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Abstract: In this paper, we investigate the Besov space and the Besov capacity and obtain several
important capacitary inequalities in a strictly local Dirichlet space, which satisfies the doubling
condition and the weak Bakry—Emery condition. It is worth noting that the capacitary inequalities in
this paper are proved if the Dirichlet space supports the weak (1, 2)-Poincaré inequality, which is
weaker than the weak (1, 1)-Poincaré inequality investigated in the previous references. Moreover, we
first consider the strong subadditivity and its equality condition for the Besov capacity in metric space.
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1. Introduction

The Besov space is an important class of function spaces in the fields of geometry,
harmonic analysis, and PDEs, and it has a close relationship with the Sobolev space and
the bounded variation space (BV space). Thus, more and more scholars are turning their
attention to the Besov space due to its wide range of applications. Mainly trace and
extension result in Besov spaces which are defined on Ahlfors Q-regular subsets of R"
were investigated by Jonsson and Wallin in [1]. Xiao in [2] investigated the embeddings
of homogeneous Besov spaces. Recently, the authors of [3,4] studied the quasi-conformal
mappings in metric spaces and geometric group theory via relevant theories of Besov
spaces. In addition, the Bourgain-Brezis—-Mironescu formula characterizes the relationship
between the normal Sobolev norm || - ||;y1, and the limit of the fractional Sobolev norm
I - [[wer when &« — 17. However, we can replace the fractional Sobolev norm with the
Besov norm in the Bourgain-Brezis—Mironescu formula, which can make the proof process
simpler (cf. [5]). The Besov space in Euclidean space has been studied quite thoroughly.
More scholars began to investigate theories of Besov spaces in other settings. In particular,
as a hot topic, many papers consider Besov spaces, Sobolev spaces, and BV spaces in
Dirichlet space under some extra assumptions, which are typical examples of metric spaces
(cf. [6,7]). They prove some of their results in Dirichlet space, which satisfies the weak
(1,2)-Poincaré inequality, where the condition is weaker than the weak (1,1)-Poincaré
inequality.

The capacities originally came from the field of electrostatics in physics and they play
crucial roles in studying the pointwise behavior of a Sobolev function. As of now, the
notion of capacity has been applied in the fields of geometric measure theory and PDEs
and it has been associated with various function spaces. Netrusov in [8,9], Adams and Xiao
in [10], and Adams and Hurri-Syrjanen in [11] studied capacities related to Besov spaces.
Bourdon in [3] investigated the Besov Bj,-capacity in metric space X under assumptions
that metric space is compact and Ahlfors Q-regular for Q > 1, where the authors dealt
with functions from A, (X), the algebra of continuous functions that are in B,(X). The
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authors of [3,4,12] showed that the algebra A,(X) does not separate the points of X if
1 < p < Q < 0. Furthermore, in [13], Besov p-capacities and their relationship with the
Hausdorff measure in Ahlfors regular metric spaces of dimension Q were considered.

Motivated by the previous results on Besov spaces and Besov capacities, we investigate
these topics in Dirichlet space and obtain some important inequalities. It should be noted
that our results extend the Besov capacity to more general settings under weaker conditions.
Moreover, since Dirichlet space covers complete Riemannian manifolds with non-negative
Ricci curvature and Carnot groups, our results pave the way for the continuing research
on these topics in more complex space. Moreover, the Besov capacity in this paper can
be applied to characterize the quasicontinuous representative of the Besov function, and
capacitary inequalities may have potential applications for obtaining norms of embedding
operators and bilateral estimates of eigenvalues for boundary value problems and so on.
These applications will be investigated in our future research.

In [7], if a weak Bakry—Emery estimate, which is defined as in (5), is satisfied and the
volume growth condition, y(B(x,r)) > Cr9, r > 0 for some Q > 0, is true, the following
Sobolev inequality in Dirichlet space is obtained by Alonso-Ruiz, Baudoin, Chen, Rogers,
Shanmugalingam and Teplyaev: for any u € BV (X),

[ < C[Du|(X), (1)

Qo
LOT(X)

and the isoperimetric inequality for the finite perimeter set K C X,

[u(K)]2T < CP(K,X),

where |Du|(X) is the total variation (cf. [7] Definition 3.1) of u and P(K, X) := |D1g|(X)
denotes the perimeter measure of K.

Let (X, u, &, F = dom(&)) be a strictly local (see Definition 2) Dirichlet space with a
compact metric measure y satisfying a weak Bakry-Emery estimate and the same volume
growth condition p(B(x,7)) > CrQ. Based on the previous results in [7] mentioned above,
the goal of this paper is to establish further characterizations of Besov capacities in Dirichlet
space (X, u, €, F = dom(&)), where metric space X is compact, the metric measure y is a
doubling Radon measure, and a strictly local Dirichlet form (£, F = dom(€)) is defined on
L?(X). We denote the Besov capacity of arbitrary set E C X as capz(E). If the assumption

that the weak Bakry-Emery condition holds true is added, then the Sobolev inequality (1)
is split into

I f o< {/OOO [capg({x eX: |f(x)] > t})}%dtq}l/ql f e LI(X, dy),
[/0“’ (Cap%{x eX:|f(x)] = t}))%dtqr/q <1 £ lpas f € BPE(X),

where q = ﬁf—fm with B appearing in (7), L9(X, du) denotes the class of all L7 integrable
functions, and B?*(X) is defined in Definition 7. These results generalize the similar coun-
terparts obtained in [14] in Euclidean space and in [15] on the Grushin plane, respectively.

It should be pointed out that, in previous references (for example, cf. [16-18]) for
the research on the capacity in metric space X, the base space needs to satisfy the weak

(1,1)-Poincaré inequality: there are constants A > 1 and Cp > 0 such that

1 r
TR - du<Cp ——— Vuld 2
u(B(x,1)) /B(x/’) = e dpe < Cr u(B(x,Ar)) /B(x,/\r)) IVuldy @

for any ball B(x,r) C X, where up(, , denotes the average integral of f on the ball B(x,r).
Specifically,
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1
UB(x,r) = y(B(x,r)) /B(x,r)u(x)dy(X).

