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1. Introduction

The metric dimension is an invariant that has wide applications, for example, in
pharmaceutical chemistry [1], Sonar and coast guard Loran [2], and robot navigation [3].
Applications of the metric dimension to the problem of pattern recognition and image
processing can be found in [4]. The concept of metric dimension was introduced by Slater [2]
in 1975.

For a graph G with set of vertices V(G), the distance d(u,v) between two vertices
u,v € V(G) is the number of edges in a shortest path between u and v. The vertices u and
v are resolved by a vertex w if d(u, w) # d(v, w). For an ordered set W = {wy,wy, ..., w,},
the representation of distances of v with respect to W is the ordered z-tuple

r(v|W) = (d(v, wq),d(v, wy),...,d(v,w;)).

The set W C V(G) is a resolving set of G if all the vertices of G have distinct representations
(if every pair of vertices of G is resolved by a vertex of W). The number of vertices in a
smallest resolving set is the metric dimension dim(G).

Circulant graphs have been extensively studied because they are particularly sym-
metric, and it is easy to set up such networks and check their properties. For t > 2 and
n > 2t + 1, the circulant graph C,(1,2,...,t) has vertices vy, vy, v2,...,v,_1 and edges
ViVit1, ViVitp, ..., ViVit, Wherei =0,1,2,...,n — 1, and the subscripts are taken modulo 7.
The integers +1,+2, ..., £t are the generators of C,,(1,2,...,t).

Let us suppose that n > 2t + 2 since Cy(1,2,...,t) is a complete graph for n = 2t + 1.
We present the known results on dim(Cy(1,2,...,t)) for small t (and n > 2t + 2). By [5,6],
we have
3 ifn=0,2,3(mod4),
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By [5,7],
4 ifn=0,23,4,5(mod6),

dim(Cy(1,2,3)) = {5 ifn =1 (mod 6).

For n ¢ {11,19}, by [8],

4 ifn =2 (mod8),
dim(C,(1,2,3,4)) =<5 ifn=0,1,3,4 (mod 8),
6 ifn=5,6,7 (mod8),

and dim(Cy1(1,2,3,4)) = dim(Ci9(1,2,3,4)) = 4.

The metric dimension of Cy,(1,2,3,4) was studied also in [9], the graphs C,(1,3)
were investigated in [10], C;(2,3) in [11], C;;(1,4) in [12], C4(1, 5 ) where n is even in [13],
Cn(1,2,4) in[14], and C,(1,2,5) in [15].

In [16], it was shown that dim(Cy(1,2,...,t)) > [%] +2fort > 6, and by [17], for
each t > 6 there exists an n such that the bound is sharp. However, this bound does not
hold for t = 5. Therefore, we are very interested in the case t = 5, and we solve all the open
cases for dim(C,(1,2,3,4,5)).

Let us denote C,(1,2,3,4,5) by Gy. Since n > 2t + 2, we have n > 12. From Theo-
rem 2.5 given in [18], we have dim(G,) > 6 forn =0,1,7,8,9 (mod 10). This result was ex-
tended by Chau and Gosselin [19], who proved in their Theorem 2.7 that dim(Gy,) > 6 also
for n = 2,6 (mod 10). By Theorem 2.13 from [19], dim(G,,) > 6 for n = 3 (mod 10), where
n > 23. By Lemma 8 and Theorem 10 given in [16], dim(G,) > 6 for n = 4,5 (mod 10).
Thus, by [16,18,19], for n > 12 where n # 13,

dim(G,) > 6. 1

From Table 3 presented in [19], we have dim(Gy3) = 5.
By Grigorious et al. [20] (see Proposition 1.2 in [19]), we have

dim(G,) < 6if n = 2,3,4,5,6,7 (mod 10).

By Theorem 2.9 presented in [19], dim(G,) < 6 for n = 8 (mod 10). Thus, by [16,19,20], for
n > 12 where n # 13,

dim(G,) =6ifn=2,3,4,5,6,7,8 (mod 10), and dim(Gy3) = 5. ()
In this paper, we study dim(G,) forn = 0,1,9 (mod 10).
2. Results
First, we prove an upper bound on dim(Gy,) for n = 9 (mod 10).

Theorem 1. Let n = 10k + 9 where k > 2. Then, dim(G,,) < 6.

Proof. We show that W = {vy, v3,v7, Usg, Usk1 4, Uski7} is a resolving set of G,. Repre-
sentations of distances of all the vertices in V(G,) \ W with respect to W are given in
Table 1.
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Table 1. Representations of vertices in V(G,,) \ W with respect to W.

