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Abstract: In this paper, a new thresholding operator, namely, designed thresholding operator, is
designed to recover the low-rank matrices. With the change of parameter in designed thresholding
operator, the designed thresholding operator can apply less bias to the larger singular values of a
matrix compared with the classical soft thresholding operator. Based on the designed thresholding
operator, an iterative thresholding algorithm for recovering the low-rank matrices is proposed.
Numerical experiments on some image inpainting problems show that the proposed thresholding
algorithm performs effectively in recovering the low-rank matrices.

Keywords: low-rank matrix completion; designed thresholding operator; iterative matrix designed
thresholding algorithm; image inpainting

MSC: 65K05; 90C26

1. Introduction

In recent years, the problem of recovering an unknown low-rank matrix from its
limited number of observed entries has been actively studied in many scientific applica-
tions such as Netflix problem [1], image processing [2], system identification [3], video
denoising [4], signal processing [5], subspace learning [6], and so on. In mathematics, this
problem can be modeled by the following low-rank matrix completion problem:

Xgl@lm rank(X) s.t. X;; =M;;, V (i,j) € Q, (1)
where QO C {1,2,---,m} x {1,2,- -+ ,n} is the set of indices of observed entries. Without
loss of generality, throughout this paper, we assume that m < n. If we summarize the
observed entries via P (M), where the projection Pg, : R"*" — R"*" is defined by

[PQ(X)]I,] - { 0, otherwise,

the low-rank matrix completion problem (1) can be rewritten as

min

rank(X) s.t. Pa(X) = Pa(M). ()
XGRWIXVI

Unfortunately, the problem (2) is NP-hard and all known algorithms for exactly
solving it are time doubly exponential in both theory and practice [1,7]. To overcome
such a difficulty, many researchers (e.g., [1,3,5,8-10]) have suggested to relax the rank
function rank(X) by the nuclear norm ||X||., which leads to the following nuclear norm
minimization problem:

min

HXH* s.t. PQ(X) = PQ(M), (3)
XGRI’UXW
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where ||X|. = Y, 0;(X) denotes the nuclear norm of matrix X € R™*", and 0;(X),
i=1,---,m,are the singular values of X € R"*",

The nuclear norm ||X||«, as a convex relaxation of the rank function rank(X), can
be considered as the best convex approximation of the rank function rank(X). In theory,
Candes et al. [1,11] have proved that, if the observed entries are selected uniformly at
random, the unknown low-rank matrix can be exactly recovered with high probability
by solving the problem (2). As a convex optimization problem, the problem (2) can be
solved by using the semidefinite programming solvers such as SeDuMi [12] and SDPT3 [13].
However, these algorithms are unsuitable to handle the large size problems due to the
high computational cost and the memory requirements. Different from the semidefinite
programming solvers, the regularized version of the problem (2), i.e.,

min {1]Pa(X) ~ Pa(M)[2 + A|X].} @
XeRmxn 2

has been frequently studied in the literature to solve the large-scale matrix completion,
where A > 0is a regularization parameter representing the tradeoff between error and
nuclear norm. There are many algorithms proposed to solve the problem (3). The most
popular algorithms include the singular value thresholding (SVT) algorithm [8], accelerated
proximal gradient (APG) algorithm [14], linearized augmented lagrangian and alternating
direction methods [15], and so on. These algorithms are all based on the soft thresholding
operator [16] to recover the unknown low-rank matrices. Although the problem (4) pos-
sesses many algorithmic advantages, these iterative soft thresholding version algorithms
tend to have the bias on shrinking all the singular values of matrices, and sometimes result
in over-penalization as the /;-norm in compressed sensing.

To reduce the bias, in this paper we design a new thresholding operator, namely,
designed thresholding operator, to recover the low-rank matrices, which has less bias
than the soft thresholding operator. The numerical experiments on some low-rank matrix
completion problems show that the proposed thresholding operator performs efficiently in
recovering the low-rank matrices.

This paper is organized as follows. In Section 2, we give the definition of the designed
thresholding operator, and study some properties for the designed thresholding operator. In
Section 3, an iterative thresholding algorithm based on the designed thresholding operator
is generated to recover the low-rank matrices. In Section 4, some numerical experiments
are presented to verify the effectiveness of the proposed algorithm. Finally, we draw some
conclusions in Section 5.

2. Designed Thresholding Operator

In this section, we first review the classical soft thresholding operator [16], and then
design a new thresholding operator, namely, designed thresholding operator, to recover
the low-rank matrices.

