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Abstract: Strategic cooperation has garnered significant attention in business. In this study, we
explored the operating mechanisms of supply chains utilizing three Stackelberg models, in the follow-
ing ascending order of cooperation level: price only, marketing cost sharing, and cross-shareholding.
Further, we investigated the impact of cooperation on prices, marketing efforts, and profits, and ana-
lyzed the strategic cooperation preferences of different supply chain members. The results show that
the influence of the level of cooperation on the wholesale and selling price is nonlinear. Interestingly,
increased levels of cooperation do not always result in better outcomes. The marketing cost-sharing
strategy aggravates the marketing burden on retailers. In contrast, the cross-shareholding strategy not
only increases the total marketing effort level, but also efficiently reduces the burden of marketing on
retailers. Moreover, all cooperation strategies solely benefit manufacturers rather than retailers, and
not all of them improve the supply chain’s performance. Finally, the cross-shareholding cooperation
strategy only maximizes the consumer surplus and social welfare under certain conditions. Overall,
our study describes the operational mechanisms of diverse cooperative strategies and provides man-
agerial guidance for those seeking to enhance marketing efforts and economic and social performance
using a cooperation strategy.

Keywords: marketing; social welfare; cooperation; marketing cost sharing; cross-shareholding
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1. Introduction

Marketing is highly valued by enterprises because the purchasing behavior of con-
sumers is linked to their inner cognition of the product, which is partly influenced by
marketing [1–3]. In a two-echelon supply chain, producers and retailers are the most basic
subjects [4,5]. Specifically, retailers’ marketing efforts receive more attention because they
are more familiar with consumer purchasing behavior. Their marketing strategies typi-
cally include advertising, expanding sales channels, price reductions, and promotions [6].
Statistics confirm that price promotions can increase sales by 15% alone, by 19% when
combined with advertising, and by up to 24% when combined with both product display
and advertising. However, manufacturers can benefit from retailers’ marketing efforts
without incurring additional costs, creating a “free-riding” effect that may undermine
retailers’ incentives to sell more of specific manufacturers’ products [4,7]. Consequently,
this challenges manufacturers who want to incentivize retailers to increase their marketing
efforts to drive sales.

A strategic alliance between a manufacturer and a retailer in a supply chain through
cooperation strategies is an effective solution to solve the “free-riding” problem [4]. In
business, various forms of cooperation strategies have emerged in supply chains. Some
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manufacturers sign a marketing cost-sharing contract with retailers to establish non-equity
strategic alliances. In this strategy, manufacturers voluntarily pay a portion of the marketing
costs to retailers to increase cooperation and capture the market. For example, Intel paid
approximately USD 1.5 billion to retailers to boost sales in 2001 alone, and Walmart also
received up to USD 100 million in marketing fees paid by manufacturers [5]. Other
manufacturers sign a cross-shareholding contract with retailers to establish strategic equity
alliances. In this strategy, they hold a certain percentage of each other’s stock and create a
community of shared interest that promotes cooperation and builds stable relationships.
For example, Gree, China’s largest air-conditioning manufacturer, and its main distributor,
Jinghai, established a strategic alliance through a cross-shareholding strategy, yielding
positive outcomes [4]. In Germany, Porsche and Volkswagen have established cross-
shareholding cooperation with their partners [8]. Both of these alliance strategies are
commonly utilized in practice.

However, the rapid growth rate of strategic alliances is accompanied by a high failure
rate, commonly referred to as the “alliance paradox” [9]. Specifically, relevant industry
statistics indicate that the number of strategic alliances has grown at an average rate of
nearly 25% per year since 1987. Still, their failure rate remains high, ranging from 60%
to 70% [10]. Non-equity strategic alliances are known for their flexibility, while equity
strategic alliances are known for their greater stability, and both of these two strategies have
been widely used. However, which collaborative strategy works better from an operational
perspective has not been thoroughly studied. Therefore, the operating mechanisms behind
them deserve in-depth exploration. Based on this discussion, this paper aims to answer
the following questions: What are the decision-making and profit-sharing mechanisms
for each model at different levels of cooperation? Can improving the level of cooperation
enhance marketing efforts and reduce the marketing burden on retailers? What cooperation
strategy can result in overall Pareto improvements in a supply chain? Can increased
levels of cooperation lead to mutual benefits for all members of a supply chain? Can
increasing cooperation among supply chain members enhance the consumer surplus and
social welfare?

To address the aforementioned questions, we constructed three models, namely price
only, marketing cost sharing, and cross-shareholding, in order to increase cooperation.
Moreover, we analyzed the impact of cooperation, among members, on the decision-
making mechanism and profit distribution mechanism of the supply chain. The results
are as follows: First, in the cross-shareholding model, a retailer’s increased stake in a
manufacturer elevates the purchasing cost itself, whereas the effect of increasing the manu-
facturer’s shareholding in the retailer on wholesale prices is proportional to the magnitude
of backward shareholding. Furthermore, the manufacturer may decide to raise prices after
sharing the retailer’s marketing costs in a marketing cost-sharing model. Second, both
the cross-shareholding and marketing cost-sharing strategies can amplify the marketing
efforts of retailers, but the latter yields superior results. Retailers experience the least
(greatest) marketing burden in the cross-shareholding (marketing cost-sharing) strategy.
The cross-shareholding strategy can effectively reduce the cost for consumers, who face
the highest price in the cost-sharing model. Third, the cross-shareholding strategy (mar-
keting cost-sharing strategy) increases (decreases) the efficiency of the supply chain, and
manufacturers (retailers) always benefit (suffer) from the two cooperation strategies. If a
manufacturer can give a retailer a certain sales rebate, the cross-shareholding strategy can
take care of the interests of all members of the supply chain. Finally, a cross-shareholding
strategy creates the maximum consumer surplus and social welfare if the manufacturer’s
shareholding in the retailer exceeds a certain threshold.

The most pertinent literature to this study is Ren et al. [4] and Hong and Guo [5].
Our study differs significantly from theirs. Ren et al. [4] explored the shareholding behav-
ior of platform retailers, compared and analyzed the advantages and disadvantages of
cross-shareholding strategies with single-way shareholding strategies, and provided the
shareholding intervals for upstream and downstream firms to choose cross-shareholding
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strategies. However, given the prevalence of non-shareholding cooperative strategies,
in this study, we constructed a marketing cost-sharing model and compared it with the
cross-shareholding model to address the challenge of managers’ divergent preferences for
cooperative models. While Hong and Guo [5] analyzed the role of cost-sharing models
in green supply chains, we quantitatively analyzed the role of increasing the level of co-
operation in improving retailers’ marketing efforts by comparing a price-only model, a
cost-sharing model, and a cross-sharing model. The main contributions from our study
are as follows: First, we contribute to the knowledge on how the cooperation between
manufacturers and retailers helps supply chains improve the economic and social benefits
by analyzing the decision-making and profit-sharing mechanisms of three models: price-
only, marketing cost-sharing, and cross-shareholding models. The impact of increasing the
level of cooperation on a supply chain is quantitatively analyzed. Second, we reveal the
cooperation path to increasing retailers’ marketing efforts and mitigating their marketing
costs. Third, we establish the quantitative conditions under which the cross-shareholding
strategy outperforms the marketing cost-sharing strategy regarding the consumer surplus
and social welfare. The conclusions drawn from this study provide clear strategic guidance
for managers who want to establish strategic alliances to improve the effectiveness of their
firms by increasing cooperation.

The following sections in this paper are organized as follows. Section 2 reviews the
literature on cross-shareholding, cost sharing, and marketing. Section 3 presents the three
models and the equilibrium analysis. Section 4 analyzes the decision-making behavior
of supply chain members. Then, Section 5 investigates the profit-sharing mechanism.
Section 6 discusses social welfare in cooperation models. Finally, we present the paper’s
conclusions and future research directions in Section 7.

2. Literature Review

Based on the above discussion, three primary categories of studies are relevant to the
research in this paper: (1) cross-shareholding, (2) cost sharing, and (3) marketing.

2.1. Cross-Shareholding

Existing research shows that stable shareholdings can improve the level of inter-firm
cooperation [10,11]. Obviously, cross-shareholding is a common partnering strategy in
financial markets, and its integrative effect on supply chains is widely recognized [12–14].
Three main streams of research have emerged in this area. One focuses on the influence
of power structures on cross-shareholding, one examines the role of cross-shareholding in
green supply chains, and another discusses the effect of cross-shareholding on the level of
inter-firm cooperation.

