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Abstract: Although the simulated moving bed (SMB) process boasts advantages such as high
productivity and low consumption, the cost of obtaining optimized parameters through practical
experiments to control the separation process can be enormous due to its complex nonlinear char-
acteristics. Consequently, the successful transformation of the SMB separation process into a math-
ematical dynamic model for computer simulation would greatly reduce the research costs associ-
ated with experimental studies. In this study, the Crank—-Nicolson method was employed to discre-
tize and dynamize the SMB process, enabling the simulation of processes under both linear and
Langmuir isotherms. The results of the simulation experiments demonstrated the feasibility and
high efficiency of this approach, thereby establishing a solid foundation for further advancements
in online control strategies.

Keywords: Crank-Nicolson; discretize; control

MSC: 37M05

1. Introduction

The SMB process is recognized as one of the cleanest manufacturing technologies in
the chemical industry. The SMB process is illustrated in Figure 1. Achieving improved
performance in the SMB process often requires laborious experiments to obtain accurate
physical parameters of the moving bed. Due to the high costs involved, researchers tend
to simulate the SMB process using mathematical models. Currently, researchers mainly
employ two types of mathematical models for the SMB process. One type is the equilib-
rium diffusion model, where the adsorbent rapidly reaches equilibrium with the compo-
nents and the eluent. In this case, the transfer process between the mobile and solid phases
can be neglected, resulting in a simplified mathematical model [1-3]. This model is used,
for example, in the separation of xylose and fructose in sugar products. The other type of
model considers the transfer processes between the solid and mobile phases. It considers
factors such as internal diffusion between particles in the solid phase and the concentra-
tions of the components in the stagnant layer within the pores. This model is relatively
complex, but it provides a more comprehensive and realistic representation of the sepa-
ration process, aligning with actual production activities [4,5]. This type of model is called
the general rate model.
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Figure 1. Simulated moving bed operation process.

Regardless of the model type, the mathematical formulation consists of a set of partial
differential equations. Due to the complex nonlinear nature of these equations, analytic
solutions are generally not obtainable. As a result, many scholars currently employ finite
element methods to provide numerical solutions for these models. The mathematical
model reported in the literature investigates the behavior of separation processes within
multiple columns, each possessing significant advantages in terms of accuracy and com-
putational time, and each employing a linear driving force (LDF) model. Its predictive
capabilities have been confirmed to be in line with several prior studies [6-9]. The model
comprises cumulative, convective, and axial dispersion equations based on mass balance
equations for the mobile phase and solid phase, respectively [10].

To control the simulated moving bed process of binaphthol enantiomers separations,
Nogueira et al. proposed a nominally stable MPC controller, also known as infinite hori-
zon model predictive control (IHMPC) [11]. Natarajan and Lee proposed the use of repet-
itive model predictive control (RMPC) for the SMB process, specifically applied to the
chromatographic separation of a phenylalanine-tryptophan mixture [12]. Carlos and
Alain introduced a novel approach to controlling the separation process of SMB chroma-
tography [13]. S. Mun et al. proposed an optimization-based separation control method to
enhance product purity and economic efficiency [14]. Maria-Sonia et al. investigated the
general dynamic optimization (open-loop optimal control) of SMB chromatographic sep-
aration processes [15]. The control processes discussed above are specific to solutes and
lack portability. Furthermore, they heavily rely on finite element methods for process op-
timization, which presents challenges for real-time online control due to significant com-
putational requirements.

Woo Sung Lee and Chang Ha Lee developed mathematical dynamic models and
data-driven machine learning methods using limited experimental parameters and real
industrial data to evaluate the performance of SMB systems [16]. Marrocos et al. proposed
a deep artificial intelligence structure with a nonlinear output error (NOE) architecture
and a nonlinear autoregressive with exogenous inputs (NARX) predictor for online soft
sensing, providing key information regarding the main characteristics of simulated mov-
ing bed chromatography devices [17]. Hoon et al. employed a data-driven Deep Q Net-
work, a model-free reinforcement learning method, to train a control strategy for SMB
processes which approaches optimality [18]. More relevant studies can be found in the
references [19-25]. Although using machine learning and deep learning approaches to
treat the SMB system as a black box can help bypass the complexities of the underlying
mechanism, this approach may become highly susceptible to disturbances or
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perturbations in the separation parameters, leading to the potential occurrence of ill-con-
ditioned characteristics and the subsequent failure of the separation process.

Overall, these studies are aimed at specific industrial equipment and materials which
are to be separated. Conducting experiments based on physical machines is relatively
costly, and the developed controllers lack universal applicability. With changes in envi-
ronmental parameters, the results can easily lead to separation failures. To improve the
performance of SMB processes, accurate physical parameters of the moving bed need to
be obtained through tedious experiments. However, the physical parameters obtained
from experiments may not fully represent the actual operation of the SMB system. The
parameters of the entire SMB process may change due to the connection between pipelines
or the long-term use of solid phases, causing discrepancies between the physical perfor-
mance and experimental parameters. These reasons can lead to insufficient operating con-
ditions for the SMB, resulting in unsatisfactory chromatographic separation. Generally,
SMB systems exhibit variability during operation. Through identifying the real-time con-
centration of substances online and immediately correcting the operating conditions of
the SMB, the optimal control of the SMB can be achieved. To quickly correct the operating
conditions of the SMB, an efficient computational process is required. In this paper, to
enhance the efficiency of online control, the system’s dynamics are discretized using the
Crank-Nicolson method. The discretization of the continuous processes has emerged as a
fundamental technique, ultimately leading to significant improvements in control effi-
ciency.

