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Abstract: The following semi-linear elliptic equations involving Hardy—Sobolev critical exponents
i

—Aufy‘x% =

u+g(x,u),x € Q\ {0}, u = 0,x € 9Q have been investigated, where Q

B
is an open-bounded domain in RN (N > 3), with a smooth boundary 000, 0 € 0,0 < p < i :=

(#)2, 0 <s < 2,and 2*(s) = 2(N —s)/(N — 2) is the Hardy—Sobolev critical exponent. This
problem comes from the study of standing waves in the anisotropic Schrédinger equation; it is very
important in the fields of hydrodynamics, glaciology, quantum field theory, and statistical mechanics.
Under some deterministic conditions on g, by a detailed estimation of the extremum function and
using mountain pass lemma with (PS), conditions, we obtained that: (a) If y <7 —1,and A < Aq(p),
then the above problem has at least a positive solution in H& (Q); b)If 7 — 1 < p < 7, then when
A«(i) < A < Aq1(p), the above problem has at least a positive solution in H} (Q); () if i —1 < p <7
and Q) = B(0, R), then the above problem has no positive solution for A < A, (). These results are
extensions of E. Jannelli’s research (g(x,u) = Au).

Keywords: semilinear elliptic equation; Hardy—Sobolev critical exponents; mountain pass lemma;
(PS), condition

MSC: 35B09; 35]20; 35J60; 35]75

1. Introduction

First, we present some symbols and notations. As usual, suppose p > 1, k, m are two
nonnegative integers, N, L are two positive integers, () is a subset of RN, and C™ (Q,0)
denotes the function space, such that U and D*U(|a| < m) are all continuous, and C™(Q})
for short. C*(Q) = N%_,C"(Q)), C5°(Q2) denotes all spaces of C*°(()) that have compact
support sets in (), and H}(Q2) denotes the closure of C(Q)) in W'2(Q)). CO#(Q)) denotes

the space of all u-Holder continuous functions in Q). W& 7(Q)) denotes the normal Sobolev
space, and W&’Z(Q) = H{(Q). The norm in L, () is defined as follows:

For any u € H}(Q), the norm in H}(Q) is simply written as ||u. And we denote RN as
the Euclidean space of dimension N and set R = R! simply. For xg € RN and r > 0, let
B(xo,7) = {x||x — xo| < r} denote the open ball in RN, which is centered at xq with radius
r. Let E; and E; denote two Banach spaces. An operator A: E; — E, is “bounded” if it maps
bounded subsets of E; onto bounded sets in E. It is “compact” if it maps bounded subsets
of E1 onto relatively compact sets in E,. In what follows, “—" (“—") denotes strong (weak)
convergence; O(x) is used to denote an infinitely small or large quantity that has the same
order as x under some limiting process; o(x) refers to an infinitely small or large quantity
that is of higher order than x under some limiting process; and o(1) represents an infinitely
small quantity under some limiting process.
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Recently, discussions on nonlinear elliptic equations have attracted more attention
from mathematicians, such as [1-4] , etc.
In [5], the authors investigated the following semilinear elliptic problem:

P G S
—Au—y——s=———u+g9(xu), x€ ,
PR~ 1T 8 (1)

u=020, x € oQ).

where () is an open-bounded domain in RN (N > 3), with a smooth boundary 9Q) and
060, 0<u<j:= (#)2, 0<s<2,2%s)=2(N—s)/(N —2) is the Hardy-Sobolev
critical exponent. This problem comes from the consideration of standing waves in the
anisotropic Schrodinger equation; also, it is very important in the fields of hydrodynamics,
glaciology, quantum field theory, and statistical mechanics (see [6-9]).

Assume that g € C(Q X R, R), G(x,t) = fotg(x,s)ds, such that

(g1) There exist constants ¢1, c; > 0, and p € (2,2*) (here, 2* = 2%(0) = 2N /(N —2)
is the Sobolev critical exponent), such that

lg(x,t)| < c1]t| +ca|t|P7Y, forany (x,t) € Q x R.
(g2) There exists a constant K > 0, large enough such that we have the following:

G(x,t) > Kt?, forany (x,t) € Q x R.

(g3) There are constants p > 2 and v > 0, such that
0G(x,t) < g(x, t)t +vt?, forany (x,t) € Q x R.

Theorem 1 ([5], Theorem 1.1). Suppose that N > 3,0 <y <u—1,0 <s <2, g(x,t) satisfies
(g1), (g2), (g3), then (1) has at least one nonnegative solution.

From the proof of Theorem 1, one can see that it also needs c; to be sufficiently small
(see page 222, line-8 in [5]). So we may wonder how small ¢; should be. This problem will
be solved in this paper.

