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Abstract: In this paper, we deduce some hyperstability results for a generalized class of homogeneous
Pexiderized functional equations, expressed as }_cr f (xp.y) = £f(x) +€g(y), x,y € M, which is
inspired by the concept of Ulam stability. Indeed, we prove that function f that approximately
satisfies an equation can, under certain conditions, be considered an exact solution. Domain M is a
monoid (semigroup with a neutral element), I' is a finite subgroup of the automorphisms group of M,
¢ is the cardinality of T, and f,g : M — G such that (G, +) denotes an (-cancellative commutative
group. We also examine the hyperstability of the given equation in its inhomogeneous version
Yoer f(xp-y) = £f(x) +£8(y) +¥(x,y), xy € M, where ¢p: M x M — G. Additionally, we apply
the main results to elucidate the hyperstability of various functional equations with involutions.
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1. Introduction

The stability theory of functional equations is a branch of mathematics that deals with
the study of the behavior of solutions to functional equations under perturbations. Stability
theory has its roots in the work of Ulam [1] (p. 63), who in 1940 posed the following
question:

Ulam’s question. Let (E,.) be a group and let (F,.,d) be a metric group with the metric d.
Given 6 > 0, does there exist € > 0 such that if mapping f : E — F satisfies the inequality
d(f(xy), f(x)f(y)) < eforall x,y € E, then there exists a homomorphism h : E — F with
d(f(x),h(x)) < b forall x € E?

In 1941, the study of the stability theory of functional equations was initiated by
the work of Hyers. In [2], he provided an affirmative partial answer to Ulam’s question
for the additive functional equation when E and F are Banach spaces. Hyers’ result was
generalized in 1950 by Aoki [3], Bourgin [4], and Rassias [5] for additive mappings and
linear mappings, respectively, by considering an unbounded Cauchy difference. In 1994,
Gavrutd [6] provided a further generalization of Rassias et al.’s result in which he replaced
the bound by a general control positive function ¢(x,y) for the existence of unique lin-
ear mapping.

During that time, a distinct form of stability, known as hyperstability, was estab-
lished. The hyperstability of a functional equation requires that any mapping satisfying
the equation approximately (in some sense) must be a real solution to it. While the term
“hyperstability” was coined in 2001 by Maksa [7], the earliest discovery of hyperstability
seems to date back to 1949, as introduced by Bourgin in [8]. One of the most famous
methods for proving the hyperstability of functional equations is the fixed point approach,
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which appeared in the past two decades through the contributions of J. Brzdek and K.
Cieplinski [9] to the fixed point theorem, and then other authors. We refer, for example,
to [10-16]. In addition, there are dozens of published papers that are concerned with the
hyperstability of functional equations; see, for instance, [17-21].

The simplest form of the Pexiderized functional equation can be expressed as
h(x+y) = f(x)+ g(y), where f, g, and h are functions of a given domain and range and
x and y are variables. This form is a generalization of the Cauchy functional equation
f(x+y) = f(x) + f(y). The term “Pexiderized” comes from the fact that this form was
first introduced by J. V. Pexider in 1903 [22].

In this paper, we deduce some hyperstability results for a generalized class of homo-
geneous Pexiderized functional equations, expressed as follows:

Z; flxoy) = Lf(x) +48(y), xyeM, (1)
pe

for functions f,g : M — G where domain M is a monoid (a semigroup with a neutral
element), I' is a finite subgroup of the automorphisms group of M, ¢ is the cardinality of
I' (ie., ¢ = card(T)), and (G, +) denotes an ¢-cancellative commutative group. In 2012,
Lukasik [23] established the complete solution for Equation (1) when M is a commutative
semigroup. The proof of our main results is based on the development of Pales” method
in [24]. The idea behind this method is to derive an identity for the two-variable function
obtained by taking the difference of the left and right sides of the equation under consider-
ation. This method was used, for the first time, in [7], then in [25-27]. In addition, the main
results allow for the conclusion of many results in the hyperstability of the functional
equations with involutions. This paper is designed as follows: In Section 2, we deduce the
hyperstability results for Equation (1) and its inhomogeneous version

Z‘f Uf(xp.y) = LF(x) +€8(y) + 9(x,y), xyEM, @)
p€

where i : M x M — G. Several results concerning the hyperstability of functional
equations with involutions are explained in Section 3 of this paper.