2. SMB Mathematical Model
2.1. Linear Isotherm Model

The traditional SMB dynamic mathematical model is derived from referencing the
TMB mathematical model. The meanings of the parameters are presented in Table 1.

Table 1. Parameters of the SMB system.

Parameter Nomenclature Parameter Nomenclature
x(cm) Axial distance Q(cm®*min™) Volume flow rate
k(gL™) Comprehensive mass t(second) Time

transfer constant
. . . Effective di i ffi-
v (cmmin™) Effect velocity of body D(cm?min™) ective 1;};:11;51on coe
u,(cmmin™) Solid flow rate & Bulk void fraction

Mobile phase concentra-

C(gL™) . i Material index: A or B
tion
q(gL™) Solid phase concentration j Column number: 1, 2, 3, 4,
56,7,8
Solid phase concentration
q (o) at equilibrium between

the solid phase and mo-
bile phase

Here is an overview of the SMB dynamic model mentioned. For the TMB, the mass
balance of the bulk phase is provided using the following;:
oC, o°C; oC. 1-¢

B e AC TR W
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aq; 0 *
Ej T Ug o +k; (d —0;) )

VITMB is the velocity of TMB system. According to the principle of kinematic synthe-

sis, the relationship between the flow velocities of the mobile phase in the SMB system
and the TMB system can be expressed using Equation (3).

\' =V

SMB TMB
i i

+u ®)

S

As the solid phase is implemented via column switching which controlled by the
switching time T,, the equivalent flow velocity of the solid phase can be expressed as

Equation (4).
= (4)

L is the length of the column; by substituting it into Equation (2), the mathematical
model of the SMB system can be obtained as follows:

©Ci_p, TG ywe Co 176y o g ®)

ot boox? i OX e 0

oq; *
gj = ki (qij _qij) (6)
V?MB is denoted as Vt ; by substituting Equation (6) into Equation (5), we obtain
Equation (7).
2
6gtij _ Di Ga;ij —V* 6aCXij _1_‘9 % (7)
! & ot

The adsorption equilibrium for both enantiomers is represented by linear isotherms.
q; =H; G (8)

Set
E=— 9)

By substituting Equations (8) and (9) into Equation (7), it can be obtained as

oC; o°C, . oC,
(1+EH,) —1 =D, = -V ) (10)
ot OX I OX

2.2. Using the Crank—Nicolson Method to Numerate Partial Differential Equations

The Crank-Nicolson method employs central differencing in the spatial domain and
the trapezoidal rule in the temporal domain, ensuring second-order convergence in the
temporal domain. For example, for a one-dimensional partial differential equation,

2
a_u= F(u,x,t,a—u ou
ot

el 11
oX  Ox? {an
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Let AX and At denote the spatial and temporal step sizes, respectively, and de-
note U(iAX, jAt) =u/, then the discretized formula for the Crank-Nicolson method is as
follows [26]:

it 4 2 _ 2
Ll 1(Fi”l(u,x,t,a—u 0 u)+Fi‘(u,x,t,a—u ou

AN 2 ' o ' o)

In order to better understand the discretization process of the SMB system, let us
consider the following simple example:

(12)

ou o’
Example 1. E = F , with a boundary condition is as follows:
X

Initial Conditions:
(t=0):u(x,0)=0,x€<[0,10]
u(0,t) =100,t >0
u(10,t)=50,t >0

ou o°u,_o°u
In comparison with Equation (1), where F(u, X,t,—, —2)= —— » according to the
OX OX°" OX
Crank-Nicolson method, the left-hand side of the equation is rewritten as follows:
uij+1 —_uyl

AL L, where the superscript j represents the j-th time point, and the subscript i rep-

2

resents the i-th spatial point. Therefore, the right-hand side of the equation F needs
X

to be discretized at the time points j + 1 and j. Here is the central difference formula for
2

discretizing F Since it iss discretizing the spatial domain, we will omit the time do-
X
main subscript below. According to the Taylor expansion formula,

ou, Ax* o, Ax:du

U, =, +Ax&|i o | + 3 %li +0(Ax*) (13)
u_, =u, —ax | +AXZ azl: | _AX 832 | +o(Ax*) (14)
OX 2 oX 3! ox
Adding the two equations yields results in the following:
, 0°U s
U, +u. , =2U. +AX ﬁ'i +0(AX") (15)

2
By moving terms around, we can obtain the central differencing formula for F
X
discretization as follows:
2
Ju | = Ui — 2ui tUiy
ox? AX?
According to Equations (12) and (16), the discretized formula for the right-hand side
of Example 1’s equation is as follows:

(16)



Mathematics 2024, 12, 1520 6 of 24

N ou o°u ou d%uy 1 0% ., 0%y,
(FJ Y(u, x,t,a ,a—)+F‘(u x,t,a ™ 2)) 52 |’1+8X2 1 a7

By substituting Equation (16) into Equation (17), we obtain the following:

2 2, oy iyt i _oyi4yl
; gxz |J+1 Z l: |ij): ((um ui ui-l )+(ui+1 ui ui-l)) (18)
X

PING
Then, the discretized equation for Example 1 can be obtained as follows:
uij+l — uIJ — ((ul{:]- B 2u|j+l+ui{:rl) + (uil ~ 2u|J +u|{l ))

