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Abstract: This paper presents a methodology for synthesizing discrete MIMO PID controllers through
iterative solutions of LMIs. It justifies the necessity of direct synthesis of discrete controllers in digital
control systems. The proposed methodology allows for synthesizing an LTI controller for an LTV
plant model, ensuring the robust stability of the synthesized system. Robustness is further ensured
by the small-gain theorem and a novel approach to loop shaping, enabling the use of arbitrary
shape functions. As a result, this methodology provides a broad statement of the problem with
performance criteria necessary for practical application in control systems. Numerical examples
are used to illustrate the methodology, which is implemented using the MATLAB toolbox, freely
available for use.
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1. Introduction

In this paper, we present an extension to the method for tuning multiple-input multi-
ple-output (MIMO) proportional-integral-derivative (PID) controllers using iterated linear
matrix inequality (LMI) restrictions to address discrete-time control systems. The original
method was introduced for continuous-time systems by Boyd et al. in [1]. Our contributions
and the novelty of this study lie in the following:

*  Reformulating key concepts to accommodate discrete-time systems.

¢  Formulating matrix constraints for synthesizing a stationary MIMO PID controller for
a non-stationary plant, where the MIMO PID is represented by a linear time-invariant
(LTI) model and the plant is represented by a linear time-varying (LTV) model.

¢ Enhancing the original method by incorporating loop-shaping capabilities, utilizing a
novel approach where the shape functions can be arbitrarily defined.

¢ Integrating numerous performance criteria essential for practical application into the
problem statement.

¢ Devoting significant attention to ensuring the necessary robust stability margins of
control systems.

Furthermore, we offer a comprehensive methodology for synthesizing discrete con-
trollers, delve into the problem statement, and provide a full explanation of the synthesis
method itself, including additional derivations and calculations.

This paper is structured as follows. Further in this section, we will discuss the necessity
of employing MIMO PID in MIMO control systems. Subsequently, we will explore the
reasons for the application of a digital control system, addressing the factors that necessitate
synthesizing MIMO PID in discrete time. In Section 2, we provide the notations used and
briefly outline the control theory concepts employed in our paper. Section 3 formulates the
discrete MIMO PID controller synthesis problem as a semi-definite programming (SDP)
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problem. We outline the performance criteria for the control system in terms of Ho, norms.
In Section 4, we demonstrate our approach to loop shaping. Section 5 provides a detailed
description of the discrete MIMO PID controller synthesis method, demonstrating the
transition from the general SDP problem to quadratic matrix inequalities (QMIs) and sub-
sequently to linear matrix inequalities (LMIs) using the iterative convex-concave procedure
(CCP). In Section 6, we briefly introduce the Matlab toolbox developed for controller syn-
thesis and result visualization. Section 7 presents several examples of the synthesis of
discrete MIMO PID controllers. Sections 8 and 9 conclude and summarize this work.

1.1. The PID Controller

PID controllers are widely used in control systems due to their simplicity and effec-
tiveness in controlling processes [2]. Their popularity is due to several key advantages that
they offer. Firstly, they offer flexibility in control design, as control engineers can tune the
proportional, integral, and derivative gains to meet specific application requirements. The
basic equation of a continuous-time PID controller in parallel form is given by

de(t)
dt ’

u(t) = Kpe(t) + K / e(t)dt +Kp
0

where u(t) is the controller output, e(t) is the controller input, and the tunable controller
coefficients are Kp, Ky, and Kp [3]. Secondly, PID controllers are robust and can efficiently
handle disturbances in the system while tolerating small variations in parameters. Thirdly,
they are cost-effective controllers that provide reliable control for a variety of applications.
In addition, PID controllers effectively mitigate nonlinear effects, such as actuator saturation,
for which specialized techniques, like anti-windup, exist. Furthermore, because PID
controllers are linear, powerful and well-established methods for analyzing the synthesized
control system can be applied.

However, it is important to note that there is no obligation to universally use PID
controllers. The rational choice of the controller type depends on the plant under control.
While PID controllers may not always be the best option for certain types of plants, they
can still be used to solve most control tasks in real-world systems and processes [4].

There are many different methods available for tuning PID controllers in single-input
single-output (SISO) control systems [3]. An experienced engineer can even manually
tune a SISO PID controller. However, significant difficulties arise when there is a need to
simultaneously control multiple outputs in a MIMO control system.

1.2. The MIMO PID Controller

The approach where a MIMO system is controlled by a set of SISO PID controllers (i.e.,
multi-loop SISO PID control) works well only when the control loops within the MIMO
system are sufficiently decoupled. Sequential tuning of the loops results in a degradation
of the control performance of the previous loop as each subsequent loop is tuned. Utilizing
loop decoupling techniques operates poorly, especially in systems with a large number
of inputs and outputs. Additionally, the implementation of loop decoupling encounters
challenges when dealing with an LTV plant model. Decoupling may only be effective for
an LTI plant model and would be disrupted if the model parameters change. Decoupling
methods for some classes of LTV plant models, such as linear parameter-varying (LPV)
plant models, exist [5], but there are still significant limitations to the application of such
methods [6]. In any case, the use of decoupling significantly complicates the design of
MIMO control systems. For example, it can be difficult to ensure that the decoupling does
not compromise the robust stability of the MIMO system.

We employ a method for tuning MIMO PID controllers that does not require prior
loop decoupling and allows for the simultaneous calculation of all MIMO PID controller
parameters that would satisfy specified control performance criteria.
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The MIMO PID controller with g inputs and m outputs consists of g - m SISO PID
controllers connected in a cross-coupled manner such that the g-th input is fed into each
g-th SISO PID controller, and all m-th outputs are summed. An example of a MIMO PID
controller with ¢ = 2 and m = 3 is shown in Figure 1. The primary motivation for the
utilization of MIMO PID controllers lies in the necessity to simultaneously control multiple
outputs of a MIMO plant with well-coupled loops.

|—> PID(1,1) |—> PID(2,1) |—> PID(3,1) 1

U1 U9 ?ua
PID(1,2) PID(2,2) —p-| PID(3,2)
62r r

Figure 1. An example of a 3 x 2 MIMO PID controller with 2 inputs (e, e2) and 3 outputs (11, up, u3).

€1

The interest in tuning MIMO PID controllers has been long-standing. It appears
that the earliest algorithms for MIMO PID tuning can be traced back to [7,8]. Practically
applicable tuning algorithms emerged with the active adoption of the LMI method in
control theory [9]. It seems that the pioneering work was [10], where the synthesis of
MIMO PID was formulated as a static output-feedback (SOF) synthesis problem. This
idea was further developed in subsequent works [11], including the discrete-time MIMO
PID synthesis method [12], although direct loop shaping was not explicitly performed in
this work. Moreover, these algorithms involve less optimal practices, such as the random
generation of a set of initial matrices for MIMO PID.

Another approach to synthesizing discrete MIMO PID controllers was proposed in [13],
using the non-monotonic Lyapunov—Krasovskii theorem via LMIs. While this approach is
intriguing, it does not allow for synthesis in the frequency domain, and the performance
criteria of the system are defined in terms of weighting matrices. The issues of the robust
stability of the synthesized system were not investigated.

The concept of loop shaping traces back to [14,15]. Its essence lies in defining per-
formance requirements and robust stability margins of the closed-loop control system in
terms of requirements on the singular values of the open-loop transfer function. The use
of loop shaping in controller synthesis allows for direct manipulation of the frequency
characteristics of the system, facilitating a trade-off between performance and robust sta-
bility margins [14]. Loop shaping gained popularity, particularly after the work in [16].
One of the early works employing loop shaping in the synthesis of MIMO PID controllers
was the study in [17]. In this work, akin to classical loop shaping, a coprime factoriza-
tion was used, and shaping functions were defined in the form of a pre-compensator
and a post-compensator. The work in [11] is interesting in that it utilized a weighted
sensitivity design.

As mentioned earlier, our approach is based on the concepts outlined in [1], which built
upon the concepts introduced in [18]. The latter utilized a convex-concave procedure for
tuning continuous SISO PID controllers in the frequency domain. The core principle of this
method revolves around constraining the He-norm of the closed-loop transfer functions by
bounding their maximum gains across a finite yet sufficiently extensive set of frequencies.
We apply the same principle but for the synthesis of a discrete MIMO PID controller.
Moreover, we perform loop shaping by directly specifying the shape functions without any
pre-compensators or post-compensators. The synthesis of a MIMO PID controller on an
LTV plant model is rarely addressed, but its possibility was mentioned in [1]. Our study is
possibly the first to adopt such an approach.
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1.3. The Necessity of Employing Digital Control

When it comes to the practical implementation of control systems, the choice of the
device on which the controller will be implemented is a crucial question. Analog devices
were the first historically, and for SISO control systems, this option is quite suitable. An
analog SISO PID controller can be implemented using three operational amplifiers.

However, for the MIMO PID controller, significantly more operational amplifiers are
required. For example, to implement a MIMO PID with g = 2 inputs and m = 3 outputs,
one would need 21 operational amplifiers (18 to implement all its components and another
3 for summing the outputs 3 - g - m + g; see Figure 1). Adding one more control loop (7 = 3,
m = 4) would increase the number of operational amplifiers to 40. The practical realization
of such a device, encompassing calibration, parameter fine-tuning, or future modifications,
presents formidable challenges. Furthermore, considerations must extend to the finite
bandwidths and restricted signal ranges inherent in operational amplifiers. Consequently,
anticipating dependable and uninterrupted functionality from such a system is, to say the
least, an ambitious proposition and, in some cases, entirely impossible. Implementing the
MIMO PID controller as a digital device can avoid many of these problems.

A basic digital control system (see also Figure 1.1 in [19]) is depicted in Figure 2.

CEEEEER— — — — -~ - —— -~ \——mm———————— ==
] Digital Part w(t) :
——p| Plant under
(kT e(kTs 8 u(kTs u(t —

1 (RT:) (KT:) i ( ): DAC J» Actuators > control |
I _ controller |
P4
| \\ ; I
| Clock sync T} J_ I

N
! v(t) I
y(kTs y(t | ——
| y(*T) ADC |= vt Sensors | |
| h |
Analog Part
L s__________§__l

Figure 2. A block diagram of a basic digital control system.

The digital control system consists of two parts. In the analog part, there is a plant,
which can be affected by external input disturbances w(t), actuators receiving control
signals u(t), and sensors measuring the outputs of the plant y(t), which can also be influ-
enced by external output disturbances v(t). In the digital part, there is a digital (discrete)
controller, which, based on the input error vector e(kTs), computes the vector of control
signals u(kTs). Additionally, there is a block that forms the reference vector r(kT;), an
arithmetic unit calculating the error vector e(kTs) = r(kTs) — y(kTs). An Analog-to-Digital
Converter (ADC) transforms the analog signal y(t) into a sequence of samples (digital
signal) y(kTs), whereas a Digital-to-Analog Converter (DAC) transforms the sequence of
samples u(kT;) back into an analog signal u(t). All components in the digital part must be
time-synchronized, and the receiving, processing, and transmitting of samples should occur
with a consistent sample time Ts. The terms “discrete controller” and “digital controller”
are synonyms; the former is commonly used in the context of control theory, whereas the
latter is used in the context of engineering.