2.1. Soft Thresholding Operator
For any fixed A > 0 and t € R, the soft thresholding operator [16] is defined as

sx(t) = max {|t| — A,0}sign(t), (5)

which can be explained by the fact that it is the proximity operator of |x|, i.e.,

.1 2
sy(t) == argrggﬂrg{i(x—t) +/\|x|}. (6)

The soft thresholding operator plays a significant role in solving problem (4). However,
it has the biased estimation and sometimes results in over-penalization. The behavior of
the soft thresholding operator is plotted in Figure 1, and we can see that the bias between ¢
and soft thresholding operator s, (f) equals to A.
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Figure 1. Plot of the soft thresholding operator s (t) with A = 0.5.

2.2. Designed Thresholding Operator

To reduce the bias, in this subsection we design a new thresholding operator, namely,
designed thresholding operator, to recover the low-rank matrices.

Definition 1. (Designed thresholding operator) For any fixed A > 0, ¢ > Oand t € R, the
designed thresholding operator is defined as

Alc+A)

Iy ,O}Sign(t). (7)

rea(t) = max { |t -

According to Definition 1, we immediately obtain the following Property 1, which

shows that the designed thresholding operator has less bias to the larger coefficients than
the soft thresholding operator.

Property 1. For any ¢ € [0, +o0), the bias t — r. \(t) approaches zero as the magnitude of
t increases.

Proof. Without loss of generality, we assume t > 0. Then, we have t — 7, » (t) < Afor any
t>0,andt—r.)\(t) = A(CCLA) forany t > A. Itis easy to verify that t —r, 1 (t) A(CCLA) =0

if t = +o00. The proof is thus complete. [J

In addition, we can also observe that the designed thresholding operator approximates
soft thresholding operator when ¢ =+ 4+, i.e.,

CEToorC"\ = max { |t| — A,0}sign(t).

The behaviors of the designed thresholding operator for some ¢ > 0 with A = 0.5
are plotted in Figure 2. With the change of parameter ¢ > 0, the designed thresholding
operator can apply less bias to the larger coefficients.

According to ([17], Theorem 1), we immediately obtain the following Lemma 1, which
shows that the designed thresholding operator is in fact the proximal mapping of a non-
convex penalty function.

Lemma 1. The designed threshold operator r. () is the proximal mapping of a penalty function
g(t), ie.,
.1 5
rea(t) = argmm{i(x— f) +/\g(x)}, (8)

xeR

where g is even, nondecreasing and continuous on [0, +o0), differentiable on (0, +00), and non-
differentiable at 0 with 0g(0) = [—1,1]. Moreover, g is concave on [0, +o0) and satisfies the
triangle inequality.
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Figure 2. Plot of the designed thresholding operator . (t) for some ¢ with A = 0.5.

Definition 2. (Matrix designed thresholding operator) Given a matrix X € R™*", let X =
U[Diag({c;(X) }1<i<m), 0y (n,m)]VT be the singular value decomposition (SVD) of matrix X,
where U is a m x m unitary matrix, V is a n X n unitary matrix, 0;(X) is the i-th largest singular
value of X, Diag({c;(X) }1<i<m) € R™*™ is the diagonal matrix of the singular values of matrix
X arranged in descending order 01(X) > 02(X) > -+ > ow(X) > 0, and 0, (y_p) i5 @
m X (n — m) zero matrix. For any fixed A > 0 and ¢ > 0, the matrix designed thresholding
operator R (X) is defined as

Re(X) = UDiag ({rea (0:(X) h1<i<im), O (n-m)]V '/ )
where ¢ (-) is defined in Definition 1.

For any matrix X € R™*", define the function G : R"*" — R as
G(X) =} g(i(X)), (10)
i=1
where R := [0, +o0), we can get the following result.

Theorem 1. For any fixed A > 0and Y € R™*", suppose that X € R"*" is the optimal solution
of the problem

1
i ZIX=Y||2 +AG(X) }. 11
min {SIX=YIF+AG0 | (1)

Then X can be expressed as

A

X = Rea(Y). (12)

Before we give the proof of Theorem 1, we need prepare the following Lemma 2 which
plays the key rule for proving Theorem 1.

Lemma 2. (von Neumann's trace inequality) For any matrices X, Y € R™*",

1=

Te(XTY) < ) ei(X)ei(Y),

1

where 01(X) > 0p(X) > -+ > 0(X) and 01(Y) > 02(Y) > -+ > 0y (Y) are the singular
values of X and Y, respectively. The equality holds if and only if there exists unitary matrices U and
V such that

X = UDiag({7(X) 1<i<m)s O (n—m) V"
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and
Y = U[Diag({0i(Y) }1<i<m), Omsc(n-m)] V"

are the SVDs of X and Y, simultaneously.
Now, we give the proof of Theorem 1.

