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Abstract: Using the first cohomology from the mirror Heisenberg–Virasoro algebra to the twisted
Heisenberg algebra (as the mirror Heisenberg–Virasoro algebra module), in this paper, we determined
the derivations on the mirror Heisenberg–Virasoro algebra. Based on this result, we proved that any
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1. Introduction

The mirror Heisenberg–Virasoro algebra, whose structure is similar to that of the
twisted Heisenberg–Virasoro algebra, is the even part of mirror N = 2 superconformal
algebra (see [1]). As is well known, representation theory is essential in the research of Lie
algebras. The Whittaker modules, U (Cd0)-free modules (d0 is one of the standard basis
vectors for the mirror Heisenberg–Virasoro algebra), and the tensor products of Whittaker
modules and U (Cd0)-free modules on the mirror Heisenerg-Virasoro algebra, which are
non-weight modules, are determined. Sufficient and necessary conditions are given for
these non-weight modules on the mirror Heisenberg–Virasoro algebra to be irreducible
(see [2]). Also, the tensor product weight modules on the mirror Heisenberg–Virasoro
algebra are studied, and some examples of irreducible weight modules on the mirror
Heisenberg–Virasoro algebra are given (see [3]). All Harish–Chandra modules on the
mirror Heisenberg–Virasoro algebra are classified (see [4]). Likewise, structure theory is
also very important in the research of Lie algebras. For example, the problems of derivations
and the relative topics for some algebras are discussed in the papers [5–11]. The derivation
algebra and automorphism group on the twisted Heisenberg–Virasoro algebra have been
determined (see [12]). Two-local derivations on the twisted Heisenberg–Virasoro algebra
are also given in [13]. The mirror Heisenberg–Virasoro algebra is defined as 1

2Z-graded
algebra, and its 1

2Z-graded derivation algebras are given in [14]. Different from the graded
structure proposed by reference [14], in this paper, using Z-graded structure on the mirror
Heisenberg–Virasoro algebra introduced by [15], the first cohomology from the mirror
Heisenberg–Virasoro algebra to the twisted Heisenberg algebra (as the mirror Heisenberg–
Virasoro algebra-module) is determined. Then, using the exact sequence of low-degree
terms associated with the Hochschild–Serre spectral sequence

Epq
2 = Hp(D/H, Hq(H,D/H)) ⇒ Hp+q(D,D/H),

the exact sequence related to H

0 → H → D → D/H → 0,
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and the exact sequence

H1(D,H) → H1(D,D) → H1(D,D/H),

the first cohomology from the mirror Heisenberg–Virasoro algebra to itself is equal to the first
cohomology from the mirror Heisenberg–Virasoro algebra to its ideal the twisted Heisenberg
algebra. Hence, the Z-graded derivations on the mirror Heisenberg–Virasoro algebra are
determined. Furthermore, based on the result, we prove that every two-local derivation on
the mirror Heisenberg–Virasoro algebra is a derivation. In the end, we give the description of
all 1

2 -derivations, and as corollaries, we have descriptions of transposed Poisson structures
and local (two-local) half-derivations of the mirror Heisenberg–Virasoro algebra.

2. Derivations on the Mirror Heisenberg–Virasoro Algebra

Hereafter, we denote by C, Z the set of all complex numbers and integers, respec-
tively. All vector spaces, algebras, and their tensor products are assumed to be over the
field C. Kronecker delta δi,j equals 1 if i = j and 0 otherwise. We consider the follow-
ing Lie algebras, which are referred to as the mirror Heisenberg–Virasoro algebra D studied
by [1–4,15]. The Lie algebra has a basis {dm, hr, c, l | m ∈ Z, r ∈ 1

2 +Z} with the following
nontrivial multiplication table:

[dm, dn] = (m − n)dm+n +
m3 − m

12
δm+n,0 c,[dm, hr] =− rhm+r, [hr, hs] = rδr+s,0l,

where m, n ∈ Z, r, s ∈ 1
2 +Z. From [15], suppose deg(dn) = n, deg(hr) = r − 1

2 , deg(c) = 0,
deg(l) = −1. Let

D0 = ⟨d0, h 1
2
, c⟩,D−1 =⟨d−1, h− 1

2
, l⟩, Dn = ⟨dn, hn+ 1

2
⟩n∈Z\{0,−1}.

Then, D = ⊕n∈ZDn is a Z-graded algebra. Note that D is a generalization of the
Virasoro algebra V and the twisted Heisenberg algebra H. Furthermore, the Lie algebra
spanned by {dm, c | m ∈ Z} is isomorphic to the Virasoro algebra V and the Lie algebra
spanned by {hr, l | r ∈ 1

2 + Z} is isomorphic to the twisted Heisenberg algebra H. It is
necessary to note that H is the ideal of D and D is the semi-direct product of V and H, that
is, D = V ⋉H. The center of D is spanned by {c, l}, denoted by C(D). Let U (V) denote
the universal enveloping algebra of V .

Proposition 1. Let D = ⊕n∈ZDn be the mirror Heisenberg–Virasoro algebra and H be the twisted
Heisenberg algebra. Suppose H−1 = Ch− 1

2
⊕Cl and Hn = Chn+ 1

2
, n ∈ Z \ {−1}; then,

(i) H = ⊕n∈ZChn+ 1
2
⊕Cl is a Z-graded Lie algebra.

(ii) H is a Z-graded D-module.

Let L be a Lie algebra and V be an L-module. A linear map φ from L to V is called
a derivation if it satisfies φ([x, y]) = x · φ(y) − y · φ(x) for any x, y ∈ L. A linear map
φ : x 7→ x · v is called an inner derivation for any x ∈ L and v ∈ V. If L and V are Z-graded
and φ(Ln) ⊂ Vm+n for all m, n ∈ Z, then the order of φ is m, denoted by deg(φ) = m.
Denoted by DerC(L, V), the vector space consists of all derivations from L to V. Denoted
by InnC(L, V), the vector space consists of all inner derivations from L to V.

Let
H1(D,H) = DerC(D,H)/InnC(D,H).

The exact sequence given by H

0 → H → D → D/H → 0
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induces an exact sequence

H1(D,H) → H1(D,D) → H1(D,D/H) (1)

of Z-graded vector spaces. The right side can be calculated from the exact sequence of
low-degree terms

0 → H1(D/H,D/H) → H1(D,D/H) → H1(H,D/H)D/H (2)

associated with Hochschild–Serre spectral sequence

Epq
2 = Hp(D/H, Hq(H,D/H)) ⇒ Hp+q(D,D/H).

Here, according to H1(D/H,D/H) = 0 (see [16]) and

H1(H,D/H)D/H ∼= HomC(H/[H,H],D/H)D/H = HomD/H(H/[H,H],D/H),

H1(H,D/H)D/H can be embedded in HomU (V)(H/[H,H],V).