Representation () 03 07 Usk Usk+-4 Usk47

01 1 1 2 k k+1 k+1
0 1 1 1 k k+1 k+1
04 1 1 1 k k k+1
Us 1 1 1 k—1 k k+1

Vg 2 1 1 k—1 k k+1
vsis1 (2<i<k—1) i+1 i i—1 k—i k—i+1  k—i+2
Usiin (2<i<k—1) i1 i i—1 k—i k—i+1  k—i+1
051+3(1§1§k—1) i+1 i i k—i k—1+1 k—1+1
vsia (1<i<k—1) i+1 i+1 i k—i k—i k—i+1
vsiis (1<i<k—2) i+1 i+1 i k—i—1  k—i k—i+1
Us5k+1 k+1 k k—1 1 1 2

U5k+2 k+1 k k—1 1 1 1

Us5k13 k+1 k k 1 1 1

U5k+5 k+1 k+1 k 1 1 1

v5k+6 k+1 k+1 k 2 1 1

05k+8 k+1 k+1 k+1 2 1 1

05k+9 k k+1 k+1 2 1 1

05k+10 k k+1 k+1 2 2 1
lek75i+6(1§1§k 1) l+1 1+2 1+2 k—1+2 k—1+1 k—l
lek—5i+7(1§lsk 1) l+1 l+1 l+2 k*1+2 k*1+1 k*l
lek75i+8(1§lSk 1) l+1 1+1 1+2 k—l+2 k—1+1 k—l+1
lek75i+9(1§1§k 1) l 1+1 1+2 k—1+2 k—1+1 k—1+1
lek—5i+10( S Sk*l) i i+1 i+2 k*1+2 k*1+2 k—i+1
v10k+6 1 2 2 k+1 k+1 k

lek+7 1 1 2 k+1 k+1 k

lek-‘rS 1 1 2 k+l k+1 k+1

Since any two vertices have different representations, dim(G,) < 6. O

Let vy be a vertex from a resolving set W. Then, vy resolves v, 5 and vy¢, but it does
not resolve any pair from v,1, Ux42, . .., Vx4+5. Analogously, vy resolves vy19 and vy 11,
but it does not resolve any pair from vy6,0x47,- - ., Ux10- If vy and v, 41 are resolved by
vy and vy & {vy, Uerl}, then we say that v, creates a border between vy and v, ;1. Observe
that borders caused by vy split the vertices of G, into sequences of non-resolved vertices
(by vy). The only exception is vy itself since it does not create borders between v, _1 and
vy and between vy and v,y (recall that we require vy, ¢ {vy, vyﬂ} in the definition of
borders). The reason is that vy does not distinguish v,_; and v, 1. Of course, v, does not
distinguish also v,_g from v, ¢ though in the sequence vy_g,vy_s, ..., Uyt there are two
borders caused by v,. But our aim is to construct a lower bound, so we need a necessary
condition, not a sufficient.

So take all vertices of W and create all borders caused by these vertices. Then, these
borders split V(G,) around the cycle C, = (vg, v1,...,v,—1) into many small sequences,
which we call states. And the necessary condition for W to be a resolving set is that every
state contains at most one vertex which is not in W. We use this condition in the proofs of
the next theorems.

We need to distinguish the distance in G, from the distance in a subgraph
Cy (= (vo,v1,...,05-1)) of G,. Therefore, by the index distance, we call the distance
between the vertices of G, in C,,. For example, vy and v, 5 (the indices are always taken
modulo n) have distance 1 in G, but their index distance is 5.

We start with a lower bound on dim(Gy,) for n = 1 (mod 10).

Theorem 2. Let n = 10d + 1, where d > 2. Then, dim(G,) > 8

Proof. By way of contradiction, suppose that V(G,) contains a subset W containing 7 ver-
tices which are resolving. Observe that G, has diameter d and for every vertex vy, the



Mathematics 2024, 12, 1384

40f13

vertices at distance d from v, are the 10 consecutive vertices (consecutive by index distance)
Vrint—4rOxint—3r -+ -1 Oxins Ox ity Oy i1, - - - Ui 4, Where n’ = 21,

Let v, € W. Since W must distinguish v,_,/ from v, ,/, we have v,_,, € W or
Ux4n € W or there is a vertex v, € W at index distance 5k from v, for some k € N. But
since both v,_,s and v, ,» have index distance n’ = % = 5d from v,, we conclude that
W must contain a vertex at index distance 5k from v,.

So for every vy € W, there is v, € W such that the index distance between v, and vy, is
a multiple of 5. Obviously, such a role as that which vy plays for v, is played also by vy for
vy. And since |W| = 7, there must be a vertex in W, say v,, such that two vertices from W,
say v and v., have an index distance that is a multiple of 5 from v,,.

Not only this, but let L = {v,-1,05-2,...,0;_p} and R = {0511, 0442, .., Vgrn }-
Then, L, R, {v,} is a partition of V(Gy). If both v, and v, are in R (or if they are both in L),
then all mutual index distances between pairs of vertices of {v,, vy, v. } are multiples of 5.
Hence, by symmetry, we may assume that v, € L, v, € R, and we may also assume that
a=0.

Now, we split L and R, each into five sets according to the index distance from vy
(=vg). Let0 <i < 4. By L (by RY), we denote vertices of L (of R) whose index distance
from vy is congruent to i (mod 5). (Observe that the index distance cannot be greater than
n’.) Hence, v, € L% and v, € RO.

