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1. Introduction

The mirror Heisenberg-Virasoro algebra, whose structure is similar to that of the
twisted Heisenberg—Virasoro algebra, is the even part of mirror N = 2 superconformal
algebra (see [1]). As is well known, representation theory is essential in the research of Lie
algebras. The Whittaker modules, U (Cdy)-free modules (dy is one of the standard basis
vectors for the mirror Heisenberg—Virasoro algebra), and the tensor products of Whittaker
modules and U (Cdy)-free modules on the mirror Heisenerg-Virasoro algebra, which are
non-weight modules, are determined. Sufficient and necessary conditions are given for
these non-weight modules on the mirror Heisenberg—Virasoro algebra to be irreducible
(see [2]). Also, the tensor product weight modules on the mirror Heisenberg—Virasoro
algebra are studied, and some examples of irreducible weight modules on the mirror
Heisenberg—Virasoro algebra are given (see [3]). All Harish-Chandra modules on the
mirror Heisenberg—Virasoro algebra are classified (see [4]). Likewise, structure theory is
also very important in the research of Lie algebras. For example, the problems of derivations
and the relative topics for some algebras are discussed in the papers [5-11]. The derivation
algebra and automorphism group on the twisted Heisenberg—Virasoro algebra have been
determined (see [12]). Two-local derivations on the twisted Heisenberg—Virasoro algebra
are also given in [13]. The mirror Heisenberg-Virasoro algebra is defined as 1Z-graded
algebra, and its %Z—graded derivation algebras are given in [14]. Different from the graded
structure proposed by reference [14], in this paper, using Z-graded structure on the mirror
Heisenberg—Virasoro algebra introduced by [15], the first cohomology from the mirror
Heisenberg—Virasoro algebra to the twisted Heisenberg algebra (as the mirror Heisenberg—
Virasoro algebra-module) is determined. Then, using the exact sequence of low-degree
terms associated with the Hochschild-Serre spectral sequence

EY! = HP(D/H,HI(H,D/H)) = HT1(D,D/H),

the exact sequence related to H

0O—-H—>2—=>D/H—0,
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and the exact sequence
H'(D,H) - H'(9,9) - H'(D,D/H),

the first cohomology from the mirror Heisenberg—Virasoro algebra to itself is equal to the first
cohomology from the mirror Heisenberg—Virasoro algebra to its ideal the twisted Heisenberg
algebra. Hence, the Z-graded derivations on the mirror Heisenberg—Virasoro algebra are
determined. Furthermore, based on the result, we prove that every two-local derivation on
the mirror Heisenberg—Virasoro algebra is a derivation. In the end, we give the description of
all %-derivations, and as corollaries, we have descriptions of transposed Poisson structures
and local (two-local) half-derivations of the mirror Heisenberg—Virasoro algebra.

2. Derivations on the Mirror Heisenberg—Virasoro Algebra

Hereafter, we denote by C, Z the set of all complex numbers and integers, respec-
tively. All vector spaces, algebras, and their tensor products are assumed to be over the
field C. Kronecker delta 4;; equals 1 if i = j and 0 otherwise. We consider the follow-
ing Lie algebras, which are referred to as the mirror Heisenberg—Virasoro algebra ® studied
by [1-4,15]. The Lie algebra has a basis {d, hy,¢,1 | m € Z,r € % + Z} with the following
nontrivial multiplication table:

ﬂp-—

m
75m+n10 C/[dm/ hr] = - rhm+r1 [hr/ hs} = r5r+s,01/

[dm/ dn] = (m - n)dm+n + 12

where m,n € Z, 1,5 € 3 + Z.From [15], suppose deg(d,,) = n, deg(h,) = r — %, deg(c) =0,
deg(l) = —1. Let

@0 - <d0/ h%rc>/®71 :<d71/ h7%11>/ 971 = <d'fl/ hn+%>}’l€Z\{0,*1}'

Then, ® = ®,c79x is a Z-graded algebra. Note that © is a generalization of the
Virasoro algebra V and the twisted Heisenberg algebra H. Furthermore, the Lie algebra
spanned by {d,,, ¢ | m € Z} is isomorphic to the Virasoro algebra V and the Lie algebra
spanned by {h,,1|r € } +Z} is isomorphic to the twisted Heisenberg algebra H. It is
necessary to note that # is the ideal of © and ® is the semi-direct product of V and H, that
is, ® = V x H. The center of © is spanned by {¢,1}, denoted by C(D). Let U/ (V) denote
the universal enveloping algebra of V.

Proposition 1. Let ® = @79, be the mirror Heisenberg—Virasoro algebra and H be the twisted
Heisenberg algebra. Suppose H_1 = Ch_% ®Cland H, = Ch n € Z\ {—1}; then,

n-&-%’
i H= @nGZChn+% @ Cl is a Z-graded Lie algebra.
(ii) H isa Z-graded ©-module.

Let L be a Lie algebra and V be an L-module. A linear map ¢ from L to V is called
a derivation if it satisfies ¢([x,y]) = x- ¢(y) —y - ¢(x) for any x,y € L. A linear map
@ : x — x - v is called an inner derivation for any x € Land v € V. If L and V are Z-graded
and ¢(L,) C Viyqy for all m,n € Z, then the order of ¢ is m, denoted by deg(¢) = m.
Denoted by Derc (L, V), the vector space consists of all derivations from L to V. Denoted
by Inng (L, V), the vector space consists of all inner derivations from L to V.