Proposition 2. Let D = ⊕n∈ZDn be the mirror Heisenberg–Virasoro algebra and H the twisted
Heisenberg algebra. If H = ⊕n∈ZChn+ 1

2
⊕Cl is a Z-graded D-module, then

DerC(D,H) = ⊕n∈ZDerC(D,H)n, where
DerC(D,H)n := {φ ∈ DerC(D,H) | deg(φ) = n}.

Lemma 1. Let D = ⊕n∈ZDn be the mirror Heisenberg–Virasoro algebra and H = ⊕n∈ZChn+ 1
2
⊕

Cl the twisted Heisenberg algebra. Then,

H1(D0,Hn) = 0, n ∈ Z \{0,−1}.

Proof. Since H1(D0,Hn) = DerC(D0,Hn)/InnC(D0,Hn) for φ ∈ DerC(D0,Hn), then it is
enough to verify that φ ∈ InnC(D0,Hn).

For φ ∈ DerC(D0,Hn), given by

φ(d0) = anhn+ 1
2
,φ(h 1

2
) =bnhn+ 1

2
, φ(c) = cnhn+ 1

2
,

then

φ([d0, h 1
2
]) = [φ(d0), h 1

2
] + [d0, φ(h 1

2
)] = [anhn+ 1

2
, h 1

2
] + [d0, bnhn+ 1

2
]

= −(n +
1
2
)bnhn+ 1

2
= −1

2
φ(h 1

2
).

Hence,

φ(h 1
2
) = 2(n +

1
2
)bnhn+ 1

2
= bnhn+ 1

2
.

This concludes that bn = 0, that is, φ(h 1
2
) = 0. In addition,

φ([d0, c]) = [φ(d0), c] + [d0, φ(c)] = [d0, cnhn+ 1
2
] = −cn(n +

1
2
)hn+ 1

2
= 0.

It follows that cn = 0, that is, φ(c) = 0.

Let En = − an
n+ 1

2
hn+ 1

2
. Then,

φ(d0) = [d0, En] = [d0,− an

n + 1
2

hn+ 1
2
] = anhn+ 1

2
.
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Thus φ : D0 → Hn can be given by

d0 7→ [d0, En],h 1
2

7→[h 1
2
, En], c 7→ [c, En].

Hence, H1(D0,Hn) = 0, n ∈ Z \ {0,−1}.

Lemma 2. Let D = ⊕n∈ZDn be the mirror Heisenberg–Virasoro algebra and H = ⊕n∈ZChn+ 1
2
⊕

Cl the twisted Heisenberg algebra. Then,

HomD0(Dm,Hn) = 0 for all m ̸= n, m ̸= 0.

Proof. Recall that

HomD0(Dm,Hn) = { f : Dm → Hn |x · f (y) = f (x · y), x ∈ D0, y ∈ Dm}.

Case 1: If m ∈ Z\{0,−1}, then Dm = ⟨dm, hm+ 1
2
⟩. If n ̸= −1, suppose f (dm) = khn+ 1

2
;

then,

[d0, f (dm)] = f ([d0, dm]) = −m f (dm) = −mkhn+ 1
2

= [d0, khn+ 1
2
] = −k(n +

1
2
)hn+ 1

2
.

Hence, k = 0.
Suppose f (hm+ 1

2
) = khn+ 1

2
; then,

[d0, f (hm+ 1
2
)] = f ([d0, hm+ 1

2
]) = −(m +

1
2
) f (hm+ 1

2
)

= −(m +
1
2
)khn+ 1

2
= −(n +

1
2
)khn+ 1

2
.

Hence, k = 0.
When n = −1, suppose f (dm) = k1h− 1

2
+ k2l and f (hm+ 1

2
) = k3h− 1

2
+ k4l; then,

[d0, f (dm)] = f ([d0, dm]) = [d0, k1h− 1
2
+ k2l] =

1
2

k1h− 1
2
= −mk1h− 1

2
− mk2l.

Hence, k1 = k2 = 0. Furthermore, we have

[d0, f (hm+ 1
2
)] = f ([d0, hm+ 1

2
]) = [d0, k3h− 1

2
+ k4l] =

1
2

k3h− 1
2
= −(m +

1
2
)k3h− 1

2
− (m +

1
2
)k4l.

Hence, k3 = k4 = 0.

Case 2: When m = −1, since m ̸= n, then n ̸= −1. Here, D−1 = ⟨d−1, h− 1
2
, l⟩. Let

f (d−1) = k1hn+ 1
2
, f (h− 1

2
) = k2hn+ 1

2
, f (l) = k3hn+ 1

2
.

Then, we have

[d0, f (d−1)] = f ([d0, d−1]) = f (d−1) = k1hn+ 1
2
= k1[d0, hn+ 1

2
] = −k1(n +

1
2
)hn+ 1

2
.

So, k1 = 0. Furthermore, we have

[d0, f (h− 1
2
)] = f ([d0, h− 1

2
]) =

1
2

k2hn+ 1
2
= k2[d0, hn+ 1

2
] = −(n +

1
2
)k2hn+ 1

2
.
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Hence k2 = 0. In addition, we have

[d0, f (l)] = f ([d0, l]) = k3[d0, hn+ 1
2
] = −k3(n +

1
2
)hn+ 1

2
= 0.

Hence k3 = 0. Thus, f = 0, that is, HomD0(Dm,Hn) = 0 for m ̸= n, m ̸= 0.

Lemma 3. Let D = ⊕n∈ZDn be the mirror Heisenberg–Virasoro algebra and H = ⊕n∈ZChn+ 1
2
⊕

Cl the twisted Heisenberg algebra. If m = 0 and n ̸= 0,−1, then HomD0(D0,Hn) = 0.

Proof. Suppose f (d0) = k1hn+ 1
2
, f (h 1

2
) = k2hn+ 1

2
, f (c) = k3hn+ 1

2
; then,

f ([d0, d0]) = [d0, f (d0)] = k1[d0, hn+ 1
2
] = −k1(n +

1
2
)hn+ 1

2
= 0.

Hence, k1 = 0. Furthermore, we have

f ([d0, h 1
2
]) = [d0, f (h 1

2
)] = k2[d0, hn+ 1

2
] = −k2(n +

1
2
)hn+ 1

2
= −1

2
f (h 1

2
) = −1

2
k2hn+ 1

2
.

Hence k2 = 0. In additional, we have

f ([d0, c]) = [d0, f (c)] = k3[d0, hn+ 1
2
] = −k3(n +

1
2
)hn+ 1

2
.

Hence, k3 = 0. So, f = 0, that is, HomD0(D0,Hn) = 0 for n ̸= 0,−1.