As mentioned above, for every v, € W\ {v,, vy, v}, to distinguish v,_,/ from v, s,
there must be a vertex in W which is at index distance 5k from v,. For instance, if v, € L°,
then to distinguish v,_, from v, ,,,, W contains a vertex, say v, such that either v, € Lo
(ifoyisin L), orv, € RY (when vy € Rand the shortest index distance v, — v, path contains
Ug), OT Uy € R! (when vy € R and the shortest index distance v, — v, path does not contain
U;z). In Table 2, we have all 10 cases according to v, being in L9 11, ..., R* In each case, the
vertex vy is from the union of the three sets.

Table 2. The 10 cases according to v, being in 011 ... R

19: 10, RO, R! RO: RO, 10, 11
L. L1 R4, RO RL: Rl 14,10
[2:12,R3 R* R%Z: R2, 13,14
13: L3,R?,R3 R3: R3,12,13
L% L% R, R2 R* R4 1112

Let i < 4. Suppose that we have borders caused by 7 — i vertices of W and the
borders caused by the remaining i vertices of W are not considered yet. Moreover, suppose
that there is a sequence of i + 1 vertices, say Ux,Uy+1,...,Vxti, such that none of the
7 — i already considered vertices is in {vy, vy41,...,0y1;} and the already considered
vertices do not create borders between any consecutive pair from {vy, vyi1,..., 0y}
Then, vy1i /5, Vxtin/—4--.,Vy_p 14 cannot be among the remaining vertices of W. The
reason is that each of the remaining i vertices of W causes, at most, one border in the
sequence Uy, Uy41, ..., Vyrjand if itisin {v i 5, 0p i as- o, Ox_praat = {Vxiivn—as
Uyiitn'—3,--+,Uyxin 15}, then it causes no border in the sequence since every member of
the sequence is at distance d from all the vertices from {v,,; v 5,0xii w4/, Ox_niya}-

Denote 11 vertices which are at distance at most 1 from v, by «, and denote 10 vertices
which are at distance d from v, by B. Then, both « and  form sequences of consecutive
vertices. We consider the situation in « and B. In Figure 1, we describe « and 8 as they
occur in the cycle C, (1) (the other vertices are not depicted). Circles represent vertices of
Gy, and those whose position is already known, such as v,, are depicted instead of circles.
Vertical lines are borders caused by v,, and in the space between vertices, we indicate
which vertices may form the border. In fact, such vertices cause borders if and only if they
are not in w or B, and therefore, situations when W contains vertices of « or § should be
considered separately.
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b2 3 4 0 ot 2 3 14
|0 R O R3O R2 ORI O RO O R4 O R3O g2 © g1 O

0 4 3 2 ot 0 4 3 12 !
|OR1ORZOR30R4OROUHR1ORZORSORZLOROO‘

Figure 1. Initial distribution.

Regarding the position of v, and v in 8, by symmetry, we distinguish three main cases.
Case 1. vy, v, € B.
See Figure 2, where we specify also the borders in « caused by v}, and v,.

[ RN R N SN S S S b
|OR4OR30RZORlvaOUcR4ORSORZORlO|

o L4 13 2 _pt 0 ot p3 12 o
|O\OR20R3OR4OR07]“R1ORZOR3OR4O\O|

Figure 2. Case 1.

The vertices v_1 and v; must be distinguished, so there must be a border on the left-
hand side of v, (or v,_1 € W) or on the right-hand side of v, (or v,41 € W). By symmetry,
we may assume that this border is on the right-hand side of v,. So for the next vertex
ve € W, we have eithere = a+1, or v, € R but v, ¢ &, or v, € L°. We consider these
subcases separately.

Subcase 1.1. e = a + 1.

So, v, = V441 =01 € R'. Now, the positions of four vertices of W are determined,
see Figure 3. It remains to be determined the positions of the last three vertices, say, v £ Vg
and vy,.

vz 3 A0 b 12 13 o,
|OR4ORBORZORlvaOUCRALORBORZO‘O|

4 3 2 0 ot 13 12 o

4
’o ‘bOR20R3OR4OROU‘1R10€RZOR3OR4O ‘ o|

Figure 3. Subcase 1.1.

At the moment, there is a sequence of four consecutive vertices in L N« without a
border, namely, v_4,v_3,v_5,v_1,50 RN BN W = {v.} since it remains to be determined
the three vertices of W. Also, there is a sequence of four consecutive vertices in LN
without a border, namely v/, 1,042,013, 0_ 14,50 RNaNW = {v.}. Thus, there
is a border between v, and v3, and also a border between v; and v4. This yields four
possibilities.

(@) vy € L3 and vg € L2. Since v_,41 must be distinguished from v,,_1, we have
vp € P URVULOUR UL UR* or vy, = v_,y 1 € L. In any case, by Table 2, W does not
contain a vertex at index distance 5k from vy.