For the influence of power structures on cross-shareholding, Chen et al. [15] examined
the impact of cross-shareholdings in pull and push supply chains, showing that enhanc-
ing the leader’s shareholding in the follower benefits the supply chain and the leader.
Similarly, Fu and Ma [16] analyzed the efficiency of cross-shareholding under different
power structures and provided specific methods that can harmonize the cross-shareholding
supply chain. Green development has generated significant interest, as such Xia et al. [17]
incorporate the cross-shareholding strategy into a green supply chain. They found that
implementing this strategy helps manufacturers achieve greater reductions in carbon emis-
sions. The green platform economy is expanding quickly; Ren et al. [4] analyzed the issue
of choice in terms of the shareholding strategy between manufacturers and platform re-
tailers and found that the cross-shareholding strategy can maximize profits when both
forward and backward shareholding ratios are low. For the effect of cross-shareholding
on cooperation, Brooks et al. [18] found that cross-shareholding can enhance long-term
cooperation between firms. Recently, Wang et al. [19] discovered that retailers are more
willing to share their demand information when the cross-shareholding ratio is moderate,
which is beneficial to both partners. It is worth noting that there are existing papers that
extend this area by considering capital-constrained firms, such as Wu et al. [20], who
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conducted a study to examine the impact of cross-shareholding and external financing
on capital-constrained retailers. Their findings revealed that retailers tend to order more
in the cross-shareholding model if they have sufficient financing available. In addition,
other studies have also considered market creation [13], customer relationships [21], and
financing strategies [22].

Summarizing the existing research on cross-shareholding, it is rare for studies to consider
the impact of retailers’ marketing efforts. However, downstream marketing investments
combined with shareholdings are prevalent in business and require further investigation.

2.2. Marketing Cost Sharing

Marketing cost-sharing strategies have been widely used in practice and are of great
interest to academics [8,23,24], and there is a wealth of relevant research.

Advertising is a primary method used in a retailer’s marketing efforts [25,26]. Studies
regarding the advertising cost-sharing strategies of retailers are prolific. For example,
Chutani and Sethi [27] examined the cooperative advertising strategy between manufac-
turers and retailers and proposed a marketing approach in which manufacturers share
the cost of retailers’ advertising. Farshbaf-Geranmayeh and Zaccour [28] investigated the
relationship between pricing and advertising decisions and found that manufacturers can
influence retailers’ decisions by sharing their advertising costs.

The green supply chain is a hot issue. Echoing this phenomenon, Zhou et al. [29] exam-
ined the strategic choice of manufacturers and retailers sharing advertising and abatement
costs in a low-carbon supply chain. This study offers a new perspective on cooperation in
low-carbon supply chains. Similarly, Hong and Guo [5] constructed a cost-sharing model
and discovered that cooperative strategies can improve environmental benefits.

In addition, Phan et al. [30] designed four collaboration models to explore collaboration
methods in supply chains based on retailer marketing efforts, using revenue-sharing and
cost-sharing strategies. Li et al. [31] compared the cost-sharing contract and the revenue-
sharing contract, showing that the cost-sharing strategy is optimal for partners when
marketing efforts are more effective. Wu et al. [32] studied the cost-sharing mechanism
between a manufacturer and two asymmetric retailers. They found that the manufacturer
can benefit from a cost-sharing strategy, as long as at least one retailer exerts marketing
efforts. Other scholars have considered sharing the cost of failure [33], the impact of
information sharing on consumer demand [34], and the issue of horizontal cooperation [35],
in studying this problem.

Most of the existing research focuses on the impact of cost sharing on supply chain
members’ decisions and profits. We compare the marketing cost-sharing strategy with
the cross-shareholding strategy to explore the response of supply chain members to an
increased level of cooperation. As a result, we also obtained some novel conclusions.

2.3. Marketing

Retailer marketing efforts have a significant impact on sales [36,37]. Driven by this
motivation, Du et al. [38] explored the management of retailers’ marketing efforts consider-
ing all-win or all-lose constraints. In practice, some manufacturers hire sales managers to
enhance their sales force at the terminal. Duan et al. [39] conducted detailed analysis of this
matter and found that sales volume is not always negatively correlated with the cost of sales.
Decision-makers may be risk averse, so Li et al. [40] focused on what risk factors should
be considered in supply chain pricing and marketing effort decisions. Retailers frequently
encounter financial constraints, and Xu et al. [41] researched the influence of trade credit
financing on retailers’ pricing and marketing decisions. In addition, Taylor’s [42] study
showed that appropriate sales rebates are beneficial in promoting increased sales. Ras-
togi et al. [43] investigated the relationship between sustainable marketing and consumer
loyalty, offering managers novel strategies for enhancing consumer loyalty.

The growth of the internet economy has provided new application scenarios for mar-
keting. For example, the outbreak of COVID-19 has accelerated the growth of community
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group buying, prompting several internet giants, such as Meituan Select of Meituan and
Duoduomaicai by Pinduoduo, to enter the market. Li et al. [44] investigated the marketing
strategy problem of community group buying on the supply chain, showing that network
externalities and the marketing efforts by the platform are important factors affecting the
revenue of the platform and the head of the group. Other scholars have considered retail-
ers’ sales efforts along with manufacturers’ quality improvements [45], carbon emission
reductions [46], organic subsidies [47], and social learning [48].

The existing research on retailers’ marketing efforts is abundant, and the difference
between this paper and the existing studies is that we introduce cross-shareholding into
the supply chain that considers retailers’ marketing efforts and develop a marketing cost-
sharing model to further study the operation mechanism of the two strategies. We analyze
in detail the impact of increasing the level of cooperation on the decision-making mecha-
nism and the profit-sharing mechanism, thereby deriving practically useful findings and
filling the knowledge gap between the literature and practical application. The differences
and main contributions of this paper and the other papers are given in Table 1.

Table 1. Summary of the literature review.

Articles Cross-
Shareholding Cost Sharing Marketing Effort Two-Echelon

Supply Chain

Du et al. (2022) [38]
√ √

Duan et al. (2021) [39]
√

Li et al. (2021) [31]
√ √

Xu et al. (2022) [41]
√ √

Li et al. (2022) [44]
√ √

Chutani and Sethi (2018) [27]
√ √

Zhou et al. (2016) [29]
√ √

Phan et al. (2019) [30]
√ √ √

Hong and Guo (2019) [5]
√ √ √

Wu et al. (2022) [32]
√ √ √

Chen et al. (2017) [15]
√ √

Xia et al. (2021) [17]
√ √

Ren et al. (2021) [4]
√ √

Wang et al. (2023) [19]
√ √

This paper
√ √ √ √

3. Modeling and Equilibrium Analysis
3.1. Model Description

In a two-tier decentralized decision-making supply chain consisting of a manufacturer
(he) and a retailer (she), the manufacturer is responsible for producing the products and
selling them wholesale to the retailer, and the retailer sells the products to consumers in the
market. Furthermore, we assume that both the manufacturer and the retailer are rational
and seek to maximize their own interests [4,5,39]. Previous research has demonstrated
that market demand is significantly influenced by both the price of the product and the
marketing efforts of retailers. Thus, the demand function is described as q = D − εp + δv
in this paper [4,38,39]. Here, D represents the maximum market demand, while ε and δ
represent the price sensitivity and market effort sensitivity of the consumer, respectively. In
addition, v represents the level of retailer marketing effort. We use 1

2 hv2 to denote the cost
of a retailer’s marketing efforts, where h denotes the cost rate of the marketing effort. The
quadratic form indicates that there is a diminishing marginal utility of the marketing effort,
and retailers need to pay more to achieve better marketing results [5,39]. In particular, if the
retailer’s marketing efforts are zero, then q = D − εp > 0. The definitions of the variables
and parameters involved are shown in Table 2, and the units of the decision variables and
parameters are industry defaults [4,5,38,39].
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Table 2. Parameters and variables.

Decision Variables Descriptions

p The selling price (p > w)
w The wholesale price (w > c)
v The marketing effort level of the retailer (v > 0)

Parameters
α The cos t shared coefficient (0 < α < 1)
D The maximum market demand (D > 0)
c The production cos t (c > 0)
ε The price sensitivity of the consumer (ε > 0)
δ The market effort sensitivity of the consumer (δ > 0)
h The cos t rate of the marketing effort (h > 0)

φm The proportion of the retailer′s shares held by the manufacturer (0 < φm < 50%)
φr The proportion of the manufacturer′s shares held by the retailer (0 < φr < 50%)
k The sales rebate

Πm The profit of the manufacturer
Πr The profit of the retailer
Πt The profit of the supply chain

In a price-only contract, the upstream manufacturer and downstream retailer are solely
linked by the wholesale price. Obviously, if the retailer invests more in her marketing
efforts, the manufacturer can make more profit without having to incur additional costs,
which is called “free riding”. This may harm the motivation of the retailer to sell the
goods of the specific manufacturer, leading to inefficiency. To incentivize retailers to sell
more of their goods, manufacturers often choose to form strategic alliances with retailers,
and there are various ways to cooperate. One type of cooperation is the formation of
strategic alliances between manufacturers and retailers through a marketing cost-sharing
contract (e.g., Intel paid USD 1.5 billion in marketing expenses to its retailers in 2001, and
Walmart received a marketing fee of USD 100 million from its suppliers); the other type
of cooperation involves equity. The manufacturer and retailer establish a shared interest
community through a cross-shareholding contract, meaning that they each own a certain
amount of the other’s shares (e.g., the equity cooperation between Volkswagen and its
suppliers, and Gree has a cross-shareholding partnership with Jinghai). For the sake of
clarity, we will use the following symbols to represent the price-only strategy (NS), the
marketing cost-sharing strategy (CM), and the cross-shareholding strategy (CS). Figure 1
specifically depicts the three strategies.
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Figure 1. The three strategies.