Many authors investigated problem (1) when g(x,u) was a special function,
such as [1,10-18]. Some authors have concentrated on when g(x, 1) was a general function
that satisfied some definite conditions, such as [5,19,20], and so on. For the study on
problem (1), the classical method is a variational method (see [21-25]); we should point
out that the classical mountain pass lemma cannot be applied directly to (1), because (1)
| u‘Z*(s)—Z

|x[°
reason is that the embedding from H}(Q) into L? (Q) is continuous but not compact. In
order to overcome the difficulty caused by this non-compact embedding, one can use the
principle of concentrated compactness proposed by P.L. Lions [26-29]; also, we could use
the mountain pass lemma with (PS)_ conditions proposed by H. Brezis and L. Nirenberg
(one can refer to [10,23]), and so on. This principle has also been successfully applied to
the study of nonlinear elliptic systems [30]. The discovery of these theoretical methods has
greatly promoted the development of nonlinear functional analysis and many excellent
results have been obtained; for convenience, we will list some that are useful for our study.

The following two theorems describe the existence of positive solutions for (1) when

the function g(x,t) grows linearly at t = 0.

contains the Hardy-Sobolev critical exponent u. As we all know, the essential

Theorem 2 ([1], Theorem 1.A-1.C). In (1), let g(x,u) = Auand s = 0.
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(B1) If u < u — 1, then when A < Aq(p), problem (1) has at least a positive solution in
H}(Q), where

2
. f0<|Vu|2—y|zz)dx
M(p) = inf .

ueHL(Q)\ {0} JolulPdx

()

(B2) If i — 1 < u < 7, then when Ay (p) < A < A1(n), problem (1) has at least a positive
solution in Hé(Q), where

[o|Vel?/|x[*Pdx
peH}Q\(0} [, 92/ |x|*Pdx

B= i+ /i—pand M (p) = 3)

B3)Ifi —1 < u < pand Q) = B(0,R) , then (1) has no positive solution for A < A ().

One can easily see that when g(x,u) = Au, g(x,u) satisfies (g1), but when A < 2K, (g2)
is invalid.

In [19], D.S. Kang and Y.B. Deng obtained the existence of the solution to the
following problem:

where a(x) is a nonnegative function and locally bounded in RN\ {0}, a(x) = O (\x\_s)

in the bounded neighborhood of the origin, a(x) = O(|x|7t) as x| +00,0<s<t<2,

2*(t) < r < 2*(s). They obtained the following: If r > max{ \/ﬁf:/sﬂ’ Nfsf\%/ﬁ*ﬂ },
then (4) has at least one solution.
On the other hand, when g(x, 1) = Au and s = 0, as E. Jannelli [1] said, “The space

dimension N plays a fundamental role when one seeks the positive solutions of (1)”. In [10],
the authors studied the following;:

N+2
—Au = Au-+uvN-2in(),
u > 0inQ), (5)
u = 0onodQ.

and obtained.

Theorem 3. (a) When N > 4, problem (5) has a solution for every A € (0, A1), where A1 denotes
the first eigenvalue of — A with the zero Dirichlet boundary condition; moreover, it has no solution if
A & (0, A1) and Q) is star-shaped; (b) when N = 3 and Q) is a ball, problem (5) has a solution if and
only if A € (171, A1).

Motivated by Theorems 1-3, the following problems also need to be solved:

(P1) In Theorem 1, what would happenify —1 < pu < u?

(P2) Could we further weaken the conditions (g1), (g2), and (g3)?

(P3) For problem (1), if g is a general function, does the space dimension N still play
an important role?

Theorem 4. Suppose that N > 3,0 < u < 1,0 < s < 2, a(x) is nonnegative and continuous in
Q\ {0} (for short, QV), there exists a neighborhood of the origin U(0) C Qand 0 < g < 2 such
that a(x) = O(|x|~1) for x € U(0) \ {0}, and g(x, t) satisfy
(81) g € C(Q° x RY,RT) and there exist constants A > 0and 2 < p < 2*(1— %)
such that
At < g(x,t) < At+a(x)tP7L, forany (x,t) € Q¥ x RT.
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(gh) Assume that there exist two nonnegative constants, as follows:

p>2and0<v < W(Q = min{p,2"(s)})

such that
0G(x,t) < g(x, )t +vit?, forany (x,t) € Q° x RT,

We can obtain the following:

(i) If0 < u < p—1, then when A < Ay(p), problem (1) has at least one positive solution
in H}(Q).

(i) If i — 1 < p <, then when Ay (u) < A < Ay(pu), problem (1) has at least one positive
solution in H}(QY).

Theorem 5. Suppose that N >3, i —1 < pu < ji,0 <s <2,Q=B(0,R), g(x,t) satisfy

(84) § € C(QA X R,R) and g(x,t) = g(|x|,t) for (x,t) € Q x Rand g(r,t) is decreasing
inr, wherer = |x|;

(84) There exist two positive constants

N-2
2N

c < ch <

z|=

such that B
G(x,t) < cjg(x, )t + HAL, forany x € QO x RT,

then when A < A, (), problem (1) has no positive solution in H}(QY).

