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Abstract: We study the square root computation by Leonardo Fibonacci (or Leonardo of Pisa) in his
MSS Liber Abaci from ¢1202 and ¢1228 and De Practica Geometrie from ¢1220. In this MSS, Fibonacci
systematically describes finding the integer part of the square root of an integer in numerous examples
with three to seven decimal digits. The results of these examples are summarized in a table in the
paper. Liber Abaci also describes in detail finding an approximation to the fractional part of the
square root. However, in other examples in Liber Abaci and De Practica Geometrie, only the
approximate values of the fractional part of the square roots are stated. This paper further explores
these approximate values using techniques like reverse engineering. Contrary to many claims that
Fibonacci also used other methods or approximations, we show that all examples can be explained
using one digit-by-digit method to compute the integer part of the square root and one approximation
scheme for the fractional part. Further, it is shown that the approximation scheme is tied to the
method to compute the integer part of the square root.

Keywords: history of algorithms; digit-by-digit; Cardano; Viéte; Heron; history of mathematics;
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MSC: 01A35; 65-03; 68-03

1. Introduction

Leonardo Fibonacci or Leonardo of Pisa lived around 1170 to 1250. He was born in
Italy, but educated in North Africa. He travelled widely in the Mediterranean until around
1200 when he settled in Pisa. He wrote several books of which copies of Liber Abaci from
around 1202 with a second edition from around 1228, De Practica Geometrie from around
1220, Flos from around 1225, and Liber quadratorum from around 1225. The books Liber
Abaci and De Practica Geometrie contain numerous examples computing the integer part
of square root of natural numbers. Fibonacci consider 16 examples, five in Chapter 14 of
Liber Abaci and 11 in Chapter 2 of De Practica Geometrie: The only example where the
technique is expanded compared with the other 15 examples is finding the square root of
7234. For this example, Fibonacci multiplies 7243 with 10* and finds the integer part of
the square root of 7234 using the same technique as for the other examples. We find the
spelling Liber Abbaci and Liber Abaci in the literature, though Abaci is used more often
today [1] (p. 37).

The method used by Fibonacci to compute the integer part of the square root deviates
from the technique later used by Cardano in 1539 [2] (Ch. 23) (see [3] and the references
therein), Viéte in 1600 [4,5] or Horner in 1819 [6] where the number is divided in groups of
two digits. Fibonacci is using a recursive technique where he assumes that only the last
digit in the integer part of the square root needs to be determined [7]. So to determine
the integer part /12,345, the technique assumes that the integer part of the square root
n =123, a = |/n] (|] is the floor function) and the residual # — a? are known. In his
book on Liber Abaci, Liineburg [8] (p. 258) writes “Hier wird man nun von Fibonacci
wieder einmal tiberrascht. Er entwickelt nicht Schritt fiir Schritt vor unseren Augen den
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Tertianeralgorithmus (Algorithm taught in High School mathematics) zur berechnung
von L\/N |, vielmehr sagt Fibonacci, man solle gemiss den obigen Entwicklungen L\/@J
berechnen.” The recursive thinking is further evident in the example of [ /9,876,543 ] in
De Practica Geometrie where Fibonacci consider the root of a seven digit number but
first finds the root of the first five digits. The method used by Fibonacci is not the Hindu
method described by Datta and Singh [9] (p. 169-175) as claimed in [10] (p. 35) or the
computational method of al-Nasaw1 (c. 1011-c. 1075) where /57,342 is demonstrated [11].
In computing the integer part of the square root, a further misconception is that this is the
Indian-Arabic algorithm [12]. It is a common misconception that Chapter 14 of Liber Abaci
contains nothing significant not found in the Euclid’s Elements [13] (p. 10) [14] (p. 71).
Early contributions to the History of Mathematics focus mainly on Fibonacci’s computation
of the fractional part of the square root [15] (p. 30). The range of topics based on the works
on Fibonacci is vast, ranging from recreational mathematics (see [14,16] and the references
therein) to geometric constructions [17]. A comprehensive list is compiled by Charles K.
Cook and Fibonacci Association [18].

It is common to regard computing the integer part of the square root and computing
the fractional part as not dependent on each other. In the approximations, Fibonacci is not
using a decimal fraction, but rely on fractions. It is shown that the actual implementation
of computing the fractional part depends on the method used by Fibonacci to compute the
integer part.