2. The Main Results

This section is devoted to deducing the main hyperstability results of Equation (1)
and its inhomogeneous version (2). From now on, we suppose that (M, *) is a monoid (a
semigroup with a neutral element ¢), I is a finite subgroup of the automorphisms group
of M, and (G, +,d) is an invariant metric /-cancellative commutative group with metric
d:Gx G — [0,0). {-cancellative means that fu = (v implies u = v, where u,v € G and
¢ € N. The invariant metric 4 means that

d(u+w,v+w)=duov), woweG.

We write xy instead of x vy and p.x := p(x) for all x,y € M, unless we mention
otherwise. From the basic properties of the metric, we have

d(uy + up,v1 +v2) <d(uy,v1)+d(up,v2), uy,up,01,0; €G.
Hence, by mathematical induction on n € N with n > 2, it is easy to show that
n n n
dl Y ug, Y o) <Y d(u,v),
i=1 =1 i=1

forall uqy,...,uy,v1,...,04 € G.
In the next theorem, we prove the hyperstability results for Equation (1).
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Theorem 1. Consider the existence of sequence {ay },cn in M that meets the following conditions:

nlgr(}o inf ¢(x,yp.a,) = nlgrolo inf ¢(x,ya,) =0, 3)
and
lim inf ¢(anp.x,y) = lim inf ¢(a,x,y) =0, 4)

forall x,y € Mandall p € T, where ¢ : M x M — [0,00). Assume that f,g: M — G satisfy
the following functional inequality:

<er xp.y), Lf (x) + gy )> <¢(xy), xyeM. ®)
o€

Then, we have

1. f is a solution of equation

Y flxpy)+Lf(e) =Lf(x)+ ) floy), xyeM. (6)

pel perl

2. gisasolution of equation

ng(xp-y) =(g(x)+48(y), xyeM. @)
o€

Proof. We consider function D : M x M — [0, c0) that is defined by
D(x,y) d(Zf xp.y), £f (x) + 48 (y ))
el

for all x,y € M. Inequality (5) can be written as

D(xy) <e¢(xy), xyeM. €)

(1) For every x,y,z € M, we have

d(Zﬁf(xp-nyzf( ), Cf(x)+ Y tf(py >

pel pel

d ( Y lf(xpy) +Cf(e)+ Y Y g+ Y Y flxoynz)+ Y. Y gynz)+ Y. Y floynz)

pel pel'nel pel'nel pel'nel pel'nel

CCF)+ Y o)+ Y Y s+ Y Y flpynz)+ Y Y glynz) + Y Zf(p-yn-2)>

pel pel'yel pel nel pel'nel pel'nel

<d (Z (f(xpy) + ) 8(2), ) Zf(XP.yW.Z)> +d<Z Y flxpynz), Cf(x)+ Y Zg(yn.2)>

pel pel pel'nel oel'nel pel'nel

+d (Z Y floynz), Y Lfloy) + ), ég(2)> + d(Z Y floynz), Y (8(ypz)+ ), ff(E))

pel'nell pel pel pel'nel pel pel

< Zd<ff xp.y) +€8(2), Y f(xo.yn.z ) + Zd<2f(ww7-2),€f(@ +g(w-2)>

pel ner nel \pel

+Zd<2f 0.(yn-2)), Lf (0.y) +fg(2>+2d<2f 1.(yo.2)) Zg(yp-Z)Mf(e)).

perl nel pel nel
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Therefore,

d(Zfﬂxp.y)MZf( ) 2F(x)+ Y Ef( py) < Y. D(xpy,2) + ¥ D(x,yy.2)

pel pel pel ner
+ ) D(py,z)+ ) D(eypz), (9)
pel pel

for all x,y,z € M. Next, we assume that there is a sequence, {ﬂn}neN/ of elements of M
that satisfies (3) and (4). Letting x,y,t € M be fixed and replacing z by ta, in (9), we obtain

d( Y tf(xpy) + Cf(e), Cf(x)+ Y tf(py ) < Y D(xp.y tan) + Y D(x,yn.tay)