Lemma 4. Let D be the mirror Heisenberg–Virasoro algebra and H the twisted Heisenberg al-
gebra. Then, D ∈ DerC(D,H)−1 if and only if D is a linear map from D to H satisfying the
following conditions:

(i) D(dn) = chn− 1
2
;

(ii) D(c) = 0;
(iii) D(hn+ 1

2
) = δn,0cl;

(iv) D(l) = 0;

where n ∈ Z, c ∈ C. Furthermore, D is an inner derivation.

Proof. Sufficiency: Let D be a linear map that satisfies (i)–(iv). Then, it is easy to prove that
D is a derivation from D to H.

Necessity: (i) For n ̸= 0, set D(dn) = f (n)hn− 1
2
. If n ̸= ±m, on the one hand,

D([dm, dn]) = (m − n)D(dm+n) = (m − n) f (m + n)hm+n− 1
2
,

and on the other hand,

D([dm, dn]) = [D(dm), dn] + [dm, D(dn)] = f (m)[hm− 1
2
, dn] + f (n)[dm, hn− 1

2
]

= (m − 1
2
) f (m)hm+n− 1

2
− (n − 1

2
) f (m)hm+n− 1

2
,

then
(m − n) f (m + n) = (m − 1

2
) f (m)− (n − 1

2
) f (n).

Let f (1) = f (−1) = c, c ∈ C. Using induction on n, assuming n − 1, the conclusion
holds, that is, f (n − 1) = c. Then,

(n − 2) f (n) = (n − 3
2
) f (n − 1)− 1

2
f (1) = (n − 2)c.
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Therefore, f (n) = c since D([d1, d−1]) = 2D(d0) and

D([d1, d−1]) = [D(d1), d−1] + [d1, D(d−1)] = c[h 1
2
, d−1] + c[d1, h− 3

2
] = 2ch− 1

2
.

Hence, D(d0) = ch− 1
2
. So, we have D(dn) = chn− 1

2
for n ∈ Z.

(ii) For n ̸= 0, let D(hn+ 1
2
) = g(n)hn− 1

2
. If m ̸= −n, n ̸= 0, on the one hand,

D([dm, hn+ 1
2
]) = −(n +

1
2
)D(hn+m+ 1

2
) = −(n +

1
2
)g(n + m)hn+m− 1

2
,

and on the other hand,

D([dm, hn+ 1
2
]) = [D(dm), hn+ 1

2
] + [dm, D(hn+ 1

2
)]

= c[hm− 1
2
, hn+ 1

2
] + g(n)[dm, hn− 1

2
] = −(n − 1

2
)g(n)hn+m− 1

2
.

Therefore, (n + 1
2 )g(n + m) = (n − 1

2 )g(n).
Let g(1) = d, d ∈ C. Then g(n) = d

2n−1 . Using induction on n, if n − 1, the conclusion
holds, that is, g(n − 1) = d

2(n−1)−1 . Then,

(n − 1
2
)g(n) = (n − 3

2
)g(n − 1) = (n − 3

2
)

d
2n − 3

.

Hence, g(n) = d
2n−1 . Since D([d1, h− 1

2
]) = 1

2 D(h 1
2
) and

D([d1, h− 1
2
]) = [D(d1), h− 1

2
] + [d1, D(h− 1

2
)] = c[h 1

2
, h− 1

2
] + g(−1)[d1, h− 3

2
] =

1
2

cl − 1
2

dh− 1
2
,

we have D(h 1
2
) = cl − dh− 1

2
. So, it follows that

D(hn+ 1
2
) =

d
2n − 1

hn− 1
2
+ δn,0 cl.

Again, on the one hand,

D([d0, h 1
2
]) = [D(d0), h 1

2
] + [d0, D(h 1

2
)] = [ch− 1

2
, h 1

2
] + [d0, cl − dh− 1

2
] = −1

2
cl − 1

2
dh− 1

2
,

and on the other hand,

D([d0, h 1
2
]) = −1

2
D(h 1

2
) = −1

2
cl +

1
2

dh− 1
2
.

Comparing the two formulas above, we have d = 0. Therefore, D(hn+ 1
2
) = δn,0cl.

(iii) Since D([d2, d−2]) = 4D(d0) +
1
2 D(c) = 4ch− 1

2
+ 1

2 D(c) and

D([d2, d−2]) = [D(d2), d−2] + [d2, D(d−2)] = c[h 3
2
, d−2] + c[d2, h− 5

2
] = 4ch− 1

2
,

we have D(c) = 0.
(iv) On the one hand, D([h 1

2
, h− 1

2
]) = 1

2 D(l), and on the other hand,

D([h 1
2
, h− 1

2
]) = [D(h 1

2
), h− 1

2
] + [h 1

2
, D(h− 1

2
)] = [cl, h− 1

2
] = 0.

Then, we have D(l) = 0.
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Let D be given by

D(dn) = [dn, 2ch− 1
2
] = chn− 1

2
,D(c) =[c, 2ch− 1

2
] =0,

D(hn+ 1
2
) = [hn+ 1

2
, 2ch− 1

2
] = cδn,0l,D(l) =[l, 2ch− 1

2
] =0.

Then, it is easy to see that D is an inner derivation.

Theorem 1. Let D = ⊕n∈ZDn be the mirror Heisenberg–Virasoro algebra and H the twisted
Heisenberg algebra. Then,

DerC(D,H) = DerC(D,H)0 ⊕ InnC(D,H).

Proof. Suppose φ : D → H is a derivation, according to Proposition 2; then, φ can be
decomposed into homogeneous elements: φ = Σn∈Zφn where φn ∈ DerC(D,H)n.

Let n ∈ Z \ {0,−1}. Then, φn|D0 is a derivation of Hn from D0 to D0-module. By
virtue of Lemma 1, φn|D0 is an inner derivation, that is, there exists En ∈ Hn such that
φn(x) = [x, En], x ∈ D0. Considering ψn(x) = φn(x)− [x, En], x ∈ D, then ψn is an inner
derivation, degψn = n, and ψn(D0) = 0. Therefore, ψn is D0-module homomorphism.
Since x ∈ D0, y ∈ Dn,

ψn([x, y]) = φn([x, y])− [[x, y], En] = [φn(x), y] + [x, φn(y)]− [x, [y, En]]− [y, [En, x]]

= [x, φn(y)]− [x, [y, En]] = [x, φn(y)− [y, En]] = [x, ψn(y)].

By Lemma 2, we have HomD0(Dm,Hn) = 0 for m ̸= n, m ̸= 0 and ψn|Dm = 0. At last,
by virtue of Lemma 3, we obtain ψn|D0 = 0. Furthermore, for m ∈ Z, ψn|Dm = 0. Therefore,
φn ∈ InnC(D,H). Also, by Lemma 4, the conclusion is proved.