(b) vy € L3 and Vg € R4, By Table 2, v, € L3 U R? U R3 since W must contain a vertex
at index distance 5k from v;. At the same time, v, € R*U L' U L? since W must contain a
vertex at index distance 5k from v, a contradiction.

(vy e R3and Ug € L2. Since v,/_, must be distinguished from v,y_3 and v,y_»,v,y_3 &
W, we have v, € L3 U R%. On the other hand, v,y 11 must be distinguished from v,/ 1 and
sov, € L*UR'ULYURYU L' UR#, a contradiction.

(d) v € R3 and vg € R*. Since v,,_, must be distinguished from v,,_3, we have
v, € L3 UR? However, by Table 2, W does not contain a vertex at index distance 5k
from vg.

Subcase 1.2. v, € R but v, ¢ a (see Figure 4).
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R R o, b 12 13 o
|°R40R30R20|UbRoUcR4OR30R20|EO|

LL3L2L21POL ¥ 12 v

0,
[0 0RO Rs O Rs O RoVa [ 0RO R3O RO O ve € R!

Figure 4. Subcase 1.2.

At the moment, there are sequences of four consecutive vertices without a border in L N
& (V_4,0_3,0_2,0_1),in RN« (v1,02,03,v4), and in LN B (V_,111,V_ 112,013,V 14)-
Therefore, RNBNW = {v.}, LNBNW = {v,} and RNaNW = @. Hence, there is
a border between v, and v3 and also a border between vz and v4. Analogously as in
Subcase 1.1, we consider four possibilities.

(@) vy € L3 and v € L% Since v_,,, 4 must be distinguished from v_,/,3and LN BN
W = {v,}, we have v, € L' U R*. In any case, by Table 2, W does not contain a vertex at
index distance 5k from vy.

(b)vs € L3 and vy € R*. This case can be solved analogously as in Subcase 1.1.

(c) vy € R3 and Ug € L2. Since v,y_, must be distinguished from v,y _3 and v,y_,,v,y_3 ¢
W, we have v, € L3 UR2. On the other hand, v; must be distinguished from v, and
v1,02 ¢ W,and so vy, € L*UR2. Consequently, v, € R2, and by Table 2, W does not contain
a vertex at index distance 5k from vy,.

(d)vf € R3 and vy € R*. This case can be solved analogously as in Subcase 1.1.

Subcase 1.3. v, € L°.

This situation is presented in Figure 5. Here, v, € « if v, = v_5, or v, ¢ a. In any case,

ve & B.

1 2 3 L4 Up Ll LZ L3 4
|OR4OR3ORZORlvb \LUCR4OR3ORZOR10|

o, L[4 13 12 ' v, I* I3 12 o
UGGLO |O|hoRZOR3OR4OROUa|€ORZOR3OR4OCO|

Figure 5. Subcase 1.3.

In this subcase, we have four consecutive vertices without a borderin all LN «, RN,
LNpand RNB,andsoa NW = {v,} and BNW = {v},v.}. Hence, there is a border
between v, and v3, and also a border between v3 and v4. This gives the same possibilities
as in the previous two subcases, and they can be solved analogously as in Subcase 1.2.

Case 2. v, € Bbut v, ¢ B (see Figure 6).

LYz 3 1t chLl 2 13 L4|

‘OR4OR3OR20Rlvb| R4OR30R20R1
vy L* 13 12 0 1* 13 12 o
‘O|bOR2°R3OR4O\vﬂRloRZOR3OR4OCO|

Figure 6. Case 2.

The positions of three vertices of W are determined, and it remains to be determined
the last four vertices. But at the moment, there is a sequence of five consecutive vertices
without a border in RN B, namely v,/ 4,0, 3,0, 5,0y 1,0y, and so LN a = @. Thus, we
distinguish eight possibilities.

(@) v, € L4, vy € L3 and vg € L2, By Table 2, v, € L* U R U R? since W must contain
a vertex at index distance 5k from v,. At the same time, v;, € L2 U R3 U R* since W must
contain a vertex at index distance 5k from v, a contradiction.

(b) ve € L%, vy € L3 and Vg € R%. By Table 2, v, € L* U R U R? since W must contain
a vertex at index distance 5k from v,. At the same time, v, € R*U LY U L2 since W must
contain a vertex at index distance 5k from v, a contradiction.
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(ve € L% v ¢ € R3 and vg € L2. Since v,y must be distinguished from v,,_1, we
have v, € L'UR* or v, = v,y or v, = n,y_;. Summing up, v, € L' UR*UR?. At the
same time, v, € L* U R! U R? since W must contain a vertex at index distance 5k from v,,
a contradiction.

(d) v € L%, vy € R3 and Vg € R4, By Table 2, v, € L* U R U R? since W must contain
a vertex at index distance 5k from v,. At the same time, v;, € R*U L' U L? since W must
contain a vertex at index distance 5k from vy, a contradiction.