In the paper [7] mentioned above, the relative isoperimetric inequality on (X, u, £, F =
dom(€)) can be deducedfrom (2), which plays an important role in the field of har-
monic analysis and geometric measure theory. Throughout this paper, we assume that
(X, u,E, F = dom(&)) supports the weak (1,2)-Poincaré inequality, i.e.

1 1 ) \1/2
W(B(x, 7)) /BW) [ = up(en|dp < CPr(y(B(x,)Lr)) /B(W) (Vul du) ()

From Definition 4 below, it is easy to prove that (3) is weaker than (2) by the Holder
inequality.

Under the Bakry-Emery condition BE(K, o), the De Giorgi characterization of the
total variation of the BV function is obtained in [19] in the metric setting. The definition of
the BE(K, o0) condition is formulated in [19-21] and stated as follows.

Definition 1 (Bakry—Emery condition). The Dirichlet form (€, F = dom(E)) is said to satisfy
the BE(K, o0) condition with K € R if

1 2 2
S LIV Ad—/V-VAd>K/ \Yik
2/XI fIPAgdp— | oV f-VAfdu 2K | ¢|Vf|du

holds true for every f € dom(A) such that Af € F,where ¢ € dom(A) N L*®(X) is a nonnegative
function satisfying Ap € L®(X) and (£, F = dom(E)) is given as in Section 2 in relation to the
Cheeger differentiable structure.

We list the structure of this paper as follows. The basic properties of strictly local
Dirichlet spaces and our standing assumptions are given in Section 2. In Section 3 we
investigate some basic results for heat-semigroup-based Besov spaces in Dirichlet space
under assumptions given in Section 2. Section 4 gives some basic properties for Besov
capacities and proves the capacitary strong type estimate in Dirichlet space. In Section 5,
we finalize the article, state the main results, and propose the next research plan.

Throughout this article, ¢ and C are used to denote the positive constants, which are
independent of main parameters and may be different at each occurrence. We use the
symbol < (respectively 2) between two nonnegative expressions u, v to indicate that there
is a constant C > 0 such that u < Cv (respectively, u > Cv). We also use the symbol ~
between two positive expressions u, v to indicate that it satisfies u 2 v and u < v.

2. Standing Assumptions

Next, we begin to list some basic concepts of Dirichlet spaces and introduce assump-
tions that are needed to state our results. Most of the basic knowledge of Dirichlet spaces is
introduced in [6,7].

Let X be a locally compact metric space and equip a Radon measure y which is
supported on X. The Dirichlet form (£, F = dom(&)) on X is a densely defined, closed,
symmetric, and Markovian form on L2(X).

We denote C.(X) as the vector space of all continuous functions with compact support
in X and denote Cy(X) as closure of C.(X) in terms of the supremum norm. A core for
(X, 1, &, F = dom(E)) is asubset C of Cc(X) N F, which is dense in C.(X) in the supremum
norm and dense in F in the norm

1/2
(He1 g + € (110

If it admits a core, we call the Dirichlet form (£, F = dom(&)) regular. In addition,
if for any two compactly supported functions u, v € F such that u is constant in a neigh-
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borhood of the support of v, we have £(u,v) = 0, then we call the Dirichlet form strongly
local.

Assume (€, F = dom(&)) is regular, and then for every u,v € F N L*(X), the authors
in [6,7] define the energy measure I'(u, v) via the formula

[E(pu,v) + E(pv,u) — E(@,uv)], ¢ € FNC(X).

N =

/)((pdr(u, v) =

With respect to the Dirichlet form (£, F = dom(€)), the following intrinsic metric dg
on X is defined by

de(x,y) = sup {u(x) —u(y) : ue FNCy(X)and dT (1, u) < dy},

where the condition dT' (1, u) < dy means that I'(u, u) is absolutely continuous with respect
to #, whose Radon-Nikodym derivative is bounded by 1.

The associated infinitesimal generator A acts on a dense subspace dom(A) of F so
that for each f € dom(A) and for every g € F,

/).(ngdV = —&(f,8)-

The operator A is dissipative in the sense that

[ fAfan = —€(.5) <0
and is merely the Laplacian A when X = R".

Definition 2 (Definition 2.2 in [7]). If d¢ is a metric on X and the topology generated by d¢ is
same as the topology on X, then the strongly local regular Dirichlet space (X, u, €, F = dom(E)) is
strictly local.

In the remaining sections, the assumption that the Dirichlet space (X, 1, &, F =
dom(€&)) is strictly local is always true. Hence, the Dirichlet form (£, 7 = dom(&))
is strongly local and regular. What is more, the metric d¢ is equipped on (X, u, &, F =
dom(&)), which induces the topology on X. At this time, (X, d¢ ) is complete. If I'(u, u) is ab-
solutely continuous for the measure y, similar to locally Lipschitz functions, we know that
|Vu| is the square root of its Radon-Nikodym derivative, which implies T'(u, u) = |Vu|?dpu.

In addition, we assume that the strictly local Dirichlet space (X, j, £, F = dom(E))
satisfies the following assumptions.

Assumption 1 (The doubling condition). A Radon measure y satisfies that the volume of every

ball B(x,r) in (X, u, E, F = dom(E)) is doubling throughout this paper and we give its definition
as follows.

Definition 3 (Definition 2.6 in [7]). The strictly local Dirichlet space (X, i, £, F = dom(E)) is
said to satisfy the volume doubling property if there is a constant Cp > 0 such that

p(B(x,2r)) < Cp u(B(x,7)).

hold true for every B(x,r) C X withr > 0.