Remark 1. Comparing the above two theorems with Theorems 1 and 2, one can easily see that (g1)
and (g}) are exactly the same. Here, we do not need the condition (5). And compared with (g3),
(g5) only constricts the range of parameter v. According to Theorem 1, conclusion (ii) in Theorem 4
is new. We can also see that all the conclusions in Theorem 2 are included in Theorems 4 and 5.

As applications of Theorems 4 and 5, we provide an example.

Example 1. Consider the following elliptic problem:

u |u|2*(s)—2 N
_AM_VW:TM+/\L[+”(‘X‘)L[I x € O\ {0}, ©)

u=0, x € 0Q),

where a(r) € CY([0,+0),[0,+0)) and a’(r) < 0, N > 3,0 < s < 2,Q = B(0,R), by
Theorems 4 and 5, we have the following:

HIfo<u<up-ll<ac< %, then when A < A1(u), problem (6) has at least one
positive solution in H} (Q).

() Ifu—1<p<ul<a< N then when A (u) < A < Aq(), problem (6) has at
least one positive solution in H} (Q).

(i) If — 1 < p <7, 0 > N2 and A < A, (), then (6) has no positive solution in H}(Q).

Corollary 1. For the following elliptic problem:

2*%(s)—2
u |ut] N+2
_Au_]/[7:7u+/\u+a<|x|)uz\]72/ XEQ\{O},

ME ER )

u=0, x € 90,
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where a(r) € C([0,+c0),[0,4+0c0)) and a’(r) < 0,N > 3,0 < s < 2,Q = B(O,R). If
n—1<wu<pand A < Ay(p), then (7) has no positive solution in H} (QY). Especially, for any
a>1,u—1<pu<pand A < A,(n), the equations

_Au_‘uLZ:/\,u—*—ﬂu%, XGQ\{O}/
[x] 8)
u=0, x € 0Q),

has no positive solution in H} (Q).

Remark 2. To the best of our knowledge, the conclusions in Corollary 1 are new. Conclusion (b) in
Theorem 3 is included in Corollary 1 and conclusion (a) in Theorem 3 is included in Example 1.

Corollary 2. For the following elliptic problem, we have the following:

|u‘2*(s)—2
— = e Aua(jsat, 3 € 0\ {0),

u:o/ anQ,

©)

where a(r) € C'([0,4+c0),[0,4+c0)) and a’'(r) <0, N > 4,0 <s < 2,if1 < a < {3, then
when A < A1(0), problem (9) has at least one positive solution in H}(Q). In particular, for any
a>0,N>4,1<a< % and A < A1(0), the equations

{Au:}\u+u%+5+au“, x e O\ {0}, (10)

u=0, x € 0Q),
have at least one positive solution in H} (Q)).

Remark 3. From Corollary 2, we can easily see that the existence of a positive solution for Equation (10)
is independent of the subcritical terms au® (a > 0,1 < a < %)

We organize the rest of the paper as follows. In Section 2, we provide some preliminar-
ies about the Hardy inequality, the properties of variational functionals corresponding to
Equation (1), and the properties of extremal functions. In Section 3, by using the mountain
pass lemma with (PS), conditions, we provide a detailed proof of Theorem 4. In Section 4,
by establishing the Pohozaev-type identity and using the properties of the Bessel function,
we provide a detailed proof of Theorem 5.

2. Preliminaries

In this section, we provide some lemmas that will be useful for our study; for more
details, one can refer to the references cited therein.

Lemma 1 ([31,32]). Assumethat1 < p < Nandu € Wg’p(Q). Then

ul? p ”/
—edx < [ —— Pdx.
o0 2" x < N-p .Q\Vu| x

By Lemma 1, we can define the equivalent norm and inner product in H}(Q) as
follows, for 0 < u < fi:

] := / Va2 — ) ax % (u,0) -—/ Vuvo — u22 \dx, vu,0 € HY(Q)
’ Q y|x|2 [N : 0 :u|x|2 ’ ’ 0 :
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Notice that the values of g(x, t) are irrelevant for t < 0 in Theorem 4, so we define
the following:
g(x,t) =0, for (x,t) € Q° x (—00,0).

To study the existence of a positive solution for (1), we first consider the existence of
nontrivial solutions to the following problem:

u _ (@) 0
—ANu—py—=-~———+29(x,u), xe),
are et (11)
u = 0, X 6 aQ,
where
u™ = max{u,0}.

Obviously, the existence of a positive solution for (1) is equivalent to the existence of a
positive solution for (11).
The energy functional | : H}(Q2) — R corresponding to (11) is given by the following:

1 1 +12(s)
Jw) = gl ~ 5y /. (”|,3|s dx— [ Glx,u)dx, u e Hy(Q), (12)

J(u) is well-defined with ] € C'(H}(Q),R), and for any v € H}(Q),

\2%(s)-1
(u|)x|svdx—/ng(x,u)vdx.