Proof. (of Theorem 1) By Lemma 2, we have

X = Y||2 = Tr(XTX) — 2Tr(XTY) + Tr(YTY)
m

o?(X) —2Te(XTY) + Y o7 (Y)
i=1

|

Il
—_

> V20X~ 23 a(X)n(Y) + Y A(Y)
i=1 i=1 i=1
= Y (@00 ~ ()2

Il
-

Notice that the equality holds if and only if X and Y share the same left and right unitary
matrices, we assume that

X = UDiag({07(X) }1<i<m)s O (n—m) V"

and
Y = UDiag({e:(Y) }1<i<m)s O (n—m) V"
are the SVDs of X and Y, simultaneously. Therefore, it holds that

(0:(X) — a3(Y))?,

M

IX Y|} =
1

and the problem (11) reduces to

min_ ot (3600~ a0 P+ Ag(ex)} 13)

a1 (X) >0 (X) >+ >0 (X) >

The objective function in (13) is separable, hence, solving the problem (13) is equivalent to
solving the following n problems, for eachi =1,2,--- ,n,

min {3(@(X) (X)) + Ag(r(%))} (14)

Let 6;(X) be the optimal solution of the problem (14), by Lemma 1, &;(X) can be expressed as
0i(X) = rea(0i(Y)). (15)

Therefore, we can get the optimal solution X of the problem (11) as follows
X = U[Diag({re1 (0:(Y) h<icm), O (nm) |V (16)

namely,
X =R (Y)

This completes the proof. [

3. Iterative Matrix Designed Thresholding Algorithm

In this section, we present an iterative thresholding algorithm to recover the low-rank
matrices using the proposed designed thresholding operator.
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Consider the following minimization problem:
min {2 [Pa(X) - Pa(M)[} + 160} 17)
XeRmxn L2 F ’

we can verify the optimal solution of problem (17) can be analytically expressed by the
designed thresholding operator.
For any fixed A > 0, u > 0and Z € R™*", let

Cr(X) = 2[[Pa(X) ~ Pa(M)[} +AG(X), (18)

1 1
Cou(X,2) i= 1 [Ch(X) = 5 1Pa(X) ~ Pa(2)[1F] + 51X - Z|} (19)

and
Bu(Z) := Z + p(Pa(M) — Pa(Z)).

The function C, (X) defined in (18) is the objective function of the problem (17), and the
function C) ,, (X, Z) defined in (19) is a surrogate function of C, (X). Clearly, C, ,,(X,X) =
#Cy(X). By (19), we would expect minimizing the problem (17) by minimizing the surrogate
function C, ,,(X, Z).

Lemma 3. For any fixed A > 0, y > 0and Z € R™ ", if X} € R™ " is the minimizer of
Cau(X,Z) on X € R™*", then X* satisfies

X* = Reau(Bu(Z)). (20)

Proof. By definition, the function C, ,, (X, Z) can be rewritten as

Cru(X2) = 5IX ~ (Z+ (P (M) - Pa(Z) [} + ARG(X) + & [Pa(M)
+ 3121 - BIPa(2)l} - 212+ u(Pa(M) - Pa(z))I}
= 21X~ Bu(@) I} + GO0 + B[P (M) 3 + 2 1213
~L1Pa@) I - S 1B

This means that, for any fixed A > 0, p > 0 and Z € R"™*", minimizing the function
Cou(X,Z) on X € R™*" is equivalent to solving the following minimization problem

g1 2
min {SIX =By (2) [} +ArGX)}. (21)

By Theorem 1, the minimizer X* of C Au(X,Z) on X € R™*" can be expressed as

XF = Reru(Bu(Z)),

which completes the proof. [

Lemma 4. For any fixed A > 0and 0 < p < 1. If X* € R™*" is the optimal solution of the
problem (17), then X* also solves the minimization problem

in Cy,(X,X*), 22
Jin | Cap(X,X) (22)

that is, for any X € R™*",
CA,H(X*,X*) < CM(X, X*). (23)
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Proof. Since 0 < u <1, we have
IX = Z|[} — #l|Pa(X) = Pa(Z)|F > .

Therefore, we can get that

Cru(XX) = u[Ca(0) ~ S IPa(X) ~ Pa(Z)}] + SIX ~ ZI}

1
> uCr(X) = EIPa(X) = Pa() 11} + 5 IX — 2|}

which completes the proof. [

By Lemmas 3 and 4, we can derive that the problem (17) permits a thresholding
representation theory for its optimal solution.