The above doubling condition could imply that there are constants Cg > 0 and Q > 0
depending only on Cp such that forall 0 < r <R,

1(B(x,R)) < Co(R/r)u(B(x,1)) @)
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hold on for every B(x,r) C X. Notice that (X, , £, F = dom(€)) satisfies the volume
doubling property if and only if it satisfies (4) for some Q > 0, where Q = log,Cp.
Moreover, if (4) holds true for Q, then it holds true for each Q' > Q. Hence, we shall
assume that Q > 2 in our setting without loss of generality.

Assumption 2 (The Poincaré inequality). The strictly local Dirichlet space (X, u,E, F =
dom(&)) also needs to support the following weak (1, p)-Poincaré inequality, which is given
as follows.

Definition 4 (Definition 2.12 in [7]). The strictly local Dirichlet space (X, u, €, F = dom(E))
supports a weak (1, p)-Poincaré inequality with 1 < p < oo if there are constants Cp > 0 and
A > 1 such that

¥/ |lu —ug(x,7)|du <C r(l/ |VulPd )1/17
#(B(x,r)) JB(xr) RTINS SR W B An) e r)o

where u € F and B(x,r) isa ball in (X, u, E, F = dom(E)) (with respect to the metric dg) .

It follows from [7] and references therein that there are some examples of strictly local
Dirichlet spaces (X, jt, £, F = dom(&)) that satisfy the doubling condition and the weak
(1,2)-Poincaré inequality, including Carnot groups, metric graphs with bounded geometry,
complete Riemannian manifolds with non-negative Ricci curvature and other complete
sub-Riemannian manifolds satisfying a generalized curvature dimension inequality.

Assumption 3 (The curvature condition). The weak Bakry—Emery curvature condition is an
additional requirement for obtaining capacitary inequalities on the strictly local Dirichlet spaces.

Definition 5 (Definition 2.13 in [7]). The strictly local Dirichlet space (X, u, £, F = dom(E)) is
said to satisfy a weak Bakry—Emery curvature condition if

C
VPl < T llulife 5)

holds true for every t > 0, where { Pt} | o) is the semigroup of contractions on L2(X, u) generated
by A on the Dirichlet space (X, u,E, F = dom(E)).

The semigroup { P} (9,0 is also called the heat semigroup on (X, 1, £, 7 = dom(£))
and we can obtain properties of its corresponding heat kernel p;(x,y) on [0,00) x X x X
from ([19] Remark 2.1). From [7] and references therein, the weak Bakry—Emery curvature
condition is valid in the following settings, for example, complete Riemannian manifolds
with non-negative Ricci curvature, Carnot groups, complete sub-Riemannian manifolds
with generalized non-negative Ricci curvature, and so on.

We will also need a stronger condition than (5) for solving some more difficult prob-
lems, such as De Giorgi characterizations (cf. [22] Theorem 2.12).

Definition 6 (Definition 2.15 in [7]). The strictly local Dirichlet metric space (X, u,E, F =
dom(&)) is said to satisfy a quasi-Bakry—Emery curvature condition, if there is a constant C > 0
such that

|VPiu| < CP|Vu|, pu—ae. (6)

foreveryu € Fandt > 0.

Via the proof of ([23] Theorem 3.3), it is obvious that the weak Bakry-Emery curva-
ture condition (5) could be implied by the quasi-Bakry—Emery curvature condition. The
authors in [19] obtained these characterizations under the Bakry-Emery condition in the
metric setting, which is also denoted by the BE(K, o) condition (refer to Definition 1).
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Following from ([19] Proposition 6.2), we conclude that the weak (1, 1)-Poincaré inequality
is equivalent to the BE(K, c0) condition. However, the direct connection between quasi-
Bakry-Emery curvature condition and the BE (K, co) condition on the strictly local Dirichlet
space cannot be obtained by the previous arguments.

3. Heat-Semigroup-Based Besov Spaces

The strictly local Dirichlet space (X, pt, £, F = dom(&)) is symmetric, as mentioned
in Section 2. Let the metric space X be equipped with the Radon measure yu and a closed
Markovian bilinear form £ on L?(X, ), where F denotes the collection of all functions
f € L2(X, u) with &(u, u) finite. The readers can refer to theories of Dirichlet forms from
the book [24] and references therein. Moreover, the heat semigroup {Pt}te[o,oo) is called
the Markovian semigroup associated with (X, 4, €, F = dom(&)). Throughout this section,
the measurable heat kernel function is assumed to satisfy

pi(xy) <C#P pxp—ae. (7)

for every (t,x,y) € (0,00) x X x X, where C > 0and > 0.

Next, we will recall the theories for Besov spaces on the strictly local Dirichlet space
established in [7] and investigate several important properties of the Besov space on the
strictly local Dirichlet space (X, i, £, F = dom(€&)). In [6,7], the definition of the Besov
seminorm based on the heat semigroup is given as follows.

Definition 7. Suppose the Dirichlet space (X, u, £, F = dom(E)) is strictly local. Let p > 1 and
a > 0. For u € LP(X, u), the Besov seminorm of u is defined as:

1/p
il = sup e ( [ P )P uty) )

and the Besov function space on the strictly local Dirichlet space is defined as:
BPA(X) ={u e LP(X, i) : ||ul|pa < +o0},
where the norm of u on BP*(X) is defined as:

[ellBrax) = [l oo + lullpa-

If Py admits a heat kernel p;(x, y), then by the definition of Markovian semigroup 7%,
we have

[ Pl =) @n) = [ [ 1160 = u)Peyandpy). @

It should be noted that even if P; does not have a heat kernel, the Besov seminorm
lI-1I,, can be well defined.

Strum [25,26] investigated that the volume doubling property together with the weak
(1,2)-Poincaré inequality are equivalent to the fact that the Markovian semigroup P; admits
a heat kernel p;(x,y) on X x X with t > 0 and the heat kernel satisfies the following fact:
there are constants ¢ > 1 and C > 1 such that

cd(xy)? cld(xy)?

e~ e 3
<p(xy) <C

1
C\/u(B(x, VD)u(B(y, vE) V(B VE)H(B(y, VE)

holds true for any (x,y) € X x X.