In this study, we do not consider the transaction costs. This approach has been
proven to be effective in examining the operation mechanisms of the shareholding sup-



Mathematics 2024, 12, 1635 7 of 24

ply chain [4,18,22]. To ensure the independence of all firms, we assume that the firm’s
shareholding ratio is no more than 50% [4,18,22]. The sequence of decisions for the three
strategies mentioned above is as follows: the manufacturer first determines the wholesale
price, and then the retailer determines both the product price and the marketing effort level.

3.2. Equilibrium Analysis

For the three strategies discussed in the previous section, this section will construct
and solve these models.

3.2.1. Price-Only Model

The manufacturer and the retailer are two completely independent decision-makers in
the supply chain. As the leader of the supply chain, the manufacturer makes the decision
wNS first, and then the retailer makes her own optimal decisions pNS and vNS. Thus, their
profit functions are shown below:

ΠNS
m (w) = (w − c)(D − εp + δv) (1)

ΠNS
r (p, v) = (p − w)(D − εp + δv)− 1

2
hv2 (2)

The price-only model is the basic model in this research. Proposition 1 shows the
optimal wholesale price of the manufacturer, as well as the optimal selling price and
marketing effort level of the retailer. The proof of Proposition 1 and Inference 1 are
provided in Appendix A.

Proposition 1. wNS = D+εc
2ε , pNS =

(3εh−δ2)D+(εh−δ2)εc
2ε(2εh−δ2)

, and vNS = δ(D−εc)
2(2εh−δ2)

.

Substituting the optimal decisions in Proposition 1 into Equations (1) and (2), we
obtain the optimal profits for the manufacturer and the retailer.

Inference 1. ΠNS
m (w) = h(D−εc)2

4(2εh−δ2)
, ΠNS

r (p, v) = h(D−εc)2

8(2εh−δ2)
.

3.2.2. Cross-Shareholding Model

The manufacturer and retailer establish an equity strategic alliance through a cross-
shareholding strategy. The manufacturer holds 1 − φr of its own shares and φm of the
retailer’s shares, and the remaining shares of both are held by the retailer. The profit
objective functions of the manufacturer and the retailer in the cross-shareholding model
are shown as follows:

ΠCS
m (w) = (1 − φr)(w − c)(D − εp + δv)
+φm(p − w)(D − εp + δv)− φm

1
2 hv2 (3)

ΠCS
r (p, v) = (1 − φm)(p − w)(D − εp + δv)− (1 − φm)

1
2 hv2

+φr(w − c)(D − εp + δv)
(4)

Applying the same methodology as in the previous subsection to solve the cross-
shareholding model, we obtain the optimal wholesale price of the manufacturer, as well
as the optimal selling price and marketing effort level of the retailer. Correspondingly,
Proposition 2 provides the result, and the proof is located in Appendix A.

Proposition 2. wCS = (1−φm)2D+[(1−φm)(1−φr)−φr ]εc
(2−φm)(1−φm−φr)ε

, pCS =
[(3−2φm)εh−(1−φm)δ2]D+(εh−δ2)εc

(2−φm)(2εh−δ2)ε
,

and vCS = δ(D−εc)
(2−φm)(2εh−δ2)

.
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Inference 2 provides the optimal profits for both the manufacturer and retailer in the
CS model, and Appendix A provides the proof process.

Inference 2. ΠCS
m (w) = h(D−εc)2

2(2−φm)(2εh−δ2)
, ΠCS

r (p, v) = (1−φm)h(D−εc)2

2(2−φm)2(2εh−δ2)
.

3.2.3. Marketing Cost-Sharing Model

In practice, a manufacturer may choose to share part of a retailer’s marketing costs
in order to increase the retailer’s marketing efforts and thereby increase sales. This type
of non-equity strategic alliance through a marketing cost-sharing strategy is widely used
because of the advantage of high flexibility. As the supply chain leader, the manufacturer
decides the marketing cost sharing ratio α(0 < α < 1). The total marketing cost of the
retailer is 1

2 hv2, the marketing cost borne by the manufacturer is 1
2 αhv2, and the remaining

marketing cost is borne by the retailer. After applying this strategy, the profit functions of
the manufacturer and the retailer are:

ΠCM
m (w, α) = (w − c)(D − εp + δv)− 1

2
αhv2 (5)

ΠCM
r (p, v) = (p − w)(D − εp + δv)− 1

2
(1 − α)hv2 (6)

Proposition 3 provides the optimal decisions for both the manufacturer and retailer in
the CM model, and the proof is provided in Appendix A.

Proposition 3. wCM =
(8εh−3δ2)D+(8εh−6δ2)εc

(16εh−9δ2)ε
, pCM =

3(4εh−δ2)D+2(2εh−3δ2)εc
(16εh−9δ2)ε

, vCM =

6δ(D−εc)
16εh−9δ2 , and αCM = 1

3 .

The optimal outcomes in Proposition 3 are inserted into Equations (5) and (6) to
ascertain the best profit for each decision-maker. The proof of Inference 3 is shown in
Appendix A.

Inference 3. ΠCM
m (w) = 2h(D−εc)2

16εh−9δ2 , ΠCM
r (p, v) = 4h(4εh−3δ2)(D−εc)2

(16εh−9δ2)
2 .

In a decentralized supply chain, the profit of the entire supply chain is equal to the
manufacturer’s profit plus the retailer’s profit.

Πn
t (w, p, v) = Πn

m(w) + Πn
r (p, v), where n ∈ {NS, CS, CM}.

4. Optimal Decisions of The Players

Based on the results in the previous section, this section explores the decision mech-
anisms of manufacturers and retailers under three strategies. In addition, we will verify
the validity of the model and conclusions with a case study. The values of the relevant
variables and parameters are D = 200, c = 5, ε = 1.2, δ = 1, and h = 1.2 [17].

4.1. Manufacturer’s Optimal Decisions

In this subsection, we analyze the manufacturer’s decision-making mechanism in
terms of three strategies.

Proposition 4. (1) If φr ≤ 1−φm
3−φm

, then ∂wCS

∂φm
≤ 0, otherwise ∂wCS

∂φm
> 0; ∂wCS

∂φr
> 0.

(2) (i) If 0 < φr <
φm(1−φm)

2−φm
, then wCS < wNS < wCM;

(ii) If φm(1−φm)
2−φm

≤ φr <
8φm(1−φm)εh+3(2φ2

m−3φm+1)δ2

(2−φm)(8εh−3δ2)
, then wNS ≤ wCS < wCM;

(iii) If 8φm(1−φm)εh+3(2φ2
m−3φm+1)δ2

(2−φm)(8εh−3δ2)
≤ φr < 50%, then wNS < wCM ≤ wCS.
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Proposition 4 (1) indicates that the wholesale price responds distinctively to variations
in forward and backward shareholding ratios in a cross-shareholding model. An increase in
the retailer’s ownership of the manufacturer causes the manufacturer to raise his wholesale
price. The retailer’s ownership will lead to the manufacturer being penalized and the
manufacturer will increase the wholesale price to maintain profitability. In contrast, if
the backward shareholding ratio is small, an increase in the forward shareholding ratio
will result in lower wholesale prices. At this point, the manufacturer benefits from his
shareholding in the retailer and, thus, has an incentive to lower the wholesale prices to
boost sales. However, if the backward shareholding ratio exceeds a certain threshold, the
manufacturer needs to increase the wholesale price to ensure his own marginal profit when
the forward shareholding ratio increases.

Proposition 4 (2) compares the wholesale prices under three strategies. The wholesale
price under the marketing cost-sharing strategy is always greater than that in the price-only
strategy. The reason for this is that the manufacturer shares some of the marketing costs of
the retailer, and he will choose to increase the wholesale price to a certain extent in order to
ensure his profit. Wholesale prices in a cross-shareholding strategy do not respond linearly
to changes in holdings, resulting in a more complex trend in their price changes. If the
backward shareholding ratio is small, the manufacturer can obtain sufficient profit margins
to give the retailer a certain price preference through his shareholding in the retailer, and
the wholesale price in the cross-shareholding model is the smallest among the three. A
higher backward shareholding ratio means that the retailer takes a larger portion of the
manufacturer’s profits. At this point, even if the forward shareholding ratio is increased,
the manufacturer still needs to increase the wholesale price to ensure his profit, making the
wholesale price in the cross-shareholding model the maximum possible. If the backward
shareholding ratio falls within the middle range, the manufacturer experiences a greater
cost pressure in the marketing cost-sharing model than in the cross-shareholding model,
resulting in relatively higher pricing for the former (see Figure 2).
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4.2. Retailer’s Optimal Decisions

In this section, we analyze the decision mechanisms of retailers under different strategies.

4.2.1. Retailer’s Optimal Marketing Effort Level

In this subsection, we examine the effect of different strategies on the level of marketing
effort of retailers.

Proposition 5. (1) ∂vCS

∂φm
> 0; ∂vCS

∂φr
= 0.

