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1. Introduction and Preliminaries

Because of its various applications in mathematics and many other related fields,
fixed-point theory has evolved as an important and active area of research. For instance,
fixed-point theory has been used to solve various geometric problems on Riemann surfaces,
see [1,2] and references therein. In metric fixed point theory, the Banach contraction
principle (known as BCP) [3] is among the earliest tools that, due to its usefulness, has been
developed further in many different directions. For the historical background of the topic,
we refer to [4-17]).

Samet et al. [15] generalized the BCP for self mappings and Nadler [18] extended it for
multivalued mappings. Gabeleh and Markin [19] obtained some very useful consequences
of Nadler’s result in connection with the best proximity point theory of multivalued
mappings. Hasanzade et al. [4] generalized Nadler’s theorem by extending Samet’s result
for multivalued mappings. Kirk and Shahzad [12] proved fixed-point results via metrics
sequentially equivalent to the Hausdorff metric. Ali et al. [20] obtained multivalued
versions of results in [12] via metrics which are (strongly) semi-sequentially equivalent to
the Hausdorff metric.

Suzuki [16] generalized the BCP and characterized the completeness of the underlying
metric space. Note that the BCP does not have this property; that is, it does not characterize
the completeness of underlying metric space ([8], Example 3). Ali and Abbas [21] introduced
generalized multivalued Suzuki-type contractions and proved some fixed-point theorems
in the settings of b-metric spaces.

The concept of well-posedness holds great significance as it plays a very important role
in the theory of nonlinear analysis. Well-posedness of problems is important in establishing
the convergence of algorithms in various problems, for instance, variational inequalities,
equilibrium, and inverse problems. Due to its usefulness, this concept has been studied
in various contexts, and we refer the reader to [22] and the references therein. Petrusel
and Rus [23] considered the well-posedness of the FPP. Moreover, Petrusel et al. [24]
(compare [25]) defined the well-posedness of the FPP in a generalized sense.
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We fix certain notations and present some introductory concepts that will be utilized
to prove the main conclusions presented in this article. The symbols R, R*, Ry, N, Ny,
U denote the set of reals, nonnegative reals, positive reals, positive integers, nonnegative
integers, and a nonempty set, respectively. The collections of subsets of U are defined as
follows.

e PU)={V:Vcu}

e P(U)={VePlU):V #Q0}.

e P (U)={VeP(U):Visclosed}.

e Pu(U)={V e P (U):Visbounded and closed}.
Let (U, p) be a metric space. If

6(V,W) = sup inf p(v,w)

vey WEW

forall V,W € P;(U), then the functions D, H, H* : P(U) x P(U) — [0, o] are defined as
follows:
infyey wew p(v,w), if V#Dand W # @,
D(V,W) = { 0,ifV=W=0,
oo, otherwise,

max{6(V,W),6(W,V)}, if V#QO,W #Q,
H(V,W) = { 0,ifV=W=0,
0o, otherwise,
and
SWVITWW) ey £ @, W + @,
HY(V,W)=12 0,if W=V =0,
0o, otherwise.

Note that H and H* are metrics on P(U), and D and H are known as the gap function
and Pompeiu Hausdorff generalized function, respectively. Suppose S : U — P(U) is the
mapping, then F(S) (a set of fixed points of the mapping S) and F*(S) (a strict fixed point
set of S) are provided as follows:

F(S)={zeU:z€ Sz}, and F*(S) ={y € U: {y} = Sy}.

Definition 1 (compare [12]). Let (U, p) be a metric space. A metric Hy on Pe,(U) is sequentially
equivalent to the Hausdorff metric H (Shortly SE-H) if, for V € Py,(U) and a sequence {Vy} C
P, (U), we have the following:

lim Hy (Vy, V) = 0iff lim H(V,, V) =0.

q—r0
Kirk and Shahzad [12] generalized the Nadler result using metrics SE-H.
Theorem 1 ([12]). Let (U, p) be a complete metric space, and Hy is SE-H on P, (Y'). Suppose
S : U — Py, (U) satisfies the following:

1. 0<r<1,suchthat:
H(Sx,Sy) <rp(x,y)

forall x,y € U.
2. Forallx € Uandy € Sx,
D(y, Sy) < Hi(Sy, Sx).

Then, F(S) is nonempty.

Consider the slight modification in Definition 1.
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Definition 2 ([20]). A metric Hy on P.,(U) is semi-sequentially equivalent to H (Shortly SSE-H)
for V€ Py (U) and sequence {V; } C Py,(U), we obtain the following:

qlgrgo Hy(Vy, V) = 0 implies qlglc;loH(Vq, V) =0.

Definition 3 ([20]). A metric Hy on Py, (U) is strongly semi-sequentially equivalent to the
Hausdorff metric H (known as SSSE-H) for V € Py (U) and a sequence of sets { Vg } C Pyp(U),

H(V,, V) < Hy(V,, V).
Remark 1. Let Hy be a metric on P, (U). Note the following:

Hy is SE-H =—> H; is SSE-H and
Hy is SSSE-H —> H; is SSE-H.