Theorem 2. Forany fixed A > 0and 0 < p < 1. If X* € R™*" is the optimal solution of the
problem (17), then X* can be analytically expressed as

X" = Reau(Bu(X7)). (24)

With representation (24), an algorithm for solving the problem (17) can be naturally
given by
X = 81, (By (X)), (25)

where By, (X¥) = X¥ 4 (P (M) — P (XK)). In this paper, we call the iteration (25) the itera-
tive matrix designed thresholding (IMDT) algorithm, which is summarized in Algorithm 1.

Algorithm 1 Iterative matrix designed thresholding (IMDT) algorithm

Input: A >0, € (0,1],¢ > 0;
Initialize: X0 € R"™*" k = (;
while not converged, do
By (X¥) = XE + u(Po(M) — Po(XF));
X = Ry (B (X0));
k—k+1;
end while
return: X°P!

Similar to ([18], Theorem 4.1), we can immediately derive the convergence of the
IMDT algorithm.

Theorem 3. Let {X*} be the sequence generated by the IMDT algorithm with 0 < u < 1. Then
(1) The sequence {C,(X¥)} is monotonically decreasing and converges to Cy(X*), where X* is
any accumulation point of {X*}.

(2) The sequence {X*} is asymptotically regular, i.e., ]}Ln;o ka+1 — Xk||% =0.
(3) Any accumulation point of the sequence {X*} is a stationary point of the problem (17).

It is worth mentioning that the quality of the optimal solution generated by IMDT
algorithm depends seriously on the setting of the regularization parameter A. But the
selection of optimal regularization parameter A is a very hard problem. There is no optimal
rule for the selection of the optimal regularization parameter A in general. However, when



Mathematics 2024, 12, 1065

8 of 13

some prior information (e.g., rank) is known for the optimal solution of problem (17), it
is realistic to set the regularization parameter more reasonably. Following [18,19], we can
give a useful parameter-setting rule to select the optimal regularization parameter A for the
IMDT algorithm. The details of the parameter-setting rule can be described as follows.

Suppose that the optimal solution X* of the problem (17) is rank r, and the singular
values of matrix By, (X*) are arranged as

01(Bu(X")) 2 02(By(X*)) = -+ = om(Bu(X")) = 0.
By Theorem 2, we have
0i(By(X*)) > Ap = ic{1,2,---,r},

oi(Bu(X*)) <Apsie{r+1,r+2,---,m},
which implies
7 (BuX) _ | oBulX)
H H
Estimation (26) can help to set the optimal regularization parameter A for IMDT algorithm,
and a reliable selection can be set as

(26)

B, (X*
A= M' 27)
K
In practice, we approximate the unknown real optimal solution X* by X*, that is, we
can take .
B, (X
A=A = (77“(;()) (28)

in each iteration of IMDT algorithm.

When we set the optimal regularization parameter A using Equation (28), the IMDT
algorithm will adapt to select the optimal regularization parameter A. In this paper, we call
IMDT algorithm with parameter-setting rule (28) the adaptive iterative matrix designed
thresholding (AIMDT) algorithm which is summarized in Algorithm 2.

Algorithm 2 Adaptive iterative matrix designed thresholding (AIMDT) algorithm
Input: A >0, € (0,1);
Initialize: X0 € R™*" k = 0;
while not converged, do
Byu(XF) = X* + u(Pa(M) — Pa(XH));
/\k — ‘7r+1(B}t(Xk)) .

A=
X = R (Bu(X);
k—k+1;

end while

return: X°P¢

4. Numerical Experiments

In this section, we only carry out the numerical experiments to test the performance of
the AIMDT algorithm on some grayscale image inpainting problems, and then compare it
with the classical SVT algorithm [8]. The freedom ration is defined as FR = s/ (r(m+n—r)),
where s is the cardinality of observation set () and r is the rank of the matrix X € R"*". For
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FR < 1, it is impossible to recover the original low-rank matrix [9]. The stopping criterion
of the algorithms is defined as

k+1 _Xk
X ! e <108,
max{|[|X*|[g, 1}

Given the original low-rank matrix M € R"*", the accuracy of the generated solution X°/*
of the algorithms is measured by the relative error (RE), defined as

_xort— M|

RE
M|

In all numerical experiments, we set ¢ = 0.99 in AIMDT algorithm. The numerical
experiments are all conducted on a personal computer with Matlab platform.