(' w),0) = (wo) - |

Q

For 0 < u < ji, we define the best constant (see [16,32])
2
[[u]

Aus(Q) 2 inf .
2%(s) 2%(s)
\ﬁ\s dx)

ueH} (Q)\{0} (

(13)

Jo

The following two lemmas could be found in [16].

x|

Lemma 2 ([16]). Suppose 0 <s < 2and 0 < u < fi. Then we have the following:
(i) Ays(Q) is independent of Q).
(ii) Ay,s(Q) is attained when O = RN by the functions:

(2e( — p)(N —s)/ @) V")
Ye(x) = ——— T IN=2) /(=)
x|V VIH (s 4 |x|(2—5)\/ﬂ—ﬂ/\/ﬁ)

for all ¢ > 0. Moreover, the extremal functions y.(x) solve the following equation:

2%(s)—2

u |u] N

—Au—p—7s="——7—u xR \{0}
x| |x[?

and satisfy
2

2(s) -
2 |]/ _ |]/| _ =5
/RN <|Vyg| —y|;2>dx—/RN = A (14)

- (BN =) ) vl (15

Let
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and define a cut-off function ¢(x) € C§°(Q2), such that we have the following:

(x) = 1, [x[<R,
P70, 1 =28,

where B(0,2R) € Q,0 < ¢(x) <1, for R < |x| < 2R (R < Ry, Rp will be defined later), we
set the following;:

1

*(8) 14 —8 )
() = pU(x), 00) = )/ ([ P Oax) ™, ag
|v€‘2*(5)
then [, o dx =1.

Lemma 3 ([16]). Let ve(x) be defined as in (16), then ve(x) satisfies the following estimates:

loel® = Aps +0(e35), (17)
¥ N
o\ ) Vs a< Jmvr
]
/Q|U£|qu =<0 ez |l7’l€), q= ﬁ, (18)
0 \g(l\;fq_ﬁ) N o
—s) i~} - N
(‘“’ ) ViR <SS

Lemma 4 ([1]). Let QO C RN be a smooth bounded domain, N > 3,0 € Q. Then, Ax(p) is
attained for a positive g € H}(Q), and 0 < A, (i) < Aq(p).

Remark 4. Lemma 4 shows that the interval (A, (p), A1 (p)) is not empty.

Lemma 5. Let ||ue||, Ays, Ce be defined as above, then we have the following:

N—s SPREAC) o N—s
||ug||2 — CE—ZAZ},gs +D, /Q ’ 5‘ 2%(s) 4275

dx = C; Aps’ +E

|x’

Va2 — dx—/ UL - p B ) ax
€ l’l|x|2 ‘leR 3 l’l|x|2 7

2 2
T
>R [x|? R<|x|<2R  |x|°

Moreover, let ¢ = €2-5, then

where

-l

I
S
In
=
IA
N
P

T

lim ¢22 —o, 1m V%5 g (19)
—0
And there exists Ry > 0, when R < Ry,

2
lim D < de. (20)
e—0t Q |x‘ p
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Proof. By (14) and (15), we know the following:

5 2
Juel* = [ )
2 2
= ‘vu 2 ugz dx+/ \Vug|2—‘u u€2 dx
x| <R x| R<|x|<2R x|
2
- RN<|vu€2 |U|€2>dx+D
X

N-s
=CPAis +D

It follows from ¢ € C°(Q2) and 0 < ¢(x) < 1 that there exists M > 0, for any x € (),

lp(x) - Vo(x)| < M. (21)

2
By lirél+ U, = ﬁ, f|x\>2R |V‘<£|(2a;)\ dx >0, B> — u > 0 and (21), we have the following:
e— =

2
: ¢(x) lp(x) [
Iim D = \VA rSaEa — d
ot Rsxsm(‘ (ﬁ)~ Fppz )
1\ 1
- V()| —p—rs |4
/x>R(‘ (|x|ﬁ>‘ V|x|2ﬁ+2) x
Vo(x) 1\ [
47 X
+q)(x)V< )
|x|P |x|P
lp(x)[* 2 / 1
- dx — (g2 - -
‘u/R<\x\<2R | PP+2 x (.3 ﬂ) 2R PP x

|Vo(x )| 2 / 1 / 1
— o M - —— dx+2BM 4
= Ja ‘x|2/5 X = (,B I’l) Ix|>2R |x|2ﬁ+2 x+28 R<|x|<2R |x|2ﬁ+1 be

Let r = |x| and make an N-dimensional spherical coordinate transformation, then

R<|x|<2R

1 1

2

- - X+ ——d
(ﬁ #) /|x\>2R |x|2/3+2 2pM R<|x|<2R |x|2/3+1 g

5 +o0 2R 1

where Sy_1 denotes the N-dimensional unit spherical surface area. Since 28 +3 — N =

1+2/p—u>1 wehave

/+°° LI (2R)N7272f
2R p2BHI-NTT 2842 N

N-2-2p
If26+2— N =1, then fR z,s+z —55—dr = In2 and 11m+% = +o0. Thus, there

exists Ry > 0, such that —(p* — )f|x\22R |x\2/5+2dx + 2BM [gcjyj<ar lx‘zﬁﬂ dx < 0, for
R <R,
. 2R
If28+2— N < 1, then ngf)‘+ Iz mdr = lim

R—0*
exists a positive constant R, > 0, such that —(p*—

+2BM [p|yj<ar |X‘Z%dx <0, for R < R,.