Following from ([6] Proposition 4.14) and ([6] Corollary 4.16), we know that the heat-
semigroup-based Besov space B*(X) is a Banach space for p > 1 and that it is a reflexive
space for p > 1.
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In ([7] Theorem 4.4), the relationship between B?*(X) and BV (X) is implied, which is
stated as the following proposition.

Proposition 1. Suppose the strictly local Dirichlet space (X, u, £, F = dom(E)) satisfies the weak
Bakry—-Emery condition (5), then we have BP/2(X) = BV (X) with comparable seminorms.

In order to reveal the relationship between BP#(X) and the Sobolev space, we recall
its definition given in [7]. The Sobolev space W7 (X) with p > 1 can be defined as follows:

WP (X) = {f € LP(X,dp) () Fioc(X) : T (£, f) < f,|Vf] € LP (X, dp)},
where
Fioe(X) := {f € [} .(X) : VQ C X is compact, Ig € Fsuchthat f = g |q a.e.}.
It follows from ([7] Section 4.4) that the following proposition is valid.

Proposition 2. If the strictly local Dirichlet space (X, u,E, F = dom(&)) satisfies the quasi-
Bakry~Emery condition (6), then we have BP1/%(X) = WP (X) with comparable norms for every
p>1L

The following definition of the Besov seminorm is obtained from [27], which is regards

as a generalization of || - || p,«. For0 < a < oo, 1 < p < ocoand p < g < o9, let By, ,(X) consist
of functions f € LP(X,du), and then the Besov seminorm is defined as:

. N\ 1/
135 0= (/ (fefoon S yigpd"(”d’lmw) -

if g < o0;
p 1/p
g0 = sup( [ Bt Gt dutdnt) <o
if g = oo.

In addition, for O C Xand 0 < « < 1, we define a-Lipschitz function as

lip(Q) = {f: Q= R:|f(x) — f(y)| < Cd(x,y)*,Vx,y € Q}.

In order to reveal the relationship between Bj ,(X) and BP#(X), it follows from ([7]
Section 4.1) that the following proposition is valid.

Proposition 3. For1 < p < coand 0 < a < oo we have
B (X) = BP(X)
with equivalent seminorms
Cullfllpa < 1fllBze,x) < Call fll
where constant Cy and Cy depend on the volume doubling constant Cp.
We use ([28] Lemma 2.2) to obtain the following lemma.

Lemma 1. Suppose the Dirichlet space (X, u, E, F = dom(E)) is strictly local. When f; — f in
BP%(X) and g; — g in BP*(X), we deduce that min(f;, g;) — min(f,g) in BP*(X).
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Proof. Let f(x) = max(f(x),0) and f~ (x) = min(f(x),0). Since min(f,g) = ¢+ (f —
g)", we only need to prove that if f; — f in BP*(X), then f].Jr — f* in BP*(X). Due

to (8) and
) =W < 1f(x) = fFy)

for every x,y € X, we have that f* € BP#(X) whenever f € B*(X). Since
fi7 () = FH ()] < 1fj(2) = f ()] )

for every x € X, it is clear that fjJr — fTin LP(X,du). For every x,y € X, via the triangle
inequality and (9),
(f () = () = (F ) = FrII < Uf () = FF @0+ 1 W) = 7 (W)
< |fi(x) = fF) + £ W) = fF W)l
< |(fi(x) = £(x)) = (fi(w) = fFW) + 21/ (y) = Fw)].
Substituting the above formula into (8) and using the Holder inequality deduces

1

</‘/)f+ — T (ﬂ*ﬂn-—f*QD)WprJHdVdeﬂQH)p

(//f] - (fily) - f(y))|F’pt(x,y)dy(x)dy(y)>
(// i) = F)P pr(x,y)dp(x )dy(y))p
<//-ﬁ U@)fwwmmemWWO;

+2</ () — F(y)IPdu( ))’1’.

Since f; — f in BP*(X), via letting j — co, we have

[ L0560 = £ = (500 = F0) i e ) dm(x)dp(y) = 0,
and
150 = f)Pan(y) -
Then,
Jo LU = 176 = () = £ )P el () dp(y) — 0

which, together with the fact that f]-Jr — fTin LP(X,du), deduces f].Jr — fT in BP*(X) and
our claim is proved. O

Lemma 2. Suppose the Dirichlet space (X, i, E, F = dom(E)) is strictly local. Let p > 1 and
0<a<1/2
(i) If f, g € BP*(X), then min(f, g) and max(f, g) belong to BP*(X) and
[max(f, ), o + [ min(F, &)1 < 1], + 110 (10)

(ii) If f € BP#(X) is nonnegative, then there is a sequence of nonnegative functions ¢; €
lip3* (X) converging to f in BP*(X), where lip* (X) = lip**(X) N Co(X).
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Proof. (i) Denote by ¢ := min(f,g) and ¢ := max(f,g). It is obvious that ¢, ¢ € LP(X).
Let) = {x e X: f(x) < g(x)}and Op = {x € X: f(x) > g(x)}. By computation, we
use (8) to obtain

[ 196 = @) peley)du(x)duy) :/’ () = F ) Ppe(x, ) du(x)du(y)
WP pe(x, y)du(x)dp(y)
0, F) = 8@ i (e, y)dp (x)dp(y)
+ /Qz 18(3) = ()17 pex, ) (x)Au(y)

+

9\

3
W

+
\

18(x) — g(W) [P pe(x, y)du(x)du(y)
1f(x) = g)|Ppe(x,y)dp(x)du(y)
18(x) = f()|Ppe(x, y)dp(x)du(y)

1f(x) = fFW)|P pe(x, y)du(x)du(y).