Also, note that
SH(V,W) < HF (V,W) < H(V, W)

forall V,W in P(U); hence, H' is SE-H and SSSE-H

Example 1. Let U = R and H be a Hausdorff metric on Pe,(U) induced by the metric d(x,y) =
|x — y|. Further, define metric H on P, (U) as follows:

(LVEW
AV, W) _{ 0,ifV=W
for V,W in Py (U). Consider that V; = [0,1 + %] and V = [0,1] for g € N. Also, note the
following:
lim H(V,, V) = 0and ‘}EEOH(Vq,V) # 0.

q—00

Hence, H is not SSE-H, and H is SSE-H.

If (U, p) is a metric space, mapping S : U — P;(U) is continuous at point u € U for
any sequence {u,} in U, where lim, e p(1y, 1) = 0 implies limy, oo H(Su,, Su) = 0. Let
S:U— Pi(U)and a : U x U — [0, 0), define the following:

a.(Sx,Sy) = inf{a(v,q) : v € Sx, g € Sy}.
Mapping S : U — P;(U) is ax-admissible if
a(x,y) > 1= wa,(Sx,Sy) > 1.

Consider the following class of functions:

¢:¢:[0,00) = [0,00), such that
@ = ¢ Y2 ¢7(s) < oo, foreachs > 0and,
¢ is strictly increasing.

where ¢ is the " iterate of ¢. Further, if ¢ € @, then ¢ is continuous for all « € RT,
lim, e ¢"(0) = 0,and « € Ry, p(a) < « (see the details [26]).

Samet et al. [15] extended the BCP by defining (« — ¢) contraction condition. Hasan-
zade et al. [4] generalized the results of Samet for multivalued mappings of metric spaces.



Mathematics 2024, 12, 1628

40f19

Definition 4. Let (U, p) be a complete metric space, where o : U x U — R is function ¢ € .
Mapping S : U — P.(U) is an (ax — ¢) contractive multifunction if

ax(Sx, Sy)H(Sx, Sy) < ¢(p(x,v))
forall x,y € U.
Further, they obtained the following theorem.

Theorem 2 ([4]). Let (U, p) be a complete metric space and mapping S : U — P.(U) a (ax — )
contractive multifunction. Moreover, if

(i) mapping S is w,-admissible;
(ii) thereis zg € U and z1 € Sz, such that a(zg,z1) > 1;

(iii) there is a sequence {z,} in U, such that & (zg,z441) > 1forq € Ny, and zg — zas g — o
implies a(z4,2) > 1 forall g € Ny;

then, F(S) is nonempty.
Ali and Abbas [21] introduced generalized contractive multifunctions as follows.

Definition 5 ([21]). Let (U, p) be a metric space. Mapping S : U — P.(U) is generalized
Suzuki-type (a. — ¢)-contractive multifunction if there is a ¢ € @, such that

%D(x,Sx) < p(x,y) implies a,(Sx, Sy)H(Sx,Sy) < p(M1(x,y))

forall x,y € U, where

My(x,y) = max{p(x,y),D(x,sx),p(y, Sy), D(x,Sy) 42'7)(]/,596) } '

Theorem 3. Let (U, p) be a complete metric space and S : U — P.(U) be a generalized Suzuki-

type (a. — ¢)-contractive multifunction. Moreover,

(i) S is ai-admissible and there exist zg € U, zq € Szg, such that «(zg,z1) > 1;

(i) if there is a sequence {z,} in U such that «(zq,2541) > 1 forall g € Ny and z; — z as
q — oo implies & (zq,2) > 1 forall g € Ny;

then, F(S) is nonempty.
In [27], the following notion was introduced.

Definition 6 ([27]). Mapping S : U — P, (U) isa HT contraction if there isan 0 < r < 1, such
that
H(Sx,Sy) < rp(x,y)

forall x,y € U, and for every x € Uand y € Sx and € > 0, there is z € Sy and we have
p(y,z) < H"(Sx,Sy) +e.

We present the following notions from [23] with a slight modification for metrics
which are SSE-H.

Definition 7 ([23]). If (U, p) is a metric space, Hy is an SSE-H, and Z € P;(U), the FPP of
mapping S : Z — P.(U) is well posed w.r.t.

1. DifF(S)={y*}andif {y;} C Zand qli_}n;oD(yq,Syq) = 0 then ‘7li_r>1010yq =y~
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2. Hyif F(S)={y*}and if {y,} C Zand qlgrc}oHl (4, Syq) = 0 then ;iilgqu =y~

We present the following notions from [24] with a slight modification for metrics
which are SSE-H.

Definition 8 ([24]). If (U, p) is a metric space, Hy is an SSE-H, and Z € P;(U), the FPP of
mapping S : Z — P.(U) is well-posed in the generalized sense w.r.t.