N-1-26 _ (yp\N—1-28
R 26 +(12§I)\] = 0, thus there

.“) f|x\22R |x|21ﬁ+2 dx
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. 2R 1 T
If284+2—N > 1, then Rll)no’gr R prewdr = nglo’l+
N—-2-2B <N —1-28 < 0implies that there exists some positive constant R3 > 0, such

1) 2R
that — (B2 — 1) for" s dr +2BM [g" —phdr <0, for R < Rs.
As mentioned above, when R < Ry = min{Ry, Ry, R3},

RN7172ﬁ7 2R N-1-28
S g

2
Iim D < de
e—0+ Q |x|2/5 ’
Furthermore, by (14) and (15),
|u8|2*(5) |US|2*(S) |u€|2*(5)
o |xf ST /Rg\x|§2R |x|?
U126

:/RN‘ |£J|C|S dx+E

: 2(5)
—ctO [ '%s dx+E

* N=s
—c.7Ya +E

The proof of (19) is similar to the above, and we omitit. O

Definition 1 ([33]). Let E be a Banach space. Given ¢ € R, we will say that I € C'(E, R) satisfies
the (PS). condition if any sequence {u,} C E, such that I(u,) — c and I'(u,) — 0asn — oo
possesses a convergent subsequence.

Lemma 6. Assume that a(x) is nonnegative and continuous in Q°, there exists a neighborhood
of the origin U(0) C Qand 0 < g < 2, such that a(x) = O(|x|~7) for x € U(0) \ {0}, then for
any2<p<2*(1—%)and%<’y<2*,a(x)6L (Q).

TP

Proof. Without loss of generality, we only need to prove a(x) € L v (U(0)), notice that
7P
a(x) = O(|x|~7) for x € U(0) \ {0}; thus, there exists a positive constant C; such that

a(x) < Cqp|x|™7forx € U(0) \ {0},

therefore

where,

notice that ¢y > % implies that

thus,
v

/ a(x)7rdx < 4o0.
u(o)
This completes the proof. [

3. The Existence of Positive Solutions for (1)

In this section, we give the proof of Theorem 4. First, we have the following:
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Lemma 7. Suppose (g1), (g5) and A < A1(y) hold, then for any

2—s  B=
0,5 =A% ),
CG( 2(N—s) ”/S)

] defined as in (12) satisfies the (PS). condition.

Proof. Let {u,} C H}(Q) be any sequence, such that J(u,) — cand J'(uy) — Oasn — oo,
first we prove that {u,} is bounded in H}(Q)). Arguing by contradiction, without loss of
generality, suppose that ||u,| — co. From J(u,) — ¢, ]'(u,) — 0 and (g5), also notice that
for any (x,t) € Q¥ x R, pG(x,t) < g(x,t)t + vt?, we have

c+14+o)|unll = J(un) — §<]’(un),un>

(; _ (1)> 102 + /Q (;g(x, U )ty — G(x,un)>dx
+12%(s)

(5= 7m) b e

(1Dt =3 e

(531w~ (3-5) gyl

= (3-9) (- x5 ) Iwl®

Which is a contradiction. Hence, {1, } is a bounded sequence in H}(Q2) and there exists a 1,
such that u, — u(n — o), up to a subsequence. Hereafter, without loss of generality, we
say iy — u(n — o0) or uy — u(n — o0), it means maybe one of the subsequences {uy, } of
{un} satisfies u,, — u(k — c0) or u,, — u(k — o). Furthermore, by the weak continuity
of J', J'(u) = 0. From u, € H}(Q), uy — u(n — ), by the embedding theorem, we have
up — u(n — ) in L7(Q)), forany 1 < v < 2*. Let g1(x,t) = g(x, t)t, from (g}), we have
|g1(x, )| < At2 + a(x)|t|?, by Holder inequality, when v > p, we have the following:

Y]

/

[ awloPas < [ 77 ax) e (fjotorax)"", @)

if we choose % < 7 < 2%, then by Lemma 6, we have a(x) € L » (Q), which implies
G

that g1 : L7(Q) — L'(Q) is a continuous and bounded operator. Therefore, we have

lim Q(gl(x, uy) —g1(x,u))dx =0,

n—o0
thatis,
nh_r)rolo Qg(x,un)undx:/gg(x,u)udx. (23)
Similarly, we have
nh_r)r;o QG(x,un)dx:/QG(x,u)dx. (24)
Thus,
121 (uz)*) / _
Sl 2*(3)/0 L [, Glunay = c+o(1) (25)
and