pel pel pel ner
+ Y. D(o.y tan) + Y D(e,y.ptan), (10)
pel’ pel

for all n € N. Using (8), we notice that

D(xp.y, tan) < @(xp.y,tay), D(x,yp.tay) < ¢(x,yp.tay), and D(p.y,ta,) < @(p.y,tay),

foralln € N,and all p € T. In view of (3) and (4), we have

lim inf D(xp.y, ta,) =0, 1211 inf D(x,yp.ta,) =0, and T}iggoinfD(p.y, tay) = 0. (11)

n—o0
Taking n — oo in (10) and applying (11), we deduce that
d( Y Lf(xp-y) + f(e), Cf(x) + ) tf (py )
pel pel

for all x,y,z € M. Therefore,
Y (f(xpy) + Cf(e) = CF(x) + ) £f (oy),

pel perl
for all x,y € M, which implies that
€<Zf(xp-y)+€f(e>> —€<€f )+ ) S py)
o€l pel

for all x,y € M. Based on the fact that G is an /-cancellative commutative group, we obtain

Y flxoy) +Lf(e) = £f(x) + ) flpy),

pel’ o€l

forallx,y € M.
(2) For each x,y,z € M, we notice that
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d( Y lg(xp.y), Pg(x) + €zg(y)> = d< Y lg(xpy) +Cf(2)+ Y Y flanxpy)+ Y Y f(zn.x)

pel pel pelnel pel'yel

LX)+ Cg(y)+ Cf(z)+ Y Y fzn.xp.y) —i—ZZfznx)

pel'nel pel'nel

d<Z€g(my +0f(2) ZZfZMPy>

pel pel yer

+d<Z Y. flnxpy), ), Y flzn.x) +€28(y)>

oel'nel pel'nel

+

d(z Y Flena), Y05+ ¥ zg<z>)

o€l nel’ pel pel

d<€g xpy) +Lf(2), ) f(zn. xpy>

nel

—

e

, d ( Y fznxp.y), Lf (z1.x) + ﬁg(}/))
ne

pel

+

+ rd(Z f(zn.x), Lf(z) —l—fg(x)).
pE

nel
Hence,
d( Y tg(xpy), Pg(x) + Ezg(y)> < Y. D(zxpy)+ ) D(zox,y) + ) D(z,x), (12)
o€l pel pel pel

for all x,y,z € M. Assuming the existence of sequence {a, },cn of elements in M that
satisfies (3) and (4), and letting x, y,s € M be fixed, we can replace z by sa;,, in (12) to obtain
the following inequality:

d ( Y (g(xpy), g (x) +€2g(y)> < ) D(san,xp-y) + ) D(sanp.x,y) + ) D(san,x),  (13)
pel pel peT peT
for all n € N. Using (8), we obtain

D(san, x0.y) < @(san, xp.y), D(sanp.x,y) < ¢(sanp.x,y), and D(say, x) < ¢(san, x),
foralln € N, and all p € I'. Taking into account (3) and (4), we find

nlgrolo inf D(say, xp.y) =0, nlglgo inf D(sayp.x,y) =0, and nlgx‘;lo inf D(say,x) =0. (14)

Letting n — o0 in (13) and using (14), we deduce that

d( Y lg(xp.y), Pg(x) +€2g(y)) =0,

pel

forall x,y € M. Then,

£Y glp) = £((g(x) +t5().
pe

for all x,y € M. Keeping in mind the ¢-cancellativity of G, g is a solution to (7). [
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Letting (g(y) = Yper f(p-y) for ally € M, we obtain the special case of Equation (1)
as follows:

Yo flxpy) =0 (x)+ ) floy), xyeM. (15)

pel pel

As a direct consequence, we conclude the next corollary that corresponds to the
hyperstability results of Equation (15), which was studied in [27].

Corollary 1. Consider the existence of sequence {ay } ,cn in M that meets the following condition:
nlgr(}o inf ¢(x,yp.a,) = nlgrolo inf ¢(x,ya,) =0,

forall x,y € Mandall p € T, where ¢ : M x M — [0, 00). Suppose that f : M — G fulfills
inequality

d(Z flxoy), £ (x) + Zf(P-W) <g(xy), xyeM
pel pel
Then, f is a solution of equation

Y flxpy)+Lf(e) =Lf(x)+ Y floy), xyeM. (16)

pel p€el
Also, f is a solution to Equation (15) if and only if f(e) = 0.

