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Abstract: In this paper, the derivation of a concise closed form for the gravitational field of a
polyhedron is presented. This formula forms the basis of the algorithm for calculating the gravitational
field of an arbitrary shape body with high accuracy. Based on this algorithm, a method for gravity
data inversion (creating density models of the Earth’s crust) has been developed. The algorithm can
accept either regular or irregular polyhedron discretization for density model creation. The models
are approximated with dense irregular grids, elements of which are polyhedrons. When performing
gravity data inversion, we face three problems: topography with large amplitude, the sphericity of
the planet, and a long computation time because of the large amount of data. In our previous works,
we have already considered those problems separately but without explaining the details of the
computation of the closed-form solution for a polyhedron. In this paper, we present for the first time
a performance-effective numerical method for the inversion of gravity data based on topography. The
method is based on closed-form expression for the gravity field of a spherical density model of the
Earth’s crust with the upper topography layer, and provides great accuracy and speed of calculation.
There are no restrictions on the model’s geometry or gravity data grid. As a case study, a spherical
density model of the Earth’s crust of the Urals is created.

Keywords: gravity data inversion; spherical density model of Earth’s crust with the upper topography
layer; gravitational field of a polyhedron

MSC: 86A22; 86-10; 86-08

1. Introduction

The initial data used for constructing density models of the Earth’s crust are the
measured values of gravity anomalies. One of the stages of observed data preprocessing is
the correction for topography. It consists of calculating the gravitational effect of masses (at
the observation point) lying above some reference surface, for example, the Earth’s ellipsoid.
The “classical” approximation of this stage (for a “flat” model) can be called the calculation
of the correction for the influence of the intermediate plane-parallel layer, which is included
in the Bouguer correction [1]. The values of errors in the field (arising when introducing a
correction for topography) significantly exceed the resolution of modern gravimeters [2]. A
number of authors have studied the problem of correction for the Earth’s spherical shape
in the results of gravimetric data inversion for the creation of density models. Heck and
Seitz [3] suggested replacing the elements of spherical models by rectangular prisms or,
for the distant observation points, by the selected point masses. Wild-Pfeiffer et al. [4] and
Uieda et al. [5] used the Gauss-Legendre cubature formulas for calculating the gravity field
of a tesseroid. They also implemented a parallel algorithm based on OpenMP technologies
for computing the gravity field of large composite models at an arbitrary set of points.
Bouman et al. [6] studied the possibility of constructing regional spherical density models
using highly accurate gravity satellite measurements. The main purpose of this kind
of investigation is to optimize the algorithms and time consumption for computing the
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spheroidal bodies’ fields, and their application for creating density models taking the
curvature of the real Earth into account.

During observed gravity data preprocessing, researchers use various methods to
recalculate the data from topography to a reference surface (plane, surface of the Earth
ellipsoid). To perform this stage without a loss of accuracy, we need to have the density
values in the domain between the measurement surface and the reference surface. These
values are unknown and, in fact, the final goal of solving the initial problem is to discover
them. Usually, researchers use speculative or heuristic medium density values. To obtain
a more accurate result of the inversion, we need to use gravity data measured directly
on the topography, without recalculation to an auxiliary reference surface. In [2], the
authors proposed the algorithm of forward problem solving (parallelized for graphics
processing units—GPUs) for real topography using the irregular grids of the density model
and field. The algorithm is based on the concise closed form of the gravitational field of
a polyhedron. The algorithm has high speed and accuracy, and therefore, on its basis, it
is possible to develop a method for interpreting gravitational data based on topography.
As result of gravity data inversion, we will create a spherical model which has the surface
of the topography as the upper boundary. This approach will significantly improve the
accuracy of determining the parameters of the model.

Considering similar approaches to solving the inverse problem, it is necessary to note
paper [7], the authors of which also take into account topography. The paper describes in
detail synthetic and real examples of density model creation using the observed gravity
data and presents the results of calculations using various weighting functions. An irregular
grid is used to increase its step by the depth. This may allow us to obtain good resolution
in the topography layers. It is highlighted that topography significantly influences the
measured (calculated) gravity field. Unfortunately, the article does not describe in detail the
method used to solve the direct and inverse problems, or the optimization methods, and it
does not provide details of the software and hardware. The presented models have less
than 10° partitioning elements, which is not enough for regional-scale models of adequate
resolution. Since the region under consideration has a small area, the authors did not need
to take into account the sphericity of the planet. A regular grid is used on the plane, and
not on the topography. In our article, we will try to address these issues in more detail.