(2) Total marketing effort paid by retailers: vNS < vCS < vCM.
(3) ∂∆vCSNS

∂h < 0, ∂∆vCMNS

∂h < 0, where ∆vCSNS = vCS − vNS, ∆vCMNS = vCM − vNS.
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(4) (i) Marketing efforts undertaken by retailers: vCS
r < vNS

r < vCM
r ; (ii) ∂vCS

r
∂φm

< 0, ∂vCS
r

∂φr
= 0,

where vCS
r = (1 − φm)vCS, vCM

r = (1 − αCM)vCM.

Proposition 5 (1) suggests that in a cross-shareholding model, when a manufacturer
increases his shareholding in a retailer, it leads to an increase in the retailer’s marketing
efforts. However, when a retailer increases her shareholding in a manufacturer, it does
not have an effect on the level of marketing effort. Proposition 5 (2) suggests that both
cross-shareholding and marketing cost-sharing strategies are effective in increasing the
level of marketing effort of retailers, because in both strategies the manufacturer shares part
of the marketing costs on behalf of the retailer, and the higher level of cooperation induces
the retailer to exert more effort. Meanwhile, we find that marketing cost-sharing strategies
are more effective than cross-shareholding strategies in boosting retailers’ marketing efforts
(see Figure 3).

Mathematics 2024, 12, x FOR PEER REVIEW 10 of 24 
 

 

4.2. Retailer’s Optimal Decisions 
In this section, we analyze the decision mechanisms of retailers under different strat-

egies. 

4.2.1. Retailer’s Optimal Marketing Effort Level 
In this subsection, we examine the effect of different strategies on the level of mar-

keting effort of retailers. 

Proposition 5. (1) డ௩಴ೄడఝ೘ > 0; డ௩಴ೄడఝೝ = 0. 
(2) Total marketing effort paid by retailers: 𝑣ேௌ < 𝑣஼ௌ < 𝑣஼ெ. 
(3) డ୼௩಴ೄಿೄడ௛ < 0, డ୼௩಴ಾಿೄడ௛ < 0, where Δ𝑣஼ௌேௌ = 𝑣஼ௌ − 𝑣ேௌ, Δ𝑣஼ெேௌ = 𝑣஼ெ − 𝑣ேௌ. 

(4) (i) Marketing efforts undertaken by retailers: 𝑣௥஼ௌ < 𝑣௥ேௌ < 𝑣௥஼ெ; (ii)డ௩ೝ಴ೄడఝ೘ < 0, డ௩ೝ಴ೄడఝೝ = 0, where 𝑣௥஼ௌ = (1 − 𝜑௠)𝑣஼ௌ, 𝑣௥஼ெ = (1 − 𝛼஼ெ)𝑣஼ெ. 

Proposition 5 (1) suggests that in a cross-shareholding model, when a manufacturer 
increases his shareholding in a retailer, it leads to an increase in the retailer’s marketing 
efforts. However, when a retailer increases her shareholding in a manufacturer, it does 
not have an effect on the level of marketing effort. Proposition 5 (2) suggests that both 
cross-shareholding and marketing cost-sharing strategies are effective in increasing the 
level of marketing effort of retailers, because in both strategies the manufacturer shares 
part of the marketing costs on behalf of the retailer, and the higher level of cooperation 
induces the retailer to exert more effort. Meanwhile, we find that marketing cost-sharing 
strategies are more effective than cross-shareholding strategies in boosting retailers’ mar-
keting efforts (see Figure 3). 

 
Figure 3. The marketing effort made by the retailer. 

Proposition 5 (3) shows that as the unit cost of the marketing effort increases, the 
incentive for retailers in the cross-shareholding and marketing cost-sharing models to in-
crease the level of marketing effort decreases because the marginal utility of the marketing 
effort invested declines. Proposition 5 (4) finds that the marketing cost borne by the re-
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ously increasing the overall level of marketing effort. Additionally, the pressure on the 
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Proposition 5 (3) shows that as the unit cost of the marketing effort increases, the incen-
tive for retailers in the cross-shareholding and marketing cost-sharing models to increase
the level of marketing effort decreases because the marginal utility of the marketing effort
invested declines. Proposition 5 (4) finds that the marketing cost borne by the retailer in the
cost-sharing model is still higher than that in the price-only model; the cross-shareholding
strategy can indeed mitigate the retailer’s marketing costs, while simultaneously increasing
the overall level of marketing effort. Additionally, the pressure on the retailer is further
reduced as the percentage of the manufacturer’s shareholding increases (see Figure 4).
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4.2.2. Retailer’s Optimal Selling Price

In this subsection, we examine the pricing mechanism of retailers.

Proposition 6. (1) ∂pCS

∂φm
< 0; ∂pCS

∂φr
= 0. (2) pCS < pNS < pCM.

(3) ∂∆pCSNS

∂h < 0, ∂∆pCMNS

∂h < 0, where ∆pNSCS = pNS − pCS, ∆pCMNS = pCM − pNS.

Combined with Proposition 5, it can be seen that the effect of backward shareholding
on the selling price is the same as that on the marketing effort level, and that an increase in
the forward shareholding ratio can incentivize the retailer to reduce the selling price while
increasing her marketing effort, which will ultimately benefit consumers. In the marketing
cost-sharing model, the retailer’s pricing is the highest. The manufacturer must increase
the wholesale price to ensure his revenue because he bears part of the cost of the marketing
effort. The pressure of the price increase is then transmitted to the retailer and ultimately,
the consumer pays for it. We also find that when the unit cost of the marketing effort rises,
the price difference between the pricing decisions of the retailer in the cross-shareholding
and marketing cost-sharing strategies decreases, and both converge to the prices in the
benchmark model (see Figure 5).

Mathematics 2024, 12, x FOR PEER REVIEW 11 of 24 
 

 

 
Figure 4. The part of the marketing effort cost borne by the retailer. 

4.2.2. Retailer’s Optimal Selling Price 
In this subsection, we examine the pricing mechanism of retailers. 

Proposition 6. (1) డ௣಴ೄడఝ೘ < 0; డ௣಴ೄడఝೝ = 0. (2) 𝑝஼ௌ < 𝑝ேௌ < 𝑝஼ெ. 

(3)  డ୼௣಴ೄಿೄడ௛ < 0, డ୼௣಴ಾಿೄడ௛ < 0, where Δ𝑝ேௌ஼ௌ = 𝑝ேௌ − 𝑝஼ௌ, Δ𝑝஼ெேௌ = 𝑝஼ெ − 𝑝ேௌ. 

Combined with Proposition 5, it can be seen that the effect of backward shareholding 
on the selling price is the same as that on the marketing effort level, and that an increase 
in the forward shareholding ratio can incentivize the retailer to reduce the selling price 
while increasing her marketing effort, which will ultimately benefit consumers. In the 
marketing cost-sharing model, the retailer’s pricing is the highest. The manufacturer must 
increase the wholesale price to ensure his revenue because he bears part of the cost of the 
marketing effort. The pressure of the price increase is then transmitted to the retailer and 
ultimately, the consumer pays for it. We also find that when the unit cost of the marketing 
effort rises, the price difference between the pricing decisions of the retailer in the cross-
shareholding and marketing cost-sharing strategies decreases, and both converge to the 
prices in the benchmark model (see Figure 5). 

 
Figure 5. A comparison of the selling prices. 

5. Optimal Profits of The Players 
This section focuses on the profit distribution mechanism under different strategies. 

Figure 5. A comparison of the selling prices.

5. Optimal Profits of The Players

This section focuses on the profit distribution mechanism under different strategies.

5.1. Supply Chain Profit

Whether the cross-shareholding strategy or the marketing cost-sharing strategy can
improve the overall effectiveness of the supply chain will be analyzed in this subsection.

Proposition 7. (1) ∂ΠCS
t (w,p,v)

∂φm
> 0; ∂ΠCS

t (w,p,v)
∂φr

= 0.

(2) ΠCM
t (w, p, v) < ΠNS

t (w, p, v) < ΠCS
t (w, p, v).

Proposition 7 compares the supply chain profits under the three strategies. Compared
to the benchmark model, the marketing cost-sharing strategy does not improve the overall
profitability of the supply chain. From Proposition 6, it is evident that despite the retailer
ordering more and selling the product at a higher price in the marketing cost-sharing model,
the increased marketing investment leads to a decrease in the net profit. And in the cross-
shareholding model, the retailer can achieve greater sales and profit growth by reducing
the prices. From the perspective of the supply chain, the cross-shareholding strategy is the
optimal strategy, and its advantage can be further extended by the manufacturer increasing
his shareholding in the retailer (see Figure 6).
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5.2. Manufacturer’s Profit

This subsection analyzes what strategies would benefit manufacturers.

Proposition 8. (1) ∂ΠCS
m (w)

∂φm
> 0; ∂ΠCS

m (w)
∂φr

= 0. (2) (i) If 0 < φm < δ2

4(2εh−δ2)
, then ΠNS

m (w) <

ΠCS
m (w) < ΠCM

m (w); (ii) If δ2

4(2εh−δ2)
≤ φm < 50%, ΠNS

m (w) < ΠCM
m (w) ≤ ΠCS

m (w).