Usually, the entire digital component is realized as a unified device. This device can
be microcontrollers of various types, FPGA modules, or general-purpose computers. When
the discrete controller is only a part of a more complex control algorithm or when there are
increased demands for accuracy and fault tolerance, real-time operating system (RTOS)-
controlled computers are used. The latter are also commonly referred to as real-time target
machines. When simulating such a digital device in the feedback loop of the control system,
it is commonly referred to as HIL (Hardware-in-the-Loop).

The number of channels in the ADC and DAC in the digital device should correspond
to the number of inputs and outputs of the discrete controller. The role of the DAC in the
digital system can also be performed by actuators. For example, if the actuators are voltage



Mathematics 2024, 12, 810

5o0f 38

inverters operating in PWM mode, the signal from the digital output of the device can be
directly applied to the gates of the inverter transistors.

1.4. The Necessity of Discrete Controller Synthesis
There are two approaches to obtaining the parameters for a discrete controller:

1. Initially synthesize a continuous (analog) controller using the continuous-time plant
model and then discretize the controller. This is currently the predominant approach.

2. Initially discretize the plant model and then synthesize a discrete controller using the
discrete-time plant model. This is what we use in this paper.

The discretization algorithm for both the controller and the plant model should match
the type of ADCs and DACs used, typically being ZOH (Zero-Order Hold), and occasionally
FOH (First-Order Hold).

The main challenge here is fundamental. According to the Kotelnikov theorem,
proposed by Vladimir A. Kotelnikov in 1933 [20], also known as the Whittaker—Kotelnikov—
Shannon sampling theorem or Nyquist-Shannon sampling theorem, any analog signal y/(t)
consisting of frequencies from 0 to fy,; can be accurately transmitted and reconstructed
using the sequence of samples y(kT;) taken consecutively at a rate of at least f; = 2fy.
Here, fyy, is the Nyquist frequency, fs = 1/T; is the sampling frequency (sample rate), and
Ts is the sample time. In digital devices, the upper bandwidth limit is critically determined
by the Nyquist frequency of its ADC and DAC, a departure from analog devices where one
must account for the bandwidths of individual components in the analog circuit.

The fundamental issue with the first approach lies in the fact that when synthesizing
an analog controller, the effects associated with its subsequent discretization are not di-
rectly taken into consideration (see Sections 3.2 and 10 in [19]). However, for the proper
operation of a digital control system, it is critically imperative to adhere to the conditions
outlined in the Kotelnikov theorem. This issue is typically mitigated by introducing anti-
aliasing filters in the feedback loop. Additionally, when loop shaping is employed during
controller synthesis, a bandwidth is selected with a margin within the range from 0 to
fnyq (see Section 13.3 in [3]). In cases where achieving a large margin is impractical, high-
sample-rate ADCs and DACs are deployed (see Section 11 in [19]). However, it is crucial
to note that an increase in the sample rate in ADCs and DACs comes with an augmented
cost. Presently, there exists a significant cost discrepancy between devices with sampling
frequencies of 1 kHz and 1 MHz.

In a broader context, the problem of maintaining acceptable control performance and
robust stability margins during controller discretization has been extensively researched.
Obviously, most of these studies focus on SISO systems (see Chapter 8 in [21]), and in the
context of MIMO systems, the issues are more intricate [22]. In any case, the reality persists
that the performance and robust stability margins of the discretized system are inferior
to their pre-discretization counterparts, and the extent of this degradation is contingent
on the sample time-larger sample times result in diminished performance and robust
stability margins. The closer the crossover frequencies of the control system are to the
Nyquist frequency, the more the robust stability margin degrades in the discretized control
system (see Section 5.2 in [19]). This becomes more apparent when regarding continuous
systems as a specific case of discrete systems when T — 0.

In summary, opting for the first approach will yield a control system significantly
different from the one obtained when synthesizing the controller in continuous time. It is a
well-known fact that the frequency responses of the discretized system and the original
continuous system will closely match only at low frequencies.

In the second approach, all discretization effects are inherently captured in the discrete-
time model of the plant on which the discrete controller is synthesized. The synthesized
digital control system possesses precisely the performance and robust stability margins
specified during the discrete controller synthesis. This extends to the frequency responses
of the digital system as well. By applying loop shaping, we can directly shape the frequency
responses of the digital control system. For instance, achieving a certain robust stability
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margin in the closed-loop system may eliminate the need for using anti-aliasing filters in
the feedback loop of the digital control system. All of this serves as the primary motivation
for the direct synthesis of a discrete controller.

2. Terminology and Notations
The following symbols/notations are used in this paper:

* A > 0denotes that the Hermitian matrix A is positive semi-definite: xHAx > 0,Vx,
A=AH xecCm AeCmm

* x> ydenotes that the scalar x is greater than or equal to the scalar y;

e A = 0denotes that the Hermitian matrix A is negative semi-definite: HAx <0,Vx,
A=A" xeC",AecC™,

* x < ydenotes that the scalar x is less than or equal to the scalar y;

. A = B denotes that the matrix A — B is positive semi-definite: A — B > (;

e AH denotes the (Hermitian) conjugate transpose of the matrix A;

* ||All2 = 7(A) denotes the spectral norm of the matrix A;

e 7(A) denotes the maximum singular value of the matrix A;

e ¢g(A) denotes the minimum singular value of the matrix A;

*  ||G(2)|lec denotes the Hoo-norm of the matrix function G(z);

e A" denotes the Moore-Penrose inverse of the matrix A € C7*™:
if the matrix AAH € C771 is invertible, then AT = AH(AAH) 71, AAT = 1,;
if the matrix AT A € C"*™ is invertible, then AT = (A" A) 71AH, AtA=1,;

e A~ !denotes the inverse of the square matrix A € C"*":
if the matrix A is invertible (nonsingular), then AA L =A1A=1,;

. I, denotes the n x n identity matrix, I, € R**";

*  exp(x) = e*, where e is the base of natural logarithms (the Euler number);

e T;is the sample time and f; = 1/T; is the sampling frequency;

* w = 27f is the angular frequency.

The singular values of a matrix A € C"*" are the non-negative square roots of the

eigenvalues of AAH 23]
0i(A) = +1/A(AAH), 0;(A) €RY,

arranged in non-increasing order:
01(A) 2 2(A) =2 - 2 0u(A) 20, T(A) = 01(A), o(A) =0u(A).
If the matrix A is invertible, then
c(A)=1/7(A™Y), T(A)=1/c(A™).
The condition number x(A) is defined as the ratio of the maximum and minimum singular
values of the matrix A:
a(4)

k(A) = TA).

The invertible matrix A € C"*" is a unitary matrix if
ABA = AAH = AA7 =1, then x(A)=1, o (A)=---=0y(A) =1

2.1. Some Important Aspects of Control Theory

The Z-transform, first proposed in [24], is obtained from the discrete Laplace transform,
first proposed in [25], by substituting
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exp(sTs) — z, Y x[n]exp(—sTin) — Y _ x[n]z",
n=0 n=0

where s is the Laplace transform variable and z is the Z-transform variable.

The discrete MIMO transfer function G(z) € C7*™ is a matrix function that relates
the Z-transforms of the inputs vector #(z) € C™ and the outputs vector y(z) € C7 for the
system with zero initial conditions: y(z) = G(z)u(z).

The discrete-time MIMO frequency response is the complex matrix function that is
represented by

G(exp(]’wTS)) e CT™m,

and it is obtained by applying the discrete-time Fourier transform to the impulse response
of G(z). To obtain the value of the discrete-time MIMO frequency response at frequency w,
we need to substitute z — exp(jwTs) in the discrete-time MIMO transfer function G(z).
This substitution follows from the definitions of the Z-transform and the discrete Fourier
transform, as shown below:

agk

z — exp(jwTs), Y x[n]z”" — Y x[n]exp(—jwTin).
n=0

n=0

The details of this substitution are presented in Chapter 8 in [26].

The maximum gain of the discrete MIMO transfer function G(z) at the frequency w,
denoted as |G (exp(jwTs)) |2, is the spectral norm (maximum singular value) of the ma-
trix, which represents the value of the discrete-time MIMO frequency response at the
frequency w

- U(G(exp(ijs))> eR!,

whereas the minimum gain of the discrete MIMO transfer function at the frequency w is
the minimum singular value of this frequency response.

The Heo-norm of the discrete MIMO transfer function G(z), denoted as ||G(z)||c, is
the frequency peak that yields the maximum gain of the discrete MIMO transfer function
over all frequencies w € [0, ..., Wyyy]

HG(Z)Hoo = sgp {U(G(exp(jcuTQ)) } € RL

The Nyquist frequency is defined as half of the sampling frequency:

|6 (exptm) 2

f”yq = f5/2 = 1/(2T5)r Wnyq = annyq =/Ts.

According to the fundamental Kotelnikov theorem [20], the maximum frequency compo-
nent that can be reconstructed from a discrete signal is bounded by the Nyquist frequency.
Therefore, it is important to choose an appropriate sampling frequency to accurately repre-
sent the plant model.

2.2. The Symmetry of the Discrete Fourier Transform

In the definition of the Hs.-norm of the discrete MIMO transfer function, it was stated
that all frequencies w € [0,...,wyy,]. This follows from the symmetry of the discrete
Fourier transform, which we briefly demonstrate below. A more detailed proof of the
symmetry of the discrete Fourier transform can be found in Section 3.2 in [27].

The discrete Fourier transform X[k| of a sequence of samples (digital signal) x[n] is
defined by the following equation:
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N-1
. wk
X[k = _ ik k=fiT,= %7 k=01,.. N—-1
[K] on[n]eXp(]nn/N), fiTls = 5T, 0,1,...,N—1,

where k is the frequency indexand n = 0,1, ..., N — 1 is the time index.
Let us compute the discrete Fourier transform for a frequency that is an integer
multiple of the Nyquist frequency, i.e., for k =k, N:

Whnyq 1 N
knyg = ?TS =3 knygN = >
N-1 N-1
X[k”qu] = 2 x[n] eXP(_j27Tknqun/N) B 2 x[i’l] eXp(—jﬂ)n.
n=0 n=0

Using the Euler identity exp(jrt) = exp(—jmr) = —1, we obtain

N-1
X[knygN] = Y x[n](=1)".

n=0

This means that when computing X[k], the frequency component X [k;,,;N] will serve as
a factor that ensures complex conjugation. That is, when we consider frequencies above
the Nyquist frequency, we do not obtain any additional information since those frequency
components are mirrored and can be represented by those below the Nyquist frequency.
Therefore, it is sufficient to consider frequencies in the range [0, .. ., wyyq] when computing
the Heo-norm of the discrete MIMO transfer function.