In [8], the authors performed gravitational modeling of near-surface lunar objects,
including topography. To calculate the gravitational integral in spherical coordinates, the
Gauss-Legendre quadrature method was used. The authors were unable to obtain a de-
tailed model due to the high computational complexity of the method under consideration;
however, the paper presents estimations of the average structural density in the crust,
mantle, and core. The computational optimizations in our method allow us to overcome
this limitation.

2. The Forward Gravity Problem

Let us define what we mean by a spherical three-dimensional density model with
a depth H. Let the upper boundary S of this model (on the side of the Earth—air surface)
be a part of the rotational ellipsoid; all of the points, located within depth H along the
internal normal to S, belong to the model. In this domain D C R3, the density distribution
is specified, p(P), where P € D.

The vertical component Ag of the gravity field that is produced by the domain D in
the external point Q ¢ D\9dD is determined by the following integral:

Ag( / de
anQ ‘r — ro

, ¢y

where 7 is the gravitational constant, dVp is the volume element of integration, g is the

external normal to S in the orthogonal projection of point Q on S (i.e., ﬁQ coincides with
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the normal to the ellipsoid’s surface in the case of a spherical model), and 7 and ?0 are
radii-vectors of points P and Q, respectively. Note that Formula (1) describes the projection

of the total vector of the gravitational field strength onto the unit vector ZQ, i.e., Agisthe

part of total field in the direction of Z’Q.

Calculating the Field of a Spherical Model Based on the Topography

Let us consider a spherical density model in 3D space down to depth H with an upper
topography layer. The model’s “upper” boundary T (Earth-air interface) is the topography
surface (height map) relative to the surface S of an ellipsoid of revolution (for example, the
World Geodetic System 1984 (WGS84) [9] reference ellipsoid) along its external normal. All
points located at a distance of no more than H, along the inner normal to S, and no more
than Hr(+), along the outer normal, belong to the model, where Hr(L, B) is the elevation
of Tover S, B € [—%; %] is the latitude, and L € (—7; 7] is the longitude associated with
the ellipsoid. In the described domain D C R3, the density distribution is defined as p(P),
where P € D.

Let us choose some discretization of D = Ufil D; and approximate the volume of an
element of the partition D; by a polyhedron D;, obtaining an approximated model. Now,
we can apply the previously proposed [10] algorithm to solve the forward gravity problem.
Let us represent the basic steps of the algorithm and for the first time present the derivation
of the closed-form formula for the gravitational field of a polyhedron.

Let the density of each D; be uniform and equal to p;. The field Ag for the model D at
the point Q can be calculated through the sum of the fields of each discretization element:

N
Q) = 'Y;PiGz(Q)

where G;(Q) is the field of the element D; with unit density at the point Q up to the
coefficient .

The integral (1) for the field G;(Q) cannot be expressed in a closed form. It is also
difficult to calculate the integral numerically with cubature formulas, since the boundaries
of D; can have complex descriptions. It would require first or second order formulas with a
large number of nodes and a large computing time in order to achieve acceptable accuracy.
This is why we calculate the integral (1) not for D;, but for the approximating polyhedron
D;. We denote the set of faces D; as S(ﬁ,-), then we calculate the following:

Gi(Q) ~ Gi(Q anQ/ ’r 7 )

Next, we convert the volume integral into the surface integral, applying the divergence
theorem to (2), as follows:

6i(Q) = ng/vp(ﬁl )dvp - 79’7{%7
r =7 A

— T A
D 0 D;

The surface integral can be split into a sum of integrals for each of the faces of D;. Note
—
that the external normal 7 p is constant at every point of an integration face:

Gi(Q) = Y, (ﬁQ/ﬁﬂ)/ﬁdsﬁ‘-

SﬂES(D,’) r—ro

Si

where ﬁil is the external normal to the face S;;.
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Next, we find a closed-form expression for the integral f Si % over a triangle. In
t r—ro

fact, this integral is the gravity potential of the triangle plate with a density equal to 1/7.

