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Abstract: In this paper, by using the Golden Calculus, we introduce the generalized Apostol-type
Frobenius—-Euler-Fibonacci polynomials and numbers; additionally, we obtain various fundamental
identities and properties associated with these polynomials and numbers, such as summation theo-
rems, difference equations, derivative properties, recurrence relations, and more. Subsequently, we
present summation formulas, Stirling—Fibonacci numbers of the second kind, and relationships for
these polynomials and numbers. Finally, we define the new family of the generalized Apostol-type
Frobenius—Euler—Fibonacci matrix and obtain some factorizations of this newly established matrix.
Using Mathematica, the computational formulae and graphical representation for the mentioned
polynomials are obtained.
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MSC: 11B68; 11B83; 05A15; 05A19

1. Introduction

Recently, numerous scholars [1-3] have defined and developed methods of generating
functions for new families of special polynomials, including Bernoulli, Euler, and Genocchi
polynomials. These authors have established the basic properties of these polynomials
and have derived a variety of identities using the generating function. Furthermore,
by using the partial derivative operator to these generating functions, some derivative
formulae and finite combinatorial sums involving the above-mentioned polynomials and
numbers have been obtained. These special polynomials also provide the straightforward
derivation of various important identities. As a result, numerous experts in number theory
and combinatorics have exhaustively studied their properties and obtained a series of
interesting results.

Forany u € C, u # 1 and ¢ € R, the Apostol-type Frobenius-Euler polynomials

H£§‘ ) (C;u; A) of order a € C are introduced (see [4-7]).
A
(1) .

1—u \* o qv
gd _ H(‘X) A — |d
(o) &= LA @un G a1 <
For{ = 0, H§3 )(u; A) = Hg,‘,x ) (0;u; A) are called the Apostol-type Frobenius—Euler
numbers of order «. From (1), we known that
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Y(GuA) = g:() (1), ©

and

HY (7 -1;4) = BES (G A), @3)

where Ez(lf( ) (Z; 1) are the w' Apostol-Euler polynomials of order a.
The generalized A-Stirling numbers of the second kind S(w, s; A) are given by (see [8])

Al —1) @ dv
’ w=0 :

for A € Cands e N={0,1,2,-- -, }, where A = 1 gives the well-known Stirling numbers
of the second kind; these are defined as follows (see [9,10]).

(ed _ 1)5 _ 00 qw
= wZ::OS(w,s)a. (5)

By referring to (4), the A-array type polynomials SY({, A) are defined by (see [11])

)\edfl s ) av
Qe = 1)° I ) et = UX:OS(w,s;C;/\)a. (6)
w=

The Apostol type Bernoulli polynomials B (@ A) of order w, the Apostol- type Euler

polynomials E (@ A) of order «, and the Apostol-type Genocchi polynomials G (é A)
of order « are defined by (see [8,12]):

<Aedd1) e = ZIB% |d+log)\|< 2m), 7)
2
(MH) ZE Tl d+1ogA < ) ®)
and
( 2d )Ixeg ZG('X (& )\) (|d+log/\|< ), )
Aed +1 =
respectively.

Clearly, we have
By (1) = By (0), E) (1) = By (0:4), 67 (1) = G (0; ).

The subject of Golden Calculus (or F-calculus) emerged in the nineteenth century due
to its wide-ranging applications in fields such as mathematics, physics, and engineering.
The y-extended finite operator calculus of Rota was studied by A.K. Kwasdniewski [13].
Krot [14] defined and studied F-calculus and gave some properties of these calculus types.
Pashaev and Nalci [15] dealt extensively with the Golden Calculus and obtained many
properties and used these concepts especially in the field of mathematical physics. The
definitions and notation of Golden Calculus (or F-calculus) are taken from [15-18].