Let

HY(D,H) = Derc(D,H)/Inng (D, H).

The exact sequence given by H

O-H—-D—D/H—0
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induces an exact sequence
H'(D,H) —» HY(D,9) - H{(D,D/H) 1)

of Z-graded vector spaces. The right side can be calculated from the exact sequence of
low-degree terms

0= HY(D/H,D/H) — H\(D,D/H) — H-(H,0/H)>/* )
associated with Hochschild—Serre spectral sequence

EN =HP(D/H,HI(H,D/H)) = HT(D,D/H).
Here, according to H! (D /H, D /H) = 0 (see [16]) and

HY(H,D/H)®/M" = Homc(H/[H,H],D/H)°/H = Homg 5y (H/[H, H],D/H),
H'(H,D/H)®/" can be embedded in Homy, ) (H/[H, H], V).

Proposition 2. Let © = @,z be the mirror Heisenberg—Virasoro algebra and H the twisted
Heisenberg algebra. If H = @nGZChn_;,_% @ Cl is a Z-graded ©-module, then

Der¢ (D, H) = ®,ezDerc (D, H)n, where
Derc (D, H)n:= {¢ € Derc(D,H) | deg(¢) = n}.

Lemmal. Let® = @79, be the mirror Heisenberg—Virasoro algebra and H = @neZCthr% @
C1 the twisted Heisenberg algebra. Then,

HY (Do, Hu) =0, n € Z\{0,—1}.

Proof. Since H!(Dg, H,) = Derc (g, Hy)/Inng (Do, Hy) for ¢ € Derc (Do, Hy), then it is
enough to verify that ¢ € Inng (Do, Hy).

For ¢ € Derc (D, Hn), given by

p(dg) = anhﬁ%,q)(h%) :bnhH%, ¢(c) = cnhH%,
then
¢([do 1)) = [p(do), i)+ [do, (hy)] = [anh, 1, 1]+ [do, buhy 1]
1 1
Hence,
1
go(h%) :2(n+§)bnhn+l bnhn+%

This concludes that b,, = 0, that is, q)(h% ) = 0. In addition,

o(ldo, <)) = [p(do), < +[do, ()] = ldo,cuh, 3] = —caln+ 3)h, 5 = 0.

It follows that ¢, = 0, that s, ¢(c) = 0.
LetE, = —%-h

n+%

Then,

n+%'

¢(do) = [do, En] = [do'_@hwrl] = by, 1
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Thus ¢: D9 — H,, can be given by

do— [do, En],h »—>[h%,En], c— [¢, Eyl.

1
2

Hence, H' (Do, Hy) =0,n € Z\ {0,-1}. O

Lemma 2. Let ® = &,,c7Dy be the mirror Heisenberg—Virasoro algebraand H = ©,c7Ch, +1 S)
C1 the twisted Heisenberg algebra. Then,

Homyg (D, Hu) = 0 forall m # n,m # 0.
Proof. Recall that

Homg, (D, Hu) = {f: Om — Hu |x- f(y) = f(x-y),x € Do,y € D }.

Case 1: If m € Z\{0,—1}, then ©,, = <dm,hm+%>. If n # —1, suppose f(dn) = khn+%;
then,
[do, f(dm)] = f(ldo,dm]) = —mf(dm) = —mkh, 1
1
= [do,kthr%] = —k(Tl+ E)hn+%
Hence, k = 0.

Suppose f(her%) = khn+%; then,

o Sy y)] = F(ldohyyy)) = —(mt 2)f ()
- —(m+%)khn+% — —(n+ D)kn

Hence, k = 0.
When n = —1, suppose f(dy) = klhi% + kol and f(hm+%) = k3h7% + k41; then,

1
[do,f(dm)] = f([do,dm]) = [do,klhi% +k21] = Eklhf% = —mklhi% —mkzl.

Hence, k1 = kp = 0. Furthermore, we have

1 1 1
[do,f(hm+%)} = f([do,hm+%}) = [do,k3h7%+k41] = Ekghf% = —(m+§)k3h7%—(m+§)k4l.

Hence, k3 = k4 = 0.
Case 2: When m = —1, since m # n,thenn # —1. Here, ® _1 = (d,l,h_%,1>. Let

flda) =kihy s, flhy) =Kol g, (1) = ksh,, 5.

Then, we have

[do, f(d-1)] = f([do,d1]) = fld1) = ka1 = kaldo by 1] = —ki(n+2)h, 1

So, k1 = 0. Furthermore, we have

o, f(h_)] = f(ldo,h_y]) = skah,.y = kaldo,h 3] = —(n +
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Hence k, = 0. In addition, we have

[do, f()] = f([do,1]) = ks[do, 1, 1] = —ks(n + %)h,ﬁ% =0.

Hence k3 = 0. Thus, f = 0, that is, Homg (D, Hp) = 0form # n,m #0. O

Lemma3. Let® = ©,c7Dn be the mirror Heisenberg—Virasoro algebraand H = &,¢7Ch, +1 S3)
Cl the twisted Heisenberg algebra. If m = 0 and n # 0, —1, then Homg, (Do, Hn) =0.