Let us denote 71' (i = 1,2,3) as radius vectors of the triangle vertices (p1, p2, p3); Q is the
—

. . . — — - = — — — — — .
point of field calculation; a; = r; — ro; a;; =a;,— a; = rl —rpN=a;1;xa;is
—

the normal to the triangle with the length equal to its double surface area; n= ‘le is the
N
IR
[l

-

unit normal to the triangle; A;; = ﬁ ; a 1 is the (signed) distance from the point Q to
aji

the triangle surface. From this, we can denote the following:

U(?o) = / ‘;151/

e r—ro
(r1,72,73)

- = — .. . . .
where 71, rp,and r3 are radii vectors of the vertices of the triangle. Let us introduce

new parameters t and ¢ as follows: T =TFittan+ qozlg, t € [0;1], ¢ € [0;1—t],and
;ij = 7)]» — 71‘. Then, we have dS = ‘ [212; ;13} ‘dq)dt and the following formula:

1
— - =
U(HJ): {1112;1113”/
0
. - =
In expression ‘r — 19|,

2 2
- -
B = \/(A13; 7 - 70) + ‘ [Als; 7 - 70}

=
[#a]
- =

that the vector product {AB; r — 70} is independent of ¢, and the scalar product

we select a full square by variable ¢: ’7—70’ =

2 —
2 —
- =
, where A;; = ‘ﬁ
a

N
r— 1o |

;S

7. Note
1]‘

7770

o
(A13; 7 - 7()) is a linear function of ¢. Thus, the integral fo ‘ is the table in-

tegral [dx/vx*+a%> =In (x + Va2 4 uz). Therefore, we have the following:

U(70> = ‘[;12;213} /1111((1413, r — r0> + ‘ r — roD‘;:tOdt. 3)
0

Similarly, in both terms of the resulting integrand in ’7 - 70

i 2 - 2
o=y (R 7o) | [ -7
- 2 - 2
= \/(1‘132;7 - 70) + ‘ [1‘\32,‘7 - 70]

. Thus, both terms in Formula (3) are reduced to
the following integral:

I(x,az,p,q> = /1n<px+q+ \/x2+a2)dx, p #0. 4)

After partial integration, we have the following:

, we select a full square by

ST =710

. - =
variable ¢: ‘r — ro‘

%a‘

p=1-t

d

_f 2dx
(px+q+Vx2+a? ) Va2 +a2’
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By multiplying the numerator and denominator in the last two terms by vx2 + a2 —
(px + q), we have the following:

I—xln(px+q+m)_x_pf _xVx4aPdx

24a? —(px-+q)*
_f pqx+q?—a> Ldx + (px+q)x2dx ©)

x24a2—(px+q)° f (x2+a2—(px+q)*) Va2+a?’

As one can see, the denominators of the integrands contain the expressions v/ x? + a2
and (x2 +a? — (px + q)z) . If one makes a change to the variable, after which there is no

linear term left in the quadratic functions, it is possible to reduce the integrals to tabular
ones. By making a general substitution x = = in the expressions (x* + %) and

(xz +a? — (px + q)z) and equating the coefficients of t in the numerator to 0, we can

2
obtain the unknown parameters: a; = a? + Z—Z ;0 = 0y = —%. Then, we obtain an explicit
substitution as follows: x = =gt x?+a? = Pe+a) B2 = g%+ pPa?, px+q = L
PH’Q ’ - (Pt+l])2 ’ =4 p + P q= pt+q’
2,2 12
dx = — o l: dt)z, and ¥2 + a2 — (px +q)* = % Using Formula (5), we can make
substitutions and partial integrations with the original integral (4) as follows:
_ —fln( \/t2+u ) b2dt
pirg T Jprg] (pt+g)*
= %f (lnb In|pt + g —l—ln(b sign(pt+q) + V> +a )) (pt-i—q)
_ B ( Inb _ Injpt+q] 1 + n(b sign(pt-+q)+V12+a2 ) (6)
Top\ ptg pt+q pt+q pttq

tdt
?51gn(pt +a)f (pt+q) (2+a2—b2) V2 +a2
_» ] S
pJ (pt+q)(2+a2—02)"
Further, let us suppose that p # +1. We can find the explicit form of the second
integral in Formula (6):

d _
f (pt+q)(:21a2—b2) - h2f pt+q
+ (1—;112)1;2 (Qf tZJ;%t,bZ + p(&l B bz)f m)
= O_P%)bz(—qln\pt—i-q\—0—ﬂln|t2+a2—b2|) 7)