1. DifF(S) # Qandif {y,} C Zand qlgl‘}o D(yy, Syq) = 0, then there exists a subsequence

{vq,} of {yq}, such that lim y,, = y* € F(S).
1—00
2. Hyif F*(S) # Qandif {y,} C Zand {}ggo Hi (yq,Syq) = O, then there exists a subsequence

{va } of {yq}, such that lim yg, = y* € E(S).

Dung and Le Hang proved the well-posedness of the FPP of multivalued mappings
([25], Theorem 2.2).
Consider the following notations for multifunction S : U — P, (U):

{ p(x,y),D(x,5x), D(y,Sy), }

M(x,y) = D(x,Sy) +D(y, Sx) D(x,Sx)D(y, Sy)
2

7

1+ p(x,y)

M*(x,y) = max{P(x,y)rD(X, Sx), D(Tf%ﬁ{(/yy,)sy) }, and

Dy, S
px,), Dl 5x), P,

N(xy) = max D(x,Sy) + D(y,Sx) D(x,Sx)D(y,Sy)
2 " 1+p(ny)

forall x,y € U.

2. Existence of Fixed Points of Multifunctions

We start with the following result, in which we establish the existence of solutions for
the FPP of multifunctions.

Theorem 4. If (U, p) is a complete metric space, Hy is an SSE-H on P.(U), and the mapping
S : U — P.(U) satisfies the following:

@ %D(x,Sx) < p(x,y) implies

ax(5x,Sy)Hi(Sx, Sy) < p(M*(x,y))

forall x,y € U and some ¢ € P.
(ii) Forx € Uandy € Sx,
D(y, Sy) < Hi(Sy, Sx).
(iii) Mapping S is a.-admissible.
(iv) zg € U and z1 € Szg, such that a(zg,z1) > 1.

(v) Either of the following are applicable: (a) if there is a sequence {z, } in U, such that a (2, 2g41) >
1 forall g € Nand z; — z when q — oo, this implies a(z4,z) > 1 forall g € N, or (b)
mapping S forms a continuous hold.

Then, F(S) is nonempty.
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Proof. Asin (iv),zp € Uand z1 € Sz, such that w(zg,z1) > 1, which implies a(Szg, Sz1) >
1. If z; = zp, then zg = z7 € Sz; thatis, F(S) is nonempty and there is nothing further to
prove. So, assume z # z1. Then, by (i) and (ii), we obtain the following:

1
ED(ZO/ SZO) S P(ZO/ 21 )/
thus, we have

D(z1,5z1) w«(Szo, 521)D(z1,5z1)

<
< w4 (Szp, Sz1)Hy(Sz0, Sz1)
< p(M*(20,21)).

If D(z1,Sz1) = 0, then z; € Sz; implies that F(S) is nonempty. So, assume D(z1, Sz1) > 0.
Further, from the given condition, we obtain the following:

0 < D(z,521) < p(M*(29,21))

= ¢ (max{ p(zo,21), D(z0, Sz0),

D(zo, Sz9)p(z1,521)
1+ p(z0,21) }>

< ¢(max{p(zo,z1),D(z1,52z1)})-
That is,
0 < D(z1,S5z1) < ¢p(max{p(zo,21), D(z1,521)}).
If
max{p(zo,21), D(z1,52z1)} = D(z1,5z1),
then

0< D(Z],Szl) < (])(D(zl,Szl)).
As D(z1,5z1) > 0and ¢ € ©,

0 < D(z1,521) < D(z1,5z1)
is a contradiction. Hence,
0 < D(z1,5z1) < ¢(p(z0,21)).-
Choose z; € Sz1 and v1 > 1, such that
0 < D(z1,5z1) < p(z1,22) < v1D(z1, Sz1).

Thus,
0 < p(z1,22) <v1D(z1,821) < v19(p(20,21)) = v1¢(by),

where by = p(zp,z1). Note that, z; # z1 and
a(z1,22) > ax(S20,52z1) > 1.

Thus, a(z1,22) > 1, and hence, . (Sz1,5z2) > 1. As ¢ € P,

P(p(z1,22)) < ¢(v19(bo)).

et p(01p())
(] 0
o z)

Uy =
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Now, if z; € Szj, then the proof is finished. Let z; ¢ Szp. Proceeding as above, we obtain
the following:

0 < D(z2,522) < ¢(p(z1,22))
and z3 € Sz, such that
0 < p(z,23) < v2D(z2,522) < v2(p(z1,22)) = p(v1¢(bg)). 1)
If z3 = zp, then z; € F(S). So, consider z3 # z;. As S is a,-admissible and
a(z2,23) > ax(Sz1,822) > 1,

a4 (Szp,5z3) > 1. Using (1), we obtain the following:

$(p(z2,23)) < ¢*(01(¢(bo))).-

! P (019(b0)
- 01 0
B o)

Now, if z3 € Sz3, then the proof is finished. Let z3 ¢ Sz3. Continuing, we obtain sequence
{24} in U, which satisfies z, 1 € Szg, zg11 # 25 and a(z441,2412) > 1 such that