Proof. Suppose f(dg) = klhn+%,f(h%) = kzhn+%,f(c) = k3hn+%;then,

f(do,do]) = [do, f(do)] = Kaldoh, ] = —Kalnt D),y = O

Hence, k; = 0. Furthermore, we have

)] = k2[d0/hn+%} = _kZ(n‘i‘})h 1 = —1 (I’l = 1

f(ldo, 1) = [do, f(h i 3

1
2

Hence kp, = 0. In additional, we have

1
f([do, c]) = [do, f(e)] = ks[do, b, 1] = —ks(n+3)h, 1.
Hence, k3 = 0. So, f = 0, that is, Homg (Do, Hy) = 0forn #0,-1. O

Lemma 4. Let © be the mirror Heisenberg—Virasoro algebra and H the twisted Heisenberg al-
gebra. Then, D € Derc(®,H)_1 if and only if D is a linear map from © to H satisfying the
following conditions:

() D(dy)=ch,
(i) D(c)=0;
(iii) D(h,,1) = duock;
(iv) D(1) =0;

wheren € 7, ¢ € C. Furthermore, D is an inner derivation.

1;
2

[N

Proof. Sufficiency: Let D be a linear map that satisfies (i)—(iv). Then, it is easy to prove that
D is a derivation from © to H.

Necessity: (i) For n # 0, set D(d,) = f(n)hni%. If n # £m, on the one hand,

D([dn,dn]) = (m—n)D(dms+n) = (m—n)f(m+n)h

_1,
m-+n 2

and on the other hand,

D([dm,du]) = [D(dm),dn] + [dm, D(dn)] = f(m)[hm_%rdn] +f(n)[dmrhn_%]

then
(m = m)f(m+n) = (o= 3)f(m) = (n = 5)f(n).

Let f(1) = f(—1) = ¢, c € C. Using induction on n, assuming n — 1, the conclusion
holds, thatis, f(n — 1) = c. Then,
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Therefore, f(n) = ¢ since D([d1,d_1]) = 2D(dp) and

D([d1,d1]) = [D(d1),d 1]+ [d1, D(d1)] = clhy,da]+cldi,h_s] = 2ch_;.

_3 1
2 2

Hence, D(dy) = ch_

1 So, we have D(dy,) = ch, ;1 forn € Z.

2
) =g(m)h, 1.1fm # —n,n # 0, on the one hand,

(ii) For n # 0, let D(hn+% 1
1 1
D(dm 1)) = =(n+3)D(h, 1) = —(n+5)8(n+m)hy o,
and on the other hand,
D([dm, b, 1]) = [D(dm), hy 2]+ [dm, D(h, 1))
1
= C[hmf%/hypk%]+g(n)[dm/hn7%] = _(n_i)g(n)thrmf%

Therefore, (1 + 3)g(n+m) = (n — 3)g(n).
Letg(1) =d, d € C. Then g(n) = % Using induction on #, if n — 1, the conclusion

holds, thatis, g(n — 1) = 2(n—d1)—1' Then,

Hence, g(n) = %. Since D([d1,h_1]) = 1D(h

_1
2

D(dy,h_y)) = (D), h_y]+ [y, DOe_y)] = elhy,h_y]+g(~Dldih 3] = sel—2dh_y,

1 1 1
2 2 2

we have D(hy) = cl —dh_,. So, it follows that

1 1.
2 2

d

h % ~+ dy,0cl.

Plhiy) = 50 —1"-

Again, on the one hand,

D(do,hy)) = [D(do), hy] +[do, D(ny)] = [eh_y,hy] + [do,cl —dh_y] = —%cl—%dhi%,

1 1
2 2

2 2

Comparing the two formulas above, we have d = 0. Therefore, D(h,,, 1 ) = dnpcl.
(i) Since D([d,d »]) = 4D(do) + 3D(c) = dch_y + ID(c) and

D([d2,d5]) = [D(d2),d 2] + [d2,D(d2)] = C[h%,d72]+c[d2/h | = dch_y,

_5
2

we have D(c¢) = 0.
(iv) On the one hand, D( [h%, h_%]) = 1D(1), and on the other hand,

-

D([hy,h_y]) = [D(h 4y, D(h_y)] = [eLh 1] = 0.

Then, we have D(1) = 0.
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Let D be given by
D(d,) = [dn,Zch_%} = chn_%,D(c) :[c,Zch_%] =0,
D(hn+%) = [hn+%,2ch_%} = ciyol,D(1) :[l,2ch_%] =0.

Then, it is easy to see that D is an inner derivation. O

Theorem 1. Let ® = @,cz®, be the mirror Heisenberg—Virasoro algebra and H the twisted
Heisenberg algebra. Then,

Derc (D, H) = Derg (D, H)o ® Innc (D, H).

Proof. Suppose ¢: ©® — H is a derivation, according to Proposition 2; then, ¢ can be
decomposed into homogeneous elements: ¢ = X,z ¢, where ¢, € Derc(D,H ).

Letn € Z\ {0, —1}. Then, @,|p, is a derivation of H, from D to Do-module. By
virtue of Lemma 1, ¢, |@0 is an inner derivation, that is, there exists E,, € H, such that
¢n(x) =[x, E4], x € Dp. Considering P, (x) = ¢@u(x) — [x, E4], x € D, then ¢, is an inner
derivation, degy, = n, and ¢,(Dy) = 0. Therefore, ¢, is Dg-module homomorphism.
Since x € Dg,y € Dy,

Uu([xy]) = en([x,y]) =[xyl En]l = [@n(x),y] + [x, @u(y)] — [x, [y, En]] — [y, [En, X]]
= [x¢n(y)] =[x [y, En]] = (X, ou(y) — [y, Enll = [x,¥u(y)].