The remaining part of the paper is organized as follows. In Section 2, we introduce
the notation and the technique used by Fibonacci to compute the integer part of the square
root and summarizes the results from [19]. Section 3 introduces Fibonacci’s computation of
an approximation of the fractional part of the square root and summarizes the calculated
examples from [19]. The first part of the next section contains examples computing the
approximations of the fractional part of the square root from Liber Abaci and in the second
part examples from De Practica Geometrie.

2. Integer Part of the Square Root
Let the decimal representation of a positive integer N be

2k—1

N= Y g0
i=0
where Box 1 + Byk—1) > 0 (not both equal 0). Since

('szfllo - 'Bz(k—l)>102<k71) SN (,52;(,110 + :BZ(k—l) + 1) 102(k71),

the integer part of the square root of N has k digits. Partition N so that N = n10? + 110 +
Bo, n= ]zigl B;10/ ~2. The integer part of \/n will have k — 1 digits and assume that the

decimal representation of the integer part of y/7 is known
k-1 ,
Vi) =Y a0,
i=1

and put a = |\/n]. The decimal representation of the integer part of N must then be
|VN| = 10a + ay,

where a( is the next digit to be determined. Consider the remainder or residual using the
binomial expansion

N — (10a + ag)? = (n — a?)10* + B110 + By — 2 - 10ang — a3 (1)
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The ap will be largest integer in {0,1,...,9} so that
(n —a*)10% + B110 + Bo — 2 - 10aag — a3 > 0. )

Since « is the largest integer that satisfies (2), the next integer in sequence «g + 1 will satisfy
N — (10a + a9 + 1)2 < 0. Then

(n —a*)10? + B110 4 Bo — 2 - 10awy — a3 — 2(10a + ) < 1. (3)
Since all terms on the left side of the inequality (3) are integers, we have
(n —a?)10% + B110 + Bo — 2 - 10aag — ad < 2(10a + ag). (4)

The last digit ag will be the smallest g so that (4) holds. The left hand side of (4) is the
remainder or residual (1) and the right hand side is twice the computed root. The two
inequalities (2) and (4) uniquely determine the integer ag. A third inequality on ay is based
on (2)

(n —a®)10% + B110 + Bo o (n= a*)10% + 110 + Bo

o = 2-10a + ag 2-10a ®)
Approximations to this upper bound are
(n—a?)10 + B4
a7 ©
and )
n—a
, @)
%)
and )
n—a°)/10
(1 —?)/10] (8)

[2a/100]

The upper bound and the approximations need not be calculated accurately, only the first
digit in the fraction is needed. For the last example in De Practica Geometrie, Fibonacci is
using (8), which uses even fewer decimal digits in the nominator and denominator than (6)
and (7). Fibonacci’s method to compute the integer part of the square root is in a wider
class of digit-by-digit methods. Contrary to methods often called evolution methods [20,21]
which evolve one digit at the time, Fibonacci’s method is a (front-end) recursion.

In Hughes’ translation of De Practica Geometrie [10] (p. 36), he demonstrates Fibonacci’s
square root computation of /864 in seven steps all based on the binomial expansion (1).

1:  The root will be a two-digit number. The square of the first digit a; is immediately
less than the first digit 8 (= 1) of N. So place 2 (= a = «1) under the 6.

2:  Subtract 22 from 8 and put the remainder 4 (= n — %) over the 8.

Double 2 and put it under 2.

4:  An approximation to ag is (6), ap ~ [46/4] = 11. Largest digit less than 11 is 9,
probably the last digit ag of the root. Put 9 in the first place under 4.

5:  Multiply 9 by 4 (under 2) and subtract 36 from 46 to obtain 10. Place 10 on the

diagonal.

Square 9, subtract 81 from 104 (on the diagonal), to obtain the remainder 23.

7:  The root is verified by showing that & satisfies the second bound (4), i.e., that the
remainder does not exceed twice the root found:

@

*

(n —a*)10% + B110 4+ Bo — 2 - 10aay — a3 = 23 < 2(10a + ag) = 2-29.

Hughes [10] (p. 36) illustrates Fibonacci’s computation with an evolution of Tables 1
to 6 in Figure 1.
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1 2 3 4: 5 6
1 1
4 4 4 4 0 4 0
8 6 4 8 6 4 8 6 4 8 6 4 8 6 4 8 6 4
2 2 2 29 29 29
4 4 4 4

(23

Figure 1. Notation used in Hughes [10] to illustrate computing the square root of 864.