Lemma 5. Let D be the mirror Heisenberg–Virasoro algebra and H be the twisted Heisenberg
algebra. Then, D ∈ DerC(D,H)0 if and only if D is a linear map from D to H satisfying

(i) D(dn) = ahn+ 1
2
;

(ii) D(c) = 0;
(iii) D(hn+ 1

2
) = bhn+ 1

2
+ δn,−1 al;

(iv) D(l) = 2bl;

where n ∈ Z, a, b ∈ C.

Proof. Sufficiency: Suppose D is a linear map that satisfies (i)–(iv); then, it is easy to verify
that D is a derivation from D to H.

Necessity: (i) Set D ∈ DerC(D,H). When n ̸= −1, suppose D(dn) = f (n)hn+ 1
2

for
m ̸= ±n. On the one hand,

D([dm, dn]) = (m − n)D(dm+n) = (m − n) f (m + n)hm+n+ 1
2
.

On the other hand,

D([dm, dn]) = [D(dm), dn] + [dm, D(dn)] = f (m)[hm+ 1
2
, dn] + f (n)[dm, hn+ 1

2
]

= (m +
1
2
) f (m)hm+n+ 1

2
− (n +

1
2
) f (n)hm+n+ 1

2
.

Then,

(m − n) f (m + n) = (m +
1
2
) f (m)− (n +

1
2
) f (n).
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Let m = 1, n = 0. Then, f (0) = f (1) = a (a ∈ C). Next, using induction on n,
assuming n − 1, the conclusion holds. Then,

(n − 2) f (n) = (n − 2) f ((n − 1) + 1) = (n − 1
2
) f (n − 1)− 3

2
f (1) = (n − 2)a.

Hence, f (n) = a for n ∈ Z. If n = −1, then on the one hand, D([d1, d−2]) = 3D(d−1),
and on the other hand,

D([d1, d−2]) = [D(d1), d−2] + [d1, D(d−2)] = a[h 3
2
, d−2] + a[d1, h− 3

2
] = 3ah− 1

2
.

Therefore, D(d−1) = ah− 1
2
. Thus, D(dn) = ahn+ 1

2
, a ∈ C.

(ii) On the one hand, we have

D([d2, d−2]) = 4D(d0) +
1
2

D(c) = 4ah 1
2
+

1
2

D(c),

and on the other hand,

D([d2, d−2]) = [D(d2), d−2] + [d2, D(d−2)] = a[h 5
2
, d−2] + a[d2, h− 3

2
] = 4ah 1

2
.

Therefore, D(c) = 0.
(iii) For n ̸= −1, let D(hn+ 1

2
) = g(n)hn+ 1

2
. Since

D([dn, hm+ 1
2
]) = −(m +

1
2
)D(hm+n+ 1

2
) = −(m +

1
2
)g(n + m)hm+n+ 1

2
.

and

D([dn, hm+ 1
2
]) = [D(dn), hm+ 1

2
] + [dn, D(hm+ 1

2
)] = a[hn+ 1

2
, hm+ 1

2
] + g(m)[dn, hm+ 1

2
]

= −(m +
1
2
)g(m)hm+n+ 1

2
,

then g(n + m) = g(m), n ̸= −1, m ̸= −n − 1,−1.

Set g(1) = b, b ∈ C. Then, g(n) = b for n ∈ Z \ {−1}. Since D([d−1, h 1
2
]) = −1

2 D(h− 1
2
)

and

D([d−1, h 1
2
]) = [D(d−1), h 1

2
] + [d−1, D(h 1

2
)] = a[h− 1

2
, h 1

2
] + b[d−1, h 1

2
] = −1

2
al− 1

2
bh− 1

2
,

then D(h− 1
2
) = al + bh− 1

2
. Thus, D(hn+ 1

2
) = bhn+ 1

2
+ δn,−1al.

(iv) Since D([h− 1
2
, h 1

2
]) = − 1

2 D(l) and

D([h− 1
2
, h 1

2
]) = [D(h− 1

2
), h 1

2
] + [h− 1

2
, D(h 1

2
] = b[h− 1

2
, h 1

2
] + b[h− 1

2
, h 1

2
] = −bl,

we obtain D(l) = 2bl.

According to Lemma 5, Di (i = 1, 2) is given by

D1 : D1|V = 0,D1(hn+ 1
2
) =hn+ 1

2
, D1(l) = 2l (n ∈ Z),

D2 : D2(dn) = hn+ 1
2
,D2(hn+ 1

2
) =δn,−1l, D2(c) = D2(l) = 0.

Lemma 6. Let D be the mirror Heisenberg–Virasoro algebra and H the twisted Heisenberg alge-
bra. Then,

H1(D,H) = CD1 ⊕CD2.
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Proof. Let us suppose that there are k1 and k2 such that k1D1 + k2D2 = 0. Then, for h− 1
2
,

we have
0 = (k1D1 + k2D2)(h− 1

2
) = k1h− 1

2
+ k2l.

Therefore, k1 = k2 = 0, that is, {Di | i = 1, 2} are linearly independent. And, for any
D ∈ DerC(D,H)0, we have

D(dn) = ahn+ 1
2
= aD2(dn),D(c) =D1(c) =0,

D(hn+ 1
2
) = bhn+ 1

2
+ δn,−1 al = bD1(hn+ 1

2
) + aD2(hn+ 1

2
),D(l) =2bl =bD1(l).

By virtue of Lemma 1, we obtain

DerC(D,H) = CD1 ⊕CD2 ⊕ InnC(D,H) and H1(D,H) = DerC(D,H)/InnC(D,H).

Lemma 7. Let V be the Virasoro algebra and H the twisted Heisenberg algebra. Then,

HomU (V)(H/[H,H],V) = 0.

Proof. By the definition of H, we have [H,H] = Cl. Set f ∈ HomU (V)(H/[H,H],V) for
m ∈ Z. Suppose

f (hm+ 1
2
) = ∑ ai(m)dmi + kc.

On the one hand,

[d0, f (hm+ 1
2
)] = [d0, ∑ ai(m)dmi + kc] = ∑ ai(m)[d0, dmi ] = −∑ ai(m)midmi ,

and on the other hand,

[d0, f (hm+ 1
2
)] = f ([d0, hm+ 1

2
]) = −(m +

1
2
) f (hm+ 1

2
)

= −(m +
1
2
)(∑ ai(m)dmi + kc) = −(m +

1
2
)∑ ai(m)dmi − (m +

1
2
)kc.

Then,

ai(m)mi = (m +
1
2
)ai(m), k = 0.

Since mi ∈ Z, m ∈ Z, mi ̸= m + 1
2 , then ai(m) = 0. Furthermore, we obtain

HomU (V)(H/[H,H],V) = 0.

