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Abstract: The prediction of sediment transport, related to different environmental and engineering
problems, requires accurate mathematical models. Most available mathematical models for the
concentrations of suspended sediments are based on the classical advection diffusion equation, which
remains not efficient enough to describe the complete behavior related to sediment–water two-phase
flows and the feedback between the turbulent unsteady flow and suspended sediments. The aim of
this paper is to reinvestigate the kinetic model for turbulent two-phase flows, which accounts for both
sediment–turbulence interactions and sediment–sediment collisions. The present study provides a
detailed and rigorous derivation of the kinetic model equations, clarifications about the mathematical
approach and more details about the main assumptions. An explicit link between the kinetic model
and the classical advection diffusion equation is provided. Concentration profiles for suspended
sediments in open channel flows show that the kinetic model is able to describe the near-bed behavior
for coarse sediments.
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1. Introduction

The study of sediment transport is an important topic related to different environmen-
tal and engineering problems. River, coastal and estuarine systems and hydraulic structures
such as dams are affected by sediment transport. The study of sediment transport presents
challenges related to the complex interactions between the flow and the sediments which
constitute the movable bed [1]. Because of this behavior in this lower boundary condition,
the physical models of sediment transport are named movable-bed models. To reproduce
the sediment transport phenomena, modeling criteria are needed for deriving the scales
of the sediment transport variables [2]. Different studies were conducted in relation with
the scaling strategies and the dimensionless parameters of the models (Gorrick and Ro-
dríguez [3], Ancey and Recking [4]). Interestingly, the scaling laws of sediment transport
under turbulent flows over sediment beds have been associated with the phenomenological
theory of turbulence (Ali and Dey [5,6]). A suspended load often predominates the total
load in rivers [7]. The transport of suspended sediment has different consequences, such as
silting, the reduction of reservoir capacity and the pier-scouring of bridges. Studies of flows
carrying suspended loads are therefore of fundamental importance in fluvial hydraulics.

For engineering applications, the prediction of sediment transport requires accurate
mathematical models. Before applying these models in real situations, one-dimensional ver-
tical (1-DV) models are validated by comparisons to laboratory measurements of suspended
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sediment concentrations in open channel flows. Since the pioneer studies of Rouse [8],
Hunt [9], and Einstein and Chien [10], different research studies were conducted during re-
cent decades (Elata and Ippen [11]; Coleman [12]; Parker and Coleman [13]; Umeyama [14];
Cao et al. [15]; Chiu et al. [16]; Guo and Julien [17]; Graf and Cellino [18]; Cao et al. [19];
Wright and Parker [20]; Herrmann and Madsen [21]; Toorman [22]; Absi [23]; Pittaluga [24];
Dey et al. [25]; Sun et al. [26]; Ghoshal et al. [27]; Kumbhakar et al. [28]) to understand
the distribution of sediments in suspension. Despite this large amount of research, most
available mathematical models are from the classical approach based on the advection
diffusion equation, an ordinary differential Equation (ODE) where concentrations of sus-
pended sediment result from the balance between upward mixing and downward settling
fluxes. These models remain not efficient enough to describe the complete behavior related
to sediment–water two-phase flows and the feedback between the turbulent unsteady
flow and suspended sediments. In order to better understand sediment transport, many
studies adopted advanced theories and models of multiphase flows. On the one hand,
two-phase flow studies were based on two-fluid models (Greimann et al. [29]; Wu and
Wang [30]; Greimann and Holly [31]; Hsu et al. [32]; Jiang et al. [33]; Toorman citeToorman;
Nguyen et al. [34]). However, these two-fluid models show difficulties and limitations
related to the massive computations to numerically resolve coupled partial differential
equations together with the additional uncertainties associated with the unclosed terms
or coefficients (Ishii and Hibiki [35]). On the other hand, the kinetic model seems to
be a promising tool to incorporate the effects of fluid–sediment and sediment–sediment
interactions as well as sediment inertia to predict non-monotonic concentration profiles
(Fu et al. [36]; Wang et al. [37]; Lei [38]; Ma and Fu [39]; Nie et al. [40]; Huang et al. [41]).
In these studies, one-dimensional suspended sediment concentration distribution was
obtained through kinetic-model-based simulations.

In this study, the mathematical model used for the prediction of suspended sediment
transport in open channels is the kinetic model for turbulent two-phase flows, which
accounts for both sediment–turbulence interactions and sediment–sediment collisions. The
aim of this paper is to provide a detailed and rigorous derivation of the kinetic model
equations. In particular, clarifications about the mathematical approach and more details
about the main assumptions will be provided. This will allow for the writing of an explicit
link between the kinetic model and the classical advection diffusion equation.