With the notation used in this paper, the corresponding computation is given in
Figure 2 where the numbered lines correspond to the seven steps and to the tables in
Figure 1. The subscripts where the digit is inserted in Figure 3 correspond to table in
Figure 1 and line number in Figure 2. Note that 4,6 is the number 46 (in tens) where 4 (in
hundreds) is computed in line 2 and 6 is the second digit in 864.

+ (B2, f1, fo) = (8,6,4)

: 0(1<‘32—80q—2

: Bo— le = 8 — 4 = 4 (in hundreds)

1 201 = 4 (in tens)

Dag < [ =118 =9,

1 476 — 201009 = 10 (in tens)

: 1505 - 10 + o — af = 104 — af =23

: 1010+ Bo — af =23 < 2(10m; +ap) =229

Figure 2. The actual computation of 1/864.

NOYNUG = WDN — O

(23 (23
15 1
4, 05 4 0
8 6 4 8 6 4
21 9 2 9
4, 4

Figure 3. To the left, notation used in this paper, and [19,22] and to the right, illustration from
MS [23] (Folie 12r).

The sequence of tables in Figure 1 can readily be reconstructed from the table in
Figure 3. The table on the left in Figure 3 is first used by Ball [22].

The integer part of square root of 864 is 29 with remainder 23 which is marked as (23
in Figure 1 and (234 in Figure 3. Fibonacci’s computation of the remainder is just an
rearrangement of the binomial expression for N — (a110 + a)? which is shown below.

— (1047 + ag)? = B210* + B110 + Bo — (10a; + ap)?
= ({[(B2 — 310> + B110] — (2a1)ao10} + o ) — a3

= ({102 + p110] - (201)a010} + po) — a3 by 2:
= ({[(4)10+ B1]10 — (4)a10} + Bo) — a5 by 3:
— ({[46] — (4)a0} - 10+ o) — a3 by 4
= ({10} - 10+ 4) — 2 by 5:
= (104) - 9* =23 by 6:.

Hughes [10] translates to English De Practica Geometrie in 2008 based on the transcript
of Boncompagni from 1862 [24]. The following example from De Practica Geometrie of
computing the integer part of /864 is based on [10] (p. 39), via the use of Google translate
from Latin of [24] (p. 19), and OpenAl The blue inserted text in the quoted material below,
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[L:x] refers to line x in the table for the square root computation in Figure 2. The line
number is the subscript in the table in Figure 3.

If you wish to find the root of 864,

put 2 under the 6 because 2 is the whole root of 8 [L:1, line 1 in Figure 2].

Put the remainder 4 above the 8 [L:2].

Then double 2 to obtain 4 placing it under the 2 [L:3].

Form 46 from the 4 above the 8 and the 6 in the second place. Now divide the

new number 46 by 4 to obtain 11. From this division we obtain an idea of the

following first digit which must be multiplied by twice the digit you already found.

Afterwards, square it. The digit is a little less or exactly as much as what comes

from the division. Practice with this procedure will perfect you. So we choose 9

since it is less than 11, and put it under the first digit [L:4].

5. Multiply 9 by 4 which is two times the second digit and subtract the product from
46. The remainder is 10. Put 0 over the 6 and 1 above the 4 [L:5].

6.  Join 10 with 4 in the first place to make 104. Subtract the square of 9 from it to

obtain 23 [L:6.1] which is less than twice the root found [L:6.2].

LN N

More on notation:

*  Boldface digits are the digits of the number to be taken square root of.

*  The columns in the tables in Figures 1 and 3 correspond to hundreds, tens, and ones.

e Inboth editions of Liber Abaci the digits of the root are written two times to compute
the sum, while in De Practica Geometrie the digits are multiplied by 2 (except the last
digit of the root).

e  Fibonacci calls a1 the last digit (second digit) and « the first digit.

2.1. Example Computing /927,435 in Liber Abaci

The following emphasized text is based on the transcripts by Boncompagni [25] (p. 355)
and Giusti [26] (p. 551), the translation by Sigler [13] (p. 492, 493).

Aguain if you wish to find the root of a six-digit number, as 927,435, which must have a
root with three digits, ... you therefore find the root of the number made of the last four
digits, namely the 9274, and this you do according to that we demonstrated above in the
finding of a root of a number of four digits.

To follow Fibonacci’s recursive thinking, we compute /9274 in Figure 4.

1: (X% <1083+ B2 =92,a1 =9
(58 2: 1083 + B2 — af = 92 — 9% = 11 (in hundreds)
L1 9 5 3: (117 — 2map) (in tens),
92 22 74 s 3: (117 — 18ap) - 10 + Bp — a3 < 2(10a1 + ap)
9, 6 3: (117 —18ag) - 10+ Bo —a > 0,00 = 6
9 6 4220(10(0:2-91'63:108
v 4: 117 — 20189 = 9 (in tens)

5:94-10+ Bp —af = 94 — a3 = 58
Figure 4. Use of Fibonacci’s method for 1/9274.