The Fibonacci sequence is defined by the following recurrence relation:

Fy=Fy 1+ Fy2w=>2
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where Fy = 0, F; = 1. Fibonacci numbers can be expressed explicitly as

g Py

p—9 '

where ¢ = HT\@ and ¢ = PT\@ ¢ ~ 16180339 - - - is called Golden ratio. The Golden ratio
is a frequently occurring number in many branches of science and mathematics. Pashaev
and Nalci [15] have thoroughly studied the miscellaneous properties of Golden Calculus.
Additional references include Pashaev [18], Krot [14], and Pashaev and Ozvatan [19].

The F-factorial was defined as follows:

FEFEs - Fy = Fy!, (10)

where Fy! = 1. The binomial theorem for the F-analogues (or the Golden binomial theorem)

are given by
w

@i enp =1 (1) Code, an

=0

in terms of the Golden binomial coefficients, referred to as Fibonomials

w\ B!
1)r  Fy RV

with w and [ being non-negative integers, w > I. The Fibonomial coefficients have follow-

ing identity: l
w w w—m
(Z>F<m>F:(m)F(l_m)F. (12

The F-derivative is introduced as follows:

OF _ f(¢d) = fF(¥0)

respectively. The first and second types of Golden exponential functions are defined as

w0 = 5 O

w=0 F

B0 = ¥ (-n® 15)

w=0

(14)

v
17

Briefly, we use the following notations throughout the paper

er(Q) = Zo %

and

Er()= Y (D@L

=0 F!

er(¢) and Ep(Q) satisfy the following identity (see [17]).

eLEL = olETE, (16)
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The Apostol-type Bernoulli-Fibonacci polynomials ]B% (§ A) of order «, the Apostol-
type Euler-Fibonacci polynomials Ew, F(@, A) of order « and the Apostol-type Genocchi-
Fibonacci polynomials (Gz(g }(@ ; A) of order a are defined by (see [20-22]):

d Z IB% «) HTGA) a7 (17)
Aeth —1 F Fu!’
2 ¢ o (@) av
@ Y EYLGA) =— 18
(Aederl) " u?;o wr (& )Fw! (18)
and .
= G SA)—, 19
() 4= Eetion; o
respectively.

Clearly, we have

Bl p(1) = B (0, 0), Bp(A) = Bp(0A), Gp(h) = Grr(0;0).

In light of the above studies, we define a new family of two-variable polynomials,
including the polynomials defined by Equation (1) with the help of the Golden Calcu-
lus. Namely, we introduce the concept of the generalized Apostol-type Frobenius—-Euler—
Fibonacci polynomials and numbers. Thus, we give some properties of this polynomial
family, such as recurrence relations, sums formulae, and derivative relations, by using
their generating function and functional equations. Additionally, we establish relationships
between Apostol-type Frobenius—Euler-Fibonacci polynomials of order a and various
other polynomial sequences, including Apostol-type Bernoulli-Fibonacci polynomials,
Euler-Fibonacci polynomials, Genocchi-Fibonacci polynomials, and the Stirling—Fibonacci
numbers of the second kind. We also introduce the new family of the generalized Apostol-
type Frobenius—Euler-Fibonacci matrix and derive some factorizations of this newly estab-
lished matrix. Finally, we provide zeroes and graphical illustrations for the generalized
Apostol-type Frobenius-Euler-Fibonacci polynomials.

2. Generalized Apostol-Type Frobenius—-Euler-Fibonacci Polynomials H. I)E(Z, ;M)

In this part, we introduce Apostol-type Frobenius—-Euler-Fibonacci polynomials by
means of the Golden Calculus. Some relations for these polynomials are also obtained by
using various identities. At this point, we begin with the following definition.

Definition 1. Let A € C, a € N, the generalized Apostol-type Frobenius—Euler polynomials
H;f‘ 3;(@, 1;u; A) of order w are defined by means of the following generating function:

14
er Ep H SUA 20
(Ae%—u) T ZO €77 >w (20)

When ¢ =1 = 01in (20), HSJX)F(M’ A) = HHT)F(O, 0;u; A) are called the w!" Apostol-type
Frobenius—Euler-Fibonacci numbers of order «.