0 < p(zg41,2+2) < 97 (019(Do)).-

As ¢ € ®,s0 for every € > 0, and k > g, there is an 171 € N such that
p(zq2z) < pl(2g.2g+1) + P (2911, 2042) + -+ + p(2k-1,2k)

k-1 k-1 0
= )Pz zia) < )¢ (b)) < )¢ (vig(bo)) <&
i=q i=q

i=q

for all k, g > ny. This proves that {z, } is Cauchy, so z,; converges to some z in U. Assume
(a) holds true in (v) above. In order to show z € F(S), assume w ¢ Sw (on contrary) for all
w € U; thatis, D(w, Sw) > 0 for all w € U. We claim that either

%D(zq/ 5zq) < p(2g,2) 2)

or
1
§D<Zq+lfszq+1) < P(Zq+1rz) (©)

holds for all g € N. If not, there is a g9 € Ny so that

1
ED(Z%'SZ%) > p(zqo,z) (4)

and .
§D(Zqo+1'52qo+1) > p(2gy+1,2)- ©)
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Now, (4) and (5) imply
P(z02g041) < p(2002) TP (2 20041)

1 1

< 5 D (g9, S2g9) + §D(Zqo+1fszqo+1)
1 1

< 5P (20 zZg001) + 50 (P (200, 2011))
1 1

< ZP(Z%fZl?o-H) + EP(ZLIWZ%-H)

= P(quzqoﬂ)/

which is a contradiction. Hence, either (2) or (3) holds for Ny, where Nj is an infinite subset
of N. Assume (2) holds for all n € Ny, then there is a subsequence {z;, } of {z;}, such that

1
ED(ZW' SZ%) sp (qu/ z).

As uc(zq,qu) > 1and z; — z, this provides a(zg,zg,,,) > 1and z;, — z when k — oo;
hence, by given assumption, «(z,,,z) > 1 for all k € N. As mapping S is ,-admissible so
wx(Szq,,52) > 1,

1

ip(z%' Szq,) < p(zg,,2)
implies

Hy (Szg,, S2) w4 (Szy,, Sz) Hy (Szg,, Sz)

¢ (M (24,2))

= ¢ <max{P(qu/Z), D(zq,,Szq,), D(zg,,Szq,)D(z, Sz) })

1+ p(zq,,2)

< ¢ <maX{P(2qk,Z), P (2021, D(zq,2g,,,) D(2, S2) }) |

I+ p(ZQk'Z)

IN A

As g tends to oo, we have

P(2q0,2), P (200 Zg110)
lim Hy (Szg,, Sz) < lim ¢ | max p(z4,,24,,,)D(2,Sz2) i
k—oo k—o0
1+ p(zq 2)

That is, limy_, Hi (Szg,, Sz) = 0 as ¢ is continuous at 0. As Hy is SSE-H,

;}E{LH(SZW Sz) =0

Hence,
D(z,Sz) = lim D(z4,,,,5z) < lim H(Sz,, Sz) = 0.

k—so0 k—o0

Thatis, z € Sz. Assume (b) holds true in (v). Thatis, S is continuous. Then, limg—; p(zq,z) =
0 implies limy_, o, H(Szg, Sz) = 0. Hence,

D(z,Sz) = qli_}rgloD(qu,Sz) < kli_r)?oH(quk,Sz) =0

Thatis,z € Sz. [

From the above theorem, we obtain important corollaries as follows.
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Corollary 1. If (U, p) is a complete metric space, Hy is an SSE-H on P.(U), and mapping
S : U — P.(U) satisfies

%’D(x, Sx) < p(x,y), , which implies a.(Sx,Sy)H;(Sx,Sy) < ¢(p(x,y))

for every x,y € U and for some ¢ € ®. Further, for x € Uand y € Sx
D(y, Sy) < Hi(Sy, Sx),

and mapping S is a.-admissible; therefore, zy € U and zq € Sz, such that a(zg,z1) > 1. Moreover,
(a) if there is a sequence {z;} in U, such that &(zq,z441) > 1 forall g € N and z; — z when
q — oo, this implies a(z4,2) > 1 forall g € Nor (b) S is continuous. Then, F(S) is nonempty.

Corollary 2. If (U, p) is a complete metric space, Hy is an SE-H on P.(U), and mapping S : U —
P.(U) satisfies

%D(x,Sx) < p(x,y), which implies . (Sx,Sy)H1(Sx,Sy) < ¢(p(x,y))

for every x,y € U and for some ¢ € . Further, for x € Uandy € Sx,
D(y, Sy) < Hi(Sy, Sx),

and mapping S is a-admissible; therefore, zg € U and zy € Szg, such that «(zg,z1) > 1. Moreover,
(a) if there is a sequence {z,} in U, such that «(zq,z441) > 1 forall g € Nand z; — z when
q — oo, this implies a(z4,z) > 1 forall g € Nor (b) S is continuous. Then, F(S) is nonempty.