At 2AX? (49

To establish iterative computational expressions, based on Equation (19), move the
terms at time point j to the right-hand side of the equation and the terms at time point j +
1 to the left-hand side of the equation, then we obtain the following:

At ui At 1 At a_ AU At
——u'"H(1+ ut - ——uylt= - uJ 20
e ( AX ey 250 0 2me o ) 20%7 20
At . .
Let r=_——, then Equation (20) can be written as follows:
2AX
—ruM(1+2r)u —rut=ru! +@-2r)u’ +ru’ 1)

Assumption AX =2 and the interval ([0, 10]) is divided into five equal parts (result-
ing in six endpoints), according to the given boundary condition (b) and Equation (21);
we can then derive the following;:

_ru3j+1+(1+2r)u21+1 - rulj*lzrusj +(1- 2I‘)U2j +ru; (22)

where, according to the given boundary condition (b) Ulj :100,U1j+1:100 , substituting

into Equation (22), we obtain
—ru?+(1+2r)u’*=ru’ + (1-2r)u’ +200r (23)
Similarly, according to the given boundary condition (c) and Equation (21), we obtain
—rud™+(1+2r)ud? —ruf"=ru! + (1-2r)u! +ru/ (24)

where, according to the given boundary condition (c) U ; =50,u 6j+1:50 , substituting into

Equation (24), we obtain
(1+2r)ul —ruf"=(1-2r)u! +ru} +100r (25)

According to Equations (21), (23), and (25), set the matrix as follows:

1+2r —r 0 0 1-2r r 0 0
-r 1+2r -r 0 r 1-2r r 0
A= , B =
0 -r 1+2r -r 0 r 1-2r r
0 0 -r 1+2r 0 0 r 1-2r

w =[200r,0,0,100r]"
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Then, based on Equations (21), (23), and (25), the matrix obtained for Example 1 can
be represented as follows in the discrete iterative equation:

1+2r -r 0 0 [lu*

-r 1+2r —r 0 |lu*
0 -r  1+2r -r |ju}?
0 0 -r  1+2r || ul®
_ (26)
1-2r r 0 0 |lu,| |200r
roo1-2r r 0 |lu] 0
= |+
0 r 1-2r r |u, 0
0 0 r 1-2rj{u| [100r
Letting U I = [UzJ , Usj , Ui , U5j ]T , then the final simplification is
AU =BU ' +w (27)

For the spatial distribution U , originally divided into five intervals with seven
points, the imposition of the boundary conditions (b) and (c) reduces two degrees of free-
dom, leaving four variables. This allows the unknown variables to be solved precisely by
the linear equation set (23). Further iterative computations can then be carried out contin-
uously based on boundary condition (a).

ou
If the PDE equation contains a term involving 6_ on the right-hand side, then it
X

needs to be discretized as well. According to the Taylor series expansion, we know the

following:
ou AX* du
U, =U, +AX— o(AX® 28
sl o(ax) @
U, =U —AX a—u| M u| +o(AX%) (29)
ox' 2 X

By subtracting the two equations, we obtain

U, —2Ax | +0(Ax%) (30)

i+1

Then, rearranging the terms, we obtain

au | = Ui Uiy 31)
OX 2AX
The use of the diffusion equation for modeling substance diffusion in a simulated
moving bed system should be critically examined and validated through numerical sim-
ulations for effective control.
In comparison with Equations (10) and (11), it can be observed that

0°C..

8Cij ij
1+ EH) =F(C;, xt, ~ o0 ) (32)
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L8 OCy 0, LG
F(Cj. x,t,—,—5)=D,— -V — (33)

tox | ox OX Tox
In comparison with Example 1, it can be observed that the form of Equation (33) now
includes a first-order partial derivative in the spatial domain. Since the indices i, j have

already been used to denote the substance category and column number, we select |,k

as indices for the spatial and temporal domains. Consequently, the left-hand side of Equa-
k+1 k
tion (32) can be writtenas (1+ EH,) 8L The discretization formula for the right-

hand side of Equation (33) is as follows:

oC; 82C 8C.. 8 C.
(Fk+1(CIJ Xt u ij ) F (C” ’ , ’ hd B ij ))
ax OX (34)
1_ 0°C, oC; 6C..
:—D Ij k+1 IJ _ - _lj k+1 +_IJ k
Al RN pval Bl )
According to Equation (16), we can see that
aZC a C Ck+1 Ck+1 Ck+l + Ck _ k _I_Ck
1 D ( a 2'] Ik+1 || ) D (( ij 11 ij | Z)A (2 uI u,l+1)) (35)
X
According to Equation (31), we can obtain
. C, i L (C=Cr)+(CF ~C)
EV ( ij |k+1 IJ |:():V_ (( ij 1+ u,|71) ( ij 1+l |J,I—l)) (36)
2 70X OX : 4AX

The expression for the right-hand side of Equation (32) can be obtained through sub-
stituting Equations (35) and (36) into it as follows:

cit-cl Cit—2Ct+Cihy+(Ck —2C* +C
(1+ EHI) ij, | ij,l =D. (( ij 11 ijl u,|+1) (2 ij 1 ij | ij 141 )) _
At 2AX

k+1 k+1 k k (37)
(€ -C)+(C -Cl )

ijl+1 ijl-1 ij 1+l |] 1-1

J 4AX

In order to establish an iterative calculation equation, according to Equation (37), the
term of time point K + 1 is moved to the left of the equation, and the term of time point K
is moved to the right of the equation to obtain