By Lemma 2, we have Homyp (D, Hu) = 0 for m # n,m # 0 and ¢, |p,, = 0. Atlast,
by virtue of Lemma 3, we obtain ¢,,|p, = 0. Furthermore, for m € Z, i,,|p,, = 0. Therefore,
¢n € Innc (D, H). Also, by Lemma 4, the conclusion is proved. [

Lemma 5. Let © be the mirror Heisenberg—Virasoro algebra and H be the twisted Heisenberg
algebra. Then, D € Derc (D, H)o if and only if D is a linear map from © to H satisfying

(i) D(dy)=ah
(i) D(c)=0;
(iii)) D hﬁ%) = bhﬁ% + 6y,_1 al;
(iv) D(1) = 2b];

wheren € Z, a, b € C.

n—l—%’

~ N~

Proof. Sufficiency: Suppose D is a linear map that satisfies (i)—(iv); then, it is easy to verify
that D is a derivation from ® to H.

Necessity: (i) Set D € Derc(®,#H). When n # —1, suppose D(d,) = f(n)hn+% for
m # =£n. On the one hand,

D(ldm dn]) = (m—=n)D(dwin) = (m—n)f(m+n)h, . ...
On the other hand,
D([dw,d]) = [D(dn),du] + [dn, D(dn)] = f(m)[h,, 3, du] + f(1)[dm, D, , 1]
winey — (04 )R

Then,
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Letm = 1, n = 0. Then, f(0) = f(1) = a (a € C). Next, using induction on n,
assuming n — 1, the conclusion holds. Then,

(1=2)f(n) = (n=2f((n=1)+1) = (1= )f(n—1) = 2f(1) = (1-2)a

Hence, f(n) = aforn € Z.If n = —1, then on the one hand, D([d1,d_;]) = 3D(d_1),
and on the other hand,

D([d1,d-2]) = [D(d1),d-o] + [d1,D(d-2)] = a[hs,d ] +aldy,h_3] = 3ah

_3
2

Therefore, D(d_1) = ahi%. Thus, D(d,) = ah aeC.

(ii) On the one hand, we have

n+%’

D(ds,d_2]) = 4D(dy) + 5 D(c) = 4ahy + 5D(c),

and on the other hand,
D([dz,d,z]) = [D(dz),d,2]+[d2,D(d,2)] = El[h%,d,ﬂ-f-ﬂ[dz,h_%] = 4ah,.

Therefore, D(c) = 0.

(iii) Forn # —1,1et D(h_ 1) = g(n)hm%. Since

n+%

1 1
D([dn,hm_’_%}) = _(m+§)D(hm+n+%) = _<m+§)g(n+m>hm+n+%

and
D[y 1]) = D) By + [, Dl 1)) = alhy 1B 1]+ 800 ]
1

theng(n+m)=g(m), n # -1, m# —n—1,-1.

Set g(1) = b, b € C. Then, g(n) = bforn € Z\ {—1}. Since D([d_l,h%}) =—iD(h_1)

N—

and

D({d_1,hy)) = [D(d—1), ] +[d_y, D(y)] = alh_y,hy] +bld_y,y] = —%al—%bh%,

1 1 _1,n1
2 2 22

then D(hi%) =al+ bhi% Thus, D(thr%) = bthr% + (Sn/,1ﬂ1.
(iv) Since D([h ,h%]) = —1D(1) and

_1
2

]+[h7%,D(h | = blh

1 1
2 2

we obtain D(1) = 2bl. [
According to Lemma 5, D; (i = 1,2) is given by

Dli D1|V = O,Dl(h

Dz: Dz(dn) = hn+%’D2(hn+%) =0pn,—11L,
Lemma 6. Let ®© be the mirror Heisenberg—Virasoro algebra and ‘H the twisted Heisenberg alge-
bra. Then,

H!(®,1) = CD; © CDs,.
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Proof. Let us suppose that there are k1 and k; such that k1 D1 + kyD, = 0. Then, for i Y

we have
0= (kyD1 + ngz)(h_%) = klh_% + kol

Therefore, k1 =k, = 0, thatis, {D; | i = 1,2} are linearly independent. And, for any
D € Derc (D, H)o, we have

D(d,) = ah
D(h

pil = aDy(dy),D(¢) =Di(c) =0,
bhn—l—% +6y,_1al = bDl(hn+%)+lZD2(hn+%),D(l) =2bl ZbDl(l)

n—+ % )
By virtue of Lemma 1, we obtain

Derc(D,H) = CD; @ CD, @ Inng (D, H) and HY(D, H) = Derc (D, H)/Inng (D, H).
O

Lemma 7. Let V be the Virasoro algebra and ‘H the twisted Heisenberg algebra. Then,
Homu(V) (H/ [H, H], V) =0

Proof. By the definition of 7, we have [#,H| = Cl. Set f € Homy(H/[H, H], V) for
m € Z. Suppose

erl Zal dm] + kC
On the one hand,
[do,f(h do,ch dm +kC 261 dOrdm, = —Za,-(m)midm,.,
and on the other hand,
1
o, f(h, )] = f(ldo, hm+11> = —(m+5)f ()
1 1
= Zu Ydm, +ke) = —(m+§)2ai(m)dmi—(m+§)kc.