Corollary 3. If (U, p) is a complete metric space, Hy is an SSSE-H on P.(U), and mapping
S : U — P.(U) satisfies

a+(Sx, Sy)Hi(Sx, Sy) < ¢(M™(x,y))
for every x,y € U and for some ¢ € . Further, for x € Uandy € Sx,
D(y, Sy) < Hi(Sy, Sx),

and mapping S is a-admissible; therefore, zg € U and z1 € Szg, such that «(zg,z1) > 1. Moreover,
(a) if there is a sequence {z,} in U, such that a(zg,zg11) > 1 forall g € N and z; — z when
q — oo, this implies a(z4,2) > 1 forall g € Nor (b) S is continuous. Then, F(S) is nonempty.

Corollary 4. If (U, p) is a complete metric space, Hy is an SE-H on P.(U), and mapping S : U —
P.(U) satisfies
wx(Sx, Sy)Hi(Sx, Sy) < (M (x,y))

for every x,y € U and for some ¢ € . Further, for x € Uand y € Sx,
D(y,Sy) < Hi(Sy, Sx),

and mapping S is a-admissible; therefore, zo € U and zy € Sz, such that «(zg,z1) > 1. Moreover,
(a) if there is a sequence {z,} in U, such that &(zq,z441) > 1 forall g € N and z; — z when
q — oo, this implies a(z4,z) > 1 forall g € Nor (b) S is continuous. Then, F(S) is nonempty.

Theorem 1 for single-valued mappings was originally proposed by Kirk and Shahzad
[12]; after slight modification and generalizing, we obtained the following consequence.
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Theorem 5. If (U, p) is a complete metric space, p is an SSE-p on U, and mapping S : U — U
satisfies

%p(x, Sx) < p(x,y), which implies a,(Sx,Sy)p(Sx, Sy) < p(M*(x,y))

for every x,y € U and for some ¢ € ®. For x € U,

p(Sx, Szy> < p(Sx, Szy) .

Further, mapping S is a-admissible; therefore, zo € U exist, such that «(zo, Szg) > 1. Moreover, (a)
if there is a sequence {zq} in U, such that «(zg,z441) > 1 forall g € Nand z; — z when g — oo,
this implies a(z4,2) > 1 for all g € N or (b) mapping S is continuous. Then, F(S) is a singleton.

Proof. The existence of fixed points is guaranteed by Theorem 4. For uniqueness, suppose
that there are uq,u; € F(S), such that u; # uy. Thatis, Su; = uq and Sup = up, such that
Uy # Up. As

1
Ep(ul,Sul) < p(ug,ur) =0 < p(uy, uz),

p(ug,up) = p(5u1,52u2) Sa(Sul,Suz)p<Su1,Szu2)
< w(Szp,Sz1)p (Sul,Szuz)
= «(Szg,Sz1)p(Suy, Suy)
< pM7(ug,uz))
= ¢(p(u,u2))
< pluy,up)

is a contradiction. Then, F(S) is a singleton. [

In the next theorem, we prove a more general contraction condition compared to the
one we used in Theorem 4 but with metrics which are SSSE-H on P.(U).

Theorem 6. If (U, p) is a complete metric space, Hy is an SSSE-H on P.(U), and mapping
S : U — P.(U) satisfies

2D(x,5%) < p(x,y)
, which implies (6)
o (Sx, Sy)Hy (Sx, Sy) < ¢p(M(x,y))

for every x,y € U and for some ¢ € P. Therefore, zg € U and z; € Szp exist, such that
a(zo,z1) > 1. Further, for x € Uand y € Sx,,

D(y,Sy) < Hi(Sy, Sx),

and mapping S is a.-admissible. Moreover, (a) if there is a sequence {z,} in U, such that
(zq,2g11) > 1 forall g € Nand z; — z when q — co, this implies «(zq,z) > 1 for all
q € N, or (b) mapping S is continuous. Then, F(S) is nonempty.

Proof. Along similar lines, as in the proof of Theorem 4, we obtain a Cauchy sequence
{24} in U, which satisfies Zg+1 € S2q, Zg41 # zq such that z; converges to some z € U.
Suppose (a) holds. Further, assume, on the contrary, that there is no fixed point of S. That is,
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D(z,Sz) > 0. Again, along similar lines as in the proof of Theorem 4, a subsequence {z,, }
of {z,} exists, which satisfies

klim Hi (Szg,,Sz) < ¢(D(z,52)).
—» 00

Hj is a SSSE-H on P.(U), so

D(z,Sz) = kh_}n[.}o D(zg,,S2)
< klgzlo H(Szg,, Sz)
< lim Hy (52, 52)
< ¢(D(z,52)) < D(z, Sz)

is a contradiction. Consequently, z € S5z. As in the proof of Theorem 4, the conclusion holds
whenever (b) holds. [

Corollary 5. If (U, p) is a complete metric space, Hy is an SSSE-H on P.(U). If mapping S :
U — P.(U) satisfies
2D(x,5%) < plxy),
which implies @)
a(Sx, Sy)Hi(Sx, Sy) < ¢(p(x,y))

for every x,y € U and for some ¢ € ®. Therefore, zg € U and zy € Sz exist, such that
®(zo,z1) > 1. Further, for x € Uand y € Sx,

D(y, Sy) < Hi(Sy, Sx),

and mapping S is a.-admissible. Moreover, (a) if there is a sequence {z,} in U, such that
«(zq,2g11) > 1 forall g € Nand z; — z when q — co, this implies «(zq,z) > 1 for all
g € N, or (b) mapping S is continuous. Then, F(S) is nonempty.