Theorem 2. Let D be the mirror Heisenberg–Virasoro algebra and H the twisted Heisenberg
algebra. Then,

DerCD = CD1 ⊕CD2 ⊕ InnD.

Proof. Since

H1(H,D/H)D/H ∼= HomC(H/[H,H],D/H)D/H = HomD/H(H/[H,H],D/H),

by virtue of Lemma 7, then H1(H,D/H)D/H = 0. According to the exact sequence (2)

0 → H1(D/H,D/H) → H1(D,D/H) → H1(H,D/H)D/H

and H1(D/H,D/H) = 0, we obtain H1(D,D/H) = 0. Then, by virtue of Lemma 6 and
the exact sequence (1)

H1(D,H) → H1(D,D) → H1(D,D/H),
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we have
H1(D,H) = H1(D,D).

Therefore,
H1(D,D) = CD1 ⊕CD2.

Since H1(D,D) = DerD/InnD, the conclusion holds.

3. 2-Local Derivations on the Mirror Heisenberg–Virasoro Algebra

Let L be an algebra. ∆ is called a 2-local derivation of L if, for every x, y ∈ L, there
exists a derivation ∆x,y such that

∆x,y(x) = ∆(x), ∆x,y(y) = ∆(y).

Let ∆ be a 2-local derivation on the mirror Heisenberg–Virasoro algebra D. By
Theorem 2, it can be written as

∆x,y = ad(∑
i∈Z

(ai(x, y)di + bi(x, y)hi+ 1
2
) + l1(x, y)c + l2(x, y)l) + α(x, y)D1 + β(x, y)D2. (3)

Lemma 8. Let ∆ be a 2-local derivation on the mirror Heisenberg–Virasoro algebra D. Then, for
any fixed x ∈ D, we have the following:

(i) If ∆(di) = 0, then

∆di ,x = ad
(
ai(di, x)di + b0(di, x)h 1

2
+ l1(di, x)c + l2(di, x)l

)
+ α(di, x)D1 −

1
2

b0(di, x)D2.

(ii) If ∆(h 1
2
) = 0, then

∆h 1
2

,x = ad
(
a0(h 1

2
, x)d0 + ∑

i ̸=−1
bi(h 1

2
, x)hi+ 1

2
+ l1(h 1

2
, x)c + l2(h 1

2
, x)l

)
+

1
2

a0(h 1
2
, x)D1 + β(h 1

2
, x)D2.

(iii) If ∆(h− 1
2
) = 0, then

∆h− 1
2

,x = ad
(
a0(h− 1

2
, x)d0 + ∑

i∈Z
bi(h− 1

2
, x)hi+ 1

2
+ l1(h− 1

2
, x)c + l2(h− 1

2
, x)l

)
− 1

2
a0(h− 1

2
, x)D1 −

1
2

b0(h− 1
2
, x)D2.

(iv) If ∆(hi+ 1
2
) = 0 for i ̸= 0,−1, then

∆h
i+ 1

2
,x = ad

(
a0(hi+ 1

2
, x)d0 + ∑

j ̸=−1−i
bj(hi+ 1

2
, x)hj+ 1

2
+ l1(hi+ 1

2
, x)c + l2(hi+ 1

2
, x)l

)
+ (i +

1
2
)a0(hi+ 1

2
, x)D1 + β(hi+ 1

2
, x)D2.

Proof. (i) According to ∆(di) = 0 and the Formula (3), we have

∆(di) = ∆di ,x(di)

=
[

∑
j∈Z

(aj(di, x)dj + bj(di, x)hj+ 1
2
) + l1(di, x)c + l2(di, x)l, di

]
+ α(di, x)D1(di) + β(di, x)D2(di)

= ∑
j∈Z

((j − i)aj(di, x)di+j + (j +
1
2
)bj(di, x)hi+j+ 1

2
)− i3 − i

12
a−i(di, x)c + β(di, x)hi+ 1

2
= 0.
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Then, we have

aj(di, x) = 0, for j ̸= i;bj(di, x) =0, for j ̸= 0; β(di, x) = −1
2

b0(di, x).

(ii) According to ∆(h 1
2
) = 0 and the Formula (3), we have

∆(h 1
2
) = ∆h 1

2
,x(h 1

2
)

=
[

∑
j∈Z

(aj(h 1
2
, x)dj + bj(h 1

2 ,, x)hj+ 1
2
) + l1(h− 1

2
, x)c + l2(h 1

2
, x)l, h 1

2

]
+ α(h 1

2
, x)D1(h 1

2
) + β(h 1

2
, x)D2(h 1

2
)

= ∑
j∈Z

(−1
2
)aj(h 1

2
, x)hj+ 1

2
− 1

2
b−1(h 1

2
, x)l + α(h 1

2
, x)h 1

2
= 0.

Then, we have

aj(h 1
2
, x) = 0, for j ̸= 0;b−1(h 1

2
, x) =0; α(h 1

2
, x) =

1
2

a0(h 1
2
, x).

(iii) By ∆(h− 1
2
) = 0 and the Formula (3), we have

∆(h− 1
2
) = ∆h− 1

2
,x(h− 1

2
) =

[
∑
j∈Z

(aj(h− 1
2
, x)dj + bj(h− 1

2
, x)hj+ 1

2
) + l1(h− 1

2
, x)c + l2(h− 1

2
, x)l, h− 1

2

]
+ α(h− 1

2
, x)D1(h− 1

2
) + β(h− 1

2
, x)D2(h− 1

2
)

= ∑
j∈Z

1
2

aj(h− 1
2
, x)hj− 1

2
+

1
2

b0(h− 1
2
, x)l + α(h− 1

2
, x)h− 1

2
+ β(h− 1

2
, x)l = 0.

Then, we have

aj(h− 1
2
, x) = 0, for j ̸= 0;α(h− 1

2
, x) =− 1

2
a0(h− 1

2
, x); β(h− 1

2
, x) = −1

2
b0(h− 1

2
, x).

(iv) By ∆(hi+ 1
2
) = 0 and the Formula (3), we have

∆(hi+ 1
2
) = ∆h

i+ 1
2

,x(hi+ 1
2
)

=
[

∑
j∈Z

(aj(hi+ 1
2
, x)dj + bj(hi+ 1

2
, x)hj+ 1

2
) + l1(hi+ 1

2
, x)c + l2(hi+ 1

2
, x)l, hi+ 1

2

]
+ α(hi+ 1

2
, x)D1(hi+ 1

2
) + β(hi+ 1

2
, x)D2(hi+ 1

2
)

= ∑
j∈Z

−(i +
1
2
)aj(hi+ 1

2
, x)hj+i+ 1

2
+ (−i − 1

2
)b−1−i(hi+ 1

2
, x)l + α(hi+ 1

2
, x)hi+ 1

2
= 0.