. Va? bzarctg(ﬁ) a? > b?
TToor 1\/1727111‘&\/227‘: 2 < B2

Let us find the explicit form of the first integral in Formula (6):

tdt
/ (pt+q>(t2+a27b2)¢t2+u2

_ 1 tdt
= (1-p2)p? (qu (pt+q) \/tz_le qf (2+a2—b? \/tz_HJz) 8
p(a®-%) I dt
(1-p2)0* ) (24a2-b2)VP24a?"
According to [11] (1.2.45.2), we have the following;:
n pa* — qt — sign(p)bV/'12 + a2
pt+q '

©)

/ dt _ sign(p)
(pt +q) VP +a? b
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By making the substitution s = V2> 4+ a2 — b2, t = /s? + b*> —a?, and dt = V%’
and according to [11] (1.2.44.6), we have the following:
tdt _ ds
f (t2+a2 b2)\/t2+a2 - f svV/s2 b2 (10)
Vit2+a?—b?
b+\/ﬂ N pvizra? |
For the third integral in Formula (8), according to [11] (1.2.46.11, 1.2.46.12), we have
the following:
dt
f (t2+H2—b2) t2+H2
1 bt 2 2
| e ) > b (11)
- 1 ln‘bt—\/m\/m 2 < b2
26vVb2—a2 | b+ Vb2 —a2 V2 4a? |

By substituting (9)—(11) into (8), then (7) and (8) into (6), and performing the inverse
substitution + — x and a number of transformations for simplicity, we obtain the following:

I(x,a%,p,q) = fln(px+q+\/x2+a2)dx

:—x+( — _q )ln(px+q+\/x2+a2>+ (x—i—\/xz—i—az)
Va2— h pat—qx 2 >
. j— arctg(mm) as>b 12)
Vbz*” In|pa? — gx + Vb2 — azx/m‘ a* < b?
Va2 12 pa’ —qx 2 2
- arctg(m(pxﬂ) ),a=>b
Vfi;len‘pf —gx + Vb2 —a2(px + q)‘,az < b?

where p # 0, p # +1, 4> # b, and b = ¢* + p*a?
Using Formula (12), we obtain for U (70) the following representation:

— - =
U(To) = [ﬂu}Alsi
"

2 /5 - - — 1

><1<f, , (A32;A13>, ({Aaz,z‘hs} {Aazl r3— To})) ‘t _0
L >
- {ﬂ 12; A13} '
12

2 /s 5 - = - N 1
><1<t, , <A12;A13), ({Alz}Al?)]} {Alz; r—= VoD) ‘t —0
Using formulas for adding arctangents and a formula for the value of the solid angle

=
a

at which an arbitrary triangle is visible from an observation point in space [12], and

performing transformations, we obtain the final formula as follows:

(7o) =2(% {“'A“Da“hQ P ) 2 {“”A“Da“hQ ik )

)
[#2)

L

E

+2(71; |:a2,‘A23:|>aI‘th =TT
)ﬂz +

:
N (21; [Az;zsb
_2(n;a1)arCtg = — = — = = ’
1+ <A3;A1> + <A1;Az> + (Az;A3>

1

=
a

- > —
[Aaz;resro}

{Alzf 1— ro}
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where a;=r;—ro Ai==, a;5=rj—ri=aj—ajand Ajj = =, n = =7

i aij Hﬂ31;1112”

is the unit normal to the triangle, ( ; 1) is a distance from the observed point to the

(s
triangle surface, and 2 arctg — — — is the solid angle at which an
1+ <A3;A1> + <A1;A2> + <A2;A3>

arbitrary triangle is visible from an observation point.