When we perform the synthesis of the discrete MIMO PID controller on the frequency
range [0, ..., Wyy,), we can say that “we are synthesizing a MIMO PID controller across the
entire frequency range”. Note that this cannot be said in the case of continuous-time MIMO
PID synthesis, as described in [1], because then the synthesis will need to be performed
on an infinite frequency range [0, ..., 0] (in practice, [0, ..., w;], where wy, is a sufficiently
large frequency).

2.3. The Small-Gain Theorem

The small-gain theorem, initially proposed in [28], is a simple and intuitively under-
standable tool for computing robust stability margins in terms of Hc-norms. To apply this
theorem in robust analysis, the so-called M — A configuration (see Chapter 7 in [29] and
Section 8.2 in [30]) is utilized, where the control system with uncertainties is divided into a
nominal (unperturbed) part, represented by the transfer function M(z), and a part with
uncertainties (perturbed), represented by the transfer function A(z). Such a control system
will be stable if and only if (see Section 10.4 in [31]):

M@, A, <1

We consider only two cases of uncertainties, which are sufficient for our goal (and in
most practical cases), where only the plant model has output multiplicative uncertainty
(Figure 3) and output additive uncertainty (Figure 4). The controller is assumed to be
precisely known without uncertainties.

oy T T—mT—m T, T/, T/ T/

Figure 3. A control system with output multiplicative uncertainty in the plant model.
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In the case of output multiplicative (OM) uncertainty, the transfer functions Mop;(z)
and App(z) relate the vectors v and y as follows: v = App(z)y, ¥ = Mom(z)v, and the
transfer function Mpp(z) takes the form

-1 -1
Mowm(z) = =P)C(2) (1+P(2)C(2)) = —(1+P(z)C(z)) PE)C(z). (1)

Refer to Appendix A for the proof of this identity.

Figure 4. A control system with output additive uncertainty in the plant model.

In the case of output additive (OA) uncertainty, the transfer functions Mp4(z) and
Ao 4 (z) relate the vectors v and u as follows: v = Apa(z)u, u = Mpa(z)v, and the transfer
function M(z) takes the form

Moa(z) = —C(z) (1+P(z)C(z))71. 2

Thus, if the Heo-norm of M(z) in the control system is bounded, the value 1/ ||M(z)|| will
determine the margin of robust stability for the closed-loop system with uncertainties. This
is because it serves as the bound for the Ho-norm of A(z), representing the maximum gain
of the possible feedback perturbations in the closed-loop system:

1

||A(Z)||°° < ||M(Z)Hoo

3. The Statement of the Problem

We aim to design the stationary discrete MIMO PID controller for the discrete linear
non-stationary plant model. In this context, we have the LTI controller, while the plant will
be described by an LTV model. Below, we demonstrate our approximation of the LTV plant
model through an array of LTI models.

Through this design approach, we guarantee the robust stability margin and perfor-
mance for all linear plant models included in the array. The proposed synthesis of the
MIMO PID controller will be achieved by solving a system of LMIs. If a numerical solution
exists for these LMIs, the performance and stability of the closed-loop system with the
non-stationary plant model are guaranteed, even in the worst-case scenario.

3.1. The Plant Model

The MIMO LTV plant model is generally represented as a linear continuous-time
model in the state-space form:

)

where y(t) € RY, u(t) € R™, x(t) € R®; g represents the number of outputs; m is the
number of inputs; and s is the number of states (model order). The state-space matrices
A(t), B(t), C(t), and D(t) vary in time. We consider two of the most practically relevant
cases, in our view, that allow representing the LTV model as an array of LTI models.
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3.1.1. The LPV Model
The first case is the linear parameter-varying (LPV) model
{x<t> = A(0(1))x(t) + B(6(t))u(t), @
y(t) = C(8(1))x() + D(6(1))u(t),

where 6(t) is the function of time-varying plant parameters [32]. Here, it is important
that the function 6(t) is deterministic, and therefore, the varying state-space matrices are
deterministic (see Section 1.2 in [33]). Most often, an LPV model is obtained by linearizing a
nonlinear model at several time points. It can also be derived through system identification
methods [34] or when the state-space matrices contain parameters with variations explicitly
defined over time.

In this case, we use the index n to denote the time point t,, at which the LTI model was
calculated, obtaining an array of state-space matrices:

0, = 0(ty), {An = A(6,), By = B(8,), Cu = C(8,), Dy = D(Gn)}.

The conditions described at the beginning of Section 3 (guaranteeing performance
and robustness) will be satisfied if the interval for calculating the LTI models is equal to
the sample time during its discretization. If this is challenging, our problem formulation
requires 6(t) to be a linear function, leading to linear interpolation of parameters between
time points ¢, during modeling. In any case, it is essential to consider how well the LPV
model with linear interpolation of parameters will describe the dynamics of a real plant.
Moreover, the grid on which the interpolation of the array of LTI models will be performed
may be irregular.

3.1.2. The Uncertain State-Space Model

The second case is the uncertain state-space model

{J‘c(t) = A(6(t))x(t) + B(3())u(t),
y(t) = C(a(t))x(t) + D(a(t))u(t),

where 4(t) is the function that represents the uncertain plant parameters. Here, it is
important that the function 4(¢) is non-deterministic, but the bounds of the interval in
which it can vary must be known. All state-space matrices of such a system must be
representable in the following form:

(5)

A(S(t)) = Ao+ An(8(t)), An(6(t)) = 01(t) A1 +02(H) Az + - + N, (1) AN,

where A is the nominal part and A, (4(t)) is the perturbed part that can vary randomly
within the bounds specified by 6(t) (see Section 4.3.1 in [35]).

Such a representation of the plant model is typical for situations where its parameters
have measurement uncertainties. In this case, the perturbation parameters form a set
represented by a regular polyhedron:

Ar = {(S(t) | 6:(t) € 167,61, i = 1,...,Nl-},

with a set of extreme points: Ap = {5,« | 6; = 6; or (5i+, i=1,. ..,Ni}.

If the perturbation parameters are normalized, they form a polytope:

Nj
ap={ot)| Loty =1,6:(t) >0},
i=1
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with a set of extreme points Ap = {eiT le; € RNi, i =1,. ..,Ni}, where ¢; is the basis
vector, with each i-th element equal to 1, while all the others are zero. The details of these
representations are described in Section 4.3 in [35].

According to Theorem 4.3 in [35], to guarantee the performance and robustness of
the closed-loop system, similar to what was proposed for the LPV model, it is sufficient to
synthesize the controller on an array of LTI models calculated at the extreme points of the
perturbation parameters set.

In this case, we use the index n to denote the extreme points 6, of the perturbation
parameters set at which the LTI model was calculated, obtaining an array of state-space
matrices:

5y € A, {An — A(8y), By = B(8,), Cp = C(6y), Dy = D((Sn)}.

3.1.3. The Array of Discrete Transfer Functions

Both of the described cases result in approximating the LTV plant model as an array
of LTI models with an index n for the synthesis of a robust discrete controller:

Xn(t) = Anxn(t) + Buun(t),
Yn(t) = Cuxp(t) + Dnun(t),

where x,(t), u,(t), and y,(t) are the state, input, and output vectors of the n-th LTI plant
model, respectively. These cases can also be combined. In fact, by combining them, it is
possible to represent any LTV model as an array of LTI models.

After that, it is necessary to discretize each LTI model in the array using the ZOH or
FOH method, depending on the type of ADC and DAC used in the digital control system.
When using the ZOH method (see Section 4.3.3 in [19]), we obtain

HTk) < t < HTek + Ts), k € Z,

AY = exp(A,Ts), BI =AY (AY—L)B,, Ci=C, D?=D,.

Here, the index k denotes the sample index. Thus, we obtain an array of LTI discrete-time
state-space plant models:

xXn(Tsk 4+ Ts) = A%x(Tsk) + Blu,(Tsk),
yn(Tsk) = Clx, (Tsk) + Diu, (Tk).

As our method operates with transfer functions, we also derive an array of discrete transfer
functions:
Pu(z) = Ci(zl; — AY)~'BL 4 D4, P,(z) € CT*™, neN. (6)

3.2. The Transfer Function of the Controller

We employ the feedback connection scheme depicted in Figure 5, which is the classic
scheme commonly used in tracking control systems. The scheme is based on the utilization
of the MIMO PID controller, which provides feedback control to the output of the plant
model.

w v
r e | €G] , %* B2 | y ¥+
> MIMO PID[ n-th plant
controller model

Figure 5. Classical feedback interconnection of reference tracking control system.

Here, the vector r is the reference vector, the vector ¢ denotes the error signal, the
vector u is the plant control input, and the vector y is the plant output. Additionally, the
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vector w represents the input disturbance vector and the vector v represents the output
disturbance vector.
The discrete LTI model of the MIMO PID controller in the control law

u(z) =C(z)e(z), u(z)eC", e(z)eCl

is defined as a discrete transfer function in the form:

_ zTs z—1 mxq
C(Z) = Kp +KIZ 1 + Kp 2T, , C(Z) eC , (7)

where the MIMO PID controller coefficients {Kp,K;,Kp} € R™*1 are arbitrary (non-
diagonal) matrices. An evident requirement for MIMO tracking control systems is that the
number of inputs (1) and outputs (g) of the plant should satisfy

m 2> q.

Here, we use the backward Euler numerical method

zTs
z—1

for both discrete differentiation and integration. We can use another method for integration
and differentiation, such as

Forward Euler: ——,
z—1
T. 1
or Tustin (Trapezoidal) : ?S . ii_ T

Details of these methods can be found in Section 6.1 in [19]. However, it is advisable
to avoid using the forward Euler method in the differentiator since it would require
introducing a derivative-filter time constant. This constant cannot be a tunable parameter
in our problem formulation due to nonlinearity, and it would need to be manually specified
as a scalar or matrix in case different derivative filter time constants are required in each
control loop. The use of the backward Euler method in the differentiator, apart from not
requiring the use of a derivative-filter time constant, also allows for implementing finite
control in the differentiator, as it sets some of the closed-loop poles to zero z = 0. This is
somewhat analogous to “deadbeat control” where all closed-loop poles are set to zero. In
the continuous system, this is equivalent to the unrealizable case when the pole s = —co.

Moreover, we can add or remove components of the MIMO PID controller; for example,
we can remove components Kp and Kp when not needed, turning the “PID” controller
into “P1”, “ID”, or “1”. We can add integrator or differentiator components of the second
order and higher. Our problem formulation explicitly requires the presence of an integrator,
which is natural since without it, minimizing the error vector in the steady state in a MIMO
system would be impossible.