/ 196 =9 @) i e )an(x)dy) =

Via Definition 7, we have
1,0 + 1911,
[ L1060 =0 Ppi(xp)dutx)an())

+ supt ([ [ 9 =) Ppie)dn(x)du(y) )
= supt ([ [ 19(0) =9I pieyp@ant) + [ [ 19(0) = p@) o) an(x)an(y)
= supt=r{( / [£0) = £ Ppi e, ) (<))

o U, o,
L 180 = s it au(dn(w)
A Qzlf PG + [ [ 1500 0P pe )
b (80 = S + 15 — 80 k) ux)d(w)

b 5@ =gl + lg) — F) ) en(dnt)

We use ([29] Lemma 2.2) to obtain

18(x) = fFWIP +1f(x) =8P < [f(x) = FW)IP + |g(x) — 8(v)
ifx e Oy andy € O and

1f(x) =gW)IP +1g(x) = fFW)IP < |f(x) = FW)I” +18(x) —8(y)

: (11)

: (12)
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if x € () and y € Oy. Combining (11), (12) and (13), we conclude that

u ﬂxp P i(x,

[0+ 9], < supe L/‘/If DI pr (e, y)dpu()du(y) )
+ supte ([ [ 1G) =8P pitxydu(x)an(y)
= Hpr,tx + Hng,tx'

which deduces that (10) holds true.

(ii) Due to Lemma 1, it is easy to prove that f is in BP*(X) whenever f is in lip3* (X).
But this is immediate, since f* € lip3*(X) whenever f € lip3*(X). This completes the
proof. O

Lemma 3. Assume the 2n-Lipschitz function ¢ with compact support is defined on the strictly
local Dirichlet space (X, u, £, F = dom(E)). For any f € BP*(X), we have f¢ € BP*(X) with

1fllBrax) = Cliflgeax)

where the constant C is dependent of p, «, Cp, the 2a-Lipschitz constant of ¢ and the diameter of
supp(¢)-

Proof. Without loss of generality, we assume that ¢ # 0 and denote R as the diameter of
supp(¢). Choosing xy € supp(¢), it is obvious that supp(¢) C B(xo, R), where B(xo, R)
is the closure of the ball B(xg, R). Via the definition of the 2a-Lipschitz function, there
exists a constant K > 0 such that |¢(x) — ¢(y)| < Kd(x,y)?* for every x,y € X. Note that
¢l < (2R)?*K. We also notice that

IfPllrxany < 1F11Le i 191l e (x)
hence f¢ € LP(X,du). For every x,y € X we have

[f(X)p(x) = F)eW)] < [f(x) = FWI¢W)] + |f () [[9(x) = ¢(w)]-

Observe that

//xt tZapI/l B{(iy))q;( )| du(y)du(x)
2°\f(x) = fF)["lo )l
//xt tz”‘p,u(B(x,t)) dy(y)dll()

271 f ()"l (x) — ¢ ()"
+//xt tzap,u(B(X,t)) d,u(y)d]/t(x)
=L+ 1.

On the one hand,
S;uIO) L < ZPH‘P” oo(x)Hf”Bza . (13)
>

On the other hand, since ¢ is 2a-Lipschitz function with constant K, we have

LYd(x,y) ™ f ()]
L <2 / S~ BBy @)

X, 20
@K [IF1 [, i duly)dn)

< (2K)P /X‘f x)|Pdu(x) = (ZK)p”fHLp(xdy)
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Via (13) we have

1

1 2
I larax) < sup(h + )" < (11 0+ W) < Il

where the constant C is dependent of Cp, p, a, the 2a-Lipschitz constant of ¢ and the
diameter of supp(¢), which completes the proof. [

Lemma 4. Assume that the 2a-Lipschitz compactly supported function ¢ is defined on the strictly
local Dirichlet space (X, i, £, F = dom(E)). Suppose fy is a sequence in BP*(X) and f, — f in
BP#(X). Then we have fr¢p — f¢ in BP*(X).

Proof. For every k > 1, we obtain that fy¢ € BP*(X) and f¢ € BP*(X) via Lemma 3.
Moreover,

£k = fllgrarx) < Cllfic = fllgrarx)

holds for every k > 1, and since f; — f in BP*(X), it follows that fy¢ — f¢ in BP*(X).
Then this completes the proof. [

Remark 1. Assume that Q and Q) are two bounded and open subsets of (X, u, €, F = dom(E))
with QO CC Q. Suppose that ¢ is a function in lip%"‘(f)) with 2a-Lipschitz constant m
such that 0 < ¢ < 1and ¢ = 1in Q. By an arqument similar to the one from Lemma 3, one can
show that f¢ € BP*(X) whenever f € BP*(X). Moreover, in this case

1f¢llBrax) < Cllfllgracx)

is valid for all f € BP*(X) and we can choose the constant C > 0 independent of Cp, p, «,
dist(Q, X'\ Q) and the diameter of Q).

Remark 2. For every f, g are bounded functions in BP*(X), it is easy to prove that fg € BP*(X),
which can be obtained by the definition of Besov norm on the Dirichlet space. Moreover,

18l e (xap) < min{|\f||m(x,d;4)||g||m(x>/ ||g||LP(X,dy)||fHL°°(X)}

and

178150 < AN ll8 1l o) + 1811 Ml oo ) -

4. Besov Capacities and Capacitary Inequalities

On metric spaces, some basic properties and related results of the Besov capacity are
investigated in [6,13]. In this section, several properties of Besov capacities and relative
capacitary inequalities on the Dirichlet space are proved. We first recall the definition of
the Besov capacity on the Dirichlet space in [6]. Let p > 1 and 0 < a < 8 with B appearing
in (7). For a measurable set E C X, the Besov capacity is defined as

cap,, (E) = inf{||ul|b, : u € A(E)},

where A(E) := {u € BP*(X),1g < u < 1}.
A capacity is a monotone and subadditive set function, i.e.,

cap),(Eq U Ep) < cap,(E1) + cap), (Ez).

holds for every measurable set E1, E; € X. Theorem 1 indicates that this is true for the
heat-semigroup-based Besov capacity. As we know, few scholars have investigated the
subadditivity and equality conditions for Besov capacity in metric space (cf. [30] for the
Euclidean case). It should be noted that the subadditivity for Besov capacity is a kind of
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geometric property similar to the perimeter (cf. [31] Proposition 4.7) but measures generally
do not satisfy this property.