We suggest a parallel algorithm to calculate the gravitational field of spherical models
using the derived formulas. Based on the NVidia® CUDA® and AMD ROCm™ libraries, a
software tool has been developed using multi-threaded data processing technologies on
GPU, which allows us to calculate the gravitational field values of the spherical models
on an arbitrarily specified grid. The computation in this approach can be conducted on
several GPU simultaneously, which significantly speeds up the program. The source codes
of the program, distribution kit, test model, and user instructions are publicly available
at https:/ /github.com/AlexIIll/GRAFEN (accessed on 10 March 2024) under a free MIT
license. The convergence, speed, and errors of computing the gravity field by using
the proposed method were tested by comparison with the five-point Gauss-Legendre
(GL) numerical integration method [10] for various configurations of partitions of the
“ellipsoidal” model of the Earth’s crust. The testing showed that the increase in computation
speed by the proposed method is tens of times (compared to the Gauss-Legendre method),
with an equivalent error rate. Table 1 illustrates the difference between the gravity field
values calculated by the proposed method for the 1335 x 968 partition and those calculated
by the GL method for different partitions.

Table 1. Comparison of the tesseroid field values calculated for different partitions by the GL method
and the suggested methods. Ang’]L is the field for the partition indicated for the given column in the

GL method, Agi’;jLi] is the field for the smaller partition (with half the number of elements in x and y)

in the GL method; Ag;;j is the field calculated by the method suggested in this study for a smaller
partition of 1335 x 968.

Absolute error, mGal

ij ij
max | Agdy — Mgy |

Difference in methods, mGal

ij ij
max [Ag5 — A ‘
2 ‘ 8p 8GL

Relative error, %

max
i,j

Difference in methods, %

ij ij
[ps—aséi] oo,
L]

AgeL

Partition of Model (GL Method) 4096 x 4096/2048 x 2048 8192 x 8192/4096 x 4096 16,384 x 16,384/8192 x 8192
72.80 34.60 17.30
31.70 14.71 5.20
0.83 0.42 0.23
0.38 0.20 0.06

max
ij

‘AS;L AgiéjL |

‘AggL‘

* 100%

3. Inverse Problem of Gravimetry

This paper considers a discrete formulation of the three-dimensional inverse problem
of gravimetry (the process of calculating density values from the observed field). The
observed field is specified at a certain set of points on the topography. The density distribu-
tion is sought in the form of a piecewise constant function on a given grid. In this case, the
inverse problem is reduced to solving a system of linear equations:

Ax=f, (13)
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where A is the operator of the direct problem (matrix), x is the vector of density values of
the model’s partition elements, and f is the vector of values of the discretized field g,.

The three-dimensional inverse problem of gravimetry for the density distribution
restoration of the given observed field is in this general case ill posed, so in order to solve
it, it is necessary to use regularization methods. We will seek a regularized solution to (13)
as a minimum of the following functional:

2 2
u(x) = [[Ax = fII* + Allx[|".

This problem is equivalent to finding a solution to the following operator equation
(least squares method with regularization):

(ATA + AE)x = ATf, (14)

where E is the identity matrix. Formula (14) can be solved efficiently (in terms of compu-
tational resources) by using the conjugate gradient method [13]. The iterative process is
described as follows:

P =20=b—-Gx'

xk k-1

= x4 119%4
* =1y AZF1

2K =K 4 Bkt

(#1,71)

&k = (GaF1, 21y
i

Pr = M

Here, k is the iteration number, G = (ATA + /\E), and b = ATf. Without the loss of
generality, the initial guess is always chosen to be zero (x = 0), since the gravitational effect

of any non-zero initial guess model can always be subtracted from the measured field. The
e |

termination criterion is e < e€over two consecutive iterations. For more precise
control over the distribution of features in the solution, we will use the parameter A as a
depth variable: A(z), or A(z;) for a discrete case (the vector of weighting coefficients along
the “horizontal” layers of the model). The choice of coefficients depends on the specific
problem under consideration; they are selected in such a way that the characteristics of
the resulting solution correspond to the available a priori data (for example, the average
density distribution over depth).