Proposition 8 (1) shows that increasing the forward shareholding ratio in a cross-
shareholding model results in higher profits for the manufacturer and changing the back-
ward shareholding has no effect on the manufacturer’s profits. Proposition 8 (2) indicates
that applying either a cross-shareholding strategy or a marketing cost-sharing strategy
benefits the manufacturer. When the forward shareholding ratio is low, the marketing
cost-sharing strategy is most favorable to the manufacturer. However, when the forward
shareholding ratio exceeds a certain threshold, the manufacturer benefits most from the
cross-shareholding strategy compared with other strategies (see Figure 7).
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5.3. Retailer’s Profit

This subsection examines strategy preferences for retailers.

Proposition 9. (1) ∂ΠCS
r (p,v)
∂φm

< 0; ∂ΠCS
r (p,v)
∂φr

= 0. (2) (1 − φm)
[
wCS − wCS(φr = 0)

]
qCS =

φrΠCS
m (w). (3) (i) If 0 < φm < φm4, then ΠCM

r (p, v) < ΠCS
r (p, v) < ΠNS

r (p, v); (ii) If φm4 ≤
φm < 50%, then ΠCS

r (p, v) < ΠCM
r (p, v) < ΠNS

r (p, v).

where φm4 =
(32εh−15δ2)δ2+

√
8192ε3h3−13056ε2h2δ4+6912εhδ6−1215δ8

128ε2h2−160εhδ2+48δ4 .
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Proposition 9 (1) suggests that a manufacturer’s shareholding in a retailer causes a
loss of profits for the latter, while a retailer’s shareholding in a manufacturer does not
change her own profits. From Proposition 7, it is clear that although the cross-shareholding
strategy leads to an increase in supply chain profits, the manufacturer captures more of
the benefits from the shareholding strategy. Even more counterintuitive is the fact that the
retailer’s shareholding in the manufacturer does not lead to an increase in earnings, because
when the retailer holds a stake in the manufacturer, the manufacturer uses his power to
redistribute his profits by adjusting the wholesale price in order to offset the losses caused
by being held, which ultimately makes it impossible for the retailer to reap the benefits of its
shareholding, see Proposition 9 (2). This also explains why the retailer does not change the
marketing and pricing decisions as a result of her shareholding in the manufacturer. Thus,
when the manufacturer’s shareholding in the retailer is above (below) a certain threshold,
the marketing cost-sharing strategy (cross-shareholding strategy) results in the least benefit
for the retailer. Neither strategy is optimal from the retailer’s perspective (see Figure 8).
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Proposition 7 suggests that implementing a cross-shareholding strategy can enhance
the efficiency of the supply chain. However, Propositions 8 and 9 indicate that the interests
of the manufacturer and the retailer do not currently align, resulting in opposition from
downstream retailers when implementing the shareholding strategy. To resolve this issue,
this paper proposes a reasonable rebate policy as outlined in Lemma 1.

Lemma 1. In a cross-shareholding model, the manufacturer can give the retailer an appropriate
unit sales rebate kCS to achieve a Pareto improvement for all members of the supply chain.
(1) kCS

min < kCS < kCS
max in CS model.

(2) (i) ∂kCS
min

∂φm
> 0, ∂kCS

min
∂φr

= 0; (ii) ∂kCS
max

∂φm
> 0, ∂kCS

max
∂φr

= 0.

where: kCS
min =

[(2−φm)2−4(1−φm)](D−εc)
8(2−φm)ε

, kCS
max = φm(D−εc)

4ε .

When the manufacturer applies the cross-shareholding strategy, if he can give the
retailer a sales rebate kCS, it can ensure that the retailer’s profit is not lower than that in the
price-only model and, at the same time, realize the growth of his own profit, which clears
the obstacles for advancing the cross-shareholding strategy. Furthermore, an increase in
a manufacturer’s ownership of a retailer results in an overall upward movement of the
upper and lower limits of the unit rebate kCS.

6. Social Welfare

Firms are not only concerned with their own economic interests, but also with the
welfare they bring to consumers and the value they create for society, which are all social
responsibilities that firms should assume. Therefore, in this section we focus on the



Mathematics 2024, 12, 1635 14 of 24

consumer surplus and social welfare under different strategies. In reference to an existing
study [49], consumer welfare in this paper is given by the following equation:

CS(q) =
∫ pmax

pmin

qdp =
∫ D+δv

ε

D+δv−q
ε

(D − εp + δv)dp =
q2

2ε
(7)

In an economic system manufacturers and retailers earn profits by producing and
selling goods, and consumers receive consumer surplus by purchasing goods. Thus, we
seek to achieve total social welfare through the operation of the supply chain. Social
welfare consists of three components: the manufacturer’s profit, the retailer’s profit, and
the consumer surplus. This is given by the following equation:

SW = Πm(w) + Πr(p, v) + CS(q) (8)

Using Equation (8), we calculate the consumer surplus under the three strategies and
obtain the relevant conclusions.

Lemma 2. (1) (i) CSNS(q) = εh2(D−εc)2

8(2εh−δ2)
2 , CSCS(q) = εh2(D−εc)2

2(2−φm)2(2εh−δ2)
2 , CSCM(q) = 8εh2(D−εc)2

(16εh−9δ2)
2 ;

(ii) ∂CSCS(q)
∂φm

> 0, ∂CSCS(q)
∂φr

= 0.

(2) (i) If 0 < φm < δ2

4(2εh−δ2)
, then CSNS(q) < CSCS(q) < CSCM(q); (ii) If δ2

4(2εh−δ2)
≤ φm <

50%, then CSNS(q) < CSCM(q) ≤ CSCS(q).

Lemma 2 (1) presents the consumer surplus for the three strategies, and we also
observe that raising the forward shareholding ratio in the cross-shareholding model leads to
a growth in the consumer surplus. The reason for this is that an increase in a manufacturer’s
shareholding in a retailer prompts the retailer to lower the selling price of the product and
invest more in marketing efforts, which in turn increases sales, ultimately benefiting the
consumer more. Lemma 2 (2) compares the size of the consumer surplus under different
strategies, and the consumer surplus created in the benchmark model is always the smallest;
the cross-shareholding strategy creates the largest consumer surplus when the forward
shareholding ratio exceeds a certain threshold (see Figure 9).
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Next, we utilize Equation (8) to calculate the overall social welfare for the three
strategies.

Lemma 3. (1) (i) SWNS = (7εh−3δ2)h(D−εc)2

8(2εh−δ2)
2 , SWCS =

[(7−4φm)εh−(3−2φm)δ2]h(D−εc)2

2(2−φm)2(2εh−δ2)
2 , SWCM =

2(28εh−15δ2)h(D−εc)2

(16εh−9δ2)
2 ; (ii) ∂SWCS

∂φm
> 0; ∂SWCS

∂φr
= 0.
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(2) (i) If 0 < φm < φm5, SWNS < SWCS < SWCM; (ii) If φm5 ≤ φm < 50%, then SWNS <
SWCM ≤ SWCS, where

φm5 =

(
768ε3h3 − 1088ε2h2δ2 + 517εhδ4 − 18δ6

)
−
√
(768ε3h3 − 1088ε2h2δ2 + 517εhδ4 − 18δ6)2 − 4(688ε2h2δ2 − 448ε3h3 − 352εhδ4)(23εhδ4 − 32ε2h2δ2 − 3δ6)

2(448ε3h3−688ε2h2δ2+352εhδ4)
.

Lemma 3 (1) provides the social welfare of the three strategies. Additionally, we
discover that in the cross-shareholding model, social welfare increases with forward share-
holding, while backward shareholding does not affect social welfare. It is further shown
that the increased control of the manufacturer over the retailer is conducive to increasing the
overall cooperation level, but the effect of the retailer’s shareholding in the manufacturer is
always offset by the latter’s position of power (see Figure 10).
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7. Conclusions and Implications
7.1. Conclusions

Marketing is an essential component of any successful business and a crucial factor
in gaining a competitive edge. In business, retailers’ marketing efforts are highly valued
because they are closer to the consumer. However, retailers must balance the costs and ben-
efits of marketing, and manufacturers are challenged with enhancing retailers’ marketing
efforts. We found that forming strategic alliances in the supply chain has become a popular
way to address this dilemma. Consequently, we constructed three models in ascending
order of cooperation, namely price only, marketing cost sharing, and cross-shareholding, to
depict the dual dilemma and determine the optimal cooperation strategy.

First, the degree of cooperation has a more complex impact on manufacturers’ decision-
making mechanisms. Specifically, the effect of cross-shareholding strategies on manufac-
turers’ pricing decisions is nonlinear and is related to the percentage of the shareholding,
while marketing cost-sharing strategies inflate wholesale prices. In the cross-shareholding
model, an increase in the retailer’s shareholding in the manufacturer is associated with an
increase in wholesale prices. The effect of increasing the manufacturer’s shareholding in
the retailer on wholesale prices is contingent on the backward shareholding ratio. When
the backward shareholding ratio is small (large), the wholesale price decreases (increases)
as the forward shareholding ratio increases. It is the complexity of the impact of forward
and backward shareholding ratios on wholesale prices that makes the cross-shareholding
strategy offer both the lowest and the highest wholesale prices, depending on whether the
backward shareholding ratio is in the low range or the high range.