Theorem 1. Suppose (X, u,E, F = dom(&)) is a Dirichlet space. For any E, M, E;, M; C X with
i € N, the heat-semigroup-based Besov capacity cap, (+) enjoys properties as follows:

(i)
(ii)
(iii)
(iv)

(v)
(vi)

(vii)

cap?(@) =0.
Monotonicity: if Fy C F, then capy, (Fy) < capj,(F2).
cap(F) = inf{capg(U) CFcUcXU open}.
Downward monotone convergence: if M; is a decreasing sequence of compact subsets of X with
M = N2, M;, then

capy, (M) = lim capj, (M;). (14)
Upward monotone convergence: if My C My C --- C M = U721 M, then (14) holds true.
Subadditivity: if M = ;2 M;, then

cap,, (M) < ) cap,, (M;).
i=1

Conwvexity or strong subadditivity: if E; and Ep are compact subsets of X, then
cap,, (Eq U E) + cap;, (Ey N Ey) < cap),(Eq) + cap, (Ez). (15)

Moreover, equality holds ifcapg(El\El NEy) =0or capg(Ez\Ez NE;) =0.

Proof. (i), (ii) and (iii) can be obtained by the definition of Besov capacity in Dirichlet space.
The proofs of (iv), (v) and (vi) are similar to the proof of ([28] Theorem 3.1) and we omit the
details. It is enough to prove (vii). Without loss of generality, let

cap,(E1) + capy, (Ez) < 0.

For any ¢ > 0, there exist two functions ¢ € A(E;) and ¢ € A(E;) so that

p a £ p « £
||q>”p,zx < Capp(El) + 2’ ||lzb||p,zx < Capp<E2> + 2

Let
¢1 = max{¢, p} & ¢ = min{¢, y}.

It follows from Lemma 2 that
p1 € A(EFUEy) & ¢ € A(E1 N Ep).
Then,
capg(El UEy) + capz(El NEp)
< lloallpe+ g2y,

= llelha+ 1¥lha
cap,, (E1) + cap),(E2) + &

IN

Finally, via (15), we know that we only need to prove its converse inequality to

complete the proof. Suppose capg(El\El NEy) = 0. Since E; = (E;\E;1 N Ez) U(E; NEy),
using (vi) we have

cap’,(E1) < caply((E1\Ex N E2)) +cap$ (E1 N Ez) = caply(Ey N Ey).
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(ii) implies that
cap,, (E2) < cap),(Ey U Ep).

Therefore, we have
cap,, (Eq) + cap),(E2) < cap),(E1 U Ez) + cap),(E1 N Ey).
Another case can be similarly proved. This completes the of the assertion (vii). [

We are in a position to improve and split the Sobolev inequality established in [6].

Theorem 2. Suppose (X, 1, E, F = dom(E)) is a Dirichlet space. Let 0 < « < pand1 < p < g

with g = ﬁf—fm The following statements are equivalent:

(i) For each L1 integrable function f with compact support in X,

Il oS {/Om [cap;({x eX: |u(x)| > t})} %dtq}l/q; (16)

(i) u(K) < (capg(K))%for each compact set K C X.
Moreover, (i) and (ii) are valid.
Proof. Firstly, we conclude that (i) holds true via ([6] Corollary 6.4). The equivalence

between (i) and (ii) implies that (ii) also holds true.
(ii) = (i) : Since (ii) is valid, then

/X|u(x)|qdy(x) _ /Oooy{xEX:|u(x)|2t}dtq

/ooo [Capg({" €X: |u(x)| = t})} %dtq,

IN

which gives

| u oS {/Om (Capz({x eX: Ju(x)| > t}))%dtq}l/q,

and (i) is valid.
(i) = (ii) : Given a compact set K C X, let u = 1x. Then || u |[z4(x )= 1(K)Y1 and

S

Hence,
u(K)V1 < :/Ooo (capZ({x eX: |u(x)| > t}))gdtﬂr/q

_ /01 (cap”,i({x eX: |u(x) > f}))%dt‘ir/q

1

= :capg(K)} 7

which derives that (i) implies (ii). O

In order to obtain the capacitary strong type estimate for B?*(X), we need to add an
additional assumption, which is introduced in ([6] Definition 6.7). The capacitary strong
type estimate for the Besov space in the Euclidean setting has been investigated by Wu,
Adams and Xiao (cf. [10,32]).
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Definition 8. We say that the Dirichlet space (X, i, €, F = dom(E)) has the property (Pp,) if
there is a constant C > 0 such that

1
It S timint ot ([ [ () = u@) P puCe,p)du(dn(y))
hold on for every u € BF*(X).

If the weak Bakry—Emery curvature estimating is assumed in the strictly local Dirich-
let space (X, u,E, F = dom(€)) and the coefficient « is the Besov critical exponent of
(X,u, &, F = dom(&)) in the sense of L?, the property (P,) is satisfied. See [6,7] for
the details.

Theorem 3. Assume that the Dirichlet space (X, i, £, F = dom(E)) satisfies the property (Pp,)
is satisfied. Then,

[ (eaps({x e x: 17012 1)) aer] " <1 £ 17
hold on for any function f € BP#*(X).