Corollary 6. If (U, p) is a complete metric space and mapping S : U — P.(U) satisfies

%D(x,Sx) <p(xy),
this implies that ®)
ax(Sx, Sy)H(Sx, Sy) < ¢(M*(x,y))

for every x,y € U and for some ¢ € P. Therefore, zg € U and z1 € Szp exist, such that
(zo,z1) > 1. Further, mapping S is a,-admissible and (a) if there is a sequence {z, } in U, such
that a(zg,2z41) > 1 forall g € Nand z; — z when q — oo, this implies a(z4,z) > 1 for all
g € N, or (b) mapping S is continuous. Then, F(S) is nonempty.

Corollary 7. If (U, p) is a complete metric space, Hy is a SSSE-H on P.(U). If mapping S : U —
P.(U) satisfies
wx(Sx, Sy)Hi(Sx, Sy) < ¢(M(x,y)) ©)

for every x,y € U and for some ¢ € . Therefore, zo € U and z; € Szg exist, such that
a(zg,z1) > 1. Furtherfor x € Uand y € Sx,
D(y, Sy) < Hi(Sy, 5x),

and mapping S is a.-admissible. Moreover, (a) if there is a sequence {z,} in U, such that
(zq,2911) > 1 forall g € Nand z; — z when q — oo, this implies «(zq,z) > 1 for all
g € N, or (b) mapping S is continuous. Then, F(S) is nonempty.



Mathematics 2024, 12, 1628

12 of 19

Now we present the following example to explain Theorem 6 and show that some

results that already exist are not applicable in this situation.

Example 2. Let U = {z1,2p,23,24,25}. Definep : U x U — R* as

p(z3,z5) = p(z2,25) = p(2z2,24) = p(z3,24) = 6,
p(z2,23) = p(z1,24) = p(z1,25) =8,

p(z1,23) = p(z1,22) =5, p(z4,25) =3,

p(z,z) = 0and

p(m,n) = p(n,m) forallm,n € U

Define S : U — P.(U) by

{z2} ifz = zy,

{ {z1} if z # 24,25,
{z3} ifz = zs5,

and o« : U x U — RY by a(zq,2¢) =1 forall g,k € {1,2,3,4,5}. Set ¢p(m) =

then ¢ € ®. S is a,-admissible. Note that H" is SSE-H and
%D(x, Sx) < p(x,z), which implies a.(Sx,Sz)H™*(Sx,Sz) < p(M
holds for all x,z € {z1,2,23} as

H*(5x,52) = 0 < p(M(x,2)) = gp(x,z).

If x = z1 and z = z4, then

H"(Sz1,Sz4) = 5< ¢(M(z1,24))
21124)/D(er Szl)/D(Z4/ 524)/
21,524) + (Z4, SZl)
= max 2 ’
D(z1,521)D(z4, Sz4)
1+ p(z1,24)
= ( 8065;8 0}>:¢(8):7.11.

If x = z1 and z = zs, then

H*'(Sz1,Sz5) = M(z1,25))

2 v
D(z1,521)D(zs, Szs5)

1+ p(Zl,Zg,)

2

5<¢
21125)/ (Zl/ SZl),D(Z4, SZS)/
Z], SZ5) + (Z5, SZl)
max

8 0,628 0}) — ¢(8) = 7.11.

gm tom € RT,

(x,2))



Mathematics 2024, 12, 1628

13 of 19

If x = zp and z = z4, then

H"(Szy,Sz4)

If x = zz and z = zs, then

H+(SZ3/ SZ5)

If x = zp and z = zs, then

H+(522, 525)

If x = zz and z = zy4, then

H+(SZ3, 524)

If x = zy and z = zs, then

H*(Sz4, Sz5)

p(z1,22) =5 < $p(M(z2,24))

p(22,24), D(22,522), D(24, Sz4),
D(zp,S5z4) + D(z4,522)
¢ | max ’
D(zp,522)D (24, Szy)

1+ P(Zz, 24)

<p<max{6 5,6, 0;“8 iig}) — ¢(6) = 5.333.

p(z1,23) =5 < $p(M(z3,25))

p(z3,25), D(z3,5z23), D(zs5, Sz5),
D(z3,5z5) + D(zs, 523
_8
9

¢ | max
D(Zg,SZg,) (Z5,SZ5
1+p(23,25)

¢(max{6560+8 5X6 = =

1—|—6

p(z1,23) =5 < $p(M(z2,25))

p(z2,25), D(z2,522), D(z5, Sz5),
D(z5,S5z5) —|— D(z5,527)
¢ | max /
(Zz, 522) (25, SZ5)