+)2*(s)
||un|2—/0(u”|£|sdx—/ﬂg(x,u)udx—o(l), (26)
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which imply that
+)2%(s) _
/Q (un|2|s dx = 2(;\7_ SS) UQ G(x,u)dx — % /Og(x,u)udx +c] +0(1), (27)
therefore,

lun|)? = % {/Q G(x,u)dx—;/ﬂg(x,u)udx—i—c] —i—/Qg(x,u)udx—i—o(l). (28)

We claim that

ol = 2552 [ GGdx =3 [ stouuds o] + [ gtxmuds, @9

in fact, notice that J(u) = cand J'(u) = 0, repeat the above derivation, (29) obviously holds
true. By (28),
[[sn]| = [[ull, 1 = oo. (30)

By (30) and u,, — u(n — o0), we have
Uy — uin H{(Q), n — .
O
Lemma 8. Suppose (g1), (g5), A < A1(p), and
2—s N=s
(NS (Or Z(N_S)Ay,s )r

then u defined in the proof of Lemma 7 is a positive solution of (11).

Proof. From the definition of u, also notice the relationship between the functional | and
problem (11), we can easily know that u is a solution of (11).
If u=0in Q, from (J'(un), u,) = 0(1) and (23), we have the following:

+12%(s)
Jual [ ) e = o) 1)

By the definition of A 5, we have the following:

2
2% (s) o)
it > Aps ( /Q ()" dx> . (32)

|xf°
From (31) and (32), we have the following;:
2 I e
o) = [ (1= Ay a2,
If ||un|| — O, then J(u,) — 0, which contradicts ¢ > 0. Therefore, we have the following;:

2 N=s
[[n ]| > Aps +0(1). (33)
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By (g5), (31), and (33), we have the following:
10 1 () > )
Jua) = Gl = ey [ e o)
2—s
= sty Il + o)
2—s =
> 2—s
which contradicts ¢ < ( )A 3= Thus, u #0.
Notice that for any v € H}(Q)), we have the following:
: )™ dx— 0
(' 0)2) = () = [ v~ | g(xwjodx =0
Therefore,
(qu)z*(S)*l
(u,u™) — /Q Tu*dx — /Qg(x,u)u*dx =0
and
+ (”+)2*(s) +
(u,u™) — /Q de - /Qg(x,u)u dx =0,
where u~ = max{—u,0}. According to the definitions of g, u™, and u~, we have the following:

_;,_)2*(5)—1

i — (u —ae / —e
/Qg(x,u)u dx /Qg(x,u)udx, /Q T u dx =0, Qg(x,u)u dx =0,

S0
lu”|? =0,

thus u > 0. Moreover, by the strong maximum principle, u > 0, which completes
the proof. O

Lemma 9. Assume that (g1), (g5), and A < A1(p) hold, then the functional | admits a (PS),
sequence at level

c:gggﬁﬂﬁﬁm

where

r:{yecQauJﬁan>ym)zajwu»<o}

Proof. By (g7) and (22), for N 7 <7r< 2*, we have

+12%(s)
Iww—bwf—*t%LO‘F dx— | Glxu)dx

|x
—2%(s)/2
A 2
H||—4£;44|H@ HM)H HNP—*WM

2 (s)
Ja* —

A/Al( ) Ayt ©

| \/

)~ Zla()|| o |ul?,
() HH pH(ﬂquH

here, || - || represents the usual norm of space L"(Q)). Notice that v < 2*, then by the
Sobolev Embedding Theorem, there exists a positive constant C3, such that

[ull?, < Csllul”,
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thus,

/\//\1( A‘z*(sV2

u® — u>© = Cyju)?, (34)

J(u) > 1
where c
_ =3
= )l 2,
1—/\/}\1 (]xl)
i

Notice that A < Aq(p) implies that
constants a, 7, such that

> 0,and p > 2, thus, there exist some positive

J() >a >0, Vu e {u e HY Q)| ||ul| = r}.

Furthermore, from the nonnegativity of G(x, u), we have the following:

mw:ﬂmwﬁ@/awmw
25(s) Ja
<SP - £
2°(s)’
ast — oo, tgrfoo](tvg) = —oo, thus there exists ty > 0, such that ||tyve|| > r and J(tyv,) <

0. By the mountain pass lemma with (PS), conditions, we infer that | admits a (PS),
sequence at the level ¢, that is, there exists a sequence {u,} C H}(Q) such that

J(uy) — ¢ > aand J'(u,) — 0.
This completes the proof. [

Lemma 10. Suppose 0 < s < 2, (g}) and (g}) hold. If one of the following conditions
MDO<u<u—1,0<A<A(p).
F—1<pu < A(p) <A< A(p).

is true, then

2-5 5=
0 <c< mAV’S .
Proof. Consider the functions
, 1270
h(t) = J(toe) = H ol - 5 —/QG(x,tve)dx, £>0
and
()= Sl - 2 i >0
o2r(s) T

where v, is defined as in (16). We have h(0) = 0, tlirf h(t) = —co.
— oo
Notice that (g7) and (g5) imply (34), therefore