Proof. Let f € BP*(X) and f > 0. In the following, we set

Ei(f) := {x eX: f(x)> t},

and denote E;(f) by E; for simplicity. Now, we begin to prove the inequality (17). Note
that % > 1. Via the monotonicity of Cap; (+), we deduce

+o00 k+1
k:z—:oo /2k

—+o00

L [CapZ(Ezk (f))] P (kg kg

k=—o0

+o0
- -1 Y qu[capz(Ezk(f))}

k=—o0

™ [caps (E(F)] " ar capt (Ex(F)] " do
JO

IN

==

“+o00

< @ -1 ¥ 2eaph(Ex(f)]

k=—0c0

==

—+o0
Below, we estimate the series Y 2kpcapZ(E2k (f)). Denote fy = (f =25 A2k k € Z.
k=—o00

Since 2€f; > 1 on Ex(f), we have

capp (e (f)) < 27| fellpa-

Thus,
+co ‘ +o0
Y, 2%eapl(Ex(f) < Y. lfillpa S If1par
k=—00 k=—o00

where we have used Lemma 6.10 in [6]. Then (17) holds true for nonnegative function
f € BP*(X). We can similarly conclude it is valid for general function f € BP#(X). [

Remark 3. It should be noted that (16) and (17) implies that

1 f oo S 1Nl
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holds true for all f € BP*(X), which is exactly the strong Sobolev inequality in ([6] Theorem 6.9).

Finally, the following trace inequalities for the Besov space are obtained by the capaci-
tary inequalities in Theorem 3.

Theorem 4. Assume that « € (0,1) and 1 < p < q < oo and the Dirichlet space (X, u,E, F =
dom(&)) with a nonnegative Radon measure y is strictly local. Then, the following facts are
equivalent:

(i) For all sets K C X, u(K) < (capg(K))%.
(ii) For all functions u € BP*(X),

1/q
([ uloap) ™ < il

Proof. Suppose that (i) is valid. Note that
(L lail)P < Y- |as|? with g € (0,1]. (18)
i i
For all functions u € B*(X), it follows from Theorem 3 and the inequality (18) that

/x lu|Tdy = /Ooopt({x € X: |u(x)| > t})dt?

~ ) 2Yp({x € X fu(x)] > 2)
keZ

S (kgzqu (r({x €X: fu(x)| > zk}))p/") ’

< (Z 2kPCap;({x €X:|u(x)| > 2"})) Z
j€Z
< (/OooCapz({x eX:|u(x)| > t})dﬂ’) ’

< Mloellpar

whence (i) derives (ii).
On the contrary, if K C X, then

p(K) < [ fuftdp < e

is valid for any u € BP#(X) with u > 1 on K. By the definition of Cap,(-), we have

==

u(K) < (Capy,(K)) 7,
which proves (i). O

5. Conclusions

As mentioned in the Introduction, one of the main motivations of the present paper
was to study the Besov space (heat-semigroup-based) and the corresponding capacity
in a Dirichlet context. Under assumptions that the strictly local Dirichlet space satisfies
the doubling condition, the weak (1,2)-Poincaré inequality and the weak Bakry-Emery
curvature condition, the properties of Besov capacity are proved via the proof method
of ([28] Theorem 3.1). As the generalization of the Sobolev inequality established in [6],
Theorem 2 can be regarded as combination of Theorem 6.1, Theorem 6.3 in [6] and the
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Besov capacity theory. Similarly, the Besov norm in the inequality of ([6] Theorem 6.9)
can be replaced with Besov capacity, which improves the Besov theory of the strictly local
Dirichlet space. In [13], The authors investigate the metric space (X, d, jt), which is proper
and unbounded; moreover, it is also a Ahlfors Q-regular space for some Q > 1. Specifically,
there exists a constant C > 1 such that

c 4R < u(B(x,r)) < cr

holds for each B(x,r) C X with r > 0. It should be noted that the Dirichlet space in our
paper does not satisfy the above conditions. Therefore, the equivalence problem between
Besov capacities and Hausdorff measures is still unsolved. We plan to investigate this
question in our Dirichlet setting.

Author Contributions: Methodology, X.X. and Y.L.; Validation, X.X.; Investigation, X.X.; Resources,
Y.L.; Writing—original draft, X.X.; Writing—review & editing, H.W. and Y.L.; Supervision, H.W. and
Y.L. All authors have read and agreed to the published version of the manuscript.

Funding: Y. Liu was supported by the Beijing Natural Science Foundation of China (No. 1232023)
and the National Natural Science Foundation of China (No. 12271042), and H. Wang was supported
by the National Science and Technology Major Project of China (No. J2019-1-0019-0018, No. J2019-I-
0001-0001).

Data Availability Statement: The data will be made available by the authors on request.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Jonsson, A.; Wallin, H. Function spaces on subsets of R". Math. Rcp. 1984, 2, xiv+221.

2. Xiao, J. Homogeneous endpoint Besov space embeddings by Hausdorff capacity and heat equation. Adv. Math. 2006, 207, 828-846.
[CrossRef]

3. Bourdon, M. Une caractérisation algébrique des homéomorphismes quasi-Mobius. Ann. Acad. Sci. Fenn. Math. 2007, 32, 235-250.

4. Bourdon, M.; Pajot, H. Cohomologie I, et espaces de besov. |. Reine Angew. Math. 2003, 558, 85-108.

5. Garofalo, N.; Tralli, G. A Bourgain-Brezis-Mironescu-Davila theorem in Carnot groups of step two. arXiv 2024, arXiv:2004.08529.

6.  Alonso-Ruiz, P; Baudoin, F; Chen, L.; Rogers, L.; Shanmugalingam, N.; Teplyaev, A. Besov class via heat semigroup on Dirichlet
spaces I: Sobolev type inequalities. J. Funct. Anal. 2020, 278, 108459. [CrossRef]

7. Alonso-Ruiz, P; Baudoin, E; Chen, L.; Rogers, L.; Shanmugalingam, N.; Teplyaev, A. Besov class via heat semigroup on Dirichlet
spaces II: BV functions and Gaussian heat kernel estimates. Calc. Var. Partial. Differ. Equ. 2020, 59, 103. [CrossRef]

8. Netrusov, Y. Metric estimates of the capacities of sets in Besov spaces. Proc. Steklov Inst. Math 1992, 90, 167-192.

9.  Netrusov, Y. Estimates of capacities associated with Besov spaces. |. Math. Sci. 1996, 78, 199-217. [CrossRef]

10. Adams, D.R.; Xiao, J. Strong type estimates for homogeneous Besov capacities. Math. Ann. 2003, 325, 695-709. [CrossRef]