Then, we have

bj(hi+ 1
2
, x) = 0, forj = −1 − i; aj(hi+ 1

2
, x) = 0, for j ̸= 0; α(hi+ 1

2
, x) = (i +

1
2
)a0(hi+ 1

2
, x).

Lemma 9. Let ∆ be a 2-local derivation on the mirror Heisenberg–Virasoro algebra D such that
∆(d0) = ∆(d1) = 0. Then, ∆(di) = 0.

Proof. Set k = 0 or 1. By Lemma 8, suppose

∆dk ,x = adak(dk, x)dk + b0(dk, x)h 1
2
+ l1(dk, x)c + l2(dk, x)l + α(dk, x)D1 −

1
2

b0(dk, x)D2.
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Then,

∆(di) = ∆d0,di
(di)

= [a0(d0, di)d0 + b0(d0, di)h 1
2
+ l1(d0, di)c + l2(d0, di)l, di] + α(d0, di)D1(di)−

1
2

b0(d0, di)D2(di)

= −ia0(d0, di)di +
1
2

b0(d0, di)hi+ 1
2
− 1

2
b0(d0, di)hi+ 1

2
= −ia0(d0, di)di.

We also have

∆(di) = ∆d1,di
(di)

= [a1(d1, di)d1 + b0(d1, di)h 1
2
+ l1(d1, di)c + l2(d1, di)l, di] + α(d1, di)D1(di)−

1
2

b0(d1, di)D2(di)

= (1 − i)a1(d1, di)di+1 +
1
2

b0(d1, di)hi+ 1
2
− 1

2
b0(d1, di)hi+ 1

2
= (1 − i)a1(d1, di)di+1.

Summarizing, we obtain a0(d0, di) = a1(d1, di) = 0. Therefore, ∆(di) = 0.

Lemma 10. Let ∆ be a 2-local derivation on the mirror Heisenberg–Virasoro algebra D such that
∆(di) = 0. Then, for any x = ∑t∈Z(αtdt + βtht+ 1

2
) + k1c + k2l, it is true that

∆(x) = λx(∑
t∈Z

βtht+ 1
2
+ 2k2l)

Proof. For x = ∑t∈Z(αtdt + βtht+ 1
2
) + k1c + k2l ∈ D, since ∆(di) = 0, by Lemma 8,

we have

∆(x) = ∆d0,x(x) =
(
ad(a0(d0, x)d0 + b0(d0, x)h 1

2
+ l1(d0, x)c + l2(d0, x)l) + α(d0, x)D1 −

1
2

b0(d0, x)D2
)
(x)

= a0(d0, x)(∑
t∈Z

−tαtdt − (t +
1
2
)βtht+ 1

2
) + b0(d0, x)(∑

t∈Z

1
2

αtht+ 1
2
+

1
2

β−1l)

+ α(d0, x)(∑
t∈Z

βtht+ 1
2
+ 2k2l)− 1

2
b0(d0, x)(∑

t∈Z
αtht+ 1

2
+ β−1l)

= a0(d0, x)(∑
t∈Z

−tαtdt − (t +
1
2
)βtht+ 1

2
) + α(d0, x)(∑

t∈Z
βtht+ 1

2
+ 2k2l).

Similarly,

∆(x) = ∆di ,x(x) =
(
ad(ai(di, x)di + b0(di, x)h 1

2
+ l1(di, x)c + l2(di, x)l) + α(di, x)D1 −

1
2

b0(di, x)D2
)
(x)

= ai(di, x)(∑
t∈Z

(i − t)αtdi+t − (t +
1
2
)βthi+t+ 1

2
) + b0(di, x)(∑

t∈Z

1
2

αtht+ 1
2
+

1
2

β−1l)

+ α(di, x)(∑
t∈Z

βtht+ 1
2
+ 2k2l)− 1

2
b0(di, x)(∑

t∈Z
αtht+ 1

2
+ β−1l)− i3 − i

12
a−i(di, x)c

= ai(di, x)
(

∑
t∈Z

(i − t)αtdi+t − (t +
1
2
)βthi+t+ 1

2

)
+ α(di, x)

(
∑
t∈Z

βtht+ 1
2
+ 2k2l

)
− i3 − i

12
a−i(di, x)c.

Comparing the two equations above, when neither αt nor βt is equal to 0, by taking
different i ∈ Z, we have

a0(d0, x) = ai(di, x) = 0, α(d0, x) = α(di, x).

If αt = 0, βt ̸= 0, by taking different i ∈ Z, then we have

a0(d0, x) = ai(di, x) = 0, α(d0, x) = α(di, x).
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If αt ̸= 0, βt = 0, then we have

a0(d0, x) = ai(di, x) = 0, α(d0, x) = α(di, x).

If αt = βt = 0, then we have

α(d0, x) = α(di, x).

Thus, we have ∆(x) = λx(∑t∈Z βtht+ 1
2
+ 2k2l), where λx = α(di, x) are complex-

valued numbers depending on x.

Lemma 11. Let ∆ be a 2-local derivation on the mirror Heisenberg–Virasoro algebra D such that
∆(d0) = ∆(d1) = 0 and there exists ∆(ht− 1

2
) = 0 for fixed t ∈ Z\{0, 1}. Then, ∆(x) = 0 for

x ∈ D.

Proof. We proceed in two steps:
(i) We prove for x = d2t + ht+ 1

2
, t ∈ Z\{0, 1}. Let us consider

∆d2t+h
t+ 1

2
,y = ad(a2t(d2t + ht+ 1

2
, y)(d2t + ht+ 1

2
) + b0(d2t + ht+ 1

2
, y)h 1

2

+ b−t(d2t + ht+ 1
2
, y)h−t+ 1

2
+ l1(d2t + ht+ 1

2
, y)c + l2(d2t + ht+ 1

2
, y)l)

+ (t − 1
2
)b−t(d2t + ht+ 1

2
, y)D1 −

1
2

b0(d2t + ht+ 1
2
, y)D2.