Then,

1

aij(m)m; = (m+ E)a,-(m), k=0.

Since m; € Z, m € Z, m; # m+ %, then a;(m) = 0. Furthermore, we obtain

Homu(v) (H/[H, H], V) =0. O

Theorem 2. Let © be the mirror Heisenberg—Virasoro algebra and H the twisted Heisenberg
algebra. Then,
Derc® = CD; & CD;, @& Inn®.

Proof. Since
HY(H,D/H)®/M" = Homc(H/[H,H]|,D/H)°'M = Homg 5 (H/[H, H],D/H),
by virtue of Lemma 7, then H1 (H,D/ H)Q/ H—o. According to the exact sequence (2)
0> H'(D/H,D/H) - H(D,9/H) - H' (H,D/H)>/™"

and HY(D/H,D/H) = 0, we obtain H(D,D/H) = 0. Then, by virtue of Lemma 6 and
the exact sequence (1)

HY(D,H) - H{(D,9) - H{(D,9/H),
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we have
HY(D,H) =H(D,9).

Therefore,

H!(D,9) = CD; @ CDs.
Since H'(D, D) = Der®/Inn®, the conclusion holds. [

3. 2-Local Derivations on the Mirror Heisenberg-Virasoro Algebra

Let L be an algebra. A is called a 2-local derivation of L if, for every x,y € L, there
exists a derivation Ay y such that

Dy (x) = B(x), Bry(y) = AY)-

Let A be a 2-local derivation on the mirror Heisenberg—Virasoro algebra ©. By
Theorem 2, it can be written as

Avy = ad()_(ai(x,y)d; + bi(x, y)hi 1) +h(xy)e+b(x,y)l) +a(x,y) D1 + B(x,y) Da. ©)
i€Z
Lemma 8. Let A be a 2-local derivation on the mirror Heisenberg—Virasoro algebra ®. Then, for
any fixed x € ©, we have the following:

(i) IfA(d;) =0, then
1
Adl-,x = ad(ai(di, x)di + b()(di, x)h% + 14 (dl‘, x)c + lz(dl‘, x)l) + Dé(di, x)Dl — EbO(di/ x)Dz.

(i) IfA(h1) =0, then

1
2

1
Ay, x :ad(ao(h%,x)do+ Z bi(h%,x)hH%+11(h%,x)c+lz(h%,x)l)+*Ilo(h%,x)D1+,B(h%,x)D2.

i#—1 2

NI—=

(iii) IfA(h_%) =0, then

Ay | x = ad(ao(h_%,x)do—i- Zbi(h—%/x)hzur% —b—ll(h_%,x)c—l—lg(h_%,x)l)

2 i€Z

1 1
- iﬂo(h,%,x)Dl - Ebo(h,%,x)Dz-

(iv) IfA(hiJr%) = 0fori#0,—1, then

x = ad (ao (h

Bty i+ %)do + .#Zl byl hy g+l et B( g, 01)
JF—1-=1
o1
i ol D + B0, D

Proof. (i) According to A(d;) = 0 and the Formula (3), we have

Ad;) = Dg,qx(d;)

[]g(aﬂdi, x)d; + bj(di, ), 1) + b (di, x)e + B(di, )1, di] + a(di, x) D1 (d;) + B(di, x) D2 (d;)

.. B | 3 —i
= Y (G —1)aj(di, x)diy; + (j+ il )by ) = =5 a-i(di x)e + Bdi, x)hy,

JEZ

= 0.

N|—
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Then, we have

1
u]-(di,x) = 0, fOl‘j 7é i;bj(di,x) =0, fOI’j 7é 0; B(di,x) = —Ebo(d,',x).

(i) According to A(h1) = 0 and the Formula (3), we have

1
2

Ahy) = Dy x(hy)
2
[JGZZ( ( 1 x)dj+bj(h%’,x)h].+%)—|—11(h7%,x)c—|—lz(h%,x)l,h%]+zx(h%,x) 1(h %)-1-,3(]11, x)D, (h%)
1 1 _—
= Z(—E)a](h%,x)hﬁ% fib_l(h%,x)1+1x(h%,x) % = 0.
jeZ
Then, we have
. 1
a]-(h%,x) = 0, for];éO;b,l(h%,x) =0; a(h%,x): an(h%,x).
(iii) By A(h_ ! ) = 0 and the Formula (3), we have
A(h_%) = Ahi%,x(h_%) = [Z(aj(h_%,x)dj+bj(h_%,x)hj+%)+ll(h_%,x)c—i—lz(h_%,x)l,h_%]

iz
+a(h_y,x)Di(h_1) +p(h_1,x)Da(h_y)

1
= ]GZZ iaj(h_%,x)hj_% + Ebo(h_%,x)l+¢x(h_%,x)h_% —i—,B(h_%,x)l = 0.

Then, we have
. 1 1
aj(hf%,x) = 0, forj# O;oc(hf%,x) =— an(hf%,x); ,B(hf%,x) = —Ebo(hfl,x).