2. The Kinetic Model

This section is devoted to the presentation of a kinetic-type model for sediment
transport in an open channel flow.

The framework derived in [42] is used to obtain the equations for the time evolution
of the sediment concentration and of the sediment average velocity. In particular, the
present section aims to give a detailed and rigorous derivation of the equation for the
two-dimensional steady flow.

The reader is referred to [36], where the same equations are used as starting points to
obtain this equation for the two-dimensional steady flow. In [37], the equation of the fluid
concentration is considered together with the equation of the sediment and the gravitational
force term is also explicitly written.

The particle dynamics are ruled by the following equations:

drp(t)
dt

= vp(t), (1)

dvp(t)
dt

=
u(rp, t)− vp(t)

τ
+ F(rp, t) + W(rp, t) (2)

where (rp(t), vp(t)): [0,+∞[→ Ωs × Ωv ⊆ R6 are the particle position and velocity,
u(x, t):R3 × [0,+∞[→ R3 is the velocity of the fluid-turbulent carrier flow, τ ∈ R+ is the particle
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relaxation time, F(x, t): R3 × [0,+∞[→ R3 is the external force, and W(x, t): R3 × [0,+∞[→ R3

is the stochastic force due to the particles’ collisions.
According to [42], the flow u(x, t) is decomposed as follows:

u(x, t) = U(x, t) + u′(x, t), ⟨u(x, t)⟩ = U(x, t), ⟨u′(x, t)⟩ = 0. (3)

The probability density function of the particles is written as follows:

f (x, v, t) = ⟨δ(x − rp(t))δ(v − vp(t))⟩, (4)

where the ⟨·⟩ indicates the average over the turbulent realizations, namely over the realiza-
tions of the flow u and the random field W.

In what follows, the dependence on the variables (x, v, t) is omitted when possible.
The particle density functions satisfy the following partial differential equation (here

and in what follows, Einstein notation is employed for the sum over repeated indices):

∂ f
∂t

+ vi
∂ f
∂xi

+
∂

∂vi

((
Ui − vi

τ
+ Fi

)
f
)
=⟨u′

iu
′
k⟩α
(

∂2 f
∂xi∂vk

+
β

τ

∂2 f
∂vi∂vk

)
+

D
τ2 δik

∂2 f
∂vi∂vk

, (5)

where

α⟨u′
iu

′
k⟩ =

1
τ

∫ +∞

0
⟨u′

i(x, t)u′
k(rp(t1), t1)⟩(1 − e−

t−t1
τ )dt1,

β⟨u′
iu

′
k⟩ =

1
τ

∫ +∞

0
⟨u′

i(x, t)u′
k(rp(t1), t1)⟩e−

t−t1
τ dt1,

and D is the Brownian diffusion coefficient.
In [36,37], a different term can be found because different assumptions are made on the

stochastic field W. However, this term has no influence on the equations for the moments of
f , because its integral with respect to dv is zero as a consequence of the boundary conditions
considered [42].

The moments of the density function f represent the concentration and the average velocity:

C =
∫

Ωv
f dv, (6)

Vi =

∫
Ωv

vi f dv

C
, i ∈ 1, 2, 3. (7)

It is worth noticing that Vi depends on the space variable x.
The equations for the time evolution of the moments can be obtained by integration

with respect to v of Equation (5). Specifically, one has∫
Ωv

∂ f
∂t

dv =
∂

∂t

∫
Ωv

f dv =
∂C
∂t

,

∫
Ωv

vi
∂ f
∂xi

dv =
∂

∂xi

∫
Ωv

vi f dv =
∂(CVi)

∂xi
,

and the integral of all the other terms in Equation (5) is equal to zero because of the
following assumption: ∫

Ωv

∂ f
∂vi

dv = 0, ∀i ∈ {1, 2, 3}, (8)

namely f (x, v, t)|∂Ωv = 0, where ∂Ωv denotes the boundary of domain Ωv. Bearing all the
above in mind, one has the following equation:
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∂C
∂t

+
∂(CVi)

∂xi
= 0. (9)

The differential equation which describes the time evolution of the average velocity
Vi, i ∈ {1, 2, 3} is obtained by multiplying Equation (5) by vj, j ∈ {1, 2, 3} and integrating
with respect to dv. Hence, one has the following:∫

Ωv
vj

∂ f
∂t

dv =
∂

∂t

∫
Ωv

vj f dv

=
∂(CVj)

∂t

= Vj
∂C
∂t

+ C
∂Vj

∂t
, (10)