The two successive inequalities in Figure 4 uniquely determine the last digit ag. In the
example N = 927,435 and n = 9274 and inequality (4) is used to determine the last digit
in the integer part of square root of N. A reference [L:2] refers to line two (for the second
number inserted in the table) in Figure 5 and [L:3.1] refers to the first of the lines marked 3:

1. You therefore twice put the 96 below the third and second places [L:1, line 1 in
Figure 5].
2. You put the 58 above the 74 of the 9274 [L:2].
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3. You will couple the 58 with the preceding digit, namely the 3 that is in the second
place; there will be 583 for which you put in the first place of the root, namely before
the 96, twice such a digit when multiplied crosswise by the 96 [L:3.1], and the
products subtracted from the 583 leave a number which when coupled with the first
digit, namely the 5, and subtracted from this is the figure multiplied by itself, there
is not left a number greater than double the found root, and it will be 3 that is put
before both of the 96 [L:3.2].

4. You multiply the 3 by the 96 crosswise; there will be 576 [L:4.1] that you subtract
from the 583; there remains 7 above the 3 [L:4.2].

5. Which coupled with the 5 of the first place makes 75; from this you subtract the
product of the 3 and the 3, namely 9; there remains 66 [L:5].

(665
5 8& 74
9 2 7 4 3 5
99 61 33
99 61 33

: Insert the two digits of |/9274] = 96

: Insert the two digits of 9274 — (9,6;)% = 58

2 5287104 B1 — 2916100 = 52823 — 192ag (in tens)

: (583 —192ap) - 104 Bg — ad < 2(9161 - 10 + ag), a9 = 3
29609 = 2-96-3; = 576

© 5,8,3 — 2-96ay = 583 — 576 = 7 (in tens)

: 7410+ By — a3 = 745—9 = 66

Gl = = W W N~

Figure 5. Fibonacci’s example for /927,435 from Liber Abaci.
The figure in Figure 5 without the subscripts is found in manuscripts [27] or [28].

2.2. Summary of Computing the Integer Part of the Square Root

Table 1 summarizes the finding in [19] and gives an overview of the different examples
and the inequalities used to determine the last digit ag. The first column contains the
number to be taken square root of, N, the second column contains a reduced number
consisting of the digits of N except the two last digits, n, the third and fourth columns
contain the integer part of the square root of the reduced number, 4, and its remainder
n — a2. The first five examples are from Liber Abaci, while the remaining eleven examples
are from De Practica Geometrie.

Table 1. Summary of the computation of the integer part of the square root.

N n a n—a?> Equation xg N — (10a + ap)?
743 7 2 3 Q)@ 7 14
8754 87 9 6 4) 3 105
12,345 123 11 2 4) 1 24
927,435 9274 9% 58 ) 3 66
7234 72 8 8 4) 5 9
153 1 1 0 ) 2 9
864 8 2 4 6),@ 9 23
960 9 3 0 ) 0 60
1234 12 3 3 ) 5 9
6142 61 7 12 ©) 8 58
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Table 1. Cont.

N n a n—a®> Equation g N — (10a + ap)?
8172 81 9 0 2) 0 72
12,345 123 11 2 2) 1 24
98,765 987 31 26 ) 4 169
123,456 1234 35 9 % 1 255
987,654 9876 99 75 Explicit 3 1605
9,876,543 98,765 314 169 (8) 2 4379

3. Computing the Fractional Part

Let a be an approximation to the square root of positive integer N (not a perfect square)
and let r be the residual r = N — a®. A common approximation is

VN=Vatra=a+ - ©)

2a’

The residual (or remainder) is a measure on how good the solution is. If the approximation
a1 is not sufficiently close to the solution, the iteration is repeated

a =a1+ T wherer; = N — a%. (10)
2111

We will say that 5 is a correction to a and similarly, 2% is a correction term to a;. In

a digit-by-digit method, common choices are a = |v/N| ora = [V/N] + 1. In the first
case the residual r is positive, while in the other case the residual will be negative. In the
calculated examples in Liber Abaci, Fibonacci chooses a = |v/N| while other places in
Liber Abaci and in De Practica Geometrie the choice a = |v/N| + 1 is also used. The same
iterates are generated by Heron’s method (also called the Babylonial method). Heron of
Alexandra (active around 60 AD) computed the iterates as [29] (pp. 323, 324)