Theorem 1. The following summation formulas for the generalized Apostol-type Frobenius—Euler—
Fibonacci polynomials ]H[gf }(g, 17;u; A) of order a holds true:

w

w _
HOL( pwA) = ) (S>F H®)(0,0;10) (¢ + )%, 1)

s=0
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@ (W @)y ey s
Hw,F(g,ry,u,/\):Z}) ) FHS,F(O,ﬂ,u,A)g (22)
s=
and
(2) - s (W () s
Hw,p(é,n;u;)»)zzo(*l) 7 FHw,S,p(C,O;u;A)n- (23)
s=

Proof. By virtue of (14)-(16) and (20), we obtain the desired results. [

Theorem 2. The following recursive formulas for the generalized Apostol-type Frobenius—Euler—
Fibonacci polynomials ]H[gi )F(g, 1;u; A) of order o hold true:

d " .
d
ﬁ {H‘((Z%(g/ n;u, /\)} = FwH;’j‘zl’F(g, —nu; /\) (25)

Proof. Differentiating both sides of (20) with respect to ¢ and # through Equation (13), we
obtain (24) and (25), respectively. [

Theorem 3. The following difference formulas for the generalized Apostol-type Frobenius—Euler—
Fibonacci polynomials ]H[Z(lf‘ ;(C, 1;u; A) of order o holds true:

/\Hz(jf}(l, nu;A) — uHEZ}(O, muA) = (1— u)Hfjf;l) (0,7;u; 1) (26)
and
AHSL(1,0;u;4) — uHEL(1L, —Tu;4) = (1 - w)HE Y (1, ~ 1L u;0). 27)

Proof. By virtue of (20), we can easily proof of Equations (26) and (27). We omit the proof. [

Theorem 4. Let o, § € N, the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials
ngf}(g, 1;u; A) of order o hold true:

w w "
HP (0 pu0) = ) <S>F HY (0,0, VHE) (¢, ;03 0), (28)
s=0
and 0
a— w —
L (ATINED (S)P HY 1(0,0;u; A)H (2, 75:1). (29)
s=0

Proof. Using generating function (20), we obtain Equations (28) and (29). We omit
the proof. [

In the following theorems, we establish some results on the generalized Apostol-type

Frobenius-Euler-Fibonacci polynomials Hg‘ %(@ ,1;u; A) of order « and some relationships
for Apostol-type Frobenius—Euler—Fibonacci polynomials of order « related to Apostol-
type Bernoulli-Fibonacci polynomials, Apostol-type Euler-Fibonacci polynomials, and
Apostol-type Genocchi-Fibonacci polynomials. We now begin with the following theorem.

Theorem 5. For the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials Hy, p(Z, 75 u; A),

one has
w

w
(2u—1)), (l) Hip,p (0, 77515 A)Hep—1 p(,0;1 — ;)
1=0 F

= uly, p (¢, 1;u;A) — (1 —u)Hy p (S, 7;1 — 1; A). (30)
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Proof. We set

u—1) 1 1
(Aed —u)(Aet — (1—u))  Aet—u  Aet—(1—u)

From the above equation, we see that

(1—u)ed(1— (1 —u))EL"
(Aed —u)(Aedh — (1 —u))

(2u—1)

C-wduEl - w BN (- (1-w)
B Aeth —u Aelt — (1 —u)

7

through which, in using Equations (16) and (20) in both sides, we have

1

(2u—1)<iH,/F(O,17;uA g><Zprg01 Fw>
1=0

av
_uZprgq,uA)F' (1—u) Zprgiy, /\)F'
w=0 w=0 w+
By applying the Cauchy product rule in the aforementioned equation and subsequently
comparing the coefficients of d* in both sides of the resulting equation, it can be deduced
that assertion (30) holds true. O