—2*(s)/2
1-A/A A *
Jto) > T o 2 - B o PR — Gl G

A < A1(p),2%(s) > 2, p > 2 show that h(t) > 0 when f is small enough, thus there exists
some t; > 0, such that hi(te) = sup; h(t) > 0, thus ¢ > 0 and '(t¢) = 0; that is

h/(tg> == tg“ngz - tg*(S)_l - ‘/()g(xr tgvg)vgdx == 0, (36)
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which implies that
* _ 1 * —
Joel? = 2 4 - [ sl teoeoedx 2 72 @)
€
2
Therefore, if we set t; := ||v¢||2¢)-2, then
te < fe. (38)
_ _ 2
Obviously, the function /i(t) reaches its maximum at t, = ||v¢||2®)-2 and is increasing
in the interval [0, |, then from (17), (18), (38) and (g), we have the following:
h(te) = h(te) —/ G(x, teve)dx < h(ke) —/ G(x, teve)dx
Q Q
2—s 2(N—s)
< —_ 2—s  —
< 2(N—s)”v£” /Q G(x, teve)dx
2—s M= N2 A
< = 2—s 7 s _ - 2 2‘
— Z(N_S)A}l/s +O(€ ) 2t€Hv£||2
Here, we use the following facts:
4
fim AP0y
x—0 Ox
Under case (i), by (g}), we have the following:
g(x, teve)ve < AVt + a(x)ol
Thus, for % < 7y < 2% by (37), we have the following:
2%(s)-2 <p—2
loell® = 272 < Alloel + 7272 lal |z loell5- (39)
By Lemma 3, (39) implies the following:
lim te = A;" 7 40
gi%}r € s ( )
From Lemma 3, when y < —1,
.
Jeel = 0= r ), an
whenpy =7 —1,
N-2
loel3 = O (e |ime]). 42)
Thus for A > 0,
N—s N_2 N-2

2—s A2 O(ez=)—=0 @-9)Vi-u) f u-—1,
n(t) < { TN e T e )moe oy <F

| A AL +O(€2*S)—O(S%|ln€|> fory=pu—1.

The above inequalities show that if we choose € small enough, then we have the following:

C<h(t)<iAg::
— VY T (N —s)
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Under case (ii), from (39) and (g}), we can obtain the following:
2—s 20N-s) A
h(te) < ml\vell = EtgHvsH%- (43)

By (40) and (43), we have the following;:

h(te) <

,2( ) —fAZ* va||2+0<€25).

Notice that A > A, (u), then by Lemma 3, we can choose ¢ small enough, such that we have
the following:

2—5s 2N=s) A, s
1) < gy ol 55 = 2L AT

We claim that when ¢ is small enough, then we have the following:

2—5 2AN=9) A (M) 753 2—s H=s
S8 e T - A <278 AR
2(N —s) 2 Aus Ieellp < 2(N —s)

In fact, by Lemma 5, we have the following;:

nu“)ﬂ
0,
lim+ £ 1S
=0 AZ,S fQ\vS| dx
N-s N=2
o B\ = —2%(s) L 5=\
D+CI2A% AL (E+c7mPaz
= lim
e—0* P

N-2 Coe(s) (A= S T
AL (E+c€ (S)Aﬁ,s> S te

o @(2c) A ot )

. —S
T 2= glg(% M(Nf) o)
2—s X
A" o T‘Zﬁ dx
lim D
_ N-s g0t (44)
2-s o) 4.
fQ ‘x‘zﬁ dx
— r\/fﬂ\ N—s Ig:sz N N—s %
where C = <72<"‘%N =1) 7,0 = (C2D§+ ALy ) Q= (EC2*(S>§N?3 +AL :
By (20) and (44), we have the following;:
2(N-s) |V(P ‘
i Il =457 N s Ja T
SO AL folePar 2T [ 8
N—s

so, when we choose € small enough, ¢ < g(t,) < ﬁflﬁgs . O

Proof of Theorem 4. By Lemmas 8-10, the conclusion is obvious. [

4. The Nonexistence of a Positive Solution for (1)

In this section, we consider the nonexistence of a solution for (1). To this end, we
assume i —1 < u < 7, g(x,t) = g(|x|,t) for (x,t) € Q x R, g(r,t) is decreasing in r,
Q = B(0,R), A < Ay (), and (g}) hold; that is, all the conditions in Theorem 5 hold true.