In numerical experiments, the algorithms are tested on three 512 x 512 grayscale im-
ages (Lena, Boat and Fingerprint). It is well known that grayscale images can be expressed
by matrices. In grayscale image inpainting, the grayscale value of the pixels of the image
are missing, and we want to fill in these missing pixels. If the image is of low-rank, or of
numerical low-rank, we can solve the image inpainting problem as a matrix completion
problem (2). We first use the SVD to obtain their approximated low-rank images with
rank 50. The original images and their corresponding approximated low-rank images are
displayed in Figures 3, 4 and 5, respectively. Then, we mask some pixels of these three
low-rank images. The 3.81% of elements of image are set to mask, and the masked images
are displayed in Figure 6.

(a) (b)

Figure 3. Original 512 x 512 Lena image and its approximated low-rank image with rank 50. (a) Orig-
inal Lena image. (b) Low-rank Lena image with rank 50.

(a) (b)

Figure 4. Original 512 x 512 Boat image and its approximated low-rank image with rank 50. (a) Orig-
inal Boat image. (b) Low-rank Boat image with rank 50.
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(@) (b)

Figure 5. Original 512 x 512 Fingerprint image and its approximated low-rank image with rank 50.
(a) Original Fingerprint image. (b) Low-rank Fingerprint image with rank 50.

@) (b)

(c)

Figure 6. Low-rank images with 3.81% pixels missing. (a) 3.81% pixels missing Lena image. (b) 3.81%
pixels missing Boat image. (c) 3.81% pixels missing Fingerprint image.

Table 1 reports the numerical results of the algorithms for image inpainting problems.
For AIMDT algorithm, three different ¢ values are considered, that is, ¢ = 1,5,100. From
Table 1, we can make the following observations: (i) AIMDT algorithms with parameter
c =1,5,100 are all superior to SVT algorithm in RE. In particular, the REs generated by the
AIMDT algorithms decreases as the parameter c decreases; (ii) AIMDT algorithms with
parameter ¢ = 1,5, 100 are all more time-consuming than SVT algorithm. The calculation
time of AIMDT algorithm increases with the decrease of parameter c. In a word, AIMDT
algorithms can more accurately recover the low-rank grayscale images than SVT algorithm,
and the AIMDT algorithm with parameter ¢ = 1 performs best. We display the recovered
low-rank Lena, Boat and Fingerprint images in Figures 7, 8 and 9, respectively. From
these figures, we can see that the AIMDT algorithm with parameter ¢ = 1 has the best
performance in recovering the low-rank grayscale images.
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() (d)

Figure 7. Comparisons of algorithms for recovering the low-rank Lena image with 3.81% pixels
missing. (a) AIMDT algorithm, c = 1. (b) AIMDT algorithm, ¢ = 5. (¢) AIMDT algorithm, ¢ = 100.
(d) SVT algorithm.

(c) (d)

Figure 8. Comparisons of algorithms for recovering the low-rank Boat image with 3.81% pixels
missing. (a) AIMDT algorithm, ¢ = 1. (b) AIMDT algorithm, ¢ = 5. (¢) AIMDT algorithm, ¢ = 100.
(d) SVT algorithm.
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(c) (d)

Figure 9. Comparisons of algorithms for recovering the low-rank Fingerprint image with 3.81% pixels
missing. (a) AIMDT algorithm, c = 1. (b) AIMDT algorithm, ¢ = 5. (¢) AIMDT algorithm, ¢ = 100.
(d) SVT algorithm.

Table 1. Numerical results of algorithms for image inpainting problems.

Image AIMDT,c =1 AIMDT, c =5 AIMDT, ¢ = 100 SVT Algorithm
(Name, Rank, FR) RE Time RE Time RE Time RE Time
(Lena, 50, 5.17) 211 x 1072 22632 571 x1072 7636 667 x 1072 2845 729 x 1072 2154
(Boat, 50, 5.17) 328 x107° 77377 623 x 1072 107.11 818 x 1072 1954 884 x 1072 1530

(Fingerprint, 50, 5.17) 421 x107° 9400 1.34x1072 6786 568 x 1072 1003 629 x 1072 8.03

5. Conclusions

In this paper, based on the designed thresholding operator which has less bias to the
larger singular values than the soft thresholding operator, an iterative matrix designed
thresholding algorithm and its adaptive version are proposed to recover the low-rank
matrices. Numerical experiments on some image inpainting problems show that the adap-
tive iterative matrix designed thresholding algorithm performs efficiently in recovering
the low-rank matrices. In the future work, we shall study the acceleration techniques to
improve the convergence rate of the proposed algorithm and explore other applications for
the designed thresholding operator.
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