(iv) By A(h,, ! ) = 0 and the Formula (3), we have

= [Z(aj(hi+%’x)df+bj(hi+%’x)hj+%)+ll(hi+1’ ) +lz(h+1 x)l,hi+%]
+a(hi+1/ )Dl( )+:B( +%,X)D2(hi+%)

) .1
= %—(I—FE) ( 1+1’x)h]+i+%+(_l_E)bflfi(hzdr%’x)l+“(hi+%’x)hi+% = 0.
IS

Then, we have

. , . o1
bj(hiJr%,x) =0,forj = —1 —z;aj(hi+%,x) =0, forj # O;a(hi+%,x) =(i+ E)”0<hi+%’x)'

Lemma 9. Let A be a 2-local derivation on the mirror Heisenberg—Virasoro algebra © such that
A(dg) = A(dy) = 0. Then, A(d;) = 0.

Proof. Setk = 0 or 1. By Lemma 8, suppose

1
Adk,x = adak(dk, x)dk + bo(dk, x)h% + ll (dk, x)c + lz(dk, x)l + lx(dk, x)D1 — Ebo(dk, X)Dz



Mathematics 2024, 12, 802 12 of 17

Then,
Ad;) = Daya,(d;)

1
= [ao(do, di)do + bo(do, di)hy + 11 (do, di)e + Ia(do, di)1, di] + a(do, d;) D1 (d;) — Ebo(dof d;)D2(d;)

. 1 1 .
= _1ao(d0/di>di+§b0(d0/di)hi+% - EbO(dO/di)hH_l = —iag(do,d;)d;.

[N

We also have
A(d;) = Daya,(d;)
1
= [a1(dy,d;)dr + bO(dlldi)h% + 11 (dy, di)e +1a(dy, d;)1,d;] + a(dy, d;) D1 (d;) — Ebo(dlldi)Dz(di)

. 1
= (1—i)ay(d1,di)diy1 + Ebo(dlrdi)h *bo(dhd Y1 = (1—i)ay(dy, di)diyq.

I\J

Summarizing, we obtain ag(do,d;) = a1(dy,d;) = 0. Therefore, A(d;) =0. O

Lemma 10. Let A be a 2-local derivation on the mirror Heisenberg—Virasoro algebra ®© such that
A(d;) = 0. Then, for any x = Y ez (aeds + ﬁthH%) + kyc + kol, it is true that

A(x) = Ax()_ Bh . 2k,1)

teZ

Proof. For x = Y,z (asd; + ﬁtht+%) +kic + kol € D, since A(d;) = 0, by Lemma 8,
we have

A(x) = Agy(x) = (ad(ao(do, x)do + bo(dofx)hl + I (do, x)c + I2(do, x)1) + “(dorx)D1 - 1bo(ﬂlo,x)Dz)(X)

:ao(do,x)(Z—trxtdt (f-l- ),Btht+ )+bo do, (2 D(tht+1+ ,B 11)
teZ

do, Z,Bt bl —|—2k21) — 7170 do, leth +1 + B_ 11)

teZ teZ

= ao(do,x)(z —topdy — (f + E)ﬁthﬂr ) -l-OC do, Z ‘BthtJr + 2k,1 )
teZ teZ

Similarly,
1
A(x) = Ay (x) = (ad(a;(d;, x)d; + bo(di,x)h% +1(d;, x)e + I (d;, x)1) + a(d;, x)Dy — Ebo(di/x>D2) (x)

= s x) (L~ Ol — (4 )ik )+ boldi ¥)(E qaihy g + 5B 11)

teZ teZ

+zx(di,x)(2‘3tht+%+2k21) bo (d;, x) Zﬂltht+1 +B-11) —
teZ teZ

P —i

12

a_i(di, x)c

i —i

= ai(di/ X)( Z(l — t)lxtdlurt — (t + %)ﬁthz#t—&-%) + vc(di, x)( Z ﬁthf-ﬁ-% + 2k21) — ll,i(dl', X)C.
teZ

teZ

Comparing the two equations above, when neither a; nor §; is equal to 0, by taking
different i € Z, we have

ao(do,x) = a;(d;,x) = 0, a(dy,x) = a(d;, x).
If oy = 0, B¢ # 0, by taking different i € Z, then we have

ao(dQ,X) = ai(di/x) = O/ Oé(do,JC) = a(di/x)'
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If a; # 0, Bt = 0, then we have
ao(do,x) = a;(d;,x) = 0, a(dy,x) = a(d;, x).
If o = B¢ = 0, then we have
a(do,x) = a(d;, x).

Thus, we have A(x) = Ay(Yiez ,BthH% + 2k,1), where Ay = «a(d;, x) are complex-
valued numbers depending on x. [J

Lemma 11. Let A be a 2-local derivation on the mirror Heisenberg—Virasoro algebra ®© such that
A(dg) = A(dy) = 0 and there exists A(htf%) = 0 for fixed t € Z\{0,1}. Then, A(x) = 0 for
xeD.

Proof. We proceed in two steps:
(i) We prove for x = dp; + ht+%, t € Z\{0,1}. Let us consider

Adzﬁ-hH_%,y = ad(ay (dy + ht+%’y) (doy + ht+%) + bo(dos + htJr%,y)h

1

2

+ b—t(dZt + htJr%’y)hftJr% + ll(dZt + htJr%’y)C + ZZ(dZt + htJr%’y)l)
1 1

+ (t— E)b,t(dz,g + ht+%,y)D1 — Ebo(dz,f + ]’lt_’_%,y)Dz.