11. Adams, D.R.; Hurri-Syrjanen, R. Besov functions and vanishing exponential integrability. IIl. ]. Math. 2003, 47, 1137-1150.
[CrossRef]

12.  Bourdon, M. Cohomologie I, et produits amalgamés. Geom. Dedicata 2004, 107, 85-98. [CrossRef]

13. Costea, S. Besov capacity and Hausdorff measures in metric measure spaces. Publ. Mat. 2009, 53, 141-178. [CrossRef]

14. Xiao, J. The sharp Sobolev and isoperimetric inequalities split twice. Adv. Math. 2007, 211, 417-435; Erratum in Adv. Math. 2015,
268,906-914. [CrossRef]

15. Liu, Y. BV capacity on the generalized Grushin plane. J. Geom. Anal. 2017, 27, 409-441. [CrossRef]

16. Hakkarainen, H.; Shanmugalingam, N. Comparisons of relative BV-capacities and Sobolev capacity in metric spaces. Nonlinear
Anal. 2011, 74, 5525-5543. [CrossRef]

17.  Kinnunen, J.; Korte, R.; Shanmugalingam, N.; Tuominen, H. Lebesgue points and capacities via the boxing inequality in metric
spaces. Indiana Univ. Math. ]. 2008, 57, 401-430. [CrossRef]

18. Lahti, P; Shanmugalingam, N. Trace theorems for functions of bounded variation in metric spaces. |. Funct. Anal. 2018, 274,
2754-2791. [CrossRef]

19. Marola, N.; Miranda, M., Jr.; Shanmugalingam, N. Characterizations of sets of finite perimeter using heat kernels in metric spaces.
Potential Anal. 2016, 45, 609-633. [CrossRef]

20. Bakry, D. L'hypercontractivite et Son Utilisation en Theorie des Semi-Groupes, Lecture Notes in Math; Springer: Berlin/Heidelberg,
Germany, 1994.

21. Bakry, D.; Emery, M. Diffusions Hypercontractives, Lecture Notes in Math; Springer: Berlin/Heidelberg, Germany, 1985; Volume 1123.

22. Xie, X, Liu, Y,; Li, P; Huang, J. The bounded variation capacity and Sobolev-type inequalities on Dirichlet spaces. Adv. Nonlinear

Anal. 2024, 13,20230119. [CrossRef]


http://doi.org/10.1016/j.aim.2006.01.010
http://dx.doi.org/10.1016/j.jfa.2020.108459
http://dx.doi.org/10.1007/s00526-020-01750-4
http://dx.doi.org/10.1007/BF02366035
http://dx.doi.org/10.1007/s00208-002-0396-3
http://dx.doi.org/10.1215/ijm/1258138095
http://dx.doi.org/10.1023/B:GEOM.0000049100.08557.2b
http://dx.doi.org/10.5565/PUBLMAT_53109_07
http://dx.doi.org/10.1016/j.aim.2006.08.006
http://dx.doi.org/10.1007/s12220-016-9685-z
http://dx.doi.org/10.1016/j.na.2011.05.036
http://dx.doi.org/10.1512/iumj.2008.57.3168
http://dx.doi.org/10.1016/j.jfa.2018.02.013
http://dx.doi.org/10.1007/s11118-016-9560-3
http://dx.doi.org/10.1515/anona-2023-0119

Mathematics 2024, 12, 931 17 of 17

23.

24.

25.

26.
27.

28.
29.

30.
31.
32.

Baudoin, F; Kelleher, D.J. Differential one-forms on Dirichlet spaces and Bakry—Emery estimates on metric graphs. Trans. Amer.
Math. Soc. 2019, 371, 3145-3178. [CrossRef]

Fukushima, M.; Oshima, Y.; Takeda, M. Dirichlet Forms and Symmetric Markov Processes, extended ed.; De Gruyter Studies in
Mathematics, Walter de Gruyter & Co.: Berlin, Germany, 2011; Volume 19.

Sturm, K.T. Analysis on local Dirichlet spaces. II. Upper Gaussian estimates for the fundamental solutions of parabolic equations.
Osaka |. Math. 1995, 32, 275-312.

Sturm, K.T. Analysis on local Dirichlet spaces. III. The parabolic Harnack inequality. J. Math. Pures Appl. 1996, 75, 273-297.
Gogatishvili, A.; Koskela, P.; Shanmugalingam, N. Interpolation properties of Besov spaces defined on metric spaces. Math. Nachr.
2010, 283, 215-231. [CrossRef]

Costea, S. Strong A-weights and scaling invariant Besov capacities. Rev. Mat. Iberoam. 2007, 23, 1067-1114. [CrossRef] [PubMed]
Warma, M. The fractional relative capacity and the fractional Laplacian with Neumann and Robin boundary conditions on open
sets. Potential Anal. 2015, 42, 499-547. [CrossRef]

Xiao, J.; Zhang, N. Flux & radii within the subconformal capacity. Calc. Var. Partial Differ. Equ. 2021, 60, 120; 30p.

Miranda, M., Jr. Functions of bounded variation on “good” metric spaces. J. Math. Pures Appl. 2003, 82, 975-1004. [CrossRef]
Wu, Z. Strong type estimate and Carleson measures for Lipschitz spaces. Proc. Amer. Math. Soc. 1999, 127, 3243-3249. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1090/tran/7362
http://dx.doi.org/10.1002/mana.200810242
http://dx.doi.org/10.4171/rmi/524
http://www.ncbi.nlm.nih.gov/pubmed/30679491
http://dx.doi.org/10.1007/s11118-014-9443-4
http://dx.doi.org/10.1016/S0021-7824(03)00036-9
http://dx.doi.org/10.1090/S0002-9939-99-05118-7

	Introduction
	Standing Assumptions
	Heat-Semigroup-Based Besov Spaces
	Besov Capacities and Capacitary Inequalities
	Conclusions
	References