DA VAt DA VAt DA
(L EH+ 500K - (s 2 ekt (- ek
AXT 7B TAAX S 2AXTT M TAAX 2AXTT 38)
VAt D,At DAt .. DAt VAt
=(—+— 1+EH, -——-)C" +(——-—)C
(4A 2AX 7C 2 o0 " e 4Ax)
2.3. Boundary Numerate Condition
The boundary conditions are as follows:
Initial conditions:
Cij(x » 0) :Coij (39)

Pipe column space end:
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oC; (x,1)

o her,, =0 (40)

Pipe column space head:

oc, (x,t) , st
D, Tlx:LO :Vj[Cij(LUIt)_Cij ®)] (41)

COij represents the initial concentration distribution inside the columns at ¢t = 0. The

boundaries represented by X =L, , and X= L, respectively, represent the conditions

of the fixed values, which are the conditions that the end and initial positions of the pipe
column must satisfy, corresponding to U(0,t) and u(10,t) in Example 1. The
_  sect

Cij (t) term is related to the region in which it is located, as Equation (41) describes
the concentration variation at the head of the pipeline, and the head of each region de-
pends on the flow rate at the entrance of that region, material concentration, the concen-
tration at the end of the previous pipe column, and the flow rate of the region in contact
with the entrance. Therefore, this term can be divided into three cases, as shown in the
following formulas [1]:

Qv Cyulliy, 1)

cEij'l(t):

,Section I, 1*column (42)
Q
- Cc..d , t C.
Ci ()= Qu Cyallhy . Qi Co , Section 111,1% column 43
Q (43)
m
_ sect
Ci (t)=C;,(,,, t),other (44)

C; is the concentration of the material imported into the column, and Q is the flow

rate in each section. The flow rates between the nodes of the pipe columns are constrained
by the corresponding outlets and inlets of each column, and the relationship is as follows:

QI >le ’QI >Qn 'Qm >le ’Qm >le
QI _le :Qd ’QI _QII :Qx'Qm _le :Qr’Qm _Qu :Qf

Q;, Q,, Q,,and Q; represent the flow rates of the wash liquid inlet, extract out-

(45)

let, residual outlet, and feed inlet; Q,, Q,, Q,,,and Q,, represent the flow rates of

the four regions, respectively.

Similarly, we need to eliminate the variables of two degrees of freedom through
Equations (40) and (41), which can be transformed into an algebraic linear system of equa-
tions. Assuming that each pipe column is divided into # + 1 components, Equation (40)
can be obtained from Equation (12) as follows:
aC, (x,1) 1,6C; ., oC, . (C~ -C)+(Cs -C )
e N e At 2L N )

OX M2 0X oX 4AX

Moving the term of spatial point 7 +1 to the left of the equation and the term of spatial
point 7 to the right of the equation yields the following:

Ck +C k+1 — Ck +C k+1 (47)

ij,n+1 ij,n+1 ij,n-1 ij.n-1

Taking the spatial point j =N in Equation (38), it can be obtained that
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V. At _ VoAt _
L+ EH+DTC (I DBera | (D2 2B
Ax? 7 i AAX  2AX it TAAX 2AX iined

. VAt
DAhek 4 @rEH, - 28k (2L DD
AXZ 7T T2AXE 4AXT i

. (48)
_ Vit Dat
~ax 2

By substituting Equation (47) into Equation (48) to eliminate C_i_( ,Ck , which

ij,n+l ij.n+l

means eliminating spatial point N+1, the following equation can be obtained:

VAt . VAt _
@+ EH,+ 2Ahra (B2 DAL pea | B2 DAL b
AX? 7 i TAAX 2AXET it T4AX 2AXET it

\J At D,At D,At DAt VAt
- ( ) ij,n-1 cl EE}i o 2 )(:ln _% ( , 2 a ) ij.n-1
4AX 2Ax I AX I 2AX° AAXT "

(49)

Merging similar items can lead to

_ DAt D,At DAt D,At

)C“1 +(+EH, - )Ck

(:I“l (L+EH+ —Z7)C) == C

Equation (51) can be obtained from Equation (41) as follows:

V) et aC, (x,t) 1 .0C, oC.
—L1ck —Ci (kK _'J— k+1 V=
o 1CL—C (= e, =5 B )

k+1 k+1 k (51)
((C, -C.)+(C, ))
4h

Moving the term of point 0 in space to the left of the equation and moving the other
terms to the right of the equation yields

*

ij,0

*
sect

4hv
Ck+l+Ck _Tj(crl _Clj (k)) Ck+l (52)

ij.2 ij 2 .J 0

By taking the spatial point j =1 in Equation (38), it can be obtained that

V's D Vs D
1+ FH, + Ds)c_» — (== +—D'§ C 4 (—— ——D'f ckt
h?77ir “4h  2h?*TTie  t4h 2n%T e
V*S D Vs (53)
_ s v
— Ce +(1+ FH.— ck S Tol
4h 2h2) + ' ) (2h2 4h)

By substituting Equation (52) into Equation (53) to eliminate C:O ,C::l, which
means eliminating spatial point 0, the following equation can be obtained:
D,At VIAt DAt i ViAt DAt