On the one hand, according to Lemma 9,

A(dat + ht+%) = /\d2t+ht+%hf+%’

and on the other hand, since A(f, ! ) =0, we have

A(dZt + htJr%) = Aht,%’d2t+ht+% (dZt + htJr%)
= (ad(ag(hti%,dzt + ht+%)d0 + ';tb](htf%’d% + htJr%)h
A
+ Zl(ht_%,dzt —FhH_%)C + lz(ht_%,dz,g + ]’lt_’_%)l)

1
E)ao(ht_%,dzt + ht—i—%)Dl +ﬁ(ht_%/d2t +ht+%)D2) (dZt +ht+%)

i+3

+(t—

1
= ﬂo(ht,%zd% + htJr%)(*thZt —(t+ E)ht+l)

2

o1 1
+ ) bj(ht_%/dZt + ht+%)(] + §>hzt+j+% + (—t - E)bflft(ht_%/d% +h )l
et

1
+(t— E)uO(ht—%’dZt + ht-i—%)ht-i-% + ,B(ht_%,dzt +ht+%)(h2t+% +6;11).

Comparing the two equations above, we have

ﬂo(hti%,d2t+ht+%): 0,

bflft(hti%,d2t+ht+%) = 0, fort # —1,
1

:B(ht_%/dZt_th_;,_%) = _EbO(ht_%/dZt""hH_%)'

Therefore, A = 0. Furthermore, we have A(dy; + h, 1) = 0.
dyth,, 1 t+3

By Lemma 3, set
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Ad2,+ht+%,y =ad() ﬂi(d2t+ht+%/y)d1‘ +bi(d2t+ht+%,y)hi+% —I—l1(d2t+ht+%,y)c
i€Z
+ lz(dZt + hH%,y)l) + l’é(dy + hH%,y)Dl + ﬁ(dzt + ht+%,y)D2
A(dy; +ht+%) = AdzﬁhH%,y(dzﬁhH%)
= (ad(iezzai(dzt —+ htJr%’y)di + bi(dzt + ht+%’y)hi+% + ll(dZt + htJr%’y)C
+D(do + Iy, y)) + a(dos +hy g, y) D1+ Pldar + by 1, y)Da) (dor + 1y )
= dys +h | —2t)d 4+ Ly 4t dot + h
— iezzai( 2t+ t+%/y)((l_ ) 2t+i_( +§) i+t+%)_ 5 ll_Zt( 2t+ H»%’y)c
.1 1
+ Gzzbi(dZt )@ 5y + (== 5)boai(dos + 1y, )]
1
+“(hd2f+ht+%f]/)ht+% +,B(d2t +ht+%,y)(h2t+% +5t,—11) = 0.
So, we have
. 1
a;(dat + ht+%) = 0, fori # Ztr“(hd2t+ht+%/y) =(t— E)bft(d% + ht+%)'
1
Bldar + 1y 1,y) = —Ebo(d%+ht+%,y),ﬂ2t(d2t+ht+%,y) =b(dos + 1y, 1Y),
bi(das +hy 1Y) = 0, fori #0,t,—t.

(ii) We now prove that A(x) = 0 for any x € . If x = Y ey apdy + ﬁth% +kic+

kol € ©, since A(dg) = A(dy) = 0, by Lemma 9, then A(d;) = 0, i € Z. According to
Lemma 10, we obtain

A(x) = Ax( Z ﬁkhk+% + 2k1)
keZ
and

Ax) = Adz/Jth%,x(x) = (ad(IIZt(dZt+ht+%rx)(d2t+ht+%)+b0(d2t+ht+%rx)h% Fbp(dar +y 1 Xy 0

1 1
+11 (dZt + hiur%/x)c + ZZ(dZt + ht+%rx)l) + (t - 7)b*t(d2t + ht+%/x)D1 - Ebo(dzt + htJr%/x)DZ) (x) =

2
2k+1 2t 4+ 1)a 204+ 1)B_q_ 45 — H)a_
ﬂZt(d2t+ht+%,X)(kZZ(2tfk)adeH_kf (27)[5";12t+k+% +%hk+t+; L 2)!5 1ty 6) zrc)+
€
1 1 1
bO(dZt —&—hHl,x)( Z Elxkthrl + Eﬁill) +b_[(d2t —l—]’ltJrl,x)( Z(—t—‘r E)“khkfﬂrl —‘,—ﬁt,ll)—‘r
2 keZ ? 2 keZ ?

1 1
(t = 5)b—t(dar + 1y 1, %) (kZZ.Bkthr% +2k21) — 5bo(dar +hf+%/x)<k%“khk+% +/5—11> =
€ €

1 1 1 43 —t
let(dzt+ht+%,X)<kZZ(2t7k)lxkd2t+k* (k+5)ﬁkh2t+k+% +(t+§)zxkhk+t+% +‘B_1_t(i’+5)1+0(,2t 3 C>+
S

1 1
bt(dar + g, ) (1 (—t 4 )y +Bral) + (= 3)boi(da + by, %) (1 Belsy +2Kl).
keZ kez
Comparing the two equations above, since t # 0, we have
aot(dor + htJr%,x) =b_s(dy + ht+%,x) =0.
Therefore, Ay = 0 and we have A(x) =0. O

Theorem 3. Every 2-local derivation on the mirror Heisenberg—Virasoro algebra ® is a derivation.
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Zﬁzhn+%+k =