1 N 1 N
a1—2<a+a>,a2—2<a1+al>. (11)
Further, from the equation defining a;
2
N —a?
2
—N=
t-n=(55)

so the new residual 77 is the negative of the square of the correction 5, of a. The computation
by Fibonacci is then given by

(r/2a)?
2aq

when a = [VN]. (12)

{711:(14—%, ay = ay —
The term 24 is twice the root found and is the sum of the two last rows in the tables in
Liber Abaci and is on the last row in the tables in De Practica Geometrie (except the last digit)
so the nominator and denominator for 4; are computed. The computational procedure
used by Fibonacci is very natural and makes the computation by hand very efficient.
In his work on approximation methods of Fibonacci, Glushkov 1976 [30] points out
that (12) is used. However, without giving any examples. Cantor [15] shows the two
approximations (12) and takes the example /927,435

2
11
\/mz963+£_ (321)

321 2(963+ AL)
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Table 2 summarizes the worked out examples in Liber Abaci using the notation in
the paper.

Table 2. Computing the fractional part of the square root.

<
=

N a= L\/NJ r 2 a1 1 n

10 3 1 ¢ 3¢ = 25

743 27 14 % 274 - -

8754 93 105 3 9335 - -

12,345 111 24 - 114 - -
927,435 963 66 i 963 4L <%>2 (93162;)121

321

We observe that Fibonacci never uses three or more iterations and for the two first
iterations results from the computation of the integer part are used.

Computing an approximation to /7234 deviates somewhat from the examples pre-
sented in Table 2. First 1/72,340,000 = 100+/7234 is computed using the digit-by-digit
method. Let N = 72,340,000, a = |v/N| = 8505 and N — a? = 4975 computed using the
digit-by-digit method). The correction is & 271”2 ~ %. The approximation of /72,340,000 is
then 8505% and the approximation of /7234 is 85 + % + ﬁ.

3.1. Other Examples of Square Root Computation in Liber Abaci

While the examples in Table 2 are worked out in details, other approximate fractions
of square roots in Liber Abaci are just explicitly stated. There is no evidence that Fibonacci
has used other than the two formulas (12) for computing an approximation of the fractional
part of the square root. Three examples are given below.

U To show that
\/ V448 +23 =4 4+/7

Fibonacci first gives a geometric proof and then verifies the computation with approxi-
mate numbers [13] (p. 500). Fibonacci states that 1/448 is a little less than 21 %, and that

\ /21% +23 =4 /44% is a little less than 6%. Further, /7 is a little less than 2%. Thus he
has

447 a little less than 6% and

V448 + 23  alittle less than 44% which is a little less than 6%.

To see the approximations observe 2 = | /7] < 3, but 1/7 is closer to 3 than 2.

=Lﬁj+1:3,al_a+2—_3+72—39_2§,
and 4 + /7 is a little less than 6%. For
a:L\/mj:21,thena1:a+é:2l+%:21%.
Further
a=| 23+21 |+1=7r 7—44%,
w0 r 42 29 28 2
n=a——=7——=7—— — = 6=
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e  Fibonacci consider two ways to compute 4 + Vv/10[13] (p. 503). First, what Fibonacci
calls the common way, to observe that \/\/ﬁ is a little less than 1 %, hence 4 + \/\/ﬁ
is a little less than 5%. The second way, what Fibonacci calls the masterly way, is
to observe that (4 + \/\E)2 = 16 + /1/40,960 + v/10. The two last terms can
be approximated and Fibonacci observes that v/10 is a little less than 3% and that
v/1/40,960 is about 141. The sum of the three terms is a little more than 33 and
Fibonacci observes that 1/33 is about 5%.

The approximations are for a = L\/ﬁj = 3 and v/10 is a little less than a + % = 3%.

First, observe |/40,960] = 202 and 1/+/40,960 < 4/|+/40,960] +1 = +/203. For
a = |v/203] = 14 then /203 is a little less than a + % = 141. The sum of the three
terms 16, 3%, and 14%, is a little more than 33 and fora = |/33| =5,a; = a + 33271”2 =
5% which is a little larger than /33.

A possible derivation of v/ v/10 could be using (13) v10 = @ a little less than 16/5.