Second, the degree of cooperation has a different mechanism of influencing retailers’
decision-making compared to that of manufacturers. Specifically, both cross-shareholding
and marketing cost-sharing strategies increase the level of total marketing effort compared
to the base model, but the latter has a more pronounced effect. From the retailer’s point
of view, the cross-shareholding strategy helps to reduce the marketing costs she has to
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bear. In the marketing cost-sharing model, although the manufacturer shares some of the
marketing costs, rising wholesale prices force the retailer to secure its profits by exerting
more selling efforts. Furthermore, the pricing decisions of retailers are relatively simple,
and the application of a cross-shareholding strategy allows consumers to take advantage of
price concessions, while consumers have to bear the pressure of price increases after the
application of a marketing cost-sharing strategy.

Third, increasing the level of cooperation does not necessarily increase the overall
effectiveness of the supply chain. Specifically, the cross-shareholding strategy can increase
the overall effectiveness of the supply chain, but the marketing cost-sharing strategy can
cause the overall effectiveness of the supply chain to decrease. Nonetheless, manufacturers
are beneficiaries in both cooperation strategies. Therefore, manufacturers should increase
the level of cooperation with retailers. In particular, in the case of cooperation using a
cross-shareholding strategy, manufacturers should maximize their shareholding in the
retailer. Both cooperation strategies have the effect of impeding the ability of retailers
to compete effectively. Furthermore, it is futile for retailers to hold shares in manufac-
turers, who exploit their position of power to redistribute benefits. Consequently, when
a manufacturer establishes a relationship with the retailer through a cross-shareholding
strategy, it is prudent for the retailer to request that the manufacturer provide a reasonable
rebate strategy.

Finally, enhancing the level of cooperation among supply chain members can increase
the consumer surplus and social welfare. In the cross-shareholding model, the supply chain
creates the maximum consumer surplus and social welfare when the forward shareholding
ratio exceeds the corresponding threshold because both of them grow with the forward
shareholding ratio.

7.2. Managerial Insights

Based on the aforementioned findings, we derive the following management insights.
First, from the perspective of the manufacturer, he as a leader in a supply chain can increase
his benefits by adopting both a cross-shareholding strategy and a marketing cost-sharing
strategy. Therefore, manufacturers should enhance collaboration with retailers. Further-
more, if cross-shareholding is the chosen strategy, the manufacturer should maximize his
shareholding in the retailer.

Second, from the perspective of the retailer, a retailer can modify her shareholding
ratio in a manufacturer to ease the burden of the costs associated with purchased goods.
Regarding the cooperation strategy, if a manufacturer seeks to establish a partnership with
her through a cross-shareholding strategy, she should request a fair rebate strategy from
the manufacturer or confidently decline the offer.

Third, from a societal perspective, the government should formulate policies to en-
courage cooperation among supply chain firms to increase the consumer surplus and
social welfare.

7.3. Future Research

Overall, this study investigated the effects of different forms of cooperation on supply
chain members’ decisions and profits. Our research provides valuable insights into vertical
cooperation in supply chains from an operational and optimization standpoint. However,
this study has some limitations, which can inform future research directions. First, our
study did not consider diverse market scenarios; however, market environments are
competitive and variable. Therefore, future research should consider varying market
environments, such as those with high competition and economic downturns. Second,
we explored the cooperation problem in a two-echelon supply chain, while considering a
retailer’s marketing efforts. However, the marketing role of third-party and fourth-party
logistics companies in the supply chain cannot be ignored. Therefore, future research
should consider their influence on marketing. Third, cultures have an important impact
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on shareholding partnerships. Therefore, we should take different cultural and regulatory
landscapes into account in future shareholding research.
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Appendix A

Proof of Proposition 1 and Inference 1. In the NS model, from ΠNS
r (p, v), we obtain

∂2ΠNS
r (p,v)
∂p2 = −2ε, ∂2ΠNS

r (p,v)
∂p∂v = ∂2ΠNS

r (p,v)
∂v∂p = δ, ∂2ΠNS

r (p,v)
∂v2 = −h. Then, the Hessian matrix

can be demonstrated as HNS =

∣∣∣∣∣∣
∂ΠNS

r (p,v)
∂p2

∂ΠNS
r (p,v)
∂p∂v

∂ΠNS
r (p,v)
∂v∂p

∂ΠNS
r (p,v)
∂v2

∣∣∣∣∣∣ = 2εh − δ2 > 0. Therefore, the

retailer has the optimal selling price and marketing effort level. Let ∂ΠNS
r (p,v)
∂p = 0 and

∂ΠNS
r (p,v)

∂v = 0, and we obtain pNS(w) = hD+(εh−δ2)w
2εh−δ2 , vNS(w) = δ(D−εw)

2εh−δ2 . We replace

pNS(w) and vNS(w) in ΠNS
m (w), and we obtain ∂2ΠNS

m (w)

∂w2 = − 2ε2h
2εh−δ2 < 0. Let ∂ΠNS

m (w)
∂w = 0,

and we get wNS = D+εc
2ε . Then, we replace wNS in pNS(w) and vNS(w), respectively. By

performing this calculation, we obtain pNS =
(3εh−δ2)D+(εh−δ2)εc

2ε(2εh−δ2)
, vNS = δ(D−εc)

2ε(2εh−δ2)
. In

addition, we get qNS = εh(D−εc)
2(2εh−δ2)

, ΠNS
m (w) = h(D−εc)2

4(2εh−δ2)
, and ΠNS

r (p, v) = h(D−εc)2

8(2εh−δ2)
. □

Proof of Proposition 2 and Inference 2. In the CS model, from ΠCS
r (p, v), we obtain

∂2ΠCS
r (p,v)
∂p2 = −2(1 − φm)ε, ∂2ΠCS

r (p,v)
∂p∂v = ∂2ΠCS

r (p,v)
∂v∂p = (1 − φm)δ, and ∂2ΠCS

r (p,v)
∂v2 = −(1 −

φm)h. Then, we get the Hessian matrix HCS =

∣∣∣∣∣∣
∂ΠCS

r (p,v)
∂p2

∂ΠCS
r (p,v)
∂p∂v

∂ΠCS
r (p,v)
∂v∂p

∂ΠCS
r (p,v)
∂v2

∣∣∣∣∣∣ = (1 − φm)
2(2εh −

δ2) > 0. Let ∂ΠCS
r (p,v)
∂p = 0 and ∂ΠCS

r (p,v)
∂v = 0,

we have pCS(w) =
(1−φm)hD+(1−φm−φr)(εh−δ2)w+φr(εh−δ2)c

(1−φm)(2εh−δ2)
and

vCS(w) = (1−φm)δD−(1−φm−φr)δεw−φrδεc
(1−φm)(2εh−δ2)

. We replace pCS(w) and vCS(w) in ΠCS
m (w), and

we obtain ∂2ΠCS
m (w)

∂w2 = − (1−φm−φr)ε2h{[(1−φr)(1−φm)−φm(1−φm)]+[(1−φr)(1−φm)−φr φm ]}
(1−φm)2(2εh−δ2)

< 0. Let

∂ΠFS
m (w)
∂w = 0, and we have wCS = (1−φm)2D+[(1−φm)(1−φr)−φr ]εc

(2−φm)(1−φm−φr)ε
. Substituting wCS into

pCS(w) and vCS(w), and we obtain pCS =
[(3−2φm)εh−(1−φm)δ2]D+(εh−δ2)εc

(2−φm)(2εh−δ2)ε
and vCS =

δ(D−εc)
(2−φm)(2εh−δ2)

. By performing this calculation, we can obtain the following results: qCS =

εh(D−εc)
(2−φm)(2εh−δ2)

, ΠCS
m (w) = h(D−εc)2

2(2−φm)(2εh−δ2)
and ΠCS

r (p, v) = (1−φm)h(D−εc)2

2(2−φm)2(2εh−δ2)
. □

Proof of Proposition 3 and Inference 3. In the CM model, from ΠCM
r (p, v), and we have

∂2ΠCM
r (p,v)
∂p2 = −2ε, ∂2ΠCM

r (p,v)
∂p∂v = ∂2ΠCM

r (p,v)
∂v∂p = δ and ∂2ΠCM

r (p,v)
∂v2 = −(1 − α)h. Then, the Hes-
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sian matrix can be demonstrated as HCM =

∣∣∣∣∣∣
∂ΠCM

r (p,v)
∂p2

∂ΠCM
r (p,v)
∂p∂v

∂ΠCM
r (p,v)
∂v∂p

∂ΠCM
r (p,v)
∂v2

∣∣∣∣∣∣ = (1 − α)2εh − δ2 > 0.