Theorem 6. For the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials H, p(Z, 1; u; A),
one has

WHoy £ (3,755 ) Az( ) By (@A) — (1— u)({ + ). (31)

Proof. Using the following identity
u 1 1

AAed —u)ed B (Aef —u) - /\76‘113’

we find that
u(l—wed BN (- we B (1 - w)el'E)
A(Aed — u)edF B Aedt —u /\e%
(o) dw
uy  Hyr(m; wA)
w=0 w:
e oxd & dv
w=0 ) w=0 w

By applying the Cauchy product rule in the aforementioned equation and subsequently
comparing the coefficients of d* in both sides of the resulting equation, it can be deduced
that assertion (31) holds true. O

Theorem 7. For the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials Hy, p(, 17; u; 1)
of order a, we obtain

o 1 Yo(w x
HH(Z, 5105 A) = Ty (l)F [AHw—z,F(l,U;u;A)Hl(,F)(C,O; w;A)
=0

—uMHy—1r(0,7; u;/\)Hl(f'}) (C,0;u; A)} : (32)
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Proof. Using (20), we find that
ZHW @ rur e = (S def—u) ((1=u )\ i
wF\or 117 Fy! Aedt —u 1—u Aed —u FF
L4

A 1—u i 1—u cd ond

1—u<)tef£—u> P(Ae%—u) FF

_u 1—u 1—u “engWd

1—u Aej’ﬁ—u Aeg—u FoEs

Simplifying the above equation and using Equation (20), we obtain

d A v & d
ZHS]" CmwA) gy =100 L Hup(Lnu ) gy ZH,F GO0
w=0 w* =0

d

1 priy,u)\F'ZH COu)\)

By applying the Cauchy product rule in the aforementioned equation and subsequently
comparing the coefficients of d* in both sides of the resulting equation, it can be deduced
that assertion (32) holds true. O

Theorem 8. The following relation between the generalized Apostol-type Frobenius—Euler-Fibonacci
polynomials Hgf ; (¢, n; u; A) and Apostol-type Bernoulli-Fibonacci polynomials By, p(; A) holds true:

@ wtl 1

Hmun = 1 (U7) (AZ ;) Bre@a) - Bz,p@;A))
1=0

<Hy 1 (0, 13). (33)

Proof. Consider generating function (20), we have

w

)y Hiif)p(m;u;?\)rw

®
_ 1—u g d /\e’lj: -1
AedF —u) FF Ae? -1 d

1 d & dr
= AZHWAO A ZBIFM B
w 1=0 r-

) zx qv dl
- L HorOmu ) e DB G g ) (34)
Using the Cauchy product rule in (34), the assertion (33) is obtained. [

Theorem 9. The following relation between the generalized Apostol-type Frobenius—Euler—Fibonacci

polynomials Hz(;x %(C, 11; u; A) and generalized Apostol-type Euler—-Fibonacci polynomials Iy, p(Z; A)
holds true:

Hi ) =53 (7). (AZ() B p(GA) + By (: A)) B, (0,775 0). 35)



Mathematics 2024, 12, 800 8 of 15
Proof. By virtue of (20), we have
[ee) dw
Y HLE i 0) 5
w=0 w
(A= \ a2 Aed 41
S\ e —u °F EF Aed +1 2
F F
1, & @) dv & d & ar
=—(A H A) E A
2 ( wZ::O ‘w,P (0 17/ u Fw ; l F g )P ' Fr'
d @ av & dl
Z Oiy,uAF'ZEIFCu/\) (36)

Using the Cauchy product rule in (36), the assertion (35) is obtained. [

Theorem 10. The following relation between the generalized Apostol-type Frobenius—Euler—Fibonacci
polynomials HE;X }(g, 1; u; ) and Apostol-type Genocchi—Fibonacci polynomials Gy, p(C; A) holds true:

