doi.org/10.1007/s11425-017-9138-y
http://dx.doi.org/10.1007/s11425-018-9432-2
http://dx.doi.org/10.1090/S0002-9947-1993-1097163-5
http://dx.doi.org/10.1142/S0219498824500014
http://dx.doi.org/10.1016/j.laa.2020.01.002
http://dx.doi.org/10.1016/j.jalgebra.2022.06.037
http://dx.doi.org/10.1007/s00013-023-01890-x
http://dx.doi.org/10.1023/A:1009974918794
http://dx.doi.org/10.1112/blms.12233
http://dx.doi.org/10.1080/00927877508822046

	Introduction
	Frobenius Modules Associated with Algebra Automorphisms
	Homological Properties of Frobenius Modules over Finite-Dimensional Algebras
	References