∫
Ωv

vjvi
∂ f
∂xi

dv =
∂

∂xi

∫
Ωv

vjvi f dv

=
∂

∂xi

∫
Ωv

(
Vj + v′j

)(
Vi + v′j

)
f dv

=
∂
(
CVjVi

)
∂xi

+
∂
(

C⟨v′jv′i⟩
)

∂xi
, (11)

where

⟨v′jv′i⟩ =

∫
Ωv

v′jv
′
i f dv

C
, i, j ∈ 1, 2, 3, (12)

and ⟨v′i⟩ = 0. For i ∈ {1, 2, 3},

∫
Ωv

vj
∂

∂vi

((
Ui − vi

τ
+ Fi

)
f
)

dv =
∫

Ωv

∂

∂vi

(
vj

(
Ui − vi

τ
+ Fi

)
f
)

dv

−
∫

Ωv

∂vj

∂vi

(
Ui − vi

τ
+ Fi

)
f dv

= 0 −
∫

Ωv
δij

(
Ui − vi

τ
+ Fi

)
f dv

=−
(Uj − Vj

τ
+ Fj

)
C, (13)

∫
Ωv

vjα⟨u′
iu

′
k⟩

∂2 f
∂xi∂vk

dv =
∫

Ωv

∂

∂vk

(
vjα⟨u′

iu
′
k⟩

∂ f
∂xi

)
dv

−
∫

Ωv

∂vj

∂vk

(
α⟨u′

iu
′
k⟩

∂ f
∂xi

)
dv

= 0 −
∫

Ωv
δjk

(
α⟨u′

iu
′
k⟩

∂ f
∂xi

)
dv

=− α⟨u′
iu

′
j⟩

∂C
∂xi

, (14)

∫
Ωv

vj

(
β

τ
⟨u′

iu
′
k⟩

∂2 f
∂vi∂vk

+
D
τ2 δik

∂2 f
∂vi∂vk

)
dv = 0, (15)

because of assumption (8).
Bearing all the above in mind, the evolution of the average velocity Vj, for j ∈ {1, 2, 3},

is determined by the following equation:

Vj
∂C
∂t

+ C
∂Vj

∂t
+

∂
(
CVjVi

)
∂xi

+
∂
(

C⟨v′jv′i⟩
)

∂xi
−
(Uj − Vj

τ
+ Fj

)
C = −α⟨u′

iu
′
j⟩

∂C
∂xi

. (16)
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By means of straightforward calculations and bearing Equation (9) in mind, Equation (16)
is rewritten as follows:

∂Vj

∂t
+ Vi

∂Vj

∂xi
= −

∂⟨v′jv′i⟩
∂xi

+
Uj − Vj

τ
+ Fj −

ϵij

τ

∂ ln C
∂xi

, ∀ j ∈ {1, 2, 3}, (17)

where ϵij = τ
(
⟨v′iv′j⟩+ α⟨u′

iu
′
j⟩
)

, for i, j ∈ {1, 2, 3}.

When a two-dimensional steady flow is taken into account, one has
∂Vj
∂t = 0,

∂Vj
∂x1

= 0,
∂⟨v′jv

′
1⟩

∂x1
= 0 and ∂ ln C

∂x1
= 0, for j ∈ {1, 2}, V2 = 0 = U2. Equation (17), for V2, is rewritten

as follows:

0 = −∂⟨v′2v′2⟩
∂x2

+ F2 −
ϵ22

τC
∂C
∂x2

. (18)

The force, F2, in the vertical direction can be decomposed into a lift force, FL, and the
effective gravity:

F2 = FL −
(

1 −
ρ f

ρs

)
g, (19)

where g is the gravitational acceleration, ρ f is the fluid density and ρs is the particle density.
Bearing all this in mind, and assuming for the sake of clarity that x2 = y, Equation (18) reads
as follows:

ϵyy
∂C
∂y

= −ωC + τC

(
FL −

∂⟨v′yv′y⟩
∂y

)
, (20)

where ω =
(

1 − ρ f
ρs

)
gτ (see also [36,37]).