The key point is the availability of a computationally efficient software for parallel
implementation of the algorithm to solve the forward problem. It allows one to search for a
solution to the inverse problem for high-resolution density models (with the number of
partition elements of the order of 108) within an acceptable time. Previously, the authors
developed such a software implementation based on the original algorithm [10] for an
ellipsoidal model of a section of the Earth’s crust and demonstrated its speed and accuracy
in comparison to Gauss-Legendre cubature formulas. Then, the algorithm was generalized
to solve a forward problem on the topography (given by a height map) [2]. Next, the
described inverse problem algorithm was tested on synthetic models, which made it
possible to evaluate characteristics such as the convergence rate, the calculation time, and
the dependence of the solution morphology on the values of the tuning parameters. In this
work, we will consider an example of solving the inverse problem (using a similar partition
grid) for a practical model of the Urals region.

4. Case Study

Digital model XGM2019e_2159 of the gravitational field of the study area (60°-68° N
48°-72° E) was obtained from the International Center for Global Earth Models (ICGEM)
online resource [14]. The selected data representation, a “gravity disturbance”, is an array
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of values of the vertical derivative of the gravitational potential on the topography minus
the value of the vertical derivative of the normal field potential at the same point. From
this representation, two input files are obtained: a map of relief heights and the values
of the vertical component of the gradient of the gravitational field potential on a uniform
degree grid. At the stage of preparing the input data, the grid is converted from a geodetic
coordinate system to Gauss—Kruger coordinates (using the WGS84 datum), as well as being
recalculated to a grid uniform in distance. This allows us to eliminate the problem of
irregular (in terms of distance) partition density and the associated irregular error in the
approximation of the model geometry.

When solving an inverse problem, one of the key factors is the presence of an initial
approximation model containing a priori data on the density distribution. Such a model
must include all of the required geological features, since we will be looking for a solution
that differs minimally from the real density values in the quadratic metric. For the territory
under consideration, part of the initial approximation model, located “below” the surface
of the reference ellipsoid, was built based on the existing Deep Seismic Sounding (DSS)
profiles according to the method described in [2]. The layer of relief-forming rocks (the
area “above” the surface of the reference ellipsoid) in the initial approximation model
was filled with a constant density of 2.67 g/cm>. The number of partition elements of the
resulting model turned out to be 358 x 261 x 81, about 107; approximate dimensions of
the partition element in the layers below the reference surface were 4 km x 4 km x 1 km.
The gravitational field was calculated for the model and subtracted from the observed field.
The result of this subtraction is the “residual” field (see Figure 1); its values are taken as a
vector f in Formula (14), and a solution is searched for it to obtain x density values. This
solution is subsequently added to the zero-approximation model. Table 2 shows the main
characteristics of the described gravitational field models. As you can see, the field of the
initial approximation model is very different from the observed one (relative discrepancy
of 98%).

11,600
11,400
11,200

11,000

10,800 km

10,600

10,400

Figure 1. Graph of the “residual” field (the difference between the observed field and the field of the
initial approximation model).

Table 2. Characteristics of the observed field, the initial approximation model field, and their
difference—the “residual” field.

Description/Characteristics [min.; max], mGal [1-Percentile, 99-Percentile], mGal Relative Residual
Observed field —70.7; 126.1 —43.8; 68.5 -
Initial approximation model field —32.1;132.0 —18.7; 69.6 98%
“Residual” field f —86.4; 85.0 —56.4;37.9 -

Let us describe the method for choosing the parameter A to solve the inverse problem.
Note that during minimizing the functional u(x) = || Ax — f||* + A||x||%, the requirements
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for minimizing the error in the field || Ax — f|| while simultaneously minimizing the func-
tional ||x|| in a certain sense contradict each other. That is, as A increases, there are small
deviations in x from zero, but a large discrepancy in the field. Thus, when solving a linear
inverse problem of gravimetry with a restriction on the permissible values of the density
of gravitating elements, there will always be a certain minimum achievable limit of field
discrepancy, which may not always satisfy the desired accuracy.