1+ EH+ Ck+l — (=4 0 Ck+1:
( ' ) (4Ax PINGERE (4Ax 2Ax2) 2

ViAt DAt AAXv o e DAt
—(—+ ~(C -Ci (K +1+EH.— ck 54
(4AX 2A2) ) ( i (k) +( i ) (54)
) V) At VAt D
D,At LA DIAE)CM

ij.2

2AX°  4AX ”2 AAX  2AX

Merging similar items can lead to
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DAt DAt VEAL VAL - s
1+EH+——)C** - —C*"' = (——+——)Cy (k) +
( i Axg ) i AXZ i ( Di AX ) ] ( )
DAt VAt 2V At D (59)
) , _ A
(1+EH, - 'Zt— ——)Ck + 'Ztc#
AX D, Ax © " AXS 02
To simplify symbols, let
VAt
= (56)
4AX
_ DAt (57)
2A%°
Then
Vv = 4mAX 58)
oAt
2
D, = 2AX°p (59)
At
Substituting Equations (58) and (59) into Equation (55) yields
16m°Ax® AtAt  8mAXAt, -
1+EH, +2p)C* —2pC** = + Ci (K)+
( i P) i1 P ij 2 ( At2 ZAXZp AtAX )Ci (k) .
2442
(L+EH, —2p—16m 2Ax AtAzt _8mAxAt)CVI_( +2pC*
At 2AX°p  AtAx ™ v
Simplify the equation at the initial position of a spatial point as follows:
_ sect
(1+EH, +2 p)C:Il -2 pC::l _8m(m+p) Ci (k)+
3 (61)
(14 EH, —2p— EMM+ Py 5

ij1 ij.2

Substituting Equations (58) and (59) into Equation (38) yields the equation for the
middle position of a spatial point as follows:

(1+EH, +2 p)C:Tl —(m+ p)C:ﬁ +(m— p)C*

ij 11

62
=(m+p)C’ , +(@+EH,-2p)C’ +(p-m)C* ~

Substituting Equations (58) and (59) into Equation (50) yields the equation for the end
position of a spatial point as follows:

—2pC" +(1+EH, +2p)C!"* =2pC*  +(L+EH,-2p)C’ (63)

According to Equations (61)—(63), denote the matric
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[1+EH; +2p -2p 0
—(m+p) 1+EH;+2p (m-p)
: : : : : (64)
—(m+p) 1+EH;+2p (m-p)
0 -2p 1+EH;+2p ]
1+ EH, —2p-SMMER) o 0 0
(m+p) 1+EH;-2p —(m-p) 0
. . : : . (65)
(m+p) 1+EH,-2p -(m-p)
0 2p 1+EH;-2p]
Set
Ci =[C§..Cio.Ci o I (66)
T
_ sect
w(k) = 8m(m+ p) i () 0 - 00 67)
p Ixn

The final iterative matrix equation incorporating Equations (61)—-(63) can be unified
as follows:

ACU?+l = BC”_k +w(k) (68)

2.4. Langmuir Isotherm Model

For nonlinear adsorption isotherms, the commonly seen one is the Langmuir iso-
therm, which can be represented using the following equation:

¢ - GK,C
" 1+KC, +K,C,

(69)

Ki =12 are coefficients of material A and B, and G is the adsorption constant.

To ensure that the Langmuir isotherm equation does not affect the linearity of the iterative
calculations, a temporal grid shift is introduced during the discretization of the isotherm
curve. However, to ensure sufficient accuracy, a significantly small-time increment must
be chosen. As a result, the increased computational burden is limited to the temporal di-
mension, while the resulting iterative equation remains linear.

Equation (69) yields

oq. 9‘-g<t  GKCK GK,C*

;I'J ij U - ij.l _ - ij.! ]/At

L ALy KCH 1+ KCH!
i=1 ' i=1

ijl

(70)

The discretization of other equations follows the same linear approach. Substituting
Equation (70) into Equation (10) yields
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(L+2p)C7 —(m+ p)CITT+ (= p)C,T =+ p)C, +(1-2p)C +

GK.C* GK.C*!
(p—m)C;M [ i TR i i~ ] (71)
1+ KC 1+y KCH
i=1 ' i=1

ij|

Similarly, the boundary condition at the end of the pipe column in the fixed value
condition is discretized as

(L+2p)C7 —(m+ p)CITT+ (= p)C,T = (m+p)C, +(1-2p)C +
GK,C! GK,CK?
(p-m)C* —[ o IR (72)

1+ KC 1+i K,C*
i=1 ' i=1

ij|

The boundary condition at the end of the pipe column in the fixed value condition is
discretized as

(1+2p)CI —(m+p)C” +(m—p)C" =(m+p)C’  +(1-2p)C’ +

GK,C" GK,C*
(p-m)C' [ e ] 73

"y KeE 1Y KCH
i=1 ' i=1 .

By combining terms of the same category, we can obtain the following equation:

K+l K+l k k GKiC'I'( GKiC’I'(_l
(+2p)CJ* ~2pC % =2pC) +(1L-2p)C] [——t—-—a ] )
1+ZKiC: 1+ZKiC.l.<71
i1 ! i=1 .