(e) ve € R?, vf € L3 and Vg € L2. To distinguish v, from v,y_;, we have v, € L1 UR*
Or U, = U,y Or vy, = U,y_1. But the case v;, = v,y was already considered in Case 1. Hence,
(S L1 U R%. At the same time, W must contain a vertex at index distance 5k from Ug,
and so v, € R*. To distinguish v,,_3 from v,,_,, W must contain a vertex in L* U R! or
v = Uy _3 0r vy, = v,y _y4. Consequently, v, = v,,_3. However, then, v, does not create the
border between v_, and v_3. Since W does not contain a vertex in L* and v_4,v_3 ¢ W,
the vertices v_4 and v_z are not resolved, a contradiction.

(f) ve € R?, vf € L3 and vg € R*. First, suppose that v, # v,/_3. To distinguish v,,_5
from v,,_,, we have v, € L* UR! or v, = v,y_3 or v;, = v,—_4. Hence, v;, € L* UR! U R?.
At the same time, v, € R* U L' U L? since W must contain a vertex at index distance 5k
from vy, a contradiction. So v, = v,/_3. But then, v, does not create a border between v_4
and v_zsincev_4,v 3 & W, v, € L* U R2. But then, W does not contain a vertex at index
distance 5k from vg, a contradiction.

(g) ve € R?, vf € R3 and vg € L%. To distinguish v,/ from v,/_;, we must have
v, € L'"UR*or v, = v,y or vy, = vy_1q. Summing up, vy, € LY UR*UR?. At the same
time v, € R% U L3 U L* since W must contain a vertex at index distance 5k from v,, a
contradiction.

(h) v, € R?, vf € R3 and Vg € R%. By Table 2, v, € R? U L3 U L* since W must contain
a vertex at index distance 5k from v,. At the same time v, € R* U L' U L? since W must
contain a vertex at index distance 5k from v, a contradiction.

Case 3. vy, v; & B (see Figure 7).

L2 3 14 woo L1218 1*
|o RO R3O R ORI O ICOR4OR30RZOR10|
o, L[* I3 12 v v, [* I3 %2 v
‘o‘boRzoR30R4o‘Cvﬂ‘boRzoR3oR4o‘Co|

Figure 7. Case 3.

Analogously as in Case 2, at the moment there are sequences of five consecutive
vertices without a border in LN and RN B, andso RNa = @and LNa = @. Thus,
we distinguish eight possibilities analogously as in Case 2. And we can use the proofs
from Case 2 since in Case 3, we have more restrictions (so it is even easier to obtain a
contradiction). [

Finally, we present a lower bound on dim(G,) for n = 0 (mod 10).
Theorem 3. Let n = 10d, where d > 2. Then, dim(G,) > 7.

Proof. We proceed analogously as in the proof of Theorem 2. Let n’ = 4. Observe that the
index distance is at most 1’ in G,,. Obviously, G, has diameter d and for every vertex vy. There
are nine consecutive vertices at distance d from vy, namely, v, /4, Vs i3, -, Vyin/s4-

By way of contradiction, suppose that V(G ) contains a subset W of six vertices, which is
resolving. Let v, € W. Denote L = {v,-1,05-2,...,0,_pw}and R = {v;11,0a42, ..., Vpppr }-
Hence, LN R = {v, s }. Analogously as in the proof of Theorem 2, we split L and R each
into five sets according to the index distance from v,. Let 0 < i < 4. By L (by Ri), we
denote vertices of L (of R) whose index distance from v, is congruent to i (mod 5). (Recall
that the index distance does not exceed n'.) To simplify the notation, we assume that a = 0.
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Let i < 4. Suppose that we have borders caused by 6 — i vertices of W and the
borders caused by the remaining i vertices of W are not considered yet. Moreover, sup-
pose that there is a sequence of i + 1 vertices, say vy, Vy+1, . .., Ux4; such that none of the
6 — i already considered vertices is in {vy, Ux41, ..., x4} and the already considered ver-
tices do not form borders between any consecutive pair from {vx, V1, eees va}. Then,
Uyn/ti—ds Oxin+i—3s - - - » Uxt/+4 cannot be among the remaining vertices of W. The reason
is that each of the remaining i vertices of W causes at most one border in the sequence
Vx, Vxt1, .-, Oxpjand if itisin {vy i a4, Uxanrai3,-- -, Uy 14}, then it causes no border
in the sequence since every member of the sequence is at distance d from all the vertices
from {0y ioas Uxyi3s - Vxwyat

Denote 11 vertices which are at distance at most 1 from v, by &, and denote 9 vertices
which are at distance d from v, by B. Then, both & and B form sequences of vertices, where
neighboring vertices have index distance 1. We consider mainly the situation in « and $. In
Figure 8, we describe & and 8 analogously as in the proof of Theorem 2. Circles represent
vertices of G, and those whose position is already known, such as v,, are depicted instead
of circles. Vertical borders are borders caused by v,;, and in the space between vertices, we
indicate which vertices may form the border. Again, such vertices cause borders if and only
if they are not in & or 8, and therefore situations when W contains vertices of « or 8 should
be considered separately.