Fora = |/31] +1 =2thena+ (16/5—a?)/(2a) = 1% and /31 is a little less so

v V/10 will be a little less than 1% and 4 + v/ V10 is a little less than 5%. Another

explanation is given by in Heyrup [31] (pl. 28) which uses /10 a little less than 3% and
3

2_ 31
foraszehavefor\/?)% thata — 2 211"’ = —%alittlelessthanZ—% :1%.

¢ Tocompute v12 4 v/ /10, Fibonacci again does this in two ways. Fibonacci states that

V12 is a little less than 3% [13] (p. 504) and V/ v/10 a little less than 1% and the sum is
the desired result. The way according to the art, writes Fibonacci, is to observe that
(m + \/ﬁ)2 =12 4+ /10 + /1/23,040 which is shown geometrically. However,
no approximation of 1/1/23, 040 is given.

Leta = [V12] = 3,r = 3and a; = a+r/(2a) = 3}. For the next iteration
r1 = (r/(2a))? = 1/4 then /12 is a little less than a; — r1/(2a1) = 313,

There is no evidence that Fibonacci has used other than two formulas (12) for com-
puting an approximation of the fractional part of the square root in Liber Abaci. Natural
rounding in hand calculation like % ~ % = % is needed to reproduce the results.
Fibonacci also used (12) for rational N. The derivation and justification is a case of reverse

engineering, in that no such derivation is in the source materials.

3.2. Fractional Square Root Computation in De Practica Geometrie

Fibonacci demonstrates in detail in Liber Abaci how to compute an approximation to
the fractional part summarized in Table 2. These examples are not in De Practica Geometrie.
However, in some cases there are explicit uses of (9) and (10). In De Practica Geometrie
Fibonacci is also demonstrating square root of fractions. To compute (an approximation)
of the square root of a fraction, multiply the fraction with a large number; the larger the
number is, the more accurate solution. Let p, g, and k be positive integers then

k2£
P_V 1 (13)

q k

where k is large and g divides k.
More than 20 examples of approximation to the square root are given in De
Practica Geometrie.

e Ref. [10] (p. 47, §18) [24] (p. 23): To compute /67 in unit rods Fibonacci first
converts to inches (1 rod is 6 feet and 1 foot is 18 inches)) v/67 -6 - 18 = /781,488 and
| /781,488 | = 884 with remainder 781,488 — 8842 = 32. The correction term computed
by Fibonacci is % = 2% < 247) = % and /781,488 is (approximately) 884% inches
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or 49 feet and 251—5 inches which is or 8 rods, 1 foot and 251—5 inches. Fibonacci is here

computing a7 in (12).

Ref. [10] (p. 47, §20.2) [24] (p. 24): Compute /67 in unit rods is | /67| = 8 with a

remainder of 3. The correction term is % in rods or 1% foot. Fibonacci approximates

this to 1 foot equal % rod. The new approximation is then 8% rods. The remainder
1

is 67 — (8%)2 = %. The next correction is ﬁ in rods or % in unit inches or approx-
85

imately 2 inches which is ﬁ rods. New approximation to the square root is then

8 4 ¢ + 135 with remainder 67 — (8 + # + 35)% = (3)3/108. This is approximately

% in inches which is the approximation mentioned by Fibonacci. This approximate

3 .
value will give the second correction 5’5 = ﬁ. However, using the computed values
gives the correction in inches

(3)3 4 4 1
28+1+%) 221 220 55

which is the second correction in [24] (p. 24). The correction is 11—8 in [10] (p. 47, §20.2)
and % in [24] (p. 24), [23] (Folie 14v), and [32] (Folie 20v).

Ref. [10] (p. 48, §21) [24] (p. 24): To compute v/111 rods the integral part of the
square root is [v/111] = 10 with remainder 111 — 10> = 11. The first correction
term is 545 - 6 = 37 ~ 3 feet or 3 rod. New approximation is 103 with remainder

3
— 12 _ 3 ionis —4 — L 108 _ 36 ; i i
111 — (105 )* = 5. New correction is 210] — 56 rods or Tz = 37 inches. Fibonacci

writes the fraction % is too large so simply call it a little less % and the approximation
to the root is 10 rods, 3 feet, and 3% inches. In [10] (p. 48, §21) it is 10 rods, 3 feet, and %
inches while in the transcription [24] (p. 24) the number of inches is 3%.

Ref. [10] (p. 48, §22): The exercise is to compute /1234 rods. The integral part of
the square root is [v/1234| = 35 with a remainder of 9 = 1234 — 35%. Correction
to be added to 35 is % = 13% in inches. The approximation used is 13%, but
(35-108 + 3%)2 > 1234 - 108 so Fibonacci writes use %, %, % or %, but this will decrease

the accuracy.
Ref. [10] (p. 52, §32): To compute v/30 + /20 take the square which is 50 + 1/2400.