We conducted experiments with the choice of parameter A to solve our practical
problem. Table 3 shows some parameters of the resulting solution depending on the
choice of A. Figure 2 plots the resulting correction for the density distribution of the
initial approximation model as a function of A. At small values of the parameter A, all
high-amplitude values in x are concentrated in the upper (closest to the field setting
points) layer. As A increases, the “high-frequency” components of the density distribution
function remain in the upper layers, and the “low-frequency” ones fall into the lower layers.
However, with a constant value of A, when the desired values of the deviation x from zero
(0.2 g/cm?®) are achieved, the field discrepancy turns out to be unsatisfactory. Therefore,
we moved to a more “flexible” assignment of A. In Formula (14), we replaced the diagonal
matrix AE with identical elements A on the main diagonal with a diagonal matrix with
different elements A(z), depending on the depth z of the corresponding element of the
model partition. The function A(z) (see Figure 3) was chosen experimentally with the
condition of imposing a larger “penalty” for large amplitudes in the upper layers. With
this choice of A, we obtained a relative field error of 3.3% with satisfactory deviations of the
final density distribution from the initial approximation model.

Table 3. Influence of the parameter A on the resulting solution.

TA+AE)x—AT _ o
A W, % ”AfoHﬂl » % Density Deviation Range !, g/cm3
50 0.07 0.5 [—0.1;0.45]
500 0.09 3.5 [—0.13; 0.23]
2000 0.5 11 [-0.17;0.18]
A(z) 0.3 3.3 [-0.1;0.19]

! This column shows the range of deviation of the density of the final model from the density of the initial
approximation model. The 1st and 99th percentiles were taken as the boundaries of the range.

-05
g/em®

Figure 2. Correction of the initial approximation model’s density distribution at A = 50 (top left),
A = 500 (top right), and A = A(z) (bottom left).
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Figure 3. The function A(z) chosen for the final solution.

It took 39 iterations of the parallel method (approx. 2.5 h using 3 AMD Radeon™ VII
and 2 AMD Radeon™ RX5700XT GPUs) to construct a solution until the residual in the
field reached 3% (and error in the minimized functional reached 0.3%). Figure 4 shows the
density model of the initial approximation and the result of solving the inverse problem (the
relief is practically invisible on the scale of the figure). The densities of the relief-forming
rock layer are shown in Figure 5. Table 4 shows the characteristics of the models.

Figure 4. Density model of the initial approximation (left) and the resulting model (right). A diagonal
cut has been made.

10,400

Figure 5. The result of solving the inverse problem: the density in a layer of relief-forming rocks.
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Table 4. Characteristics of density models.
Model [min.; max.], g/em? Average, [1st Percentile; 99th ~ Relative Deviation from
- maxl, gic g/em3 Percentile], g/cm3 the Initial Model, %
Initial approximation [2.05; 3.41] 3.1 [2.23; 3.38] -
Found correction [—0.67; 0.65] 0 [—0.07; 0.06] 0.7
Resulting model (the sum of the initial [1.86; 3.41] 308 [2.22; 3.38] 01

model and the found correction)

Despite the almost 100% difference between the observed field and the field of the
initial approximation model, very small (in terms of relative deviation) corrections to the
model were required to reduce the discrepancy. These corrections are localized mainly in
the upper layers of the model, where their influence is especially noticeable.

5. Conclusions

An original algorithm for solving a three-dimensional inverse linear gravimetry prob-
lem has been developed and implemented in software (based on the performance algorithm
for solving the forward problem). The solution is achieved by using the conjugate gradient
method with the introduction of additional optimization conditions. A method is proposed
for introducing a target functional, the minimization of which (with restrictions imposed
on the desired solution) allows one to narrow down the set of feasible solutions. The intro-
duced restrictions correspond to a priori information about the density distribution, and
also have a small number of “free” or “tuning” parameters. The implemented algorithm is
optimal: the main calculation time is comprised of multiple runs of the forward problem
program. Thanks to this structure of the algorithm, further optimizations can be carried out
only for the program for solving the forward problem. The conducted tests show that it is
now possible to interpret observed gravity data without first calculating corrections for the
topography, using anomalies in free air to create the spherical density models. This paper
provides an example of such an interpretation based on parallel algorithms developed
by the authors and implemented using distributed computing on graphic accelerators
of personal computers. A solution to a practical three-dimensional inverse problem of
gravimetry for the Urals region has been obtained, taking the topography into account;
a digital density model of the Earth’s crust has been created using the observed gravity
data. The effectiveness of the interpretation method developed by the authors does not
depend on the regularity of either the density model grids or the calculated field. In this
case, the parameters of the density model, limited by surface topography, are determined.
This approach will significantly improve the accuracy of determining model parameters.
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