2 3 4 0 b2 3
|OR3ORZOR10ROOR4OR3ORZO o|

4 3 2 9 432l
|OR1ORZOR30R4OROUIJR1ORZOR3OR4O O‘

Figure 8. Initial distribution.

Before we start with cases, we exclude the possibility that two consecutive vertices are
in W. So by way of contradiction, suppose that v, v,+1 € W, see Figure 9.

2 3 4 0 ! 12 v
|OR3OR20R10ROOR4OR3ORZO|b0|

v, L4 13 12 ' 19 3 12 !
|O‘bOR2OR3OR4ORovaRlvhRZOR3OR4ORUO|

Figure 9. v,,v,41 € W.

This yields a sequence of six consecutive vertices v,/ _1, vy, ..., 0,4 without a border
caused by v, or v,. However, any vertex from W \ {v,, v} creates at most one border in
this sequence, and so W cannot distinguish all the vertices in this sequence, a contradiction.

To distinguish the three vertices v,/ _1,v,/,v,11, we need two vertices of W, say, v}
and v.. In the following cases, we distinguish their position with respect to B.

Case 1. v, v ¢ B. (By symmetry, we consider three subcases.)

Subcase 1.1. v, € L* and v, € R* (see Figure 10).

RN R RS S S R
|oR3oRzoRlo‘bo‘CoR3oRzoRlo|

Lo oy L3 v Lt L0 L3 v Lt
‘ORlOfORaO‘COROUuRlO‘ORsofoROOl

Figure 10. Subcase 1.1.

At the moment, there is a sequence of four vertices without a border in L N , namely,
U 41,0042, O/ 43, O/ 14 Thus, On! 414n'43—-4 — 00,01, -, O/ 4140/ +4 = U5 are not among the
vertices of W\ {v,,vp, v}, and so RNa N (W \ {v.}) = @. Analogously, v,/ _4, 03,04,
v,y_1 form a sequence of 4 consecutive vertices without a border in RN B, and so LNa N

W\ {op}) =@
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Observe that v, ¢ {v_3,v_,} even if v, € a. Hence, to distinguish v_3 from v_,, we
need v, € L3 UR3. By now, this subcase is symmetric, so we may assume that v, € L3.
Recall that as mentioned above, v, ¢ x. Now, we consider four possibilities with respect to
{vp, v} Na.

(a) vp, vc ¢ a. Recall that vy, vy ¢ a. Since v_5 must be distinguished from v_4, we
have v € L% U R!, and since vy must be distinguished from vs, we have v, € L' URY.
However, also v,,_3 must be distinguished from v,/ _,, and so W must contain a vertex in
L>UR? U {v,/_3,v,y_»}, thatis a vertex in L> U R?> U R3, a contradiction.

(b) vy € a and v, ¢ a. In this case v, = v_4. To distinguish v_s from v_3 we have
vf € LPUL*UR'UR?, and to distinguish v, from vs we have v, € L' URY. However, to
distinguish v, from v,,_3 we conclude that vy € R?,and to distinguish v,/ 3 from v, 4,
we conclude that v, € L.

Sowehave v, =v_4, 0. € R* v, € L3, vf € R? and vg € L. This choice works well
in « U B, see Figure 11. So denoteay = o, By = B, La = L, R; = R, sz = Liand Rfl =R},
0 <i <4, and analogously construct ay, By, Ly, Ry, Lic and R; where x € {b,c,e, f,g}.

v v > v v v >
|o 8o foP ool oo fov‘o|

0 v v 0 v
|olelvb|fovfov‘°o gvalglov‘bovl"oﬁ”o o]

Figure 11. Subcase 1.1.

Consider v;. We have v, € R;, vy € Ré, Ue € Lg U Rg, Ve € L§ U Rg and v €
L; U Rg. Observe that W does not contain a vertex in Lg, U R;. Thus, the unique vertex v,
must distinguish three consecutive vertices Vg 1, Vg n, Vg yp41 in Bg (see Figure 8), a
contradiction.

(c) vp ¢ a and v, € a. In this case, v, = v4. To distinguish v_5 from v_4, we have
vf € LOUR!, and to distinguish v3 from vs, we have v, € LY U L2URY U R%. However,
to distinguish v,/_3 from v,/_, we conclude that vy € 2, and to distinguish v,/_, from
v,y_1, we need a vertex of Win L' UR3 or v,y _; € R* (different from v.) or v,y _, € R3,a
contradiction.

(d) vp,vc € a, thatis v, = v_4 and v, = v4. To distinguish v_s from v_3, we have
vf € LU L*UR!UR?, and to distinguish v; from vs, we have vy € L'UL2URYUR
However, to distinguish v,,_, from ©v,,_;, the set W must contain a vertex of L' U R3
or v,_, € R orv,_; € R* (different from v.). Thus, Ug = Uy_1 OF Vg € L'. And to
distinguish v,,_3 from v,/_,, the set W must contain a vertex in L2 U R? or v,,_3 € R3 or
vy_p € R?, and so vf € R?. Now, if Ug = U,y_1, then v,/ 5 is not distinguished from v,/ 4,
so we conclude that vy € L!. This yields a situation which was already solved in case (b)
above.