B =38 (U7 (Az() Gror () + Gy A))

=0

<H | (0,755 ). (37)

Proof. Using (20), we obtain

w

)3 Hz(ﬂ(@ W}“?)\)ﬁ
w=0 w

C(a=u N g 2d Aed +1
Aedt —u FF Aed +1 2

d
! o (4 v = ' = gr
=24 (AWZ_;OH (0 n,u; /\) l;)Gl,F(gl/\)m ;ﬁ

r

o () av & d!
+ Z Hw,P(O/ ; ”;)\)ﬁ Z GZ,F(g})\)ﬁ . (38)
w=0 w =0 I

Using the Cauchy product rule in (38), the assertion (37) is obtained. [
Theorem 11. For the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials ]H[E;X, )F (C,mu; M)
of order a, we obtain
w w
7€) = Y- (V) Haor G HE 0). 9)
F

s=0

Proof. From (20), we obtain

1—u 1—u gdpnd _ (,x d
er Ep H SUA
d <Ae?:u) F AeF Z s, F g” )

Aep —u —u,
3 4% = pe) @
= H U;A)— H LU A
wgo wF( )Fw!S:O SF(Z;T] )F'

Now, replacing w with w — s and equating the coefficients of d* leads to Formula (39). O
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Theorem 12. For the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials ]H[ %) e (CmuA)
of order w, we have

w w—Iy /0

HOHC+ 1 u0) = Y (-1)( 2 >(Z)FH§?<§,W;L¢;A). (40)
1=0

Proof. Using (20), we have

[e9)
tX

F(C+1, u/\d——ZH“ (C, u)\)ﬁ
17’ 77/ F

[
1—u Zd pnd (pd
= e En (Ef —1

00 i Wy w
- (Eaperong ) (S0 E) - Eetemon,
- L

w=0

w
w=0 w=0

v w l N i N av
<Z (?)FHZ(}(C,U;uA)—ZH (EmwA) gy

w=0

Finally, equating the coefficients of the like powers of d¥, we obtain (40). [

Theorem 13. Let o and 7y be non-negative integers. There is the following relationship between
the numbers Sp(w, I; A) and the generalized Apostol-type Frobenius—Euler—Fibonacci polynomials

Hz(u'x }(é, 1;u; A) of order w, which holds true:

¥ (V) B pemunse (L) = (0 @ @
1=0

and

v w
HO () = (1:[) Y (?)PHZ(;)I,F@/W”;/\)SF (lmz), (42)

1=0
where Sp(w, I; A) is the Stirling—Fibonacci numbers of the second kind are defined by
(Ael —1) & av
— = Y Sp(w,A)— Er (43)

w=0

Proof. By virtue of (20), we find that

o
ad dv 1—u dnd
Z Hijf}(g,;y,-u;/\)ﬁ = ( . ) e% Eg

w=0 w: Aer —u
[ee] w

® « d N o w
(/\6%—’0 ZHEU}(CI'?;u;/\)FfM:(l—M) Z(€+'7) FE

‘S
=}
S
o

ZH"‘ C;y,u)\) -

[ER (s

2
Mei
@

(@) dv & A\ d!
'L (o A) o ;Sp(lzx u)P'

(Y St

v=0
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which, on rearranging the summation and then simplifying the resultant equation, yields
the relation (41).
Once more, we examine the following arrangement of generating function (20) as:

- « Apd 1)”
P N A B8 el B <P G A ,(ueF
w;o Hw,F (gf n;u; A) Fw, - ( d eF EF 1—u e 'Y' ’ (44)

Aer —u

on use of Equations (44) and (20). After evaluation, the desired result is obtained (42). O

Now, we define the new family of generalized Apostol-type Frobenius—-Euler-Fibonacci
matrices. By using this definition, we obtain the factorizations of this newly established
matrix in the following theorems.