3.3. The Array of Discrete Transfer Functions

In accordance with the diagram in Figure 5, we define the following array of discrete
transfer functions:

e The open-loop transfer function L(z), which is a transfer function from the error vector
e to the output vector y

y(z) = Lu(2)e(z), Lu(z) = Pu(2)C(z), y(z) €CI, Ly(z) € CT,

where Py, (z) represents the n-th plant model from the array of linear plant models (6).
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e The sensitivity function S(z), which is a closed-loop transfer function from the refer-
ence vector r to the error vector e

-1
e(z) = Su()r(z), Su(x) = (Ij+1Lu(z)) , Sulx) €T

e The complementary sensitivity function T(z), which is a closed-loop transfer function
from the reference vector r to the output vector y

y(z) = Tu(z)r(z), Tu(z) = I; = Su(z) = Lu(z)Su(z), Tu(z) € CT*1.

e The static and low-frequency sensitivity function F(z), which is the sensitivity function
for small frequencies. If C(z) is given by (7), it takes the form:

Fi(z) = (Pn(l)KITS>71(z —1), Fu(z) = Su(z) for small w, z = exp(jwTs), (8)

where P, (1) is the static gain of the n-th plant model, which means the frequency
response at zero frequency (w = 0). See Appendix B for a detailed explanation of the
static and low-frequency sensitivity function.

*  The Q-parameter (a term from the Youla parametrization approach [36]), is a closed-
loop transfer function from the reference vector r to the input vector u

u(z) = Qu(z)r(z), Qu(z) =C(2)Su(z), Qu(z) € C™.

*  The closed-loop transfer function from the input disturbance vector w to the error
vector e is:

e(z) = Wy(2)w(z), Wy(z) = =S5,(2)Py(z), w(z) € C", Wy(z) € CT*",

*  The closed-loop transfer function from the output disturbance vector v to the error
vector e is:

e(z) = Vu(z)v(z), Vil(z) = —=Su(z), v(z) €CI, Vy(z) € CT.

3.4. The Performance Criteria

Using these closed-loop transfer functions, we formulate the performance criteria [31]
of the closed-loop control system with the MIMO PID controller in terms of the Hs-norm
constraints on the closed-loop transfer functions.

The restriction of the Ho-norm of the sensitivity function S,(z) guarantees the per-
formance of the closed-loop system for all plant models Py (z). This also determines the
maximum overshoot in the closed-loop control system.

The restriction of the Ho-norm of the complementary sensitivity function T,,(z) guar-
antees the robust stability of the closed-loop system for all plant models P,(z). Additionally,
according to the small-gain theorem, the value 1/|T(z)||, determines the margin of robust
stability for the control system in the case of output multiplicative uncertainties in the plant
model (1) since

IMonm(2)[leo = IT(2) o )

and serves as a bound for the maximum gain of the possible output multiplicative distur-

bances in the plant model

1
[Aom(2) |l < T

The transfer functions S(z) and T(z) are related by the fundamental equation

S(z)+T(z) = 1.



Mathematics 2024, 12, 810

14 of 38

In a stable closed-loop system with a small steady-state tracking error, it holds that

HS(exp(O))H2 = HT(exp(jwans))Hz ~0, HS(exp(jwnqus))Hz = HT(GXP(O))Hz ~ 1.

In the ideal case, ||S(z)||, = ||T(2)|| = 1, which means perfect tracking across the
entire frequency range. In reality, such a restriction would be too stringent and may require
excessively large input signals. Rational values for ||S(z)||, and ||T(z) || typically range
from 1.1 to 1.8.

By applying a constraint on the He-norm of Q(z), we limit the magnitude of the
input of the plant model. This is useful in accounting for physical limitations, such as
those in the actuator devices. Additionally, according to the small-gain theorem, the value
1/]Q(z) ]| determines the margin of robust stability for the control system in the case of
output additive uncertainties in the plant model (2) since

IMoa(2)lle = 1Q(2)]les (10)

oo oo

and serves as a bound for the maximum gain of the possible output additive disturbances

in the plant model
1
HAOA (Z) HOO < H Q(Z) ”oo .
The rational values of ||Q(z) ||, should be multiples of 1/¢(P(1)) (see Section 3.1 in [1]).
By constraining the Ho-norms of W(z) and V(z), we limit the effect of the input and
output disturbance vectors on the error vector. Note that there is no need to constrain the
Hoo-norm of V,(z) because

Vi (2)lleo = Il = Sn(2)llo = [ISn(2)leo-

We aim to achieve the lowest possible settling time for the closed-loop system while
adhering to the constraints of the H-norm of other transfer functions. We cannot constrain
the Hoo-norm of F(z) since, as defined in (8), an unbounded increase in z results in an

infinite value of ||F(z)|| . Instead, we minimize the spectral norm of the matrix

(Pn(l)K1T5> - (11)

which we hereafter refer to as the matrix of the static and low-frequency sensitivity (SLFS).
This will result in attaining the best possible static and low-frequency sensitivity, which
requires minimizing

min

(Pn(l)KITS> B

2

Minimizing the spectral norm of the SLFS matrix, along with constraining the He-norm of
S(z) and T(z), ensures the decoupling of control loops in the closed-loop system, at least at
low frequencies. This is discussed in more detail in Section 4.6.

3.5. The SDP Formulation

We can now formulate the problem of synthesizing a MIMO PID controller as the
semi-definite programming (SDP) problem:

min 1(Pu (VK1 Ts) 2,
s.t. 152(2) |0 < Smax,
[Tu(2)]le0 < Tmax,
1Qn(2)]lec < Qmax,
[Wi(2)lloo < Wmax,
for each n.

(12)

—_
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The problem statement (12) repeats the one used in [1] for continuous-time systems. Such a
problem statement suffices for synthesizing a control system with the maximum possible
performance while ensuring robust stability margins in terms of the small-gain theorem
(see Section 2.3). However, the formulation (12) does not ensure the direct placement of the
open-loop transfer function L(z) within a strictly defined frequency range, hindering, for
instance, the specification of the bandwidth of the closed-loop system. To overcome this,
we extend the statement with a loop-shaping procedure, thereby revealing the possibilities
associated with frequency-dependent bounds, implicitly pointed out in Section 7 in [1].

4. Loop Shaping

As we mentioned in Section 1, the loop-shaping approach involves defining the
performance requirements and robust stability margins of the closed-loop control system
in terms of the singular values of the open-loop transfer function [37]. Using loop shaping
in controller synthesis allows for direct manipulation of the frequency characteristics
of the system. The essence of loop shaping lies in synthesizing a control system with
a constraint on the maximum gain of the closed-loop transfer functions in a defined
frequency region. The functions that limit the maximum gain of the transfer functions
within the closed-loop system are commonly referred to as “shape functions”. Thus, it
is possible to synthesize a closed-loop system with a desired crossover region, localize
the range of the H-norm placement of the closed-loop transfer functions, limit the Hco-
norms themselves, and achieve the desired bandwidth with a desired trade-off between
performance and robustness.

4.1. The Frequency Region

We begin by defining the frequency region () within which we will perform the
synthesis of the discrete controller

O={w|0<w)<w < wpyy}- (13)

Due to the symmetry of the discrete Fourier transform (see Section 2.2), this frequency
region is bounded by the Nyquist frequency wyy4, and wy is a sufficiently small frequency.
wp # 0 because, in this case, we would obtain infinite values for the frequency response of
the transfer function with unit poles (z = 1). For example, the MIMO PID discrete transfer
function always has unit poles, which correspond to an integrator (7). A typical value for
wy is 10'8(Ts)

The MIMO closed-loop system with g outputs has g gain crossover frequencies w j,
which are defined as the frequencies at which the singular values of the open-loop transfer
function L(z) first cross the 1-magnitude (0 dB) level from above:

o (L(wcl)) - 1,...,(7q(L(qu)> ~ 1.

They also determine the time-domain characteristics of the transient response for each
control loop (see Section 4.9 in [3]). Now, we define the crossover region with the boundaries
wy™ and wp'®: 4

Wy Swep £ S weg < wp'™

So, the frequency region is divided into three parts 2 = Q) U Q¢ U Qp:

low frequencies: QO = {w|wy < w < wi"};
desired crossover region: Q¢ = {w | wbmin <w< wbmaX}; (14)

high frequencies: Qp = {w | W™ < w < Wyyy }-
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4.2. The Shape Function

Unlike classical loop shaping, where shape functions are defined as weighting func-
tions [37], we are free to specify the shape functions in any form. This is one of the most
important advantages of our methodology. Moreover, we can specify the shape functions
for any transfer functions of the closed-loop system.

For the array of closed-loop transfer functions

Gu(2) = {$n(2), Tu(2), Qu(z), Wa(2) },
we define the set of shape functions
b (@) = {bs(w), br(w), bo(w), b (w) }

such that for any n

<bg(w), weQ, bg(w)eR!

| (exptiom) |

and for the He-norms of G, (z), it holds that

HGn(Z)H < Gmax, Gmax = SS}P {bG((’J)}r Gmax = {Smax, Tiax, Qmax, Wmax}-

o)

Here are examples of some of the most commonly requested shape functions:

*  Keep a constant, maintaining the problem formulation as (12):
bg(w) = Gmax, w € Q)

*  Restrict the desired crossover region, limiting where the Ho.-norms of the closed-loop
system transfer functions can reside:

1/ w E QL
bG(w) =< Gmax, w € Qc, (15)
1, w € Oy

¢  Limit the desired crossover region only from the high-frequency side, restricting only
the bandwidth of the closed-loop system:
Gmax, w € QpUQOc
bg(w) = /
1, w e Qg

*  Guarantee the placement of the singular values of the closed-loop transfer functions
at high frequencies:
bo(w) = (wp™/w)", w ey, (16)

or at low frequencies:
. 24
bg(w) = (w/w?‘m) , we.

These relationships are derived through a slight modification of the Butterworth filter,
where & denotes the filter order.

*  Another interesting way to set the shape function as the gain of the Chebyshov filter
of the first kind (see Section 6.2 in [38]), is to slightly modify it:
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Singular values (mag

L6F I Boundary of Hs =14 mag E
7] —_—— E
¥ i /]
~L2r L- s \] ]
.-

T ’ AT T T
sk ’ \\ 1
oo w{]}nin — 100 Hz (AJII)HBX :/1 kHz \\

W\
N
) \ oo~
04p | — = — = bg,(w) ' 7
—_— = b, (w) \

1

\/1 + €2 cos(a arccos(w / wp®))?

bc (w) + Gumax — 1, (17)

where

e=1/1/(2— Guar)? — 1

is the ripple factor and « is the filter order. One notable drawback of this filter is
ripples in the passband. However, in our context, these ripples can be advantageous,
as they allow for precise placement of the gain of the closed-loop transfer function in

some cases.
One more interesting result can be obtained using the Zolotarev filter (elliptic filter):

1
\/1 + E2R2 (&, w/wmX)

bg(w)

where R, is the a-th order Chebyshov rational function, € is the ripple factor, and ¢ is
the selectivity factor.

In the presented examples, we defined the shape functions in three frequency regions,

but if needed, more regions can be specified. There are also no limitations on the form of
the shape functions. Figure 6 shows three examples of shape functions, with the parameters
Gmax = 1.4, o™ = 100 Hz, and w™* =1 kHz; bg1(w) has the form (15),

b ( ): Gmax, w € OLUQg,
62 (w{f‘ax/w)“, w € Op,

and bg3(w) has the form (17).