Proof. Suppose A is a 2-local derivation on ©. Then, there exists a derivation Ay, 4,
such that

A(do) = Day,a,(do), Aldr) = By g, (d1).
Let A* = A — Ay, 4,- Then, A*(dg) = A*(d1) = 0. By Lemma 9, we have A*(d;) = 0,
i = 1,2, and by Lemma 10, for fixed t € Z\{0,1}, we have

Ay _y) =Nyl

Let A** = A* — Aht , D1. Then, we have
-2

A" (dy) = A'dy— Ay, Di(do) =0,
2

A(dy) = Ady — Ay Di(dh) =0,
2

A () = Ay =g Dilhy_y) =0,

According to Lemma 11, A*™* = 0, thatis, A = Ay 4, + Aht , D1. Therefore, A is
-2

a derivation. [

4. %-Derivations on the Mirror Heisenberg—Virasoro Algebra

The present section is dedicated to studying %-derivations of the mirror Heisenberg—
Virasoro algebra and some corollaries about transposed Poisson structures and local %—
derivations.

Let (L, [, -]) be an algebra with multiplication [-, -] and ¢ be a linear map. Then, ¢ is a
L-derivation if it satisfies

—_

(v y]) = 5 (lp(x), ¥+ [x, @(y)])-

The main example of f-derivations is the multiplication by an element from the ground
field. Let us call such f—derlvatlons as trivial f—derivations. As it follows from the following
theorem, we are not 1nterested in trivial l-clerlva’tions.

Theorem 4. There are no non-trivial %—derivations of the mirror Heisenberg—Virasoro algebra ®.

Proof. Let us remember that ® is Z-grading. So, Dy is generated by {dm,c, 1}, and Dyis
generated by {h, 1 }. Letpbea %-derivation of ©. Then, the even part ¢y and the odd part
@1 of ¢ are, respectively, an even %—derivation and an odd %—derivation of ®.
It is easy to see that
o ifm# —n, then (m—n)@o(dmin) = @o([dm, du]) = 3 ([@o(dm), dn] + [dm, @0
3_
o 2ngo(do) + 17" o(c) = @o([dn,d— D = 3(lo ( n),d- n] [dnr o(d—n)])
¢o(do), po(c) C V.
This observation shows that ¢g(V) C V, and thanks to Theorem 26 [17], ¢o|y is trivial,
i.e., ¢o(v) = a*v for each v € V. We also can suppose that a* = 0.
Let us say q)o(hn+%) = Z,BZthr%Jrk; then,

) <

(dn
C V; hence,

2 1 n+i+k
g 1 ? o)) =~ o ol ) = =52 YR e

which gives ¢g = 0 and is trivial.

It is known the commutator of a %—derivation and one derivation gives a new %—

derivation. Now, let ¢; be an inner odd derivation of ® (left multiplication of x € D7).
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Then, ¢1¢x — @1¢y is an even %-derivation of ©, which is trivial. Then, if ¢1(c) = Y vihy 11
we have

are = (§01<Phr+l - 4’14’hr+l)(c) = o[t 1) =1y (O] = =[h L Endy 1] € (1),
2 2

which gives a; = 0 and ¢1¢, |, = ¢, ¢1. Hence,

rt+5 rt+5
0= ([t 1, %)) = [h 1, 91(x)] = %([901(h7+%)rx] + 1 e1()]) = [ 91 (x)] =

2(lpr(h ) ] = [y 1, 91(2)]),

which gives [¢q (hr+%),x} = [hH_%,q)l x)] for every x € ©. Hence, if x € Dy, then

¢1(x) € Dyand ¢1(hr+%) C (o 1), 1(Dg) = 0.

From the last observation, we have

Nf—=

91(h, 1) = =291([dr, 1y ]) = —([1(dr), g ] + [dr, 1(h)]) = 0.

The last observation shows that ¢ = 0 and ¢ is trivial. O

1 1
2 2

Let £ be a vector space equipped with two nonzero bilinear operations - and [-, -]. The
triple (£, -, [+, -]) is called a transposed Poisson algebra if (£, -) is a commutative associative
algebra and (£, [, ]) is a Lie algebra that satisfies the following compatibility condition

22-[x,y) = [2-%,y] + [0,z -y,

A transposed Poisson structure on a Lie algebra (L, [, -]) is a commutative associative
operation - on £, which makes (L, -, [-,-]) a transposed Poisson algebra. The notion of
transposed Poisson algebras was introduced in [18] (see also Section 7.3 [19] and [20] for
recent results in this topic). Summarizing results from Theorem 4 and Theorem 26 [17], we
have the following corollary.

Corollary 1. There are no transposed Poisson structures defined on the mirror Heisenberg—
Virasoro algebra.

Following the ideas of local and 2-local maps, we define local and 2-local 3-derivations
of an algebra L, namely as follows:

° A linear map V is called a local %—derivation of L if, for any element x € L, there exists
a 3-derivation @ : L — L such that V(x) = ¢ (x).

e A (not necessary linear) map A is called a 2-local derivation of L if, for any two
elements x,y € L, there exists an 3-derivation @y, : L — L such that A(x) = @x(x),
AY) = ¢xy(y)-

It is easy to see the following corollary from Theorem 4.

Corollary 2. Every local (and 2-local) %—derivation structures on the mirror Heisenberg—Virasoro
algebra is a %—derivation.
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