Let ∂ΠCM
r (p,v)

∂p = 0 and ∂ΠCM
r (p,v)

∂v = 0, and we obtain pCM(w) =
(1−α)hD+[(1−α)εh−δ2]w

(1−α)2εh−δ2

and vCM(w) = δ(D−εw)
(1−α)2εh−δ2 . We replace pCM(w) and vCM(w) in ΠCM

m (w), and we obtain

∂2ΠCM
m (w)

∂w2 = − ε2h{2(1−α)[(1−α)2εh−δ2]+αδ2}
[(1−α)2εh−δ2]

2 < 0. Let ∂ΠCM
m (w)
∂w = 0, and we have wCM =

(1−α)[(1−α)2εh−δ2](D+εc)+αδ2D

{2(1−α)[(1−α)2εh−δ2]+αδ2}ε
. Then, we replace wCM in pCM(w) and vCM(w), and we have

pCM =

[
3(1−α)2εh−(1−2α)δ2

]
D+(1−α)[(1−α)2εh−δ2]εc

{2(1−α)[(1−α)2εh−δ2]+αδ2}ε
and vCM = (1−α)δ(D−εc)

2(1−α)[(1−α)2εh−δ2]+αδ2 . By per-

forming this calculation, we can obtain the following results: qCM = (1−α)2εh(D−εc)
2(1−α)[(1−α)2εh−δ2]+αδ2 ,

ΠCM
m (w) = (1−α)2h(D−εc)2

2{2(1−α)[(1−α)2εh−δ2]+αδ2} and ΠCM
r (p, v) =

(1−α)3[(1−α)2εh−δ2]h(D−εc)2

2{2(1−α)[(1−α)2εh−δ2]+αδ2}2 . The

objective of maximizing the manufacturer’s profit can be found as αCM = 1
3 . Then,

we have wCM =
(8εh−3δ2)D+(8εh−6δ2)εc

(16εh−9δ2)ε
, pCM =

3(4εh−δ2)D+2(2εh−3δ2)εc
(16εh−9δ2)ε

, vCM = 6δ(D−εc)
16εh−9δ2 ,

ΠCM
m (w) = 2h(D−εc)2

16εh−9δ2 , and ΠCM
r (p, v) = 4h(4εh−3δ2)(D−εc)2

(16εh−9δ2)
2 . □

Proof of Proposition 4.
(1) In the cross-shareholding model, the first partial derivatives of the optimal wholesale
price with the corresponding shareholding ratios are as follows:

∂wCS

∂φm
= −(1−φm)(D−εc)[1−3φr−(1−φr)φm ]

(1−φm−φr)
2(2−φm)2ε

, the positive or negative of ∂wCS

∂φm
is determined

by [1 − 3φr − (1 − φr)φm]. We obtain if φr ≤ 1−φm
3−φm

, then ∂wCS

∂φm
≤ 0, otherwise ∂wCS

∂φm
> 0;

∂wCS

∂φr
= (2−φm)(1−φm)2εD

(1−φm−φr)
2(2−φm)2ε

2 > 0.

(2) The wholesale price comparisons are as follows:

wCM − wNS = 3δ2(D−εc)
2(16εh−9δ2)ε

> 0, wCS − wNS = [φr(2−φm)−φm(1−φm)](D−εc)
2(2−φm)(1−φm−φr)ε

, and the size

relationship between wCS and wNS is determined by φr(2 − φm) − φm(1 − φm), thus if
φr ≤ φm(1−φm)

2−φm
, then wCS ≤ wNS; if φr >

φm(1−φm)
2−φm

, then wCS > wNS.

From wCS − wCM =
[8εh(−φm+φ2

m+2φr−φm φr)−3δ2(1−3φm+2φ2
m+2φr−φm φr)](D−εc)

(2−φm)(1−φm−φr)(16εh−9δ2)ε
, we know

that the size relationship between wCS and wCM is determined by 8εh(−φm + φ2
m+

2φr − φm φr) − 3δ2(1 − 3φm + 2φ2
m + 2φr − φm φr

)
, thus if

φr <
8φm(1−φm)εh+3(2φ2

m−3φm+1)δ2

(2−φm)(8εh−3δ2)
, then wCS < wCM, otherwise wCS ≥ wCM. In addition,

we have
8φm(1−φm)εh+3(2φ2

m−3φm+1)δ2

(2−φm)(8εh−3δ2)

− φm(1−φm)
2−φm

= 3(1−φm)2δ2

(2−φm)(8εh−3δ2)
> 0, and 1

2 − 8φm(1−φm)εh+3(2φ2
m−3φm+1)δ2

(2−φm)(8εh−3δ2)
=

(16εh−12δ2)(1+φ2
m)−(24εh−21δ2)φm

2(2−φm)(8εh−3δ2)
>

(16εh−12δ2)φ2
m+(4εh−1.5δ2)

2(2−φm)(8εh−3δ2)
> 0,

i.e., 0 < φm(1−φm)
2−φm

<
8φm(1−φm)εh+3(2φ2

m−3φm+1)δ2

(2−φm)(8εh−3δ2)
< 1

2 .
In summary there are:

(i) If 0 < φr <
φm(1−φm)

2−φm
, then wCS < wNS < wCM;

(ii) if φm(1−φm)
2−φm

≤ φr <
8φm(1−φm)εh+3(2φ2

m−3φm+1)δ2

(2−φm)(8εh−3δ2)
, then wNS ≤ wCS < wCM;

(iii) if 8φm(1−φm)εh+3(2φ2
m−3φm+1)δ2

(2−φm)(8εh−3δ2)
≤ φr <

1
2 , then wNS < wCM ≤ wCS. □
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Proof of Proposition 5.
(1) In the cross-shareholding model, the first partial derivatives of the optimal marketing
effort level with the corresponding shareholding ratios are as follows:
∂vCS

∂φm
= δ(D−εc)

(2−φm)2(2εh−δ2)
> 0, ∂vCS

∂φr
= 0.

(2) vCS − vNS = φmδ(D−εc)
2(2−φm)(2εh−δ2)

> 0, vCM − vNS =
(8εh−3δ2)δ(D−εc)

2(2εh−δ2)(16εh−9δ2)
> 0,

vCS − vCM =
[−4(2−3φm)εh+3(1−2φm)δ2]δ(D−εc)

(2−φm)(2εh−δ2)(16εh−9δ2)
, and the size relationship between vCS and

vCM is determined by −4(2 − 3φm)εh + 3(1 − 2φm)δ
2. By performing the calculation, we

find that if φm < 8εh−3δ2

6(2εh−δ2)
, then vCS < vCM. Because 8εh−3δ2

6(2εh−δ2)
> 1

2 and 0 < φm < 1
2 , then

vCS < vCM.
To sum up, we obtain vNS < vCS < vCM.

(3) ∂vCSNS

∂h = − φmεδ(D−εc)
(2−φm)(2εh−δ2)

< 0;

∂vCMNS

∂h = − εδ(D−εc)[(8εh−3δ2)(32εh−8δ2)−(8εh−4δ2)(16εh−9δ2)]
(2εh−δ2)

2
(16εh−9δ2)

2 < 0.

(4) In the cross-shareholding model, the marketing effort borne by the manufacturer is
φmvCS, and the remaining marketing effort borne by the retailer is (1 − φm)vCS, denoted as
vCS

r , then vCS
r = (1 − φm)vCS = (1−φm)δ(D−εc)

(2−φm)(2εh−δ2)
. In the price-only model, all the marketing

costs are borne by the retailer itself, then vNS
r = vNS. In the marketing cost-sharing

model, the marketing effort borne by the manufacturer is αCMvCM, and the remaining
marketing efforts borne by the retailer is (1 − αCM)vCM, denoted as vCM

r , then vCM
r =

(1 − αCM)vCM
= 4δ(D−εc)

16εh−9δ2 . In addition, we have vCM
r − vNS

r = δ3(D−εc)
2(2εh−δ2)(16εh−9δ2)

> 0,

vCS
r − vNS

r = − φmδ(D−εc)
2(2−φm)(2εh−δ2)

< 0, and then vCS
r < vNS

r < vCM
r ; ∂vCS

r
∂φm

= − δ(D−εc)
(2−φm)2(2εh−δ2)

<

0. □

Proof of Proposition 6.
(1) In the cross-shareholding model, the first partial derivatives of the optimal selling

price with the corresponding shareholding ratios are as follows: ∂pCS

∂φr
= 0; ∂pCS

∂φm
=

− (εh−δ2)(D−εc)
(2−φm)2ε(2εh−δ2)

< 0.(2) Because pCS − pNS = − φm(εh−δ2)(D−εc)
2ε(2−φm)(2εh−δ2)

< 0 and pCM − pNS =

(7εh−3δ2)δ
2
(D−εc)

2ε(2εh−δ2)(16εh−9δ2)
> 0, we have pCS < pNS < pCM.

(3) ∂pCMNS

∂h = − δ2(D−εc)[δ2(16εh−9δ2)+16(2εh−δ2)(7εh−3δ2)]
2(2εh−δ2)

2
(16εh−9δ2)

2 < 0, ∂pCSNS

∂h = − φmεh(D−εc)
2(2−φm)(2εh−δ2)

2 <

0. □

Proof of Proposition 7.

The total profit for each of the three models is ΠNS
t (w, p, v) = 3h(D−εc)2

8(2εh−δ2)
, ΠCS

t (w, p, v) =
(3−2φm)h(D−εc)2

2(2−φm)2(2εh−δ2)
and ΠCM

t (w, p, v) = 2(24εh−15δ2)h(D−εc)2

(16εh−9δ2)
2 .