On the one hand, according to Lemma 9,

∆(d2t + ht+ 1
2
) = λd2t+h

t+ 1
2

ht+ 1
2
,

and on the other hand, since ∆(ht− 1
2
) = 0, we have

∆(d2t + ht+ 1
2
) = ∆h

t− 1
2

,d2t+h
t+ 1

2
(d2t + ht+ 1

2
)

=
(
ad(a0(ht− 1

2
, d2t + ht+ 1

2
)d0 + ∑

j ̸=−t
bj(ht− 1

2
, d2t + ht+ 1

2
)hj+ 1

2

+ l1(ht− 1
2
, d2t + ht+ 1

2
)c + l2(ht− 1

2
, d2t + ht+ 1

2
)l)

+ (t − 1
2
)a0(ht− 1

2
, d2t + ht+ 1

2
)D1 + β(ht− 1

2
, d2t + ht+ 1

2
)D2

)
(d2t + ht+ 1

2
)

= a0(ht− 1
2
, d2t + ht+ 1

2
)(−2td2t − (t +

1
2
)ht+ 1

2
)

+ ∑
j ̸=−t

bj(ht− 1
2
, d2t + ht+ 1

2
)(j +

1
2
)h2t+j+ 1

2
+ (−t − 1

2
)b−1−t(ht− 1

2
, d2t + ht+ 1

2
)l

+ (t − 1
2
)a0(ht− 1

2
, d2t + ht+ 1

2
)ht+ 1

2
+ β(ht− 1

2
, d2t + ht+ 1

2
)(h2t+ 1

2
+ δt,−1l).

Comparing the two equations above, we have

a0(ht− 1
2
, d2t + ht+ 1

2
) = 0,

b−1−t(ht− 1
2
, d2t + ht+ 1

2
) = 0, f ort ̸= −1,

β(ht− 1
2
, d2t + ht+ 1

2
) = −1

2
b0(ht− 1

2
, d2t + ht+ 1

2
).

Therefore, λd2t+h
t+ 1

2
= 0. Furthermore, we have ∆(d2t + ht+ 1

2
) = 0.

By Lemma 3, set
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∆d2t+h
t+ 1

2
,y = ad(∑

i∈Z
ai(d2t + ht+ 1

2
, y)di + bi(d2t + ht+ 1

2
, y)hi+ 1

2
+ l1(d2t + ht+ 1

2
, y)c

+ l2(d2t + ht+ 1
2
, y)l) + α(d2t + ht+ 1

2
, y)D1 + β(d2t + ht+ 1

2
, y)D2

∆(d2t + ht+ 1
2
) = ∆d2t+h

t+ 1
2

,y(d2t + ht+ 1
2
)

=
(
ad(∑

i∈Z
ai(d2t + ht+ 1

2
, y)di + bi(d2t + ht+ 1

2
, y)hi+ 1

2
+ l1(d2t + ht+ 1

2
, y)c

+ l2(d2t + ht+ 1
2
, y)l) + α(d2t + ht+ 1

2
, y)D1 + β(d2t + ht+ 1

2
, y)D2

)
(d2t + ht+ 1

2
)

= ∑
i∈Z

ai(d2t + ht+ 1
2
, y)

(
(i − 2t)d2t+i − (t +

1
2
)hi+t+ 1

2

)
− 4t3 − t

6
a−2t(d2t + ht+ 1

2
, y)c

+ ∑
i∈Z

bi(d2t + ht+ 1
2
, y)(i +

1
2
)h2t+i+ 1

2
+ (−t − 1

2
)b−1−t(d2t + ht+ 1

2
, y)l

+ α(hd2t+h
t+ 1

2
, y)ht+ 1

2
+ β(d2t + ht+ 1

2
, y)(h2t+ 1

2
+ δt,−1l) = 0.

So, we have

ai(d2t + ht+ 1
2
) = 0, f or i ̸= 2t,α(hd2t+h

t+ 1
2

, y) =(t − 1
2
)b−t(d2t + ht+ 1

2
),

β(d2t + ht+ 1
2
, y) = −1

2
b0(d2t + ht+ 1

2
, y),a2t(d2t + ht+ 1

2
, y) =bt(d2t + ht+ 1

2
, y),

bi(d2t + ht+ 1
2
, y) = 0, f or i ̸= 0, t,−t.

(ii) We now prove that ∆(x) = 0 for any x ∈ D. If x = ∑k∈Z αkdk + βkhk+ 1
2
+ k1c +

k2l ∈ D, since ∆(d0) = ∆(d1) = 0, by Lemma 9, then ∆(di) = 0, i ∈ Z. According to
Lemma 10, we obtain

∆(x) = λx(∑
k∈Z

βkhk+ 1
2
+ 2k2l)

and

∆(x) = ∆d2t+ht+ 1
2

,x(x) =
(

ad
(
a2t(d2t + ht+ 1

2
, x)(d2t + ht+ 1

2
) + b0(d2t + ht+ 1

2
, x)h 1

2
+ b−t(d2t + ht+ 1

2
, x)h−t+ 1

2

+l1(d2t + ht+ 1
2
, x)c + l2(d2t + ht+ 1

2
, x)l

)
+ (t − 1

2
)b−t(d2t + ht+ 1

2
, x)D1 −

1
2

b0(d2t + ht+ 1
2
, x)D2

)
(x) =

a2t(d2t + ht+ 1
2
, x)

(
∑
k∈Z

(2t − k)αkd2t+k −
(2k + 1)βk

2
h2t+k+ 1

2
+

(2t + 1)αk
2

hk+t+ 1
2
+

(2t + 1)β−1−t
2

l +
(4t3 − t)α−2t

6
c
)
+

b0(d2t + ht+ 1
2
, x)

(
∑
k∈Z

1
2

αkhk+ 1
2
+

1
2

β−1l
)
+ b−t(d2t + ht+ 1

2
, x)

(
∑
k∈Z

(−t +
1
2
)αkhk−t+ 1

2
+ βt−1l

)
+

(t − 1
2
)b−t(d2t + ht+ 1

2
, x)

(
∑
k∈Z

βkhk+ 1
2
+ 2k2l

)
− 1

2
b0(d2t + ht+ 1

2
, x)

(
∑
k∈Z

αkhk+ 1
2
+ β−1l

)
=

a2t(d2t + ht+ 1
2
, x)

(
∑
k∈Z

(2t − k)αkd2t+k − (k +
1
2
)βkh2t+k+ 1

2
+ (t +

1
2
)αkhk+t+ 1

2
+ β−1−t(t +

1
2
)l + α−2t

4t3 − t
6

c
)
+

b−t(d2t + ht+ 1
2
, x)

(
∑
k∈Z

(−t +
1
2
)αkhk−t+ 1

2
+ βt−1l

)
+ (t − 1

2
)b−t(d2t + ht+ 1

2
, x)

(
∑
k∈Z

βkhk+ 1
2
+ 2k2l

)
.

Comparing the two equations above, since t ̸= 0, we have

a2t(d2t + ht+ 1
2
, x) = b−t(d2t + ht+ 1

2
, x) = 0.

Therefore, λx = 0 and we have ∆(x) = 0.

Theorem 3. Every 2-local derivation on the mirror Heisenberg–Virasoro algebra D is a derivation.
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Proof. Suppose ∆ is a 2-local derivation on D. Then, there exists a derivation ∆d0,d1
such that

∆(d0) = ∆d0,d1(d0), ∆(d1) = ∆d0,d1(d1).