1+ P(Zz, Z5)

¢<max{6 5,6, 8;8 fig}) = ¢(8) = 7.11.

p(z1,22) =5 < $p(M(z3,24))
p(z3,24),D(z3,523), D (24, 5z4),
D(z3,524) + D(z4,523)
¢ | max /
D(Z3/ Sz ) (Z4/ SZ4)
1+ p(Z3, 24)

§+8 5x6
<p<max{6 5,6, L 1i6}) = ¢(8) = 7.11.

p(z2,23) =8 < p(M((z4,25))
P(Z4/ Z5)/ D(Z4/ SZ4)/ D(Z5/ 525)/
D(z4, Sz5) + D(zs, Sz4)
¢ | max ’
D(z4,524)D (25, Szs)
1+ p(z4,25)

6+6 6x6
(p<max{366 ; 1?_3})(]}(9)—8.

Hence, using Theorem 6, S is fixed.
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Remark 2. In the above example, please note that

5D(z4,5z4) = 3 = p(z4,25),
but

H(Sz4,525) = p(z2,23) =8 £ ¢(6

= ¢(max{3,6,6 6+6})
(Z4,Z5), ( ,SZ4),D(Z5, 525),
= ¢ | maxq D(zy, SZ5) D(zs,Sz4)

= $p(M(z4,25))

forany ¢ € ®. Hence, Theorems 2 and 3 are not applicable in this example.
In the following, we present the result for metric H*.

Theorem 7. If (U, p) is a complete metric space, S : U — P.(U) is mapping that satisfies
%D(x,Sx) < p(x,y), which implies a..(Sx, Sy)H" (Sx, Sy) < ¢(N(x,v))

for every x,y € U and for some ¢ € ®. Mapping S is wy-admissible; therefore, zg € U and
z1 € Sz exist, such that a(zg,z1) > 1. Further, for x € U and y € Sx,

D(y,Sy) < H"(Sy, Sx).

Moreover, (a) if there is a sequence {zq} in U, such that a(zq,2441) > 1 forallq € Nand z; — z
when q — oo, this implies «(z4,z) > 1 for all q, or (b) S is continuous. Then, F(S) is nonempty.

Proof. As in the proof of Theorem 4, we obtain a Cauchy sequence {z;} in U, which
satisfies z; 11 € Szq, 2411 # z4 such that z; converges to some z € U. Assume there is no
fixed point of S. That is, D(z, Sz) > 0. Again, along similar lines to the proof of Theorem 4,
a subsequence {z,, } of {z,} exists, such that

1
ED(Z%’ quk) < p(zqk,z).
Assume (a) holds; therefore, OC(Zq,ZqJ,_]) > land z; — zas g — oo, which implies

zx(zqk,z) > 1 for all k € N. As mapping S is a.-admissible, «. (quk,Sz) > 1. Conse-
quently, we obtain

H(Szg,, Sz) H™(Szy,,5z) < 2a, (Szq,, S2) H™ (Szy,, S2)

29 (N (2g,2))
D(z,Sz)

p(zqk’ Z)' D (ZQkf Szfik)' 5

2| max D(zqk,Sz)—l—D(z,quk),

2
D(zg,,Szq,)D(z, Sz)
1+ p(zq,2)

<
<
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Applying limit g — oo, we also obtain the following:

D(z,Sz) < 24)(@)
< D(z,Sz),

which provides a contradiction, so we obtain z € Sz. As in the proof of Theorem 4, the
conclusion holds whenever (b) holds. [

Corollary 8. If (U, p) is a complete metric space and S : U — P.(U) is mapping that satisfies
%D(x,Sx) < p(x,y), thisimplies a.(Sx,Sy)H(Sx,Sy) < ¢(N(x,y))

for every x,y € U and for some ¢ € . Further, S is a.-admissible; therefore, zy € U and
z1 € Szy exist, such that a(zgy,z1) > 1. Moreover, (a) if there is a sequence {zq} in U, such that
«(zq,2g+1) > 1forall g € Nand z; — z when q — oo, this implies & (zg,z) > 1 for all g, or (b)
S is continuous. Then, F(S) is nonempty.

Proof. As H"(V,W) < H(V, W), the result follows Theorem 7. [J

3. Well-Posedness of the FPP of Multifunctions

Now, we discuss some results about the well-posedness of the FPP.

Theorem 8. Let (U, p) be a complete metric space, Hy an SSE-H,and Y € P.(U),S: Y — P.(U)
satisfies,

G) F*(S) # ;
(i) forallx,y €Y,

%D(x, Sx) < p(x,y) implies a,(Sx, Sy)H1(Sx, Sy) < p(M(x,y));

(iii) forallx,z € Yandy € Sx,
D(y,Sz) < Hy(Sz, Sx);

Gv) a(x,y) > 1and a.(Sy,Sxg) > 1 for all x,y € F(S) and for any sequence {xq} in Y,
satisfying ‘}i_r&D(xq, Sxg) =0,

then

(@) y* € U, such that F*(S) = F(S) ={y*};
(b) the given FPP is well posed w.r.t. D and generalized well posed w.r.t. D as well;
(c) the given FPP is well posed w.r.t. Hy and generalized well posed w.r.t. Hy as well.