Fibonacci states 1/2400 a little less than 49 — 91—8. To see this let a = | /2400] + 1 = 49

then a + W =49 — % and the result /50 4+ /2400 is a little less than 1/99 — %.
Ref. [10] (p. 54, §37): To compute V30 — /20 take the square which is 50 — 1/2400.

But from above example, v/2400 is a little less than 49 — g and the result /15 isa
close approximation.

/2:60-60
Ref. [10] (pp. 55, 56, §41): \/g = 603 = 7%%00 and from above /2400 is a little less
than 49 — % which must be divided by 60. Here, Fibonacci is using (13).

Ref. [10] (p. 56, §41) @ in rods is 1/ 22% = \/7776 inches. For a = [\/7776] = 88
then a + %;”2 =88+ 12—1 and the root is a little less than 8812—1 inches.
Ref. [10] (p. 56, §41): Square root of 4/5 of one degree in seconds is /60 - 60 - % =

1/2880. Then /2880 - 60%2/60 = +/10,368,000/60 and /10,368,000 a little less than
3220 so /2880 a little less than 3220/60 = 53%. Here Fibonacci is using (13). In his
translation Hughes [10] (pp. 55, 56, §41) points out in a footnote that there is too much
information in the transcribed version [24] (p. 30).
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Ref. [10] (p. 56, §42) [24] (p. 30): Find the number of feet of \/g given in rods.

=,/36-%/6 = v/24/6 (inrods) and | v/24] = 4 (in feet) with remainder 24 — 42 =
8 (in feet). The correction converted to inches is

8-18

21 B

Fibonacci states that the correction is 16. In a footnote this error is pointed out and
the error invalidates the computation [10] (p. 56). However, the method used is the
same as in the other cases. The new approximation by Fibonacci is therefore 4 feet and
16 inches or 4% feet with remainder 24 — (4 16) = 81 The next correction will then
be in feet

8
s _ 1
16
or 18 11 in inches which is the final given correction.

Ref. [10] (p. 56, §42) [24] (p. 30): An alternative method to find the number of feet

of \/g given in rods is given in the same paragraph. Let a = |v/24] + 1 and the

correction is — % = 10 in feet or 18 110 =1z 2 in inches. The approximation is then

5 feet minus 1§ inches or 4 feet and 16% 1nches. In [10] (p. 56, §42) it is % and in [24]
(p- 30) itis 1%.

Ref. [10] (p. 72, §15) [24] (p. 34): To find the area of a triangle, Fibonacci gives that
/75 alittle less than 8% and 5v/75 = /1875 approximately 43% - 31—6. Let N =75and
a = [v75] +1 =9, then the correction will be 75;981 = % and the approximation isa

2
little less than 9 — 1 = 82. The next correction will be (%) /(2-82%) > 21/1% =5 It

follows that 5v/75 is a little less than 5(9 — 1 — ﬁ) = 43% - 31—6 which is the result by
Fibonacci. An alternative approach leading to the same result will be for N = 1875
and a = 43] the correction is

2
1

(433) —1875 55 I
2.43% 18~43% 18-50 36°

Ref. [10] (p. 86, §40) [24] (p. 43): It is stated that /17,496 is a bit more than 132%. Note
that for a= L\/17 496 = 132 and residual » = 17,496 — 1322 = 72 the correction is

5 = 11 > 12 = 4 Further 132 131 is a little larger than the square root and 1321 jisa

little smaller than the root.

Ref. [10] (p. 89, §47) [24] (p. 45): /652 is a little more 875. Fora = /6513 | =8
with residual r = 1%, the correction is ﬁ =49/576 > 1/12 and the square root is a
little larger than 811—2. The text [24] (p. 45) has /65 }19, but context requires 513 [10]
(Footnote p. 89).

Ref. [10] (p. 98,99, §66) [24] (p. 51) [23] (Folie 30v): To compute /1000 — \/288,000 Fi-
bonacci first Computes v/288,000 to be approxnnately 5362 — % Then
\/ 1000 — 5362 + 96 = \/ 463 > approximately 21 + 40 Note that for N = 288,000

a2
then a = |V/N| = 536 and the correction term is Y= = 4 < # — 2 The second
correction term is

(5362)* —288,000 5 5 1
25365 483 T 480 96
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For N = 1000 — 5363 + o= = 4631, thena = |v/N| = 21 and the first correction term
638 -(213)° 3 1

ol % 0 = 10
Ref. [10] (p. 155, §194) [24] (p. 89) [23] (Folie 54r): Fibonacci states that v/675 (in

rods) is 26 rods and 2 13 inches. Leta = |V/675] + 1 = 26, then the correction will be

675—a® __ 108 __
o = Wthh is 57 = 2 13 in inches.