The boundary condition at the head of the pipe column in the fixed value condition
is discretized as

sect

(1+2p)c”_k;l_zpck+1:mp+mcu (k)+(1_2p_8m(n;+ DN

ij,2 ij1

GK.C* GK.C*? (75)
Zka _[ [ ijl _ 1 ijl ]
"L YKE 143 KCH
= ij1 = ij1
Set
k G iCil'<1 GK'Cuk;l
O =FGK[—F—"—~ ER—

1+ KCl 1+ i K.C* 7
' i=1 "

According to Equations (73)—(75), the nonlinear isothermal line matrix can be defined
as Anon and Bnon as follows:
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[ 1+2p -2p 0 0 |
—(m+p) 1+2p (m-p) 0
Ahon = 3 : : : : (77)
0 —(m+p) 1+2p (m-p)
i 0 0 -2p 1+2p_nxn
p
(m+p) 1-2p —(m-p) - 0
Bhon = : z s : : 78)
0 o (m+p) 1-2p —(m-p)
i 0 0 2p 1-2p Jrsn
T
_ sect
wik) =| EMMEP gy 0 w0 0 79
O} =(0;,,0;, -0} )i, (80)

Finally, Equations (73)—(75) can be unified into the following matrix iteration equa-

tions:

AunC. " =B Cl +w(k) + O

3. Discrete Simulation

(81)

In the simulation system, we use a 2-2-2-2 packing column structure, meaning each
area has two columns. The initial parameters of the system are set as shown in Table 2, in
which we refer to the parameter settings of the material in reference [1] and ensure that
the inequality conditions (45) between the corresponding regional flow rates are met. The

time step is set to At =0.1 seconds, and there are 50 spatial points for each column, so

At = L =0.5 om.
50

Table 2. The standard parameters for the separation.

Parameter Value Parameter Value
L(cm) 25 Ci(gL™ 5
d(cm) 0.46 ¢(min) 3

H 0.001 Q, (cm®min™) 6.75

Hg 0.45 Q, (cm*min™) 6.6
D,(cm?min?) 0.2 Q,, (cm*min™) 7
D, (cm? min) 1.265 Q,, (cm®*min™) 2
g 0.8 spatial number 50

The experiment was conducted using MATLAB R2016a software on a PC equipped
with an Intel Core i7-3770K 3.53 GHz processor and 16 GB RAM. The experimental data
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generated had a size of 70 MB. Figure 2 shows the separation process of SMB without any

control conditions.

—— Concentraion A
35+ Concentration B
3
25
£
%
3
15F
1+
051
0 L L L L
0 2000 4000 6000 8000 10000

time

Figure 2. Concentration of the SMB process on the extract and raffinate.

12000

Raffinate

T
-~ Concentration A
Concentration B

0 2000 4000

6000 8000 10000 12000
time

From Figures 2 and 3, it can be observed that the simulation results obtained using
the Crank—Nicolson finite difference method are almost the same as those obtained using
the finite element method [27]. However, the Crank-Nicolson method only requires ordi-
nary numerical calculations, making it much more efficient than the finite element
method. This has important implications for achieving online real-time control or optimi-
zation. Similarly, for the analog (discrete) SMB system under the Langmuir isotherm, sim-
ilar conclusions can be drawn. The main parameter settings are shown in Table 3.

5 T T T T
= Concentration B
Concentration A
4 = -
=
S 3r 4
g
=
o
Q
£ Ll ]
©)
1 [ -
0 li | L i —
0 L 2L 3L 4L 5L 6L 7L 8L
Extract(B) Raffinate(A)

Figure 3. Axial concentration variation curve under linear isotherms.

Table 3. The initial parameters of Langmuir isotherm separation.

Parameter Value Parameter Value
L(cm) 23 Ci(gL™) 4
d(cm) 1.1 T,(min) 3

Ka(gL™) 0.05 Q, (cm®min™) 6.03

K, (gL™) 0.45 Q, (cm®*min™) 5.3

D,(cm? mint) 0.2 Q,, (cm*min™) 5.45
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D, (cm? min?) 1.265 Q, (cm®min™) 3.529
& 0.8 G(gL™) 1
Ax(cm) 0.23 At(s) 0.01

From Figures 4 and 5, it can be observed that the Crank-Nicolson method can also
provide results under isothermal conditions, and the iterative process converges. The ef-
ficient computational efficiency of the finite difference method provides a good platform
for further studying the control of SMB systems under Langmuir conditions. Similarly, it
is of great significance for the real-time control research of SMB systems.

0.12 T T r
Concentration A

----Concentration B ) 0081 -

Concentration A
-~-Concentration B

Extract
= =
= = =
S S8 =
Raffinate

=3
=3
=

o
S
S

0 2 4 6 8 10 12 14 0t

time 104
* time <104

Figure 4. Concentration of the SMB process on the extract and raffinate under Langmuir iso-
therms.

0.35 T T T T T
Concentration B

0.3 = (Concentration A

0.25

0.15

e |

_/

L — |E | I ; ; V4
0 L 2L 3L 4L 5L 6L 7L 8L
Extract(B) Raffinate(A)

Concentration

\

0.1

Figure 5. Axial concentration variation curve under Langmuir isotherm.

4. Controller Simulation
4.1. Controller Designer

The error, first-order difference, and second-order difference are selected as input
variables, making it three-dimensional. The system has three independent single neuron
self-adaptation proportional summation derivative (PSD) or proportion integration
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differentiation (PID) controllers, which act on zone I, II, and I1I, respectively. The equation
is as follows:

e =desired B-C (82)

e, =desired A-Cy , (83)

e, =€ +6, (84)

Ae, =¢ (k) —e (k-1) (85)
Ae, =e,(k)—e,(k-1) (86)
Ae, = Ae, + Ae, (87)

A%e, = Ae,(t) — Ae, (t 1) (88)
A%e, = Ae,(t) — Ae, (t 1) (89)
A%e, = Ae,(t) — Ae,(t-1) (90)

where €, Ae,, and Azel are the inputs of the zone I controller; e,, Ae,, and A262

are the inputs of the zone II controller; and e, Ae,, and A263 are the inputs of the
zone IIT controller. Cg g is the B material purity of the extract port, and Cg , is the A

material purity of the raffinate port. In order to better understand the trend of change, a
periodic average processing of the data is performed; one cycle moving average smooth-
ing equations are defined as follows:

t

Cees =—t-TCE'B‘dt (91)
5 T
"c. . dt
CR ap = e 2)
A T

Cet is the B material purity of the extract port of average periodic, and Cr,at is
the A material purity of the raffinate port of average periodic.