(1) In the cross-shareholding model, the first partial derivatives of the supply chain profit
with the corresponding shareholding ratios are as follows:
∂ΠCS

t (w,p,v)
∂φm

= (φ2
m−3φm+2)h(D−εc)2

(2−φm)4(2εh−δ2)
> 0; ∂ΠCS

t (w,p,v)
∂φr

= 0.

Let f1(φm) = φ2
m − 3φm + 2, when 0 < φm < 1

2 , f1(φm) > 0 absolutely holds, i.e.,
∂ΠCS

t (w,p,v)
∂φm

> 0.

(2) ΠCS
t (w, p, v)− ΠNS

t (w, p, v) = φm(4−3φm)h(D−εc)2

8(2−φm)2(2εh−δ2)
> 0,

ΠCM
t (w, p, v)− ΠNS

t (w, p, v) = − 3δ4h(D−εc)2

8(2εh−δ2)(16εh−9δ2)
2 < 0.

In summary, we have ΠCM
t (w, p, v) < ΠNS

t (w, p, v) < ΠCS
t (w, p, v). □
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Proof of Proposition 8.
(1) In the cross-shareholding model, the first partial derivatives of the manufacturer profit
with the corresponding shareholding ratios are as follows:
∂ΠCS

m (w)
∂φm

= h(D−εc)2

2(2−φm)2(2εh−δ2)
> 0; ∂ΠCS

m (w)
∂φr

= 0.

(2) ΠCS
m (w)− ΠNS

m (w) =
φmh(D−εc)2

4(2−φm)(2εh−δ2)
> 0,

ΠCM
m (w)− ΠNS

m (w) = δ2h(D−εc)2

4(16εh−9δ2)(2εh−δ2)
> 0,

ΠCS
m (w)−ΠCM

m (w) =
[8φmεh−(1+4φm)δ2]h(D−εc)2

2(2−φm)(16εh−9δ2)(2εh−δ2)
, which means the size relationship between

ΠCS
m (w) and ΠCM

m (w) is determined by 8φmεh − (1 + 4φm)δ2, because 0 < δ2

4(2εh−δ2)
< 1

2 ,

when 0 < φm < δ2

4(2εh−δ2)
, we have ΠCS

m (w) < ΠCM
m (w); when δ2

4(2εh−δ2)
≤ φm < 1

2 , then

ΠCM
m (w) ≤ ΠCS

m (w).
In summary, we have:

(i) if 0 < φm < δ2

4(2εh−δ2)
, then ΠNS

m (w) < ΠCS
m (w) < ΠCM

m (w);

(ii) if δ2

4(2εh−δ2)
≤ φm < 1

2 , then ΠNS
m (w) < ΠCM

m (w) ≤ ΠCS
m (w). □

Proof of Proposition 9.
(1) In the cross-shareholding model, the first partial derivatives of the retailer profit with
the corresponding shareholding ratios are as follows:
∂ΠCS

r (p,v)
∂φm

= − φmh(D−εc)2

2(2−φm)3(2εh−δ2)
< 0; ∂ΠCS

r (p,v)
∂φr

= 0.

(3) ΠCS
r (p, v)− ΠNS

r (p, v) = − φ2
mh(D−εc)2

8(2−φm)2(2εh−δ2)
< 0,

ΠCM
r (p, v)− ΠNS

r (p, v) = − (32εh−15δ2)δ2h(D−εc)2

8(2εh−δ2)(16εh−9δ2)
2 < 0,

ΠCS
r (p, v)− ΠCM

r (p, v) = [(−64ε2h2+80εhδ2−24δ2)φ2
m−(32εhδ2−15δ4)φm+(32εhδ2−15δ4)]h(D−εc)2

2(2−φm)2(2εh−δ2)(16εh−9δ2)
2 , let

f2(φm) =
(
−64ε2h2 + 80εhδ2 − 24δ2)φ2

m −
(
32εhδ2 − 15δ4)φm + (32εhδ2 − 15δ4). The

quadratic coefficient of f2(φm) is −8
[
2εh4

(
εh − δ2)− δ2(2εh − 3δ2)

]
< 0, and we have

f2(φm = 0) > 0, f2

(
φm = 1

2

)
< 0 and the axis of symmetry of a quadratic function

f2(φm) is − δ2(32εh−15δ2)
16[8εh(εh−δ2)−δ2(2εh−3δ2)]

< 0. We know that f2(φm) must have two foci with
respect to the x-axis.
Let f2(φm) = 0, we have:

φm3 =
(32εh−15δ2)δ2−

√
8192ε3h3−13056ε2h2δ4+6912εhδ6−1215δ8

128ε2h2−160εhδ2+48δ4 < 0 (Abandon),

φm4 =
(32εh−15δ2)δ2+

√
8192ε3h3−13056ε2h2δ4+6912εhδ6−1215δ8

128ε2h2−160εhδ2+48δ4 .
In summary, we have

(i) if 0 < φm < φm4, then ΠCM
r (p, v) < ΠCS

r (p, v) < ΠNS
r (p, v);

(ii) if φm4 ≤ φm < 1
2 , then ΠCS

r (p, v) < ΠCM
r (p, v) < ΠNS

r (p, v). □

Proof of Lemma 1.
(1) In the CS model, to enable the retailer to accept the manufacturer’s shareholding strategy,
the rebate from the manufacturer to the retailer should make the retailer’s profit no less
than the profit in the price-only model.

kCS
min =

ΠNS
r (p, v)− ΠCS

r (p, v)
qCS =

[
(2 − φm)

2 − 4(1 − φm)
]
(D − εc)

8(2 − φm)ε
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The manufacturer’s rebate to the retailer should be less than the extra profit it makes.

kCS
max1 =

ΠCS
m (w)− ΠNS

m (w)

qCS =
φm(D − εc)

4ε

As the leader of the supply chain, the manufacturer always keeps its own profit higher
than that of the retailer. Therefore, there are:

ΠCS
m (w)− kCSqCS −

[
ΠCS

r (p, v) + kCSqCS
]
> 0

Then, we obtain:

kCS
max2 =

(D − εc)
4(2 − φm)ε

Then, compare the size between kCS
max1 and kCS

max2.

kCS
max1 − kCS

max2 =
[φm(2 − φm)− 1](D − εc)

4(2 − φm)ε

Let f1(φm) = φm(2 − φm)− 1, the following figure shows that kCS
max1 is less than kCS

max2.

From kCS
min < kCS

< min(kCS
max1, kCS

max2), we obtain[
(2 − φm)

2 − 4(1 − φm)
]
(D − εc)

8(2 − φm)ε
< kCS <

φm(D − εc)
4ε

(2) (i) ∂kCS
min

∂φm
= φm(D−εc)

4ε(2−φm)2 > 0, ∂kCS
min

∂φr
= 0; (ii) ∂kCS

max
∂φm

= D−εc
4ε > 0, ∂kCS

max
∂φr

= 0. □

Proof of Lemma 2.
(1) In the cross-shareholding model, the first partial derivatives of the consumer surplus
with the corresponding shareholding ratios are as follows:
∂CSCS(q)

∂φm
= εh2(D−εc)2

(2−φm)3(2εh−δ2)
2 > 0; ∂CSCS(q)

∂φr
= 0.

(2) CSCS(q)− CSNS(q) = φm(4−φm)εh2(D−εc)2

8(2−φm)2(2εh−δ2)
2 > 0,

CSCM(q)− CSNS(q) = (32εh−17δ2)δ2εh2(D−εc)2

8(2εh−δ2)
2
(16εh−9δ2)

2 > 0;

CSCS(q)− CSCM(q) =

[
(16εh−9δ2)

2−16(2−φm)2(2εh−δ2)
2
]
εh2(D−εc)

2

2(2−φm)2(2εh−δ2)
2
(16εh−9δ2)

2 , which means the size rela-

tionship between CSCS(q) and CSCM(q) is determined by
(

16εh − 9δ2
)2

− 16(2 − φm)
2

(2εh − δ2)
2. By calculating, we have 0 < δ2

4(2εh−δ2)
< 1

2 , if φm < δ2

4(2εh−δ2)
, then CSCS(q) <

CSCM(q); if φm ≥ δ2

4(2εh−δ2)
, then CSCS(q) < CSCM(q).

To sum up, we get

(i) if 0 < φm < δ2

4(2εh−δ2)
, then CSNS(q) < CSCS(q) < CSCM(q);

(ii) if δ2

4(2εh−δ2)
≤ φm < 1

2 , then CSNS(q) < CSCM(q) ≤ CSCS(q). □

Proof of Lemma 3.
(1) In the cross-shareholding model, the first partial derivatives of the social welfare with
the corresponding shareholding ratios are as follows:
∂SWCS

∂φm
= (1−φm)h2(D−εc)2

(2−φm)3(2εh−δ2)
2 > 0; ∂SWCS

∂φr
= 0.

(2) SWCS − SWNS =
[(8−7φm)εh−(4−3φm)δ2]φmh(D−εc)2

8(2−φm)2(2εh−δ2)
2 > 0,



Mathematics 2024, 12, 1635 22 of 24

SWCM − SWNS =
[32εhