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Abstract: In this paper, two new approximation formulas with monotonic remainders for the gamma
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1. Introduction

The ordinary Euler gamma function is defined as follows [1]:

I'(r)= /O'Oo et 1dt, r>0 (1)
or by .
. nn
I'(r) :ngc}or(r—f—l)(r—i—Z)...(r—i—n)' reR—{0,-1,-2,... }. 2)
_r'm

The derivative of InT(r), denoted by (r) = , is called the digamma function and

T(r)
the derivatives (") (r) for n > 0 are referred to as the polygamma functions. For more
information about gamma function and polygamma functions see [2-6], as well as the
closely linked references therein, for further details.

Many disciplines of mathematics and other fields of research make substantial use of
the Gamma function I'(r), which generalises the factorial function n! = I'(n + 1). In nu-
merical techniques and algorithms, when exact assessments are computationally costly,
gamma function approximations are essential and functions involving the Gamma function
can be efficiently computed with the use of approximations [7]. Gamma function approxi-
mations are widely used in engineering and physics for the analysis of systems that show
exponential decay, such as radioactive decay, fluid dynamics, and signal processing [8].
Also, Gamma function and its approximations are used in machine learning and pattern
recognition in various algorithms, such as those involving probabilistic models, maximum
likelihood estimation, and Bayesian inference [9].

Numerous studies concentrate on developing more precise estimates for the gamma
function. Here are some of the approximate formulas most commonly used for the gamma
function with bounds for their remainder functions:

Stirling’s approximation formula (see [10-12])
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I'(r+1)= 27rr(£)rexp (Ui;)),

0<m(r)<1, r>0.
Ramanujan’s approximation formula (see [13-15])

where

I(r+1) = ﬁ(g)r\ﬁ/&’3+4r2+r+oz(r),

where

1 1
m<0’2(7’)<@, r > 0.

Burnside’s approximation formula (see [16-18])

r+%
T(r+1) = m(rt 5) exp (3(r)),

1n,/%<03(r)<0, r > 0.

Gosper’s approximation formula (see [19-21])

where

I(r+1) = \/E(Z)r(rw— é)l/z ou(r),

where
3e2
1 —_—, > 1.
<oy(r) < 7 r>

Windschitl’s approximation formula (see [22-24])
mnr{ . 1\\"/? os(r)
I'(r+1) = an(z) (rsmh(r>> exp < 5 ),

0< 0'5(7’)

where

< L r>0
1620°

Nemes'’s approximation formula (see [25-27])

T(r+1) = 2m(£)7<1+12r2_106(7))r,

where

1 1
E<06(r)<§’ r>4.

C.-P. Chen’s approximation formula (see [28])

Is +m
B o 1 o (r) 2117
I(r+1) = \/2?(;) <1zr3+2;4’—;+1> ( 9 50803207 )’
where
0<oy(r) < m r
7 2347107840° = =

Yang and Tian’s approximation formula (see [29])

Fr+1) = Z”r(g)r <r sinh C) > " &P <324r3(357r2 + 33) ) 7s(r),
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where

33041
exp (22032) > 1

T I'Z2
(e2—1)m
Mahmoud and Almuashi’s approximation formula (see [30,31])

> 7 r/2
_ N[t a 09(r)

20

1< 0’8(1’) <

where
461

_— r Z
907200

The goal of this study is to introduce two new approximation formulas for the gamma
function with monotonic remainders in light of Mahmoud and Almuashi’s results. We
also offer some numerical comparisons to show how our results outperform some of the
formulas listed above.

0<oy(r) <

2. Main Results
Theorem 1. The remainder function 01 (r) defined from

> 7\ /2
P+ 5 1/ 461 ,
e — - >
I(r+1) \/Zm’(e) <r2—1> exp (ﬂ (907200r +91(r))), r>1

20

is strictly decreasing with the sharp constant

5197 57 906739
_ < > 1.
5072000 <~ () = \/134n P (453600)’ rzl

Proof. Forr > 1, we have

1 461 AR
61(r) = —§r7 (ln(Zn) —2In (exp (r— 90720075) <r2 — EZ) 7 zl"(;’—l—l)))

and hence
/6 7 1
9{(7’) = 77’ +7r lp(r+ 1) — E — E 1 (2) — 51’ 11’1( ) - 5(161’+ 7)7’6 11'1(7’)
2 9
+ 200r 461r
7r81 1)) 60 - _
7 I+ ( ) 120074 + 8072 —7 453600

Now, consider the two functions

d (1de(r)
Fi(r) = dr(ré ir
461 24+ L 20073 7
- 4] 60 7r —8rIn(r) — = In(2
15360015 rn(ﬂ_m>+um#+wﬂ 7 T7r=8rin(r) — 7 In(27r)

+rp(r+1)+7Inl(r+1) — %

and

Hy(r) Hy(r) — Hi(r+1)
461 7 49 98 2 7

90720/ 207 =1 607 +7 (602177  (1-202) 2r
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7 4l 7 N 2
2(r+1) 90720(r +1)6  20r(r+2) +19 ' (20r(r +2) + 19)2

49 98
- - —8Inr+8In(r+1
O 167 (Gorr12) T e Smr+8in(r+1)

10 10
aln(————— 1) 4l 1) 1)
+ n(éOr(r+2)+57+ ) n(60r2—3+ ) Y1)

Using the recurrence formula (see [1])

Por+1) =~ 4900, ®)

then we have p H
D) — H(r +1)] = TR0

where

H3(1’+ 1) =

—7.78127 x 10%2r* —
—2.6155 x 104043
—2.50108 x 10*4r% —
—2.53456 x 104731 —
—4.37204 x 1097
1.57439 x 10°1r23 —
1.27186 x 10°%r1% —
—2.01885 x 10%%r14 —
— 435389 x 10°1/10
1.15922 x 10°0r°
1.36085 x 10%7r2 —

—1.65674 x 103740
—3.21293 x 10%33¢
—5.36771 x 10%0732
—1.40453 x 1092

—7.40155 x 10°07%* —
—8.67673 x 10°17%0 —
— 2.24814 x 1021
—1.18036 x 10°2r12 —
—9.59241 x 1078 —
—6.65309 x 10%8* —
—4.15224 x 10* < 0,

—2.25965 x 1072716

and

H4(1’+ 1) =

6.84751 x 1034

7.61567 x 10°1711

3.62017 x 10°%7 —
1.11436 x 10%83 —

r>0

—2.93473 x 1036742 —
—3.34341 x 104138 —
1.69753 x 10%°r3 —
—4.08484 x 10%%
—3.16911 x 10°°r%
—5.39063 x 10°17%!
—2.05563 x 102717

1.07262 x 104830

—1.23474 x 1079726

3.05161 x 10°1%2
1.69626 x 107218

8.1629 x 103741
3.55706 x 10%2¢%7
1.01383 x 104633

1.6309 x 10°213

—2.18922 x 10°1?
—3.08733 x 10%%#°
1.07762 x 106

3 3
7560(r + 1) (r +2)7 (r + 3)7 (20r2 + 407 + 19) (20r2 +80r + 79)

(20r2 1207 + 179) (60r + 120r+67) (60r2 +24Or+247)3

(60r2 +360r + 547) o,

Then, the function Hp(r) —

Using the derivative of the asymptotic formula (see [14])

where B; are the Bernoulli numbers generated by [1]

[ee]
B
7'575
5=0 §:

we get

Hy(r)

—Hy(r+1) ~

Hy(r + 1) is strictly decreasing for r > 1.

1 > BS
~lnr— - — Y 25
$(r) ~Inr =~ Lo r— oo
__r _4_7 o Bas 2s
o1 ! 2+S;(25)!r o <2
1436249 1436249 563824855621 -
864000r12  72000r13 ' 4082400000714

(4)
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and lim,_,e[Ha(r) — Ha(r + 1)] = 0. Therefore, the function Hy(r) — Ha(r + 1) is positive
forr > 1.

Hence,
Hy(r) > Ha(r+1), r>1

and then
Hz(T) > H2(7’+1) > H2(7’+2) >0 > Hz(l’-i-?’l), r>1.

Again, using the derivative of the asymptotic Formula (4), we obtain

H (r) 1436249 B 1436249 " 15339610187 n r oo
2 9504000711 1728000712 ° 6633900000713 = "7
and hence, limy, s Hy(r +n) = 0. Then Hy(r) = Hy(r) — H1(r+1) > 0 forr > 1, and
therefore we have

H](I’)>H1(1"+1)>H1(1’+2)>"'>H1(T+Tl), r> 1.

Using the asymptotic Formula (4) and the asymptotic series, known as Stirling’s
series [14],

InT(r) ~ (r—1/2)lnr—r+lnr+z

),,2s 7, 00 (6)

we get

Hy (r) 1436249 26863154077 n 326590926551 n s oo
! 95040000710 3184272000002 6531840000007 = "~/

and limy, e Hy (r + ) = 0. Hence H; (r) = & lﬁ 1 )> > 0 for r > 1 and then the func-

I
tion r%de{}r(r) is strictly increasing for r > 1. Using the two the asymptotic

Formulas (4) and (6), we have

do,(r) 1436249 n 26863154077 326590926551
dr 8553600003 3502699200000  849139200000077

we have lim, % delﬁr) = 0. Then 1 del( ) < 0forr>1or 61 (r) is decreasing function for
r>1.

Using the asymptotic Formula (6), we have

0y(r) ~ — 5197 " 1436249 26863154077 n oo
! 9072000 = 171072000072  14010796800000r4 = "’
which gives lim,_e0 61 (r) = — gio5 and the function 6, (r) satisfies
5197
—— <0 <0:(1), >1
g072000 < 1) =), =

with sharp constants. [

Using the bounds of the function 6; (r) in Theorem 1, we get the following result:

Corollary 1. The following inequality holds for r > 1

1/ 461 T(r+1) 1/ 461
xp <r7<907200r +C1>) < oy (2 72 < eXp <r7<9072007 te)) @
V2mr (% <2 610)
T

20
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with sharp constants

1 = lim 01(1) = 5197

~ 5072000 —0.000572862
and

57 906739
=0;(1) =1 ~ —0.000267366.
cp =61(1) n\/1347_[ exp <453600> 0.000267366

Theorem 2. The remainder function 0, (r) defined from

5 7 r/2
rr+1) = varr (D) (D58 ) ex 2ol 1+ a0
e rz—zl—o P

90720013 (12 + 557 )

is strictly increasing with sharp constants

57 (BB 213920547
1347 P \ 444845520 2

1104098688000"

Proof. Forr > 1, we have

2,7\ 2
0(r) = _1r9 In(27t) —2In| exp | r — a6l <r2 + 610 > r_r_%l“(r +1)
2 9072001 (12 + 347 ) ) \r

+ 1610
and hence

8
03(0) 5-3

=97 — 10 In(r) + Pyp(r+1) — 7 2r8 In(27tr) + 98 In(T(r + 1))

5197r P+ 5 212521¢5
N i (el I 22680(461072 + 5197)
5197 1< — 35
4536000 (257, +1) 2
200711
120074 + 80r2 — 7°
Consider the two functions
d 1 d92(r)
ao = (5%
_ s <r2 + 670> - 5197 - 212521 1
B r2— L 5197 2 22680r3(461072 +5197) 2
%0 4536000( 27, 4. 1) %
20073

120074 4 80r2 — 7

+9r —10rIn(r) — gln(zm) +rp(r+1)+9InT(r+1),
and

K(r) Ki(r) = Ki(r +1)
212521 97972181 9 63 98
= 26192880/ 306279894062 T 202 —1 | 602 +7 | (601 +7)°
225825877205 1129129386025 2
15313994703 (4610r2 +5197)  11786796(461012 + 5197)% (1 — 2012)?

r>1
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| 205825877205 n( 0 1) 99

567(461072 + 5197)° 60r2 — 3 2r  2(r+1)

97972181 212521 9
30627989406(r +1)2  26192880(r +1)*  20r(r +2) + 19
63 98 225825877205
C60r(r+2)+67  (60r(r+2)+67)2  15313994703(4610r(r + 2) + 9807)
1129129386025 225825877205

+ - —10In(r)

11786796(4610r(r +2) 4 9807)2 ' 567(4610r(r + 2) + 9807)3

10 2 ’
60r(r +2) +57 1) T oot rioe YD

+10In(r+1) + 51n<
Using the recurrence Formula (3), then we have

2 lka(r) ~ Kalr +1)] =

where
K3(r+1) =
5.1341 x 1077 + 6.16092 x 1078r> + 3.63085 x 1089¢%8 4 1.40077 x 1082r%7
+3.97869 x 10%31°6 4 8.87201 x 10%4r% + 1.61734 x 1080r>* + 2.47835 x 108+
+3.25771 x 1038152 1 3.73018 x 10871 4 3.7657 x 10%°°0 4 3.38418 x 10°1/%
+2.72884 x 1072*8 4+ 1.98729 x 107147 4 1.31427 x 107440 +7.92993 x 10%4/%°
+4.38263 x 10214 1 2.22618 x 10%°/*3 4 1.04236 x 10”772 + 4.51033 x 107714
+1.8075 x 107740 + 6.72121 x 10%+%° + 2.32284 x 107138 4 7.47125 x 10%r¥
+2.23912 x 1019436 4 6.25886 x 10173 4 1.63302 x 10913 4 3.97955 x 10101433
+9.06207 x 1019132 +1.92888 x 109231 + 3.83831 x 10'%2r% + 7.14059 x 10'92y%
+1.24174 x 1019428 4 2.01795 x 10'%%r% + 3.06324 x 1095726 4 4.34098 x 1010342
+5.73855 x 10198724 + 7.07001 x 101973 + 8.10872 x 10'957?2 + 8.64618 x 1019572
+8.55775 x 10193420 4+ 7.84827 x 10111 + 6.65518 x 1095718 4 520555 x 1010317
+3.74528 x 10193716 4247066 x 1013115 4 1.48877 x 10'%5,14 4 8.15907 x 10102413
+4.04608 x 10192712 4 1.80466 x 10192711 1 7.18795 x 100110 4 253455 x 1019147
+7.82839 x 10198 4+ 2.09009 x 1019+ + 4.74271 x 10%r° + 8.94464 x 10°%r°
+1.3598 x 10%7* + 1.59388 x 107713 + 1.34296 x 10%6r? + 7.1649 x 10%*r
+1.78658 x 10 >0, r >0

and

3 3
Ka(r+1) = 1890(r+1)%(r +2)3(r +3)° (20r2 + 407 + 19) (20r2 + 807 + 79)
3 3 3
(20r2 +120r + 179) (60r2 +120r + 67) (6Or2 42407 + 247)
2 4 2 4
(4610r + 184407 + 23637) (4610r + 276607 + 46687)
2 3 2 4
<60r 4360 + 547) (4610r + 92207 + 9807) >0, r>0.
Then, the function K;(7) — K»(r 4 1) is strictly increasing for r > 1.

Using the asymptotic Formula (4), we get

708238139903501 708238139903501

K _ K 1 ~ — ceey
2(r) = Ka(r+1) ~ = 4351460800007 T 123942247200005 T

r — o0
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and lim,_«[Ky(r) — Ko(r + 1)] = 0. Therefore, the function K;(r) — Kx(r 4+ 1) is negative
for r > 1. Hence,
Ko(r) < Kp(r+1), r>1

and then
Ky(r) < Ko(r+1) < Kp(r+2)<--- <Kp(r+mn), r>1

Again, using the derivative of the asymptotic Formula (4), we obtain

708238139903501 708238139903501
Ka(r) ~ — + 4., ro oo
2255748899040000713 ' 347038292160000 14

and hence, lim, o Kp(r +n) = 0. Then, Ky(r) = K1(r) — Ky(r+1) < 0forr > 1, and
therefore we have

Ki(r) <Ki(r+1) <Ky(r+2) <.+ <Ky(r+mn), r>1
Using the two asymptotic Formulas (4) and (6), we have

708238139903501 5580017896128641687
Ky(r) ~ — + +..., roo
27068986788480000712 ~ 19198158322291200000714

and lim,, e Ky (r + 1) = 0. Hence, K;(r) = %(}8‘19;5’)) < 0forr > 1and then the

function r%deé—y) is strictly decreasing for » > 1. Using the two asymptotic Formulas (4)
and (6), we get

do,(r) 708238139903501 5580017896128641687

— —
dr 297758854673280000r3  2495760581897856000007° T

and lim; . rlgdedr( ) — 0. Then 1 d92( ) > 0forr > 1or6;(r) is increasing function for r > 1.

Using the asymptotic Formula (6), we obtain

r) 213922547 708238139903501 n 5580017896128641687
2 1104098688000  595517709346560000r2 ~ 998304232759142400000r4

Then, im0 02(r) = 1754095235505 and the function 6, (r) satisfies

v — 0o.

213922547

62(1) < 02(r) < {9pa0098e88000° >

with sharp constants. [

Using the bounds of the function 6, (r) in Theorem 2, we get the following result:

Corollary 2. The following inequality holds for v > 1

461 c3 r+1 461 Cy
p AR <P 5197 T 0 ®
9072007 (24 35) 7)) ( 6) 907200 (12 + 385 ) 7
—20
with sharp constants

7 47851
62 (1) = In W’ oxp (ST < 1o 100

1347 444845520
and 213922547
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3. Numerical Comparisons of Some Gamma Function Approximation Formulas

In this section, we contrast the numerical performance of a number of gamma function
approximation formulas with our new formulations. Firstly, we will compare the following
lower approximation formulas [13,21,23,28,29]:

Ll(r) = \/E(g)rﬁ/&ﬁ +4r2 47 + 2 f —13, r>1 (Ramanujan)
1/2
(r) = \/ﬂ(g) ( ,> ,or>1 (Gosper)
/2
(r) = v2mr(%)’ (r smh( ))r , >0 (Windschitl)
-3
= V2mr (L) (umw . +1> (—50820131270r7 +1), r>2 (Chen)
r/2 .
=V2nrr(L) (rsmh( )) exp (m), r>1 (Yang and Tian)

with our new lower approximation formula

N+ 5 "2 c 461
Le(r) = zm(f) ( 2 610) | 55t 5197 r=t1
e/ \r? =5 * 90720018 (12 + 357

From the graphs in Figures 1-5, we can see that our new approximation Lg is better
than the approximations L1, Ly, L3, L4, and Ls for larger values of r as lower bounds of the
functionI'(r + 1) forr > 1.