Proof. (a) Let y* € F*(S). We claim that y* = y for all y € F(S). On the contrary, if
z* € F(S), such that y* # z*, then

1 * * 1 * * * *
SPWSy) = 5plyy") =0<ply",2")
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and implies

py*,z") = D(Sy",z") =D(z",Sy") < Hi(Sy",5z")

a.(Sy*,Sz")Hy (Sy*, Sz™)
p(M*(y",z"))
ply",z°), D(y", Sy"), D(z", Sz7)
) z

IN A

D( Sz* + D(z*, Sy*)
~ ™ o sy)Biese
1+ D(y*,z*)
= ¢(p(y",2")) <p(y"z")

is a contradiction. Hence, y* = y for all y € F(S). Consequently,

F(S) = F*(S) ={y"}.

(b) From (a), we obtain F(S) = F*(S) = {y*}. Suppose qli_r)goD(xq,qu) =0.As

D(y*,Sy*) =0 < p(y*, )

for all x € Sx;, we obtain

which implies

p(xq,y7)

IN

p(xg.y") < p(xgx)+pxy)

(xg, %)
p(xq,x) +D(Sy*, x)

p(xq,x) + H1(Sy*, Sxq)

p(xg,x) +ax(Sy*, Sxq) Hi (Sy*, Sxq),

INIA

inf p(xg,x) + a.(Sy*, Sxy)H (Sy*, Sxq)

x€Sxg

D(xq,Sxq) +p(M™(y", %))

D(xy,Sxq) + ¢ | max

2

p(xq,y*),'D(xq,qu),
D(xq,5%q) + ¢ | max D(xy, Sxq) ,
p —_—

p(xq,y*), D(xq,8%,),
D(xq,Sxg) + ¢ | maxq p(y*,xg) + D (xg,5%g) + p(xq,¥")

which further implies

p(xq,y*), D(x4,Sxy),
limsupp(x4,¥*) < limsup¢ | max D(xg, Sxy)

q—>00

= ¢ <lim sup p(xq,y*)> .

g—0
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Since ¢ € ®; therefore,
lim sup p(x4,y*) =0,

g—00
hence qh_r}rolo p(xq,y*) = 0. Consequently,

lim x; = y* € F(S),

g—00

which implies that the FPP is well-posed w.r.t. D, and particularly, we obtain the generalized
well-posedness w.r.t. D of FPP as well. (c) From (a), we obtain F(S) = F*(S) = {x*}.
Assume that qlgn Hy ({x4}, Sx4) = 0. As Hj is SSE-H, we obtain

lim H(x,, Sx;) = 0.

q—00

Consequently, we obtain
lim D(xy, Sxg) = 0.

g—00

Along similar lines as in part (b), we obtain

lim x; = y* € F(S).

g—00

Hence, the FPP is well-posed w.r.t. Hj, and particularly, we obtain the generalized well-
posedness w.r.t. Hj of the FPP as well. O

Theorem 9. If (U, p) is a complete metric space, Hy is an SSE-H,and Y € P.(U),S: Y — P.(U)
satisfies the following:

@ F*(S) #2;

(i) forallx,y €Y,

%D(x, Sx) < p(x,y) implies a,(Sx,Sy)H1(Sx, Sy) < p(M*(x,y));

(iii) forallx,z € Yandy € Sx,
D(y,Sz) < Hi(Sz, 5x);

(v) a(x,y) > 1, 0. (Sy, Sxq) > 1 forall x,y € F(S) and for any sequence {x,} in Y satisfying
lim D(xy, Sxg) =0,

g—o0
then

(@) y* € U exists, such that F*(S) = F(S) ={y*};
(b) the given FPP is well posed w.r.t. D and generalized well posed w.r.t. D as well;

(c) the given FPP is well posed w.r.t. Hy and generalized well posed w.r.t. Hy as well.

Proof. As
M*(x,y) < M(x,y),

the result follows from Theorem 8. [

4. Conclusions

In this paper, classes of metrics which are semi-sequentially equivalent to the Haus-
dorff metric (SSE-H) were considered. An example of a metric was provided for which
the Hausdorff metric was not SSE. Further, the problem of the existence of fixed points of
multifunctions of metrics, which are SSE-H, was solved. An example has been provided to
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show that the obtained results properly generalize some existing results in the literature.
Moreover, we established the well-posedness of fixed point problems of multifunctions of
SSE-H metrics. In the future, we intend to extend the exploration in the context of quasi-
metric spaces and asymmetric normed spaces. As asymmetry has become an essential part
of many natural phenomena, asymmetric distance structures can play important roles in
solving problems in the context of asymmetry.
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