Definition 2. Let H “)F(C 1n;u; A) be the generalized Apostol-type Frobenius—Euler—Fibonacci
polynomials. The (n + 1) (n+1) genemlzzed Apostol-type Frobenius—Euler-Fibonacci matrix,

HH @A) = [0 s d)| | is deined by
i <Z> HY (G mwh) i)
by G M)=q \i/p . (45)
0 i<j
Theorem 14. For the generalized Apostol-type Frobenius—Euler—Fibonacci matrix H (g ;1)
we have (
,x+ﬁ C+ymuA) = Hﬁf}:(@ﬂ;u;)&)H”’?(O, YU A).

Proof. By virtue of (12), (16), (20), and (45), we find that
@) = () BGP @+ )
N D=1\ L
- ) Y@ VRO, g )
F F
= Z <Z> <]Z(:]) Hz(a)kp(gl 1; M}A)H]((/i)j,p(oz Y; u;)‘)
k=j N/ F 1) E

i w

k) FHEJI(,F(gr n,u; A) (]) HI((‘B)] F(O’ P;u; )\)
= Hnlxlz(g n;u; /\)Hﬁfg(o, IIJ,' M}/\).

O

Theorem 15. For the generalized Apostol-type Frobenius—Euler—Fibonacci matrix Hn,p(g S A),
we have

Hy r(C+1,0,u;A) =P, p(O)Hyp (0, 17,15 1),

where Py, r(7) = [pij(0)] ?].:0 is the generalized Pascal matrix [23] via Fibonomial coefficients of

the first kind is defined by
pei - ()67 =1
0 i<j
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Proof. Using (45) and (12), we obtain

N i N
H,r(+7,0,uA) = <1>PZ( )Cl_]_ka,p(O/ﬂ;u;?\)

J 0
) ,;](J)f (i) Beir0 )
= XI: ,l( él k() Hy— (0, 1;1;A)

O

3. Some Values with Graphical Representations and Zeros of the Generalized
Apostol-Type Frobenius-Euler-Fibonacci Polynomials

In this section, evidence of the zeros of the generalized Apostol-type Frobenius-Euler-
Fibonacci polynomials is displayed, along with visually appealing graphical representa-
tions. A few of them are presented here:

" —14+u\*
HY (G m;151) = (_ ) ,

A+u
14u un (=1t A =1t A =1tu A &
HYP @ m0) = - ug—(u—i—/\) 17—<;+AA> : —<u+/\) + —(u+/\> = —(uu—l—A)\) ’
122 (=1t “ u2gy (Sl 14u 1t “A
Hyp (i) = (- (+)?)2) = 5+A)) e 5+A2) ((u+/\/\))2
uag( 1+u) A 2u§2( 1+u) umy( 1+u) 2u§17( 1+u) A
(—u+A)? (—u+A)2 (—u+A)2 (—u+A)?2
2un? ( “’”) A oc( “’”) AZ o« (%) A? th(_ulj\”)a)\z
Cut A2 2—ut A T 2Aud A (Cut AP
€2< 1+u> A2 0"7(#)“7\2 @7( 1+u) A2 ﬂz(ulju) A2
(it A)2 Cut V) T (—urAg (—ut A2

i) = ( HAu) 2 ( 1+Au — 2 ( HAu) 1 (—ulj_/\u)“

( ) 2140(( 1+u) A2 D((_ulj;\u) A3 “( 1+u) A3
)

(—u+A (—u+A)3 3(—u+A)3 (—u+A)3
as(ﬁ A3 2uag(ulj”) 2““’7( 1+u) ( 1+u> A2
Tt A T Cur )y CutA)? Cut A2
227 (Lt “12 ap(Z50) 22 a2y (2) 22 202 ()2
" (<u+A>)2 ((u+/2) (Eu—k)x)) —(u+/\)
20&5;7( 1+”) A 2an? < 1+l‘) A
—u+A —u+Ar

We investigate the beautiful zeros of the generalized Apostol-type Frobenius-Euler
polynomials H—]Igi ;(é, 7;u; A) = 0 of order a by using a computer. We plot the zeros of

generalized Apostol-type Frobenius—Euler polynomials HZ(;]X }T (¢, m;u; A) = 0 of order « for
w = 30 (Figure 1).
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Figure 1. Zeros of Hgﬂ(é, mu;A) =0.