Subcase 1.2. v, € LY and v, € RY (see Figure 12).

b2 13 v v, LY 12 L3
|OR3ORZOR10|CO|bOR3ORZOR1O|

4 3 12 v v LY I3 12w

v
‘o ‘bOR20R3OR4O ‘z}a‘ O R20 R3O pRs0 ‘ o|

Figure 12. Subcase 1.2.

In each LNa, RNa, LN B and R N B, there are four consecutive vertices which are
not resolved by v,, vy, v¢, even if v, € & or v, € a. Since the sequence v1, vy, V2, v4 yields
{0,041, Vs V(W \ {0, 0p,¢c}) = D, and the sequence v, 1, V42, V13, Vprgg
yields {vg, v1,...,05} N (W\ {vg,0p,cc}) = @, we have {v,, vf,vg} N (a UB) = D.

Hence, to distinguish v, , 3 from v, 4, we have v, € L' U R3; to distinguish v, » from
Un+3, we have vy € L? U R?; and to distinguish v,/ from v,,,,, we have v € L3 URL
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But also, v_4 must be distinguished from v_3, and so v € R?. And since v_, must be

distinguished from v_;, W must contain a vertex in L2 U R%, a contradiction.
Subcase 1.3. v, € L% and v, € L%, see Figure 13 (the case v, € R% and v, € R*is
analogous, by symmetry).

IR vcovboL 2 13

|OR3ORZOR10| fopgoRo R1O|
o v L3 12 L' v, o 13 12 !
‘O\O|COR3°R4O Ova‘o‘”oR3oR4o 00|

Figure 13. Subcase 1.3.

Recall that vy, v, ¢ B. So at the moment, the vertices v/, 0,/12,0,/13, Uy 14 are
not distinguished, and so {vg,v1...,v5} N {v,, oy, vg} = @. That is, v,, vf,vg & RN
«. Analogously vy, v3,v4, U5 are not distinguished since vy, v, € L, and so v,, vf, Vg ¢
{ow 1,12, O ye -

Hence, to distinguish v, from v3, we have v, € L3UR3; to distinguish v3 from vy, we
have v f € L2 U R%; and to distinguish vy from vs, we have vy € LY URY. On the other
hand, also v,/ must be distinguished from v,,,,, and so v, € L3. Since v,,,, must be
distinguished from v, 3, we have vy € L2. And since v,y 13 must be distinguished from
044, We have vg € L.

So we have v, € LY, v, € L% v, € L3, v € L? and vg € L'. Observe that if
xe{b,ce f,g}, thenv, v 1,0, Uy w1 € W. Hence, relabeling a with x, we remain
in Case 1, and in four out of these five possible relabelings, not all remaining vertices of W
are in Ly and also they are not all in Ry. So, each of the four relabelings reduces this case to
one of the previous ones.

Case 2. v, = v,y 1 and v, = v,y_; (see Figure 14).

> 13 0 b 12 13
|OR30R2oRlvaOOR4ch30RZOR1O|

v, L3 12 ' 10 1* 13 o L
|OR10|bOR3OR4OROUaR10R2OR30|CORUO|

Figure 14. Case 2.

First, we focus on a. To distinguish v_; from v; we have v, € LPUE' URYURL
Recall that consecutive vertices cannot be in W. So, to distinguish v_, from v_; we have
vf € L? U R*, which covers also the case v ¢ = v_2. And to distinguish v; from v;, we have
vg € L* U R?, which covers also the case Vg = 0. But we need to distinguish also v_3 from
v_,, for which we need a vertex of L> UR®> U {v_3,v_,}. Consequently, v =03 € 12.
But to distinguish v_3 from v_; we need a vertex in L2 U L3 U R® U R* other than v fr
a contradiction.

Case 3. v, = v,y and v ¢ B.

Thus, v, € LY U R*. We distinguish two subcases.

Subcase 3.1. v, € L? (see Figure 15).

roor2 3 14 v;oLl I

|o g3 0o g2 o R1ObRo © | R3O R2OR1O]|
ve o, L3 12 L' oo 14 13 1?2 Il
‘O‘CO‘OR3OR4OROUIJ‘CORZOR3OR4OR0 |

Figure 15. Subcase 3.1.

At the moment, we have a sequence of 5 consecutive vertices v1, vy, . .., v5 without a
border. The vertices in this sequence should be distinguished by three remaining vertices
of W, which is impossible.
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Subcase 3.2. v € R*, but v, # v,y_; (see Figure 16).

o2 3 *f o L' 12 3
‘OR3ORZOR10bROO|EOR30R20R10|

0 v L3 v L' 10 4 13 v L
‘OR1O|boR3O\COROUﬂRloRZOR3O|EOROO|

Figure 16. Subcase 3.2.