The following lemma can be found in [1].
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Lemma 11. Let J-(z) be the Bessel function, as follows:

) (2/2)T+21

o z'Fz+T+1)

Then,
(@) 2] (2) + 24 (2) + (22 = 1) ]« (2) = O;
(b) VTt > —1, 3 z¢ > O such that J:(z) > 0forz € (0,z¢) and J(z) = 0;
(@if 1<t <7, then0 < zpy < zy;
(d) Jr(z) = %]T(Z) = Jr+1(2);
(e) Je1(z) = ZZ*TIT(Z) —Jr-1(2)-

Proof of Theorem 5. From [34], we can easily see that under the condition (g3), any solu-
tion of (1) must be spherically symmetric. The radial equation for (1) is as follows:

1

oy N ()2

u’+ur—2+r7u+g(r u) = 0. (45)

If (1) has a positive solution u, then u(R) = #'(0) = 0 and we have the following:

—— +g(r,u) =0. (46)

Let ¢(r) and w(r) be two smooth functions, such that ¥(0) = 0, ¢'(0) > 0, ¢”(0) = 0.
Multiply both sides of equation (46) by ¥N=1u/(r)y(r) and —rN~lu(r)w(r), respectively,
then sum them and integrate them on [0, 1] (without loss of generality, assume R = 1),
we have the following:

/1 erl(u/)Z [W _ M w}d
0

2 2r
e S
2/ N12{2w+¢+ 1/]]
+%L)45N51f‘”@%@w+¢“+uv_i_m¢}”

- /01 N7 g(r, u) — Aulu'pdr + /01 N g(r, u) — Aujuwdr

— S 4

Choosing

w =

Y (N-1y
2 2r

Pp(r) = p(VAr),
where the function ¢(r) is the solution of the following Cauchy problem:

/

o N -GN (- ) ag =0
@(0) =0;¢'(0) = 1;¢"(0) = 0.

From the works in [1], we have the following;:

o(r) =r]¢(NJe(r), &= VA= (48)
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and y(r) satisfies the following:

" +[(N—=1)(3—N) +4y] (1;02 — ;’g) +4Ay" = 0.

Which implies that the Pohozaev-type identity (47) can be simplified as follows:

AN =s=2 (1 oq e[, ¢
) /Or u [l[]—r:|d1’

+/Ol pN-1 [G(r,u) — )L;z] [1}7’ + 7(1\] —r 1)4)}111*

+% /01 N g(r,u) /\u]u[t,b’ V- 1)¢]dr

r

1 2
= L
By Lemma 11,if A < A, (u) = z%g, then

P(r) = (p(\/ﬂ) >0, for0<r<1 (49)

and

Y — % <0on|0,1). (50)

Notice that

r

[G(r,u) - A;z] [1/;’ + (N_l)lp}
5l = [y - 1]

(Hy + Hy) ' + (Hy — Hy) (N — 1)%

= (Hy+ H)VAQ (VAr) + (Hy — Ho) (N — )WVA] (VAN (VAr),

where
2

A 1
H; = [G(r,u) — ;} and H, = E[g(r,u) — Aulu.
From (48) and Lemma 11, for any y € (0,z_¢), we have the following:

o) = T W) +yl W (y) +yT-c (W) (y)
JcW ;W) =y ) —y] W)z ()
J—cW)J:(y),

IA

thus

(Hy + H)VAQ (VAr) + (Hy — Hy) (N = D)VAT_ (VA7) (VAr)
< [Hi+ Hy+ (N =1)(Hy — Hp)[VAJ_¢(VAr) [ (VAr). (51)

From (g}), (47) and (51), we have the following:
1 , 2
e[ ()] <0

Which contradicts (49). This completes the proof. [
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References

5. Conclusions

In this paper, we investigate a class of semi-linear elliptic equations involving Hardy—
Sobolev critical exponents. By a detailed estimation of the extremum function and using
the mountain pass lemma with (PS). conditions, the existence of positive solutions is
obtained. On the other hand, by establishing the Pohozaev-type identity [35] (which can be
applied to the study of differential inequality theory, one can refer to [36,37]) and using the
properties of the Bessel function, the nonexistence of the positive solution is also obtained.
We completely generalize E. Jannelli’s linearity research [1] to the nonlinearity case. It also
improves Wang’s conclusion [5] and generalizes the main results in [10].

If ¢(x, t) grows superlinearly at t = 0 for any x € O, from the work of Ding [6], we can
easily see that for any 0 < yu < 7, problem (1) has at least one positive solution. However,
if the function g(x, t) grows linearly at t = 0 for any x € O, from Theorems 4 and 5, we
can easily see that 1 = 7i — 1 is a critical value, this shows that the condition (g}) is an
essential condition. Notice that i only depends on the space dimension N; thus, the branch
value 7 — 1 only depends on the space dimension N, which shows why the existence of the
solution for (1) depends on the spatial dimension N.

Recall that the domain Q) C RY is star-shaped with respect to point xy € (), it means
that if every ray starting from xg intersects the boundary d2 only at one point. Obviously,
B(0, R) is star-shaped with respect to the point 0. So we may have the following:

Conjecture 1. If we replace Q = B(0, R) in Theorem 5 with an Q C RN which is star-shaped
with respect to point 0, and other conditions remain unchanged, then the conclusion in Theorem 5
still holds true.

If we compare our conclusion in Theorem 5 the conclusion in Theorem 3, we may also
have

Conjecture 2. If i — 1 < y < fand Q) = B(0,R), then

We leave the above two conjectures for further study.
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