In Figure 1 (top left), we choose u = —2,A = 4,& = 3 and y = 3. In Figure 1 (top
right), we choose u = —2,A = 4,a = 3 and # = —3. In Figure 1 (bottom left), we choose
u=2,A=6,a =5and#n = 3. In Figure 1 (bottom right), we choose u =2,A = 6,a =5
and 7 = —3.

Stacks of zeros of the generalized Apostol-type Frobenius-Euler polynomials
HE: %(6, n;u;A) = 0 of order « for 1 < w < 30, forming a 3D structure, are presented
(Fiéure 2).

In Figure 2 (top left), we choose u = —2,A = 4,& = 3 and y = 3. In Figure 2 (top
right), we choose u = —2,A = 4,0 = 3 and y = —3. In Figure 2 (bottom left), we choose
u=2,A=6u«a=>5and#n = 3. InFigure 2 (bottom right),we choose u =2,A = 6,4 =5
and 7 = —3.

Plots of real zeros of the generalized Apostol-type Frobenius—Euler polynomials
Hij‘}(g, n;u; A) = 0 of order a for 1 < w < 30 are presented (Figure 3).

"In Figure 3 (top left), we choose u = —2,A = 4,a& = 3 and 7 = 3. In Figure 3 (top
right), we choose u = —2,A = 4,0 = 3 and # = —3. In Figure 3 (bottom left), we choose
u=2,A=6a=>5andn = 3. In Figure 3 (bottom right),we choose u =2,A = 6,4 =5
and 7 = —3.

Next, we calculated an approximate solution satisfying the generalized Apostol-type
Frobenius-Euler polynomials HE: }(g,n ;u; A) = 0 of order a. The results are given in
Table 1. We choose u =2,A = 6,a =5and n = 3.
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Table 1. Approximate solutions of ]HIE;X 3: (¢, m;u; 1) =0.

Degree w 4
1 4.5000
2 —0.96131, 5.4613
3 —3.9141, 5.1740, 7.7401
4 —6.6036, 3.1453 — 2.11457,
3.1453 + 2.1145i, 13.813
5 —10.775,1.5396 — 0.9397i, 1.5396 + 0.9397i,
8.4352,21.761
6 —17.428, —0.72148, 2.5863,
5.7586, 10.197, 35.608
7 —28.214, —1.9256, 2.6753 — 1.4884i, 2.6753 + 1.4884i,
6.7608, 19.152, 57.377
8 —45.645, —3.2315, 1.4614 — 1.2976i, 1.4614 + 1.2976i,
5.7479,12.138, 29.581, 92.986
—73.860, —5.2463, 0.39703, 1.3178,
9 5.2440, 7.1909, 18.825, 48.769,
150.36
—119.51, —8.4883, —0.86402, 2.7850 — 0.2438i,
10 2.7850 + 0.24384, 4.6030, 13.531, 30.944,
78.360, 243.35

4. Conclusions

In this article, our objective was to introduce the F-analogues of the Apostol-type
Frobenius—Euler polynomials, which we have denoted as generalized Apostol-type Frobenius—
Euler-Fibonacci polynomials. We have employed the Golden Calculus to introduce these
polynomials and subsequently explored their properties. Our work represents a generalization
of the previously published articles [24]. In our future research studies, we intend to utilize
the Golden Calculus to introduce the parametric types of certain special polynomials and to
derive a plethora of combinatorial identities through their generating functions.
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