At the moment, there is a sequence of four vertices without a border v,/ _4, v,/ 3,0, _»,
v,_1, and so v, v, Vg ¢ {v_5,0_4,...,00}. To distinguish v_5 from v_g4, we have v, €
LY UR!, and to distinguish v_3 from v_5, we have v F € L® U R3. Finally, to distinguish v,
from vy, we have vy € L* U R? which covers also the case vg = vy (recall that v1 & W since
W does not contain consecutive vertices).

Now, we consider 8. To distinguish v,/ _, from v,/ 1, W must contain a vertex of
L' U R3, which covers also v,,_, (recall that the case v,;_; € W was already considered
in Case 2), and so vy € R3. To distinguish v,,,, from v,/ 3, W must contain a vertex of
L? U R? (since v,y,, ¢ W), and so vg € R2.

Now, if v, € R!, then v., v,, v f,Ug € R. So considering a, and S, instead of «; and B,
reduces the problem to Case 1 (recall that v, # v;). Hence, v, € L.

Sov. € R*, v, € LY, vf € R3 and vy € R?. But to distinguish v, from v,/ ,, W must
contain a vertex in L3 U L* U R® U R! other than v}, a contradiction.

Thus, it remains to consider the last case, namely, when v,; € W. But since all the
other cases were solved already, we may assume that v, = v,y and vg = Vg .

Case 4. v, = vy, Ve = Ucyy and vg = vy (see Figure 17).

LR R S S AN LR N &
|0 g3 © R2 O R1 O ROUpRs O R3O g2 © g1 ©|

10 14 3 2

v, L4 13 12 o,
1ORZOR3OR4O\O|

Ll
|O\ORZOR3OR4OROU’1R
Figure 17. Case 4.

Obviously, two vertices from v, v, vf, vg are in L, and two are in R. We assume that
Ve, Vf € L and v,,vg € R. To distinguish v_» from v_1, W must contain a vertex in L2 U R%,
which covers also the case v_5. So we distinguish 2 subcases.

Subcase 4.1. v, € L2.

Then, v, € R3; see Figure 18.

ve _ve L3 LA L0 v, v, I3
|o|o|oRloRova4o‘o‘oRlo|
v L* v v LY L0 I* v, v v
‘o‘oRzo‘o‘oRovaRloRzo|o|o|o|

Figure 18. Subcase 4.1.

To distinguish v1 from vy, W must contain a vertex in L* U R?, and so either v ¢ € L4
and ve € RY, or vg € R?and v € L3. Since in the later case v_1 and v; are not distinguished,
we conclude that vf € L* and vg € R

Now, consider a. and .. We have v, € R%, (S Lg’, and either vf € L% and vg € Rg
or vy € R? and vg € L2. However, both cases were already excluded in the previous
paragraph.

Subcase 4.2. v, € R*.

Then, v, € L!; see Figure 19.
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oo L2 13 I* v v L L®
|O\CORZORloRovbfo|COR20R10|

o (LY L3 _we v L0 Lt L% w0
|o‘boRzoRso“o‘cvaRloRzoR3o|eo‘bo‘

Figure 19. Subcase 4.2.

To distinguish v; from vy, W must contain a vertex in L* U R?, and so either v € L4
and vg € R!, or v; € R? and vy € L3. Since in the former case vy, and v,y are not
distinguished, we conclude that v f € L3 and Vg € R2,

Now consider « f and Iz We have v, € Rj’}, (NS LJ%, and either v, € Rjzt and v, € L;,
or v, € Lf} and v, € RJ%. However, both cases were already excluded, which completes
the proof. O

3. Conclusions

From our Theorem 1, we have dim(G;) < 6 for n = 9 (mod 10) where n > 29. By (1),
we have dim(G,,) > 6, and thus,

dim(G,) = 6if n =9 (mod 10) where n > 29. (3)

By Theorems 2.18 and 2.19 from [19], dim(G,,) < 8 for n = 0,1 (mod 10). By Theorem
2.17 given in [19], dim(G,) > 7 for n = 1 (mod 10). We improved the lower bound in our
Theorem 2 by proving that dim(G,) > 8 for n = 1 (mod 10). Thus,

dim(G,) = 8if n =1 (mod 10). 4)

From our Theorem 3, we obtain dim(G,,) > 7 for n = 0 (mod 10). By [21], for the same
values of n, we have dim(G,) < 7, and thus

dim(Gy,) = 7if n = 0 (mod 10). (5)
Hence, by (2), (3), (4) and (5), for n > 12 where n ¢ {13,19},

6 ifn=23,4,5,6,7,8,9 (mod 10),
dim(G,) = {7 ifn =0 (mod 10),
8 ifn =1 (mod 10).

Note that from Table 3 given in [19], we have dim(Gy3) = 5 and dim(Gy9) = 7.

Thus, the problem of finding the metric dimension of C,(1,2,...,t) is now completely
solved for t < 5 and any n. We suggest continuing to try to solve the problem completely
fort > 5.

Problem 1. Find the metric dimension of Cy,(1,2,...,t) for t > 6 and any n.
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