Let ∆∗ = ∆ − ∆d0,d1 . Then, ∆∗(d0) = ∆∗(d1) = 0. By Lemma 9, we have ∆∗(di) = 0,
i = 1, 2, and by Lemma 10, for fixed t ∈ Z\{0, 1}, we have

∆∗(ht− 1
2
) = λh

t− 1
2

ht− 1
2
.

Let ∆∗∗ = ∆∗ − λh
t− 1

2
D1. Then, we have

∆∗∗(d0) = ∆∗d0 − λh
t− 1

2
D1(d0) = 0,

∆∗∗(d1) = ∆∗d1 − λh
t− 1

2
D1(d1) = 0,

∆∗∗(ht− 1
2
) = ∆∗ht− 1

2
− λh

t− 1
2

D1(ht− 1
2
) = 0.

According to Lemma 11, ∆∗∗ = 0, that is, ∆ = ∆d0,d1 + λh
t− 1

2
D1. Therefore, ∆ is

a derivation.

4. 1
2 -Derivations on the Mirror Heisenberg–Virasoro Algebra

The present section is dedicated to studying 1
2 -derivations of the mirror Heisenberg–

Virasoro algebra and some corollaries about transposed Poisson structures and local 1
2 -

derivations.
Let (L, [·, ·]) be an algebra with multiplication [·, ·] and φ be a linear map. Then, φ is a

1
2 -derivation if it satisfies

φ([x, y]) =
1
2
(
[φ(x), y] + [x, φ(y)]

)
.

The main example of 1
2 -derivations is the multiplication by an element from the ground

field. Let us call such 1
2 -derivations as trivial 1

2 -derivations. As it follows from the following
theorem, we are not interested in trivial 1

2 -derivations.

Theorem 4. There are no non-trivial 1
2 -derivations of the mirror Heisenberg–Virasoro algebra D.

Proof. Let us remember that D is Z2-grading. So, D0 is generated by {dm, c, l}, and D1 is
generated by {hr+ 1

2
}. Let φ be a 1

2 -derivation of D. Then, the even part φ0 and the odd part

φ1 of φ are, respectively, an even 1
2 -derivation and an odd 1

2 -derivation of D.
It is easy to see that

• if m ̸= −n, then (m− n)φ0(dm+n) = φ0([dm, dn]) =
1
2
(
[φ0(dm), dn] + [dm, φ0(dn)]

)
⊆ V .

• 2nφ0(d0)+
n3−n

12 φ0(c) = φ0([dn, d−n]) =
1
2
(
[φ0(dn), d−n]+ [dn, φ0(d−n)]

)
⊆ V ; hence,

φ0(d0), φ0(c) ⊆ V .

This observation shows that φ0(V) ⊆ V , and thanks to Theorem 26 [17], φ0|V is trivial,
i.e., φ0(v) = α∗v for each v ∈ V . We also can suppose that α∗ = 0.

Let us say φ0(hn+ 1
2
) = ∑ βn

k hn+ 1
2+k; then,

∑ βn
k hn+ 1

2+k = − 2
2n + 1

φ([d0, hn+ 1
2
]) = − 1

2n + 1
[d0, φ0(hn+ 1

2
)] =

n + 1
2 + k

2n + 1 ∑ βn
k hn+ 1

2+k,

which gives φ0 = 0 and is trivial.

It is known the commutator of a 1
2 -derivation and one derivation gives a new 1

2 -
derivation. Now, let ϕx be an inner odd derivation of D (left multiplication of x ∈ D1).
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Then, φ1ϕx − φ1ϕx is an even 1
2 -derivation of D, which is trivial. Then, if φ1(c) = ∑ γkhk+ 1

2
,

we have

αrc =
(

φ1ϕh
r+ 1

2
− φ1ϕh

r+ 1
2

)
(c) = φ1([hr+ 1

2
, c])− [hr+ 1

2
, φ1(c)] = −[hr+ 1

2
, ∑ γkhk+ 1

2
] ⊆ ⟨l⟩ ,

which gives αr = 0 and φ1ϕh
r+ 1

2
= ϕh

r+ 1
2

φ1. Hence,

0 = φ1([hr+ 1
2
, x])− [hr+ 1

2
, φ1(x)] = 1

2
(
[φ1(hr+ 1

2
), x] + [hr+ 1

2
, φ1(x)]

)
− [hr, φ1(x)] =

1
2
(
[φ1(hr+ 1

2
), x]− [hr+ 1

2
, φ1(x)]

)
,

which gives [φ1(hr+ 1
2
), x] = [hr+ 1

2
, φ1(x)] for every x ∈ D. Hence, if x ∈ D0, then

φ1(x) ∈ D1 and φ1(hr+ 1
2
) ⊆ ⟨c, l⟩, φ1(D0) = 0.

From the last observation, we have

φ1(hr+ 1
2
) = −2φ1([dr, h 1

2
]) = −

(
[φ1(dr), h 1

2
] + [dr, φ1(h 1

2
)]
)
= 0.

The last observation shows that φ1 = 0 and φ is trivial.

Let L be a vector space equipped with two nonzero bilinear operations · and [·, ·]. The
triple (L, ·, [·, ·]) is called a transposed Poisson algebra if (L, ·) is a commutative associative
algebra and (L, [·, ·]) is a Lie algebra that satisfies the following compatibility condition

2z · [x, y] = [z · x, y] + [x, z · y].

A transposed Poisson structure on a Lie algebra (L, [·, ·]) is a commutative associative
operation · on L, which makes (L, ·, [·, ·]) a transposed Poisson algebra. The notion of
transposed Poisson algebras was introduced in [18] (see also Section 7.3 [19] and [20] for
recent results in this topic). Summarizing results from Theorem 4 and Theorem 26 [17], we
have the following corollary.

Corollary 1. There are no transposed Poisson structures defined on the mirror Heisenberg–
Virasoro algebra.

Following the ideas of local and 2-local maps, we define local and 2-local 1
2 -derivations

of an algebra L, namely as follows:

• A linear map ∇ is called a local 1
2 -derivation of L if, for any element x ∈ L, there exists

a 1
2 -derivation φx : L → L such that ∇(x) = φx(x).

• A (not necessary linear) map ∆ is called a 2-local derivation of L if, for any two
elements x, y ∈ L, there exists an 1

2 -derivation φx,y : L → L such that ∆(x) = φx,y(x),
∆(y) = φx,y(y).

It is easy to see the following corollary from Theorem 4.

Corollary 2. Every local (and 2-local) 1
2 -derivation structures on the mirror Heisenberg–Virasoro

algebra is a 1
2 -derivation.
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