Secondly, we will compare the following upper approximation formulas [13,21,23,28,29]:

Un(r) = V(L) {8 +ar +r+ 4, r>1 (Ramanujan)
1/2
Ua(r) = V()" (r+§) 3 721 (Gosper)
/2
Us(r) = V277 (5)" (fms +1) (rsmh(@)r , r>0 (Windschitl)
r2+2%

Uy(r) = @(2)(1273;2?_% + 1) (% ~ som0mo7 T 1) r=2  (Chen)

. r/2 41 .
Us(r) = vanrr()" (r Smh(%)) exp (324r3(3§rz+33)) e\x/p(5222013)2) r=1 (Yang and Tian)

where c5 = %, with our new upper approximation formula
2, 7\"?
rfre+ 45 461
Ue(r) = \/27”([) 27610 exp C—g + , r>1
¢ \r-xn P 907200 (27, + 1)
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1.x107° 1
8.x107"" | 1
6.x107"" | .
4.x107" | L
2.x10™M F -
of .
10 700 7000 164
Figure 1. The function % for r € [1,10%].
1.x10° 1
8.x107"0 1
6.x107"0 | 1
4.x107"0 1
2.x107"° F 1
ok | ‘ ‘ ‘ = o

5 10 50 100 500
; :yy Lo(r)—La(r)
Figure 2. The function TG for r € [2,300].

Ir T T T T T T T
8.x107" | -
6.x107" | -
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Figure 3. The function % for r € [1,150].
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2.x107"°

1.5%107"°

1.%x107"°

5.x107"

Figure 4.

200

7L3¥() )( D forr € [3,103].

400

600

0

The function

5.x107°

4.x107°

3.x107°

2.x107°

1.x107°

0

Figure 5.

2000 4000 6000 8000

7&(;() )( ) forr e [1,104].

10000

The function

From the graphs in Figures 6-10, we can see that our new approximation Ug is better
than the approximations U, Uy, Us, Uy, and Us for larger values of r as upper bounds of
the function I'(r 4+ 1) for r > 1.

Using the asymptotic Laplace’s formula (see [32])

r

27tr (L)'

14
12r

l _
28812

139
5184073

571
248832074

163879
209018880r°"

(r+1)

we obtain the following behaviour of the above mentioned bounds:

and

r(r+1) = Ll(r)_1+O(r’3>:, oo
T(r+1) = Lz(r){1+o(r 2)} r— o0
Mr+1) = L(n)[1+0(r7)], r—>w
T(r+1) = Li(r) 1+O(r 9) r— oo
T(r+1) = Ls(r) 1+O(r 9) r— oo
Ir+1) = Le(r[1+0(r?)], r—w
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rr+1) = wn[1+0(r*)], r—e
Mr+1) = W@)[1+0(r7)], row
rr+1) = W@ 1+0(r7)], row
Mr+1) = U [1+0(r™)], r—e

Therefore, the faster asymptotic formula in the above-mentioned formulas will be
U (r) with a rate of convergence like r%

Our new bounds are, of course, superior to those in [31], which deduced from the
bounds of the remainder function oy (7). Also, even though the bounds in [30] are superior
to our new bounds, what strengthens our results and gives them an advantage is proving
that the remainders 61 (r) and 6;(r) are monotonic and bounded in the new approximation
formulas, which was not discussed in [30].

0.0000240666

0.0000240665

0.0000240665
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4. Discussion

We have provided an explanation of the importance of gamma function approxima-
tions and some of their applications in some sciences. Theorems (1) and (2) outline the key
findings of this paper. In more concrete terms, using the formula presented by Mahmoud
and Almuashi, we provided two new approximation formulas for the Gamma function
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that are numerically more precise than some previously mentioned formulas. Additionally,
these formulas have monotonic and bounded remainder functions, which are important in
practical calculations because they provide measures of how accurate the approximations
are and produce new inequalities of I'(r). Finally, we have shown the rate of convergence
of some approximation formulas for large values of r to facilitate comparisons with the
new formulas deduced in this work.
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