10! e 10°
Frequency (Hz)

Figure 6. Examples of three shape functions.

4.3. The Trade-Off between Performance and Robustness

The problem of achieving a trade-off between performance and robustness is based

on the fact that, by definition, the sensitivity function S(z) approximates the open-loop
transfer function L(z) at low frequencies, whereas a complementary sensitivity function
T(z) approximates it at high frequencies if the following conditions are satisfied:

for weQp, if g(L(exp(ijs))) >1, E(Lil(exp(]’wTS)D <1:

5@ = (L +L6) ~L7), TE =l -5E) ~1, 09

HSil (exp(ijs)) ~ HL(exp(ijs)>

7

A 2
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for weQy, if E(L(exp(ijQ)) <1:

T(z) = L(z) (1,7 + L(z)) ~L(z), S(z)=1I,—T(z)~1, (19)

[7(ewtict)], = +(epter)];

Thus, the constraint on S(z) in ()} determines the performance of the closed-loop
system. Similarly, the constraint on T(z) in Qy determines the robustness margin of the
closed-loop system. These constraints are commonly referred to as the “performance
bound” and the “robustness bound”, respectively. We suggest calling the regions they
bound the performance area and the robustness area. We illustrate them in Figure 7. Note that
the performance area is always symmetric.

— (D)
| | — 1/3(9)
-------- 1/o(F)
107 E | | _ ZEB E
' | | ]
—_——— by
Robustness
| | Performance
10| -
% (X -
E“L / Ill | Robustness
AT il el I ————
> R e o — - A
% Performance
= bound
2 \
'(B 10-1L \\‘ .
107 . A E
N\ 7/
Crossover |
frequencies
-3 Lol , M | | II
10 10° 10! 102

Frequency (Hz)

Figure 7. An example illustrating loop shaping. The singular values of the transfer functions L(z),
5(z), and T(z) of the MIMO control system. The performance area and robustness area are shaded.
4.4. The Robustness Bound

We denote the robustness bound as br(w). As mentioned above in (19), by the
robustness bound, we mean the shape function for T(z) at high frequencies:

br(w) = br(w) for w € Q. (20)

The robustness bound is the lower border for the robustness area, which we shaded in
purple in Figure 7. The value of the robustness area

Wayq

Ag = / (1- (@) )dw @1)

max
Wp
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provides a numerical estimate of the guaranteed robust stability margin of the closed-loop
system. For example, if the shape function br(w) for w € Qp takes the form (16), the
robustness bound will take the form:

br(w) = (W™ /w)",

and then the robustness area is calculated by

wﬂyq max o max
w wMa [ w
Ag = / (1—bR(w))dw:wnW_ mya (s nyq) b wp, a1
wir\ax

Thus, we guarantee that the singular values of the array of the transfer functions T},(z)
of the synthesized system will be bounded over the entire frequency region ()

consequently preventing the singular values of the open-loop transfer function array L, (z)
from entering the robustness area at high frequencies:

|

Throughout this paper, the index n denotes the plant model number in the array (6).

Tn(exp(ijs)> H2 <br(w), weQ, 22)

Ln<exp(ijs)) Hz <br(w), br(w)=>br(w) for weQy. (23)

4.5. The Performance Bound

In our methodology, the performance bound carries a more intricate meaning. Unlike
the robustness bound, we cannot define it in a similarly straightforward manner because
our controller synthesis is iterative. The sensitivity function of the closed-loop system
undergoes significant changes with each iteration. The necessity of iterative controller syn-
thesis is explained in Section 5.2. Therefore, the shape function for S(z) at low frequencies
should always be equal to one:

bs(a)) =1 for weQ.

We start by defining the small-frequency region () as a subset of the low-frequency
region )y (14): 4
Qs ={w|w) <w<ws <wy™}, Qg CQy, (24)

where w; is the boundary of the small-frequency region.

In Section 3, we introduced the static and low-frequency sensitivity (SLFS) function
F(z) (8). Furthermore, we justified the necessity of minimizing it through the minimiza-
tion of the spectral norm of the SLFS matrix (11). According to its definition, it should
approximately hold for small frequencies:

F(z) = S5(z), w € Qg.

This implies that for their spectral norms (maximum gains), the following holds:

HS(exp(ijs)> Hz ~ HF(exp(ijs)> , @EQs (25)

The function F(z), as defined in (8), is linear by definition. Therefore, utilizing its
singular values in the low-frequency region (), as the performance bound would provide
an overly optimistic estimate of the performance area. Therefore, we define the performance
bound bp(w) as the minimum singular value of the open-loop transfer functions L(z) at
)1, in accordance with (18). Given that we are working with an array of models, we opt for
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the worst case, selecting the open-loop transfer function with the smallest singular values
from the array L, (z):

bp(w) = min{a(Ln(exp(ijs))> }, w e Q. (26)

n

Since our target of the SDP problem in (12) is minimizing the spectral norm of the SLFS
matrix and this minimization will be performed iteratively, the performance bound will be
floating, and with each iteration, the performance area that is bounded by the performance
bound will increase. The performance area is a symmetric area bounded at the bottom by
the function b, ! (w) and at the top by the function bp(w). The value of the performance
area is defined as

min
Wy

Ap:z/ (1= bp(w))de. 27)

wo

The objective of iteratively minimizing the spectral norm of the SLFS matrix is to maximize
the slope of

F(F(exp(ijS)))

and approach a condition number to unity

K(F(exp(ijs))> ~ 1.

Thus, by iteratively minimizing the spectral norm of the SLFS matrix, it can be guaranteed
that the performance area will iteratively increase. Figure 7 shows the singular values of
the transfer functions of the system for which the spectral norm of the SLFS matrix has
been reasonably well minimized.

It should be noted that in Figure 7, we present the inverse singular values for S(z) and
F(z) to emphasize that

S(z) ~ F(z) L7 Y(z) or S7'(z)~F l(z) =~ L(z) for weQg,

and we have shaded the performance area in red. In this case, the boundary of the small-
frequency region ws (24) is approximately 1 Hz.

4.6. Guarantee of Control-Loop Decoupling

It is important to explain why our problem statement avoids the prior decoupling of
control loops and how the problem statement itself provides the decoupling of loops in
a closed-loop control system. For tracking control systems, it is necessary to ensure that
the control loops are decoupled in the steady state, so it is sufficient for us to ensure good
decoupling only at low frequencies. Decoupling the control loops in a MIMO system over
the entire frequency range is generally impossible and not required.

The closed-loop system is decoupled at the frequency w when the frequency response
of the complementary sensitivity function has a diagonal form (see Section 3.4.1 in [29]).
Understanding this is simpler in terms of the condition number and the Relative Gain
Array (RGA) matrix (see Section 3.6 in [29]).

The condition number of the transfer function T(z) at the frequency w is defined as
the ratio of the maximum and minimum singular values of its frequency response at the
frequency w:

E(T(exp(]’wTs)))
o(T(expliwT) )

A convenient numerical criterion for assessing control-loop decoupling is the Relative Gain
Array (RGA) matrix (see Section A.4.2 in [29]):

K(T(exp(ijs))) =
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RGA(T(exp(]’wTs))) = T(exp(jwTy)) x (T(exp(ijs))*)H, (28)

where x denotes the Schur product (element-by-element multiplication). If the control
loops are completely decoupled at the frequency w, the RGA matrix at that frequency will
be the identity matrix.

If the condition number at the frequency w is equal to one, the frequency response
T(exp(jwTs)) at the frequency w is a unitary matrix. Consequently, all its singular values
are equal to one, and therefore, the RGA matrix at the frequency w will be an identity
matrix. The same is true for the approximation:

#(T(exp(jwTy)) 1 then RGA(T(exp(jwT,))) ~ Iy (29)

Minimizing the spectral norm of the SLFS matrix ensures that at small frequencies, the
condition number of the transfer function S(z) is close to one. This property also holds for
L(z) and T(z). For L(z), this fact can be observed in Figure 7. Additionally, we illustrate
this in Figure 8, which shows the singular values of the control system in Figure 7. The
difference is that for S(z) and T(z), all singular values are shown. The blue line in Figure 8
represents the condition number of T(z). It can be seen that in a closed-loop system with a
sufficiently well-minimized spectral norm of the SLFS matrix, the decoupling of channels
is disrupted only at high frequencies.

10% ey ————rr ————rr

10%E

—
153
L

Singular values (mag)
S
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1073

PR | L L PR | L L PR L
10° 10! 102
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Figure 8. The singular values of the transfer functions L(z), S(z), and T(z) of the MIMO control
system in Figure 7 with the addition of the condition number for T(z).

4.7. The Problem Statement with Loop Shaping
We are finally ready to add loop shaping to the original problem statement (12):

min (Pn(l)KITS>7l ;

st. Sy (exp(ja)Ts)) | < bs(@),
T (exp(joT)) |, < br(w), 0)
Qu ((exp(jwTy) ) || < bolw),
W (exp(jTy) ) |, < bwlw),

for each n.
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This problem formulation can be easily reduced back to the form in (12) by defining all
shape functions as constants.

The transfer functions of the closed-loop system are interrelated, obviating the ne-
cessity of imposing “extremely strict” constraints on the maximum gains of all transfer
functions. Imposing such “extremely strict” constraints may lead to the system (30) hav-
ing no numerical solution. A more judicious strategy involves contextual considerations,
introducing constraints selectively where they are critical to the reliable operation of a
closed-loop control system.

Let us summarize the problem statement we described in Sections 3 and 4:

*  We obtain an optimal controller, meaning that the closed-loop system has the maxi-
mum possible performance area (27) under constraints on Q(z) and W(z), along with
a specified robust stability margin, in terms of the small-gain theorems (9) and (10), as
well as the defined robustness area (21).

¢ Inour view, the presence of a “floating” performance bound is a significant advantage
over classical loop shaping, where both bounds are strictly defined, preventing the
synthesis of an optimal controller.

*  The correct choice of the robustness bound bg (w) is particularly important in digital
systems, as it can provide a sufficiently large robustness area, thus guaranteeing the
absence of aliasing near the Nyquist frequency. Consequently, there is no need to
include an anti-aliasing filter in the feedback loop.

¢ By varying the robustness bound, we make a trade-off between the performance and
robust stability margin of the closed-loop system. A larger robustness area leads to a
smaller performance area, and vice versa.

¢ By minimizing the spectral norm of the SLFS matrix, we simultaneously achieve
two objectives: ensuring the decoupling of control loops at low frequencies and
maximizing control performance (performance area). Additionally, we obtain a closed-
loop system with crossover frequencies as close as possible. Thus, the closed-loop
system exhibits nearly identical time responses for its control loops.

e We synthesize an LTI controller for an LTV plant model, represented as a transfer
function array with index n (6). If the system of inequalities (30) has a solution, all
specified constraints will be satisfied for the entire transfer function array of the
closed-loop system with an LTV plant model (6).