Ref. [10] (p 156, §196) [24] (p. 91): Fibonacci states that the square root of 3359 rods minus
162 inches or /3359 — 162 /108 is 58 rods minus 4 inches. Let N = 3359 — 163 /108,
the for a = [v/N| + 1 = 58 the correction in inches is 108”2271N =82 4418 <
i+ =t

Ref. [10] (p 159, §203) [24] (p. 93): Fibonacci gives /41,472 a little less than 203%.

o N—a2 _ 715 1 . .
is 5~ =3 ~ 5 and the second correction will be

}ng = £ alittle larger than 1 3 80 the new iterate 204 - § will be a little less than the

square root of N.

Ref. [10] (p. 170, §233), [24] (p. 104), [32] (Folie 84r), and [23] (Folie 64r): Fibonacci
gives /432 approximately 20 rods 4 feet and 12 inches. A possible derivation is
a = [V432] +1 =21. Thenr = 9 and the square root is a little less than 21 — 557 21 =
20 ﬂ rods. But ﬁ rods is 84? inches or 4 feet and 12? inches or approximately
123 inches.

Ref. [10] (p. 172, §203): Fibonacci gives v/320 a little less than 18 — %. Choose N = 320
and a = |V/N| 4+ 1 = 18. The correction term will be ”22;” = % =15018-1lisa
little larger than v/320.

Ref. [10] (p. 197, §16) [24] (p. 118): /686 — 14 is a little less than 12%. Let N = 686,
and a = |V/686| = 26 then the correction is N2_a“2 = % < % = %

Ref. [10] (p. 293, §27) [24] (p. 169) [23] (Folie 107v): Fibonacci writes that /41,472
is a bit more than 2032 but less than an additional 5; and larger than an additional

21—1. To see the first part consider for a = 203% the remainder will be 19% and the

correction is
195 20 1

22033 ~2-200 20

which added to 203% will be an upper bound on the square root of 41,472. A lower
bound will be with the addition of 21—2 (and not 21—1).

Ref. [10] (p. 384, §28%) [24] (p. 222): A curiosity of this last example is the use of sexa-
gesimal numbers. In the comments, Hughes questions whether this part is Fibonacci’s
work or that of another [10] (p. 363). Further, there is some confusion on the actual
numerical values. The integer part of the square root of 4444% . 533% = 2,370,370% is
1539 and the fractional part in sexagesimal digits is given as 26! 2!/ 35! (in minutes,
seconds and thirds) [24] (p. 222). The fractional part should have been 36! 211 35111
which is consistent with the remaining paragraph. The first time the integer and frac-
tion appears in [32] (Folie 172v, 173r) and [23] (Folie 144r), it is written in the Arabic
fashion 5 32 370,370 which in modern notation is 2,370,370 —l— + 3 5 = 2,370, 370
The fractional part 19 using sexagesimal digits is most likely computed using a chglt—
by-digit method for sexagesimal computation [33].

In the introduction to the translation of Chapter 2 in De Practica Geometrie,

Hughes [10] (p. 37) suggests that Fibonacci might be using

= /g2

2—|—1

for the square root. However, we do not find any indications of this. Some rounding of
the final figures, like 4/221 ~ 4/220 = 1/55, or rounding in the first correction is needed
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to reproduce the results. We observe that in the second correction the nominator 24, is
most likely replaced by 2a in some of the cases. Further, it is probably that Fibonacci
used (9) and (10), and (12) also for rational N and a in De Practica Geometrie. However,
such explicit use is not in the sources of De Practica Geometrie.

4. Concluding Remarks

In this paper we have shown that the verbal description of the method in computing
the integer part of the square root of a natural number in Fibonacci’s Liber Abaci and De
Practica Geometrie is the same for all worked out examples except for the approximation
to the upper bound on the final digit in the root. Further, we show that computing the
fractional part is uniquely described and uses the results from the computation of the integer
part in the worked out examples in Liber Abaci. All other use of numerical approximations
of the fractional part in Liber Abaci and De Practica Geometrie of the square root can be
traced to the same method as described in Liber Abaci.
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