The control structure of the PSD single neuron controller in the SMB system is shown
in Figure 6.
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Figure 6. PSD controller for the SMB.

The output of the single neuron is defined using
Au(t) = w, (1), () + W, () X, (t) + w, () X, (t) (93)

X (t)(1=1,2,3) are neuron input signals; they represent X, (t)=e(t), X,(t)=
Ae(t), X, (t) = A%e(t), respectively. Since the following equation is universal to the three
controllers, the subscripts of the error, first-order error, and second-order error are omit-
ted. W, (t)(1 =1,2,3) is the weighting coefficient corresponding to the inputs in neuron
learning. The weights of the neurons that learn and evolve in the process of neural itera-
tion, W.(t), are proportional to the progressive signal [ (t) and are slow to attenuation

at the same time. The learning rules are as follows [28]:

W (t+1) = (1—m)w (t)+d.r(t),m,d >0 (94)
Au(t) = w, (1), (t) + W, (£) %, (t) + w, (1) X, (1) (95)

d, islearning rate.
(1) = e(tyu(t)[e(t) + Ae(t)] (96)

u(t) is the output value of the neuron at time t.

In practical application, M is set to 0. To ensure the convergence and robustness of
the learning algorithm, a single neuron PSD control law is constructed using a normalized
learning algorithm.

AU'(t) = K ()W ()X, (1) + W, (£)X, () + W, (£) X, (t)] 97)

AU (t) is the final output of the gain device K(t), W (t) is the result of W(t)

after normalization, and the equation is as follows:

WO =w®/YIwWO, (=123 09

According to Equation (94), the weight of the next moment after learning is as fol-
lows:

W, (t+1) = w, (t) +d,e(®)u(t)[e(t) + Ae(t)] (99)

W, (t+1) = w, (t) + de(t)u(t)[e(t) + Ae(t)] (100)
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W, (t+1) = w,(t) + de(t)u(t)[e(t) + Ae(t)] (101)

The learning rules for the gain K(t) are as follows:
If sgn[e(t)] =sgn[e(t—1)] (sgn(X) is symbolic function), then

K(t) = K (t—1)+ CK (t=1) / Tv(t -1) (102)
Tv(t) = Tv(t —1) + L sgn(| Ae(t) | -Tv(t —1) | A%e(t) |) (103)
Otherwise, set
K(t)=0.75K(t-1) (104)
Tv(t) = Tv(t —1) + L sgn(| Ae(t) | ~Tv(t —1) | A%(t) |) (105)

where TV(t) represents the ratio of the error to the second-order error difference, and
the initial parameter of TV(t) is set to 1. According to the experience, the corresponding

parameter setting range is as follows: 0.05< L <0.1,0.025<C <0.05.

The flow rate of zone I, II, and Il is selected as the control variable, and the PSD single
neuron control and PID parameter values are set as shown in Tables 4 and 5.

Table 4. PSD Control parameters.

Parameter Value Parameter Value
do 15 C 0.06
d, 7 L 0.05
dp 7 W, 1 (matrix)

Table 5. PID control parameter setting.

Region K P Kd Ki
I 0.015 0.003 0.95
II 0.001 0.002 0.95
111 0.01 0.0025 0.95

4.2. Experiment Results

In this section, we conducted purity control experiments on the SMB system using
an adaptive single-neuron controller and compared it with a PID controller. The results of
the control are shown in Figures 7-9. Figure (a) represents the purity of the extract outlet,
while Figure (b) represents the purity of the raffinate outlet. The three figures represent
the control effectiveness under different switching times and control objectives. The effects
of the variations in the adsorbent parameters, feed concentration, and switching time on
the controller performance were observed. Each set of experiments was further divided
into two trials, with control setpoints for the purity of component B set at 92% and 96%
and those for the purity of component A set at 93% and 97%.

In the first set of experiments with a switching time of 180 s, the control results
showed that both for the extracted B component at the outlet and the raffinate A compo-
nent at the outlet, the PID control exhibited smaller steady-state errors. However, overall,
the PID control exhibited higher fluctuations, while the PSD control demonstrated better
stability, as evident from Figures 7-9 and Table 6.
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Table 6. Experimental results of three groups.

Controller Target PSD b
Group
Group 1 o . :
Material A 96% 96.01% 95.5%
roup | 94% 94.61% 94%
Material B ° 617 o
Group 2 o . :
Material A 94% 94.07% 93.98%
Group 2 o . :
Material B 96% 96.42% 96%
Group 3 . ] :
Material A 93% 92.8% 92.83%
Group 3
% 95.52% A
Material B 95% 5.52% 95%
0.947 0964
PSD o
0946 - P | ozl e
0.945 - 4 0.96 -
09441 0958 -
:; 0943 ;0.956 r
E 0.942 - E 0.954 -
0.952 -
0.941 F
095
T U —
0.948 -
0.939 L L L L L I
3 4 5 6 7 8 9 10 0.946 - 1 1 1 L |
time “10* 6 6.5 7 75 8 85 9 95 10
time “10°
(a) Extract (Material B) (b) Raffinate (Material A)

Figure 7. Group 1 control results (desired B = 94%, desired A = 96%, switch time =180 s).