Proof. Taking £g(y) = ¥,cr f(p-y) forally € M in Theorem 1 implies that f is a solution
to Equation (16). From the /-cancellativity of G, we determine that f is a solution to
Equation (15) if and only if f(e) =0. O

Based on Theorem 1, we discuss the hyperstability of the inhomogeneous functional

Equation (2).

Theorem 2. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence
{an}nen in M such that (3) and (4) hold. Let f,g: M — Gand i : M x M — G be functions
such that

d(Z%f(xp.Wf(X) +0g(y) + w(x,y)> <o(xy), xyeM
p€

Suppose that (2) admits solutions fy, g0 : M — G. Then,
1. f isa solution of equation

Y flxpy) +Lf(e) = Lf(x)+ ) floy) +¢(x,y), xy€M. (17)

pel’ o€l
2. gisasolution of equation

Z%g(my) =lg(x) +L3(y) +¥(x,y), xyeM. (18)
pE

Proof. We let f1(x) := f(x) — fo(x), and g1(x) = g(x) — go(x) for all x € M. Then,
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d<2 fi(xp.y), £fi(x) + €81 (y))

pel

=d ( Y. fxoy) =Y folxpy), £f (x) + £8(y) + ¥(x,y) — Lfo(x) — Lg0(y) — tl)(x,y)>

pel pel

<d ( Y f(xpy), £f (x) + €8 (y) + w(x,y)>

o€l

d <— Y fo(xp.y), —Cfo(x) — €g0(y) — l/J(x/y))

p€el

= d(Z fxp.y), €f (x) + Lg(y) + EL’(X/]/))

o€l
< o(x,y), x,y € M.

As a result, the conditions of Theorem 1 are satisfied when f and g are replaced by f;
and g;. Therefore,

Y flxpy) + Ef(e) - Y floy) - =Y filxpy) +Lfi(e) — Lfi(x) = Y filpy)
pel pel pel pel
+ ero xp.y) + £fole) — Lfo(x Z;rfo p-y) —¥(x,y)
pe pe
:0,

forall x,y € M. Moreover,

Y g(xp.y) —lg(x) —g(y) — p(x,y) = Y g1(xpy) — £81(x) — L1 (y) + ) go(xp.y)
pel pel pel

—£80(x) —Lgo(y) —p(xy) =0,
for all x,y € M. It means that f is a solution to Equation (17) and g is a solution of (18). O

In the next corollary, we present the hyperstability of the inhomogeneous version of
Equation (15) that is given as

Y flxoy) =Lf(x)+ ) floy) +v(xy), xyeM, (19)

pel pel

wherep: M X M — G.

Corollary 2. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence
{an}nen in M such that (3) and (4) hold. Let f : M — Gand i : M x M — G be functions
such that

(fow Af(x)+ ) floy) +lx, y)) <¢(xy), xy€M.

pel pel

Assume that functional Equation (19) admits solutions fo,g0 : M — G. Then,
1. f isa solution of equation

Y flxpy) +L0f(e) =Lf(x) + ) floy) +9(x,y), xyeM. (20)

pel pel

2. fisasolution to Equation (19) if and only if f(e) =
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Proof. Taking £g(y) = ¥,cr f(p-y) forally € M in Theorem 2 implies that f is a solution
to Equation (20). From the /-cancellativity of G, we determine that f is a solution to
Equation (19) if and only if f(e) = 0. O

3. Applications on Functional Equations with Involutions

Automorphism o : M — M is said to be involution if o o ¢ = idy. The stability of
functional equations with involutions was first studied by Bouikhalene et al. [28] in 2007,
when they proved the Hyers—Ulam stability of the quadratic functional equation in normed
spaces. In 2008, Jung and Lee [29] applied the fixed point method to prove the stability of
quadratic functional equations with involutions for a large class of functions. The study of
functional equations with involutions has continued to attract the attention of numerous
researchers, and the results have been applied in a wide range of mathematical fields,
e.g., [30-35]. The hyperstability study of this type of functional equations began in 2016
when Almahalebi [25] investigated the hyperstability of o-Drygas functional equations
with an involution. In 2018, EL-Fassi et al. [26] studied the hyperstability of Pexiderized
quadratic functional equations with involutions in semigroups with a neutral element.
Additionally, EL Ghali et al. [36] investigated the hyperstability of a Jensen functional
equation in non-Archimedean 2-Banach spaces with an involutional homomorphism.