5. The Synthesis Method

We aim to determine the unknown parameters of the MIMO PID controller, which is a
fixed-structure controller. Additionally, we are utilizing the output feedback. Therefore,
the standard LMI approach using the Bounded Real Lemma (Theorem 5.3 in [35]) to bound
the He-norm, which is typically effective for synthesizing static state feedback, cannot be
applied in our case.

The concept of the Ho-norm of a matrix function is a generalization of the concept
of the spectral norm of a matrix to matrix complex functions, as can be seen from the
definitions provided in Section 2.1. This fact enables us to reformulate the problem of
constraining the He-norm of the transfer function G(z) as the problem of constraining a
sufficiently large set of spectral norms of frequency responses G ( exp(jw;Ts)) on a finite

set of frequencies ():
HG(Z)HOO = sgp {0(G(exp(ijs)>) } — HG(exp(jwkT5)> = E<G<exp(]’wkTS)>),

where wy € (),

2

Qk:{wk|wk60, k:1,2,...,Nk}, |Qk| = Nj. (31)

The value Ny represents the cardinality of (), the number of frequencies at which the
controller will be synthesized, and Q2 is defined in (13).
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We use the index k to denote the frequency response at frequency wy. Applying this to
the n-th plant model

Py = Py ( eXP(jwkTS))
and the transfer function of the MIMO PID controller (7)

exp(jwi Ts) Ts K exp(jwiTs) — 1
exp(jwiTs) — 1 b exp(jwiTs)Ts

Cr = Kp+K; (32)

as well as all other transfer functions, and for the shape functions of these transfer functions

bsk = bs(wi), brx = br(wx), bor = bo(wk), bwk = bw (wi).

We obtain the new statement of the problem:

-1
min H (Pn(l)KITs) ,
2

s.t. ||Snk||2 S bSk/

| Taell2 < brxs

1Qukll2 < bok,

[Wakll2 < bk,
for each n,k.

5.1. The QMI Form

First, we introduce the scalar vy using the standard epigraph transformation method
from Section 4.2.4 in [9]:

min 7y

min 2 = H(Pn(l)KlTs) B

(Pn(l)K,Tsf1

<.
2

To address the problem of constraining the spectral norm of the matrix in the system,
we utilize the generalized eigenvalue problem from Section 3.3 in [9], which allows us to
rewrite the constraint in terms of a matrix inequality:

1Az <7 == ATA X2, AeCT
We use the following abbreviations
Zuk =1+ Lyg = 1+ PyCx = S}, Zy € CT, (33)

and
Xp = Pu(1)K;, X, € RT, (34)

to avoid inverting matrices:
—1\H -1 )
<= ((Pn(l)KITS) > (Pn(l)K1T5> <2,

— xH ( (Pn(l)K1> 1) !

= XHX, =y 21,21,

H (Pn(l)KITs)A

2

-1
(Pn(l)Kl) X, < XH2T2X,,

We transform other spectral norms similarly:

ISukll2 < bsk <= SpiSuk X bily <= ZpiSyiSukZuk = Zaib&Znk
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ZyZ = b1y,
SHLH LS < b4 ], <= ZBSHINL (S uZy < 2802, 7,
ZB Zy = bR Ly,
SHCHCiSuk = bayly = ZISHCHCS i Zuk =X Zh 0o Znk
ZiZak = b C'C,
PriSikSukPuk < byl
+ t

H cH HccH H ccH HccH 2 HccH

(Pnksnk) (Pnksnksnkpnk)PnkSnk = (Pnksnk) (kaIm)PnkSnk
-1

SukPuPoSH, = (SukPucPHSHL)  SuePuk PEASHL B

Zouk Sk Pk Pai S Zoke = Zuic Dy Zai

PuPhi = Zubiyi Zrk <= ZuZyg = by Pu P

| Tk l|2 < by

1Qukll2 < box

[Wiakll2 < b

[N A S A R

Then, by exploiting the duality property of SDP (Chapter 5 in [39]), we can reformulate
the original optimization problem into its dual form

min 7y

H (Pn(l)KlTs)_l

max p =y 2

< H -2
<7, XEX, = uT; 21,
2

Thus, instead of minimizing the maximum singular value of the matrix X;; 1 (34)

‘2 - E(X’Zl)’

we maximize the minimum singular value of the matrix X, since

|

o(Xy) = 1/5(){;1).

We can now express the problem of synthesizing the MIMO PID controller for the
array of plant models as the system of quadratic matrix inequalities (QMIs):

max U,
s.t. XX, = uT, 21,
ZR 7 = b2y,
Z8 Zp = b P L Ly, (35)

H —2~H
Z8 Zy = bR2CHCy,
H =2 H
Z”kznk = bwkpnkpnkr
for each n,k.

5.2. The Convex-Concave Procedure

The QMIs in (35) are not linear with respect to the MIMO PID controller parameters.
Furthermore, the left-hand side of the inequalities is not convex, thus necessitating the
conversion of it into a system of LMIs using the convex-concave procedure (CCP) [40].
The CCP is an optimization method that involves iteratively solving convex sub-problems
and concave sub-problems until convergence is reached. It is often applied to problems in
control theory and signal processing, where a convex sub-problem is typically solved using
a convex optimization technique such as gradient descent or the interior point method,
whereas a concave sub-problem is solved using a dual formulation or a linear program.
This procedure ensures that the objective function is monotonically increasing with each
iteration and converges to a globally optimal solution under certain assumptions.
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We have a QMI of the following form:
ZHz = YHy.
We introduce the matrix Z on the left-hand side without violating the matrix inequality:
(z-2z-2)=278z2-782 - 7872+ 7H7 -0,
Mz = 7ZH7+ 77 - 7M7,
N7 = ZM7 + 787 - 717 = YTy,
To convert the matrix inequality
ZN72+ 787 - 77 —YHy =0
into the LMI form, we use the Schur complement lemma ([9], p. 28):

{Al A,

A8 As] =0 < A3>=0, Ay —AALAY -0, Ax(I-AzAL) =o.

By substituting
Ay=7R72+7M72 717, Ay=Y", Az=1,

we obtain the LMI from the QMI:

Hy , yH7 _5HYy +yH
ZHz = yHy & ZZ+ZyZ VARV YI = 0.

Now, everything is in place to obtain the final LMI system, the solution of which
for each n-th plant model and at each k-th frequency on each i-th CCP iteration will give
us the matrices of the MIMO PID controller {Kp, K, Kp };, which correspond to the local
optimum p;:
max Ui,

s.t. XX, + XX, — XX, — uT, 21, = 0,

Z)I;}{an -+ Z};}(an — Zﬂ(znk — bs_kzlli =0,

ZTIj(an + ZnHank — Z};}(an kalLIj(‘| “ 0
—1 — 7
I bk Lk Iy (36)
ZikZok+ 23z — 233 2o iG] 0
L bé’lck Im -
anZZ}( + anZSC — anzilj( b;\/}cpnk <0
by PH I -
L Wk™ nk m

for each n,k,

where the matrix Z,;; corresponds to (33), as depicted in the following equation:

« . . . o TOT. 5 T — 1
an = I+P}’lkck — Iq+Pnk<KP+K] eXp(]wk S) s K eXp(]wk 5) )

exp(jwoxTs) =1 7 exp(jwTo) Ty
Similarly, the matrix X,k corresponds to (34), as shown below:

)v(nk = Pn(l)KI-
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Here, {Kp, K|, Kp} = {Kp, K}, Kp},_; are the MIMO PID controller matrices obtained at
the previous iteration of the CCP. Thus, we guarantee that the value of the local optimum p;
does not decrease with each new iteration of the CCP. With each new iteration, we become
closer to the global optimum p; — . The MIMO PID controller matrices {Kp, K;,Kp},
which must be found during the solution of the LMIs (36), are linearly included in the
LMIs (36) via Equations (32)—(34).

The algorithm for synthesizing a MIMO PID controller using the CCP is straightfor-
ward:

*  Determine the parameters;
4 Set an = Zilr;(it, }v(k = X]i(nit;
Hi/%’q‘ -1>r

Here, y; is the local optimum of the i-th CCP iteration, and y;_ is the local optimum of
the previous CCP iteration. This algorithm stops the CCP when the local optimum y; is
considered to be close to the optimum y. A typical value for the tolerance 7 is 1%.

It is important to note that in this context, the term “optimum” refers to the optimal
solution of (36), not the globally optimal solution of the system (35). The solution of (36)
generally depends on the choice of the initializing MIMO PID controller.

*  Repeat solving (36) until

5.3. Initialization of the Controller
The matrices Zilr]‘(it and X,i(“it correspond to (33) and (34) with an initializing MIMO
PID controller {Kp, K7, Kp }'™". Any MIMO PID controller that ensures the stability of the

closed-loop system can be used as an initializing controller.
For a stable plant model, an initializing MIMO PID controller from [7] can be used:

Kyt =0, Kft=eP(1)', Kp'=0,

where € is a small scalar and P; (1) corresponds to the static gain of the first model in the
array of discrete plant models.

6. The MATLAB Toolbox

To implement the controller synthesis algorithm described in this paper, we have
developed a MATLAB toolbox. The toolbox includes tools for visualizing the synthesis
results, such as the figure shown in Figure 7. The toolbox also provides the synthesis of
continuous controllers in the problem statement from [1].

We offer our toolbox for free use to the community under the MIT license. If you use
our toolbox in your research, please consider citing this paper. Feedback, suggestions, and
bug reports are welcome. The requirements for using our toolbox are as follows:

. MATLAB version above R2020a with:

- Control System Toolbox;
—  Robust Control Toolbox;

* A convex optimization framework, such as CVX [41] or YALMIP [42]:

- CVXis more conservative and has a slightly larger number of settings;
-  YALMIP is faster;

e An SDP solver, such as SDPT3 4.0 [43] or MOSEK [44]:

-  SDPT3 is more stable with numerical problems;
- MOSEK is faster.

The toolbox is available at the following link:
https://gitlab.com/konkov/mimo-pid-1lmi-synthesis-toolbox
or it can be cloned directly using the following command:
git clone git@gitlab.com:konkov/mimo-pid-lmi-synthesis-toolbox.git


https://gitlab.com/konkov/mimo-pid-lmi-synthesis-toolbox
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The Potential Numerical Problems

The numerical stability problem in algorithms is quite extensive and well known. It is
associated with the fact that in any computer calculations, floating-point numbers are used,
which have a constant relative error but varying absolute error. This problem is thoroughly
discussed in [45].

For example, when checking the controllability of a control system model using the
Kalman criterion and employing double-precision numbers, the algorithm may indicate
that a control system model, which is real-controllable, appears to be uncontrollable. This
discrepancy is linked to the precision of determining the matrix rank when working with
floating-point numbers. When using double-precision numbers (64 bits, with a 52-bit
mantissa), two numbers separated by a distance less than 2752 are considered identical.
Moreover, such a plant model will be controllable, for instance, if numbers with quadruple-
precision floating-point representation are used (128 bits, with a 112-bit mantissa).