3. Results and Discussion

Equation (20) has a form similar to the classical 1-DV ADE advection diffusion equation,
which results, in equilibrium conditions, from the balance between an upward mixing flux
qm and a downward settling flux qs = Cω as qm − Cω = 0, where ω is the particle settling
velocity and the mixing flux is assumed to be proportional to the concentration gradient as

qm = −ϵyy
∂C
∂y

(gradient diffusion model), where ϵyy is the sediment diffusivity and y is the

vertical distance from the bed.
ϵyy

∂C
∂y

= −ωC. (21)

It is possible to write Equation (20) in two different forms related to Equation (21).
In the first form, Equation (20) is written as follows:

ϵyy
∂C
∂y

= −ω∗C, (22)

where

ω∗ =

1 −
τ

(
FL −

∂⟨v′yv′y⟩
∂y

)
ω

ω. (23)

In Equation (23), the effect of the kinetic model is in the form of a hindered settling with a

modified or “apparent” settling velocity ω∗. For τ

(
FL −

∂⟨v′yv′y⟩
∂y

)
≪ ω, Equation (22) reverts to

Equation (21).
In the second form, Equation (20) is written as

ϵ∗yy
∂C
∂y

= −ωC, (24)
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where
ϵ∗yy =

1

1 −
τ

(
FL−

∂⟨v′yv′y⟩
∂y

)
ω

ϵyy. (25)

In Equation (25), the effect of the kinetic model is in the form of a modified or “apparent”

sediment diffusivity ϵ∗yy. The same condition τ

(
FL −

∂⟨v′yv′y⟩
∂y

)
≪ ω allows Equation (24) to

revert to (21). It is possible to write both Equations (22) and (24) in the following form:

∂C
∂y

= − 1
R

C, (26)

where R is the ratio between the sediment diffusivity and the “apparent” settling velocity or the
ratio between the “apparent” sediment diffusivity and the settling velocity, given, respectively, by

R =
ϵyy

ω∗ =
ϵ∗yy

ω
. (27)

A criterion for the concentration profile shapes is given as follows. The derivative of
Equation (26) gives

∂2C
∂y2 =

C
R2

(
∂R
∂y

+ 1
)

. (28)

Equation (28) shows that the upward concavity/convexity of the concentration profiles,
which is associated with the sign of ∂2C

∂y2 , is related to the sign of ∂R
∂y + 1 since C

R2 is always

positive (∂2C
∂y2 and ∂R

∂y + 1 have the same sign). Therefore, an upward concave concentration

profile corresponds to ∂R
∂y > −1, while an upward convex concentration profile corresponds to

∂R
∂y < −1 [43,44].

The model was applied for computations of suspended sediment concentrations in
open channel flows. The results were compared to the experimental data of Einstein and
Chien [10] for two conditions (see Table 1). These data are for coarse sediments with a
particle diameter, dp = 1.3 mm.

The simulations presented in Figure 1 were obtained using the following equations
and parameters. The settling velocity is given by ω = 0.14 m/s for the coarse sediments of
the experiments in Table 1. The sediment diffusivity is obtained from an algebraic eddy
viscosity given by [45]:

νt(ξ) = Cαu∗ye−C1ξ , (29)

where ξ =
y
h

and the two coefficients Cα = 0.477 and C1 = 2.17. For simplicity, the
term which multiplies the sediment diffusivity in Equation (25) was approximated by a

former formulation, see [23], given by 1 + αse−
y
hs with the following parameters: αs = 32,

hs = 0.019 for (S2) and αs = 50, hs = 0.019 for (S3).

Table 1. Flow conditions of experiments of Einstein and Chien.

Run Number h (cm) dp (mm) u∗ (cm/s) ρs/ρ f

S2 12.0 1.3 12.85 2.65
S3 11.7 1.3 13.26 2.65

Figure 1 shows that for both experimental conditions, at the opposite of the classical
ADE (dashed lines), the kinetic model (solid lines) is able to describe the near-bed behavior.
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Figure 1. Concentration profiles for two conditions: top: S2, bottom: S3; symbols: experimental data;
dashed lines: classical ADE; solid lines: kinetic model.

4. Conclusions

This study reinvestigated the kinetic model for turbulent two-phase flows, which
accounts for both sediment–turbulence interactions and sediment–sediment collisions. The
present study provided a detailed and rigorous derivation of the kinetic model equations,
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clarifications about the mathematical approach and more details about the main assump-
tions. An explicit link between the kinetic model and the classical advection diffusion
equation was provided.

A criterion for the concentration profile shapes shows that the upward concav-
ity/convexity of the concentration profiles is related to the derivative of the ratio between
the sediment diffusivity and the “apparent” settling velocity or between the “apparent”
sediment diffusivity and the settling velocity.

The model was applied for the computation of suspended sediment concentrations
in open channel flows. The results show that the kinetic model was able to describe the
near-bed behavior for coarse sediments.

Author Contributions: M.D.V., conceptualization, methodology, data curation, formal analysis,
software, validation, investigation, methodology, visualization, writing—original draft preparation,
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version of the manuscript.
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