0.965 T T 0.945
PSD
eePID PSD
-==-PID
0.964 -
0.94
0.963 -
0.935 -
o <
209621 £
3 3
o o
0.93 -
0.961 -
0.925 -
0959 ‘ . . : ‘ 092 ‘ ‘ ‘
3 4 5 6 7 8 9 10 7 75 8 85 9 95 10
time x10* time x10*
(a) Extract (Material B) (b) Raffinate (Material A)

Figure 8. Group 2 control results (desired B = 96%, desired A = 94%, Switch time = 180 s).
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0.956 0.94 T

psD )
=PI | 09381 -==-PID

0.955
0.936

0954 1 003 |

0953 0821

Purity A
o
g
8

0.952
0.928

0.951+ 4 0.926

0.924
0.95

0922

0.949 I I I I 092 I I I I I I I I
3 4 5 6 7 8 9 10 6 6.2 6.4 6.6 6.8 7 72 74 76 78 8

x10* time 10

(a) Extract (Material B) (b) Raffinate (Material A)

Figure 9. Group 3 control results (desired B = 95%, desired A = 93%, switch time =178 s).

Figure 10 illustrates the impact of changes in the adsorbent parameters on the control
performance of the two controllers. Figure 10a depicts the purity variation of material B
at the extract outlet, while Figure 10b shows the purity variation of material A at the raf-
finate outlet. It can be observed that, under variations in the adsorbent parameters, both
controllers maintained stable purity control for component B. However, for component A,
the PID control exhibited significant fluctuations, whereas the PSD control showed rela-
tively stable performance.

Figure 11 illustrates the impact of changes in the feed concentration at the material
inlet on the control performance of the two controllers. Figure 11a depicts the purity var-
iation of material B at the extract outlet, while Figure 11b shows the purity variation of
material A at the raffinate outlet. It can be observed that, when the feed concentration
varied for a target purity control of component B at 92%, the PID controller exhibited a Z-
shaped oscillation in the control results. The fluctuations in the purity of raffinate compo-
nent A were also slightly larger when compared to the PSD controller.

Figure 12 demonstrates the impact of changes in the switching time on the control
performance of the two controllers. Figure 12a depicts the purity variation of material B
at the extract outlet, while Figure 12b illustrates the purity variation of material A at the
raffinate outlet. It can be observed that, under variations in the switching time, when the
purity of component B was set at 92%, the control results of the PID controller showed
deviations and did not converge to a steady state. The purity of component A exhibited
significant fluctuations. However, the PSD control remained stable in this scenario.

Overall, we can not only observe the performance of a controller in a discrete dy-
namic process, but we can also compare the robustness and adaptability of different con-
trollers.



Mathematics 2024, 12, 1520

22 of 24
0.97 T 0.99
T 92%PSD -~ --93%-PSD
96%-PSD 098+ 97%-PSD 7
0.96 92%-PID— 97%-PID
96%-PID 0.97 - 93%-PID 7
095} 096 ]
2 <095
£ 094 2
¢ & 094
0.93 - 0.93
0.92
0,92 Femmmme— L L LEEEEEE e CEEEEL
0.91
01 ‘ ‘ ‘ ‘ ‘ 09 ‘ ‘ ‘ ‘
4 5 6 7 8 9 10 3 4 5 6 7 8 9 10
time xo* time x10f
(a) Extract (Material B) (b) Raffinate (Material A)
Figure 10. Comparison of two controllers under the disturbance of adsorbent parameters
H, =0.01—0.03.
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(a) Extract (Material B) (b) Raffinate (Material A)
Figure 11. Comparison of two controllers under the disturbance of feed port concentration
C =45-52.
0.98 T 0.99 T
96%-PSD ----93%-PSD
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0 96%-PID—| 097+ 97%-PID ]
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3
o
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time x10¢ time x10t

(a) Extract (Material B) (b) Raffinate (Material A)

Figure 12. Comparison of two controllers under the disturbance of switch time C =45 _5.2.

5. Conclusions

In order to enhance the efficiency of online control in SMB systems, it is necessary to
abandon models based on the finite element method in computational aspects, and to in-
stead establish dynamic models based on finite difference methods. Although the finite
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element method offers higher computational accuracy, it falls short in terms of response
computation, rendering it unsuitable for online control. Closed-loop feedback controllers
established on the basis of finite difference methods will enable more open and flexible
control. In the present study, we discretized the SMB process using the Crank—Nicolson
method and performed a computer-based simulation of the entire process. Our research
findings demonstrate that the discretized process effectively replicates the dynamic de-
velopment of separation processes. The application of discretization techniques lays a
solid groundwork for the efficient and reliable control of separation processes, which
holds significant implications for the advancement of manufacturing.

Subsequent investigations can focus on integrating controllers within the discretized
process, enabling efficient computational algorithms that facilitate real-time control. This
paper explores the case of the PSD controller when used to control a SMB in comparison
to the PID controller. We have successfully compared the strengths and weaknesses of
these two controllers in the control process. If the controllers demonstrate effective per-
formance, it will pave the way for industrial-scale applications.
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