Our algorithm works with the frequency responses of transfer functions, so if the
condition numbers of these responses are large, numerical problems are inevitable. We
recommend initiating the controller synthesis by checking the controllability of the plant
model using the Kalman criterion. If the plant model is real-controllable but the algorithm
indicates an incomplete rank of the controllability matrix, scaling of the model should
be conducted.

7. Numerical Examples

We present two numerical examples in which we synthesize a discrete MIMO PID
controller for an LTV plant model. In both examples, we apply loop shaping to achieve a
trade-off between the performance and robust stability margin of the closed-loop system.
We do not delve into a detailed analysis of the presented examples but briefly emphasize
the key points. All the examples presented here, along with several additional ones, are
available in our toolbox. They can be easily reproduced and thoroughly explored.

7.1. Example 1

We begin with an example of the Wood-Berry binary distillation column described
in [46]. This example is widely used in works dedicated to the synthesis of MIMO PID
controllers. To fully demonstrate our methodology, we artificially introduce a parameter 6,
into the plant model. This parameter can be interpreted as uncertainties in the measured
parameters or sensor faults (in the case of delay). This parametrization corresponds to the
form of an uncertain model (5). Thus, some model parameters will change by a factor of
two, which is significant. This way, we obtain an array of two continuous transfer functions,
where s denotes the Laplace transform variable:

12.8exp(—dns)  —18.9exp(—3s)

16.7s + 1 6n2ls +1
Pu(s) = , One{1,2}. (37)
6.6exp(—7s)  —6,19.4exp(—3s)
6,109s + 1 144541

Following this, we discretize each model in the array using the ZOH method with a
sample time of T; = 0.1 s, resulting in an array of discrete transfer functions P,(z) in the
form of (6). We intentionally chose such a large sampling time. The controllability matrix
of all plant models in the array is of full rank.

The results of the optimization process are shown in Figures 9-11. It required six
iterations to reach the optimal solution. The computation, performed using YALMIP and
SDPT3 4.0 in the native MATLAB R2023b on an Apple Silicon M2 MAX SoC (System-on-
Chip), took approximately 40 s.
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Figure 9. The results of the CCP for Example 1. The convergence of the local optimum y; to the
optimum y is demonstrated, along with the variation in the spectral norm of the SLFS matrix. The
blue dashed line corresponds to P;(z), whereas the red line corresponds to P(z).
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Figure 10. Example 1: Step responses of the synthesized digital MIMO control system, structured
according to the diagram in Figure 5. The blue line corresponds to P;(z), whereas the red line
corresponds to P (z).

Solving the system of LMIs (36) at Ny = 400 (31) frequencies through the CCP, we

obtain the discrete MIMO PID controller in the form of (7) with the following parameters:
Kp — 0.1246 —0.0298 K — 0.0182 —0.0008 K — —0.0016  0.0059

P~ 100017 —0.0340 |” “1 7 | 00047 —0.0038 |” “P ~ | —0.0018 —0.0019 |’

We place particular emphasis on Figure 11, which illustrates the singular values of the
transfer function array (Section 3.3) of the synthesized digital control system and their shape
functions (Section 4.2). Here, the following performance criteria are defined (Section 3.4):
Smax = Tmax = 1.3, Qmax = 0.25. The shape functions bs(w) and bg(w) are constants. The
shape function br(w) is a constant only for w € QO U Q¢ (14); at high frequencies, it serves
as the robustness bound (20). We do not impose any restrictions on W, (z), but one can
see in Figure 11 the effect of the input external perturbation on the control performance.
The key point here is that all these constraints are simultaneously satisfied for all transfer
functions in the array, even considering that certain model parameters (37) change by a
factor of two. This is clearly visible in Figure 11.

Regarding the trade-off between performance and robustness (Section 4.3), we have
achieved a very large robustness margin while maintaining the reasonable performance of
the closed-loop control system. The robustness area (21) is Ar = 4.78, and the performance
area (27) is Ap = 0.044 (with wy = 1073 rad/s). The control loops are also well-decoupled
(Section 4.6), as evident from both Figures 10 and 11.
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Figure 11. Example 1: Singular values of the transfer function array L, (z), Sx(z), Qx(z), and Ty, (z) of
the synthesized digital MIMO control system. The performance area and robustness area are shaded.
The shape functions are indicated by dashed lines.

7.2. Example 2

With this example, we aim to illustrate the advantages of directly synthesizing a
discrete controller in a digital control system, as discussed in Section 1.4 (approach 2). The
objective is to synthesize a digital control system in which the steady state is achieved
within a relatively small number of samples, for example, within 10. Furthermore, we
showcase the synthesis of a MIMO PID controller on a non-square plant model. This
example was sourced from the MATLAB guide (https://www.mathworks.com/help/
robust/ug/specify-lmi-system-at-the-command-line.html URL accessed on 6 March 2024)
and was slightly modified by us. The matrix C;, is parameterized by the variables a,, and b,
which can be interpreted both as uncertainties (5) and as values of 6, in the LPV model (4)
in the case of linear interpolation between time points. Below is the array of matrices for
the continuous-time plant model. The plant model has m = 4 inputs, 4 = 3 outputs, and
six states:

—0.0872  0.0520  0.0747  0.1078 —0.0969  0.0101
—0.0558 —0.1084  0.1891 0.0252  0.1064 —0.0035
A— —0.0262 —0.1754 —-0.1545 —-0.0214  0.0092 —0.2419
0.0609 —0.1074  0.0131 —-0.2558  0.2321 0.0239 |’
—-0.0717  0.0358 —0.1419 01704 —-0.2653 —0.1428

—0.1294 —0.0675 0.1698 0.1676 —0.0365 —0.1773

0 89.98  —21.3  98.35
0 —30.01 0 —29.77
—~10322 0 —10431 114.37
b= 0 3451 2701 5316 |0 %= {105} bu= {111},

—41.89 101.28 —43.81 0
0 0 —40.87 0


https://www.mathworks.com/help/robust/ug/specify-lmi-system-at-the-command-line.html
https://www.mathworks.com/help/robust/ug/specify-lmi-system-at-the-command-line.html
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a, -09707  a,-0951 0.7059 b, -1.458 —1.2371 0.3174
C, = 0 0 1.4158 0.0475 —2.1935 0.4136 |.
ay-—0.4383 a,-0.6489 —1.6045 b, 17463 —0.3334 —0.5771

Similar to Example 1 (Section 7.1), we discretize each model in the array using the
ZOH method, but now we utilize a sampling time of T; = 0.001 s. This results in an array
of discrete transfer functions Py (z) in the form of (6). The controllability matrix of all plant
models in the array is of full rank. The loops of the plant model are strongly coupled, as
indicated by the RGA value (28) at zero frequency (z = 1) for the first model in the array:

0.0120 0.2825 1.1801 —0.4746
0.6219 0.1935 —2.5969 2.7815

RGA(Pl(l) = [ —0.5586 0.4709 24159 —1.3281

The results are shown in Figures 12 and 13.

From: r, From: 7o From: r3

fﬁf”/‘ ....... e

To: y;

Amplitude
To: y,

(=]
? 1= —

5 S— N S
05 JJ;’Q\
1 S I S P

0 0005 0.0l 0015 002 0 0005 0.0l 0015 0.02 0 0005 0.0L 0.015 0.02
Time (seconds)

To: ys

Figure 12. Example 2: Step responses of the synthesized digital MIMO control system, organized
according to the diagram in Figure 5. The blue line corresponds to P;(z), whereas the red line
corresponds to D (z).

To solve the system of LMIs in (36) with Ny = 300, it required 11 iterations of the
CCP. The optimization process on the same device and with the same software as in
Example 1 (Section 7.1) took approximately 150 s. As a result, we obtained the discrete
MIMO PID controller in the form of (7) with the following parameters:

—5.0392 —55404  6.6605 —09715 02322 0.6826
Ko | —07234 19489 03424 | | —03079 —0.1449 —0.1045
P —1.7436 54253 —24762 |’ ! —03156 —0.2505 —0.4292 |’

—2.6610  0.6851  1.1269 —0.1806  0.0134  0.0423

0.0042  0.0030 —0.0019
0.0004  0.0003 —0.0000
—0.0019 —-0.0015  0.0012
0.0010  0.0008 —0.0005

Kp =

The step responses of the synthesized digital MIMO control system are shown in
Figure 12. We have achieved the set goal, with approximately 10 samples required for the
system to reach a steady state.

The singular values of the transfer function array (Section 3.3) of the synthesized digital
control system and their shape functions (Section 4.2) are shown in Figure 13. For this
example, the following performance criteria are defined (Section 3.4): Smax = Tmax = 1.4,
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Qmax = 10. The shape functions bs(w) and bg(w) are constants. The shape function br(w)
is a constant only for w € O U Q¢ (14); at high frequencies, it serves as the robustness
bound (20). We again do not impose any constraints on W (z). In Figure 13, one can
observe the minimal impact of the external input perturbations on the control performance.
All specified constraints are simultaneously satisfied for all transfer functions in the array.
The control loops are also well-decoupled (Section 4.6), as evident from both Figures 12
and 13.
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Figure 13. Example 2: Singular values of the transfer function array L, (z), Sx(z), Qx(z), and Ty, (z) of
the synthesized digital MIMO control system. The performance area and robustness area are shaded.
The shape functions are indicated by dashed lines.

Here, we have a more balanced trade-off (Section 4.3) between performance and
robustness compared to Example 1 (Section 7.1). The robustness area (21) is Ag = 202.4247,
and the performance area (27) is Ap = 821.33 (with wg = 10~% rad/s). Please note that the
axes in Figure 13 are logarithmic.

8. Discussion

We only considered the singular values of transfer functions and did not discuss
their phases. The concept of phases in MIMO transfer functions is more complex, and the
theory of phases for SISO transfer functions cannot be directly applied to the MIMO case.
However, in recent times, a theory of phases for MIMO transfer functions has begun to be
developed. It is possible that in future works, we will enhance our synthesis algorithm by
incorporating considerations of phases in MIMO transfer functions.

Indeed, PID controllers of various types enable the solution of the vast majority of
practical problems. However, our proposed methodology enables tuning any controller
with a fixed structure. It is only necessary to derive the SLFS function, similar to the
approach outlined in Appendix B.

In fact, our methodology can also be applied to synthesizing a controller for a nonlinear
plant model or even without having a plant model at all. Ultimately, when synthesizing a
controller from a plant model, only a set of singular values (gains) at different frequencies
is required. In the case of a linear plant model, these singular values are obtained using
the transfer function when computing the frequency response. A nonlinear plant model
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cannot be represented as a transfer function, but the set of gains can be directly computed
by applying Fourier transformation to the output signals. This way, the controller synthesis
can be seamlessly combined with the identification of the plant model.