In this section, we apply our main results to prove the hyperstability of some functional
equations with involutions ¢, T : M — M.

In 2021, Akkaoui et al. [37] described solutions f, /1 : M — G of the following Pexider-
ized (o, T)-quadratic functional equation:

fxo(y) + f(xt(y)) =2f(x) +h(y), xyeM, (21)

in the situation where M is a commutative semigroup, G is a 2-torsion free commutative
group, and 0, T : M — M are endomorphisms. The following result is concerning for the
hyperstability of Equation (21).

Corollary 3. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence
{an}nen in M that meets the following conditions:

Jlim inf p(x,ya,) = Jlim inf @ (x,yo(a,)) = Jlim inf ¢ (x,y7(a,)) =0 (22)
and
J%infgo(aw,y) = nggoinf¢(ana(x),y) = lim inf ¢(a,7(x),y) =0, (23)

forall x,y € M. Assume that f,h : M — G satisfy inequality

d(f (xo ) + f (7)), 2f (x) +h(v)) < @(x,y), xy €M,

forall x,y € M. Then,
1. f is a solution of equation

fxo(y) + f(xt(y)) +2f(e) = 2f(x) + f(e(y)) + f(T(y)), xyeM

2. his asolution of equation
h(xo(y)) +h(xt(y)) = 2h(x) +2h(y), xy€ M.

Proof. Putting I' = {¢, T} in Theorem 1, we obtain ¢ = 2. If we take 2¢(y) = h(y) for all
y € M, then we notice that Conditions (3) and (4) hold, which means that the result is
achieved. 0O

The hyperstability of the inhomogeneous version of Equation (21) is given in the
following corollary.
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Corollary 4. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence
{an} nen in M such that Conditions (22) and (23) hold. Let f,h: M — Gand p : M x M — G
be functions such that

A(f(xo(y) + f(xT(y),2f(x) + h(y) + $(x,y)) < 9(x,y), %y €M,
Suppose that the following equation,

flxa(y)) + f(xt(y)) = 2f(x) + h(y) + 9(x,v),

admits solutions fo,hg : M — G. Then,

1. f is a solution of the following equation:

fxo(y) + f(xt(y)) +2f(e) =2f(x) + f(e(v)) + f(t()) + ¥(x,y), xyeM.

2. his a solution of equation
h(xo(y)) +h(xt(y)) = 2h(x) +2h(y) + ¢(x,y), x,y € M.

Proof. Wejustapply Theorem 2 and use the same substitutions in the proof of Corollary 3. O

In 2018, EL-Fassi et al. [26] discussed the hyperstability of the following Pexiderized
o-quadratic functional equation:

flxy) + f(xo(y)) =2f(x) +h(y), xyeM, (24)

in the case where G is a semigroup with a neutral element and where c : M — M
is an endomorphism and an involution. In the following two corollaries, we find the
same results [26], but as special cases of Theorems 1 and 2 by taking I' = {idy;, 0} and
2¢(y) = h(y) forally € M.

Corollary 5. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence
{an }nen in M that meets the conditions

Jlim inf p(x,ya,) = lim inf ¢ (x,yo(ay)) =0 (25)
and
nlg}(}o inf (ayx,y) =0, (26)

forall x,y € M. Suppose that f,h : M — G satisfy inequality

A(f (xy) + £ (x0 (1)), 2f (1) +h(y) ) < 9(x,y),

forall x,y € M. Then,

1. f is a solution of equation

flxy) + f(xo(y)) +2f(e) =2f(x) + f(y) + f(ey)), xyeEM
2. hisa solution of equation

h(xy) +h(xo(y)) = 2h(x) +2h(y),  x,y € M.
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Corollary 6. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence
{an} nen in M such that Conditions (25) and (26) hold. Let f,h: M — Gand p : M x M — G
be functions such that

A(f(xy) + £ (xo(y)), 2f (x) +hy) +9(x.)) < p(xy), Xy M.
Suppose that functional equation

flxy) + f(xo(y)) = 2f(x) + h(y) + 9 (x,y)

admits solutions fo,hg : M — G. Then,

1. f is a solution of equation

fxy) + f(xo(y)) +2f(e) =2f(x) + f(y) + f(o(y)) + ¢(x,y), xy€EM.