9. Conclusions

We extended the synthesis method proposed by Boyd et al. in [1] to discrete time,
augmenting it with the additional statement of loop shaping. We briefly touched upon
the challenges arising during the discretization of a continuous controller, especially in
the MIMO case. Direct synthesis in discrete time, as opposed to discretizing a continuous
controller, ensures the preservation of performance and robust stability margins in a digital
control system.

We synthesized an LTI controller (7) for an LTV plant model (3) represented as a
transfer function array with index n (6). This approximation of the LTV plant model can be
obtained using an LPV plant model (4), an uncertain plant model (5), or by simultaneously
considering both. If the system of inequalities (36) has a solution on each iteration, all
specified constraints will be satisfied for the entire transfer function array of the closed-loop
system with an LTV plant model (3).

Regarding the controller derived from our algorithm, it is important to emphasize
the following. We achieve an optimal controller, signifying that the closed-loop system
attains maximum performance under constraints imposed on the transfer functions of the
closed-loop system. This maximization of performance is realized through the iterative
minimization of the static and low-frequency sensitivity (SLFS) of the closed-loop system,
facilitated by the minimization of the spectral norm of the SLFS matrix (11). Ultimately,
this translates into the maximization of the performance area Ap (27) with a “floating”
boundary represented by the performance bound bp(w) (26). By employing the convex-
concave procedure (CCP), we obtain a locally optimal solution to the system (36) at each
iteration, progressively converging toward the global optimum. Furthermore, the flex-
ibility of the optimization algorithm enables termination at any point by adjusting the
CCP stopping condition, contingent on the desired values of the performance area and
performance bound.

The minimization of the spectral norm of the SLFS matrix serves dual objectives:
ensuring the decoupling of control loops at low frequencies and maximizing control
performance. Additionally, it results in a closed-loop system with crossover frequencies as
proximate as possible, leading to nearly identical time responses for its control loops. The
presence of a “floating” performance bound is considered an advantage of our methodology
compared to classical loop shaping, where both bounds are strictly defined, impeding
the synthesis of an optimal controller. The judicious selection of the robustness bound
br(w) (20) holds critical importance in digital systems, affording a sufficiently extensive
robustness area and obviating the need for anti-aliasing filters in the feedback loop. By
varying the robustness bound, a trade-off is struck between performance and the robust
stability margin of the closed-loop system. A larger robustness area corresponds to a
smaller performance area, and vice versa. We propose simple estimates for this trade-off,
manifested in the form of performance and robustness bounds (bp(w), br(w)) (20), (26)
and performance and robustness areas (Ap , Ar) (27), (20). To fortify robust stability, our
tripartite strategy involves synthesizing over an array of models, integrating Ho.-norm
constraints guided by the small-gain theorem, and employing loop shaping to concurrently
specify a robustness bound for all models in the plant model array.

The methodology proposed in this paper was developed by us as part of the develop-
ment of digital plasma magnetic control systems in tokamaks. We have used some elements
from this methodology in our previous works [47-50]. Of particular note is that in [50], the
controller synthesis was conducted simultaneously for an array of 20 LTI plant models, and
the plasma shape controller had five inputs and six outputs. The methodology presented
in this paper will continue to be used by us in the future for plasma control.
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We also hope that this methodology can be applied in many other fields. Given the
complexity of our method and the potentially time-consuming nature of programming the
algorithm, we offer a ready-to-use MATLAB toolbox for convenience. Moreover, we have
strived to thoroughly explicate all nuances of the methodology, intending to simplify its
comprehension for readers to the utmost.

Limitations of This Study

This paper is theoretical in nature and proposes a new methodology for synthesizing
discrete MIMO PID controllers. The numerical examples provided serve solely to illustrate
some of the capabilities of the proposed method. Our study was not aimed at comparing
MIMO PID to other controller types, nor was it aimed at comparing our synthesis method
to existing ones. We provide a ready-to-use toolbox to allow researchers to independently
compare their own synthesis methods with our method.

A separate study dedicated to comparing different controller types may be conducted
in the future. Due to the complex nature of discrete controller synthesis methods in
MIMO control systems with well-coupled control loops and the potential difficulty of such
investigations, it is desirable to involve experts in each type of controller under study.
However, even with such involvement, such research may only apply to certain classes of
plants. There are no universally effective controllers, nor are there universal methods for
synthesizing them. A controller is simply a tool used to solve a specific control problem
for a real plant. Comparing different types of controllers for a single class of plants is
not sufficient and may not reveal the full potential of each design. Ultimately, the aim of
any controller design method is to create a reliable control system that satisfies specified
performance requirements while also possessing the necessary robust stability margins. In
addition, the physical implementation aspects of digital controllers must be considered.
Many complex control algorithms may experience difficulties operating in real time on
existing hardware. It is also important to take into account the rationality of utilizing each
type of controller, as it may not be rational to use a more complex algorithm when a simpler
one could accomplish the task with only a slight decrease in performance.

Potential future research could be systematic, considering all these factors. Perhaps this
could be a book, where each section is written by an expert on a specific type of controller.
Additionally, objective comparison criteria for different types of controllers should be
formulated for different classes of plants. We are ready to contribute our methodology for
synthesizing MIMO PID controllers to such a book.
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The following abbreviations are used in this manuscript:

ADC Analog-to-Digital Converter
DAC Digital-to-Analog Converter
ccp Convex-Concave Procedure
FOH First-Order Hold
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LMI Linear Matrix Inequality

LTI Linear Time Invariant

LTV Linear Time Varying

LPV Linear Parameter Varying

MIMO  Multiple-Input Multiple-Output
PID Proportional-Integral-Derivative
RTTM  Real-Time Target Machine

SISO Single-Input Single-Output

SLFS Static and Low-Frequency Sensitivity
SDP Semi-Definite Programming
QMI Quadratic Matrix Inequality
ZOH Zero-Order Hold

Appendix A. Proof of the Identity for the Complementary Sensitivity Function
The problem is to prove that

T(z) = L(z) (L, + L(z)) = (Iq + L(z)) L(z), L(z)=P(z)C(z),
where I, is the identity matrix of size g, P(z) € C7*", and C(z) € C"*1. This identity,

while not intuitively apparent in the MIMO case, is seldom mentioned in the literature.
For brevity, function arguments are omitted. We start with the expression:

PC = (I + PC)~!(I; + PC)PC = (I, + PC) ' (PC + PCPC) = (I, + PC) "' PC(I, + PC).
Performing right multiplication by (I, + PC) !, we obtain:

PC(I;+ PC)~' = (I, + PC) " 'PC(I; + PC) (I, + PC) ' = (I, + PC) ' PC.
This completes the proof.

Appendix B. Explanation of the Static and Low-Frequency Sensitivity Function

We have the sensitivity function
-1
S(z) = (1+ P(Z)C(z)) , P(z) € CT*™M C(z) € C"9, §(z) € CT*1, z € C!, (A1)

where P(z) is the discrete MIMO transfer function of the plant model with m inputs and g
outputs and C(z) is the discrete transfer function of the MIMO PID controller

Cz) = Kp+ K125 + Kp“ot, {Kp, Ky, Kp} € R, (A2)
z—1 zTs

We need to obtain the static and low-frequency sensitivity function, for which it is necessary
to expand the sensitivity function into a series at z = 1, corresponding to zero frequency
w = 0, since z = exp(jwTs).

We utilize the expansion of the complex matrix function S(z) into a Taylor series [51]
(also see Chapter 5 in [52]) at the point (. Since the argument z is a scalar, we can
approximate S(z) as follows:

g(n

k )
S(z) = ) n('CO) (z—qo)", zeCL (A3)
n=0 :

Some properties of differentials of complex matrix functions are summarized in Table 3.1
in [52]:
dz ' =—z"Ydz)z71, (A4)

dZ = dRe{Z} + jdIm{Z}, (A5)



Mathematics 2024, 12, 810 35 of 38

d(Z1Z) = (dZ1)Zy + Z1(dZy), (A6)
A(Zs+ Z4) = 475 + dZ,. (A7)

The Cauchy-Riemann criteria: To have a complex-valued function f(z) holomorphic in an
open connected subset of the complex plane, it is necessary and sufficient that it satisfies
the Cauchy-Riemann conditions:

. . ] 0 ) 0
w=f(z) =u+iv, z=x+iy, %:ET;, %:_ﬁ, (A8)

Substituting (A2) into (A1), we obtain

-1
_ zTs z—1
S(z) = (1 + P(z) (Kp + K== + Kp . ))
L, (a9
=Tsz(z—1) (z(z —1)TsI + P(z) (sz(z — 1T + Ki2T? + Kp(z — 1)2)
We introduce the following notations:
y(z) = Tsz(z — 1), y(z) € C,
C(z) = Tsz(z — 1)Kp + T?2°K; + (z — 1)°Kp, C(z) = j((j)) (A10)
- - -1 -
§() = (Taz- DI+ P)CR)) , S(z) =y(2)8(2).
Let us calculate the values of y(z), C(z), S(z), and $(z) at the point z = 1:
- s -1
y(1) =0, C(1)=TK;, $(1)=0, §(1)=(P()T?K;) . (A11)

Using (A4), we can differentiate S(z) as follows:

a5G) _ g <Zi N EW’(Z;ZC“(Z))>S(Z) _ _5(2) (d(P(Z)C(Z))>s(z). (A12)

We can now differentiate C(z) (A2):

( z )’:z’(z—l)—z(z—l)’_ -1

z—1 (z—1)2  (z-1)%
(z—l>/: (z—=1)z—(z—-1)7 _ 1
z 72 z2’

Note that criteria (A8) is satisfied in this case. Using the properties (A5)—(A7), along with
the fact that Kp, K, and Kp are real matrices, we obtain:

dC(z) -1 Kp 1  KpTs(z—1)>— K T3z?

7 KLt T T 20 (A13)

By substituting (A10) and (A13) into (A12), we obtain:
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z ~ z) C(z (z—1)2 — 352 ~
0 — v (S e O
~ 12 x3.2\
= —yz(z>s?(z><d1;(j> C(yz()zy)f) 1 p()KhE y2>2 Rl )s( )

Using (A11), we can obtain the derivative of the function S(z) at the pointz = 1:

_ _§(1)<dp(z)

45(z) C(1)y(1) + P(1)KpTs(1 —1)% — P(l)KlTs312> S(1)

dz

dz

z=1 z=1

- (P(l)TSZKI) 71( - P(l)K1T53> (P(1)T31<1) o (P(1)K1TS)71.

Now, we can substitute the derived results into (A3) when k = 1:

S(z) =~ S(1) + a5

e (z—1), for small w.

z=1

We use k = 1 because the first term in the series S(1) = 0 (A11); for k = 2 and higher, we
obtain a nonlinear static and low-frequency sensitivity function with respect to the matrices
of the controller {Kp, Kj, Kp }, which makes it impossible to reduce the controller synthesis
problem to LMIs form.

As a result, the static and low-frequency sensitivity function of the closed-loop system
with the MIMO PID controller has the following form:

F(z) = (P(l)KITS)il(z —1), F(z) = S(z) for small w, z = exp(jwTs).
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