2. his a solution of equation
h(xy) +h(xo(y)) = 2h(x) +2h(y) + ¥(x,y), xy € M.
The (o, T)-quadratic function equation is given as

flxo(y)) + f(xt(y)) = 2f(x) +2f(y), xyeM. (27)

Solutions f : M — G of Equation (27) are described in [38]. In the following two
corollaries, t is enough to put I' = {0, 7} and g¢(y) = f(y) for all y € M to prove the
hyperstability of Equation (27) and its inhomogeneous version as special cases of Theorem 1
and Theorem 2, respectively.

Corollary 7. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence
{an}nen in M that meets the following conditions:

lim inf p(x,ya,) = lim inf ¢ (x,yo(a,)) = lim inf ¢ (x,y7(a,)) =0 (28)
and
lim inf p(a,x,y) = lim inf ¢ (a,0(x),y) = lim inf ¢ (a,7(x),y) =0, (29)

forall x,y € M. Assume that f : M — G satisfies inequality

d(f (xo()) + F (x7(1)), 2 (x) +2f (1)) < @(x,y),
forall x,y € M. Then, f is a solution to Equation (27).
Corollary 8. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence

{an}nen in M such that Conditions (28) and (29) hold. Let f : M — Gand  : M x M — G be
functions such that

A(f(xoy) + F (1), 2 () + 2f(4) + 9(x.1)) < (xy), Xy € M.
Suppose that functional equation

f(xa(y)) + f(xt(y)) = 2f (x) +2f (y) + ¥(x,y)

admits a solution fo : M — G. Then,

1. f is a solution of equation

f(xo(y)) + f(x(y)) +2f(e) = 2f(x) + 2f(y) + ¢(x,y), xy € M.
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2. fisasolution of equation

flxo(y) + f(xt(y)) = 2f(x) +2f(y) + $(x,y), xyeM,
ifand only if f(e) = 0.

WhenT = {idy, o} and g(y) = f(y) for ally € M, Equation (1) is just the following
o-quadratic functional equation:

flxy) + f(xo(y)) =2f(x) +2f(y), xy€M. (30)

All solutions f : M — G of Equation (30) are described in [39]. The following
results concern the hyperstability of Equation (30) and its inhomogeneous version as direct
consequences of Theorems 1 and 2.

Corollary 9. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence
{an}nen in M that meets the following conditions:

lim inf p(x,ya,) = lim inf ¢ (x,yo(ay)) =0 (31)
and
Jim inf p(a,x,y) = lim inf ¢ (a,0(x),y) =0, (32)

forall x,y € M. Assume that f : M — G satisfies inequality

4(f(xy) + £ (xo (), 2/ () +2f () < @(x,y),
forall x,y € M. Then, f is a solution to Equation (30).

Corollary 10. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence
{an}nen in M such that Conditions (31) and (32) hold. Let f : M — Gand  : M x M — G be
functions such that

A(f(xy) + f(xo(y)), 2f (x) +2f (1) +$(x,y) ) < p(x,y), %y € M.
Assume that functional equation

fxy) + f(xo(y)) =2f(x) +2f (y) + ¢(x,y)

admits solution fo : M — G. Then,

1. fisasolution of equation
fxy) + f(xo(y)) +2f(e) =2f(x) + 2f(y) + ¢(x,y), xy € M.
2. fisasolution of equation
flxy) + f(xo(y)) =2f(x) +2f(y) + ¥(x,y), xyeEM,
if and only if f(e) = 0.

In 2021, Akkaoui et al. [37] described solutions f : M — G of the following (o, 7)-
Drygas functional equation:

flxo(y) + f(xt(y)) = 2f(x) + f(o(y)) + f(t(y)), xyeM. (33)



Mathematics 2024, 12, 838

12 0f 15

In the following two corollaries, we obtain the hyperstability of Equation (33) and its
inhomogeneous version.

Corollary 11. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence
{an}nen in M that meets the following conditions:

Jim inf p(x,ya,) = lim inf ¢ (x,yo(a,)) = lim inf ¢ (x,y7(a,)) =0 (34)
and
nli_r}goinfgo(anx,y) = nli_rg;oinfgo(una(x),y) = lim inf ¢(a,7(x),y) =0, (35)

forall x,y € M. Assume that f : M — G satisfies inequality

d(f (xo ) + f (1)), 2f(x) + F(0() + f () ) < plx,y), xy e M.

Then,

1. f is a solution to equation

flxo(y)) + f(xt(v)) +2f(e) = 2f(x) + fo(y)) + f(z(y)), xyeM.  (36)
2. fisasolution to Equation (33) if and only if f(e) = 0.

Proof. Taking I' = {0, 7} with 2g(y) = f(c(y)) + f(t(y)) in Theorem 1 implies that f is
a solution to Equation (36). Also, because of the two-cancellativity of G, we determine
directly that f is a solution to Equation (33) if and only if f(e) = 0. O

Using a similar method, we can prove the following corollary.

Corollary 12. Let ¢ : M X M — [0,00) be a function and consider the existence of sequence
{an} nen in M such that Conditions (34) and (35) hold. Let f : M — Gand ¢ : M x M — G be
functions such that

d(f (xa(y) + F(x7(), 20 (x) + F (o) + F(t1) + $(x.) < p(x,), xy € M.
Suppose that functional equation

flxa(y) + f(xt(y)) =2f (%) + f(o(y)) + f(t(v) + p(x,y)

admits solution fo : M — G. Then,

1. f is asolution of equation
flxo(y)) + f(xt(y)) +2f(e) =2f(x) + f(e(v) + f(T(v) + ¥(x,y), xy €M
2. fisasolution of equation
fly) + f(xt(y) =2f(x) + f(e(y) + fF(r(v) +¥(xy), xyeEM,
if and only if f(e) = 0.

WhenT = {idy, 0} and 2¢(y) = f(v) + f (¢(y)), we notice that Equation (1) becomes
the following c-Drygas functional equation:

fxy) + f(xo(y)) =2f(x)+ f(y) + f(e(y), xyeM. (37)

All solutions f : M — G of Equation (37) are described in [39]. Also, the hyperstability
of Equation (37) is proven in [25,26].
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In direct consequence of Theorem 1, the result on the hyperstability of Equation (37)
follows.

Corollary 13. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence
{an}nen in M that meets the following conditions:

Jim inf p(x,ya,) = lim inf ¢ (x,yo(ay)) =0 (38)
and
lim inf p(a,x,y) = lim inf ¢(a,0(x),y) =0, (39)

forall x,y € M. Suppose that f : M — G satisfies inequality

A(f (xy) + £ (x0(1),2f () + f(v) + f(0(1) ) < 9(xy), xy M.
Then,
1. fisasolution of equation
f(xy) + f(xo(y)) +2f(e) = 2f(x) + f(y) + f(e (), xyeM.
2. fisasolution to Equation (37) if and only if f(e) = 0.
Corollary 14. Let ¢ : M x M — [0,00) be a function and consider the existence of sequence

{an}nen in M such that Conditions (38) and (39) hold. Let f : M — Gand  : M x M — G be
functions such that

d(f(xy) + f(xo (1), 2f () + f(y) + F(0() +$(x,)) < @(xy), Xy e M,
Suppose that functional equation

flxy) + f(xo(y)) = 2f(x) + f(y) + f(e(v)) + $(x,y)

admits solution fo : M — G. Then,

1. f is a solution of equation

fxy) + f(xo(y)) +2f(e) =2f(x) + f(y) + f(o(y)) + ¢(x,y), xy€EM.

2. fisasolution of equation
flay) + f(xo(y) = 2f(x) + f(y) + feW) +9(xy), xyeM,

ifand only if f(e) = 0.

4. Conclusions

Throughout this paper, we demonstrate the hyperstability of an equation characterized
by its generality. Additionally, we derive the hyperstability of a number of functional
equations with involutions simultaneously as special cases and direct consequences of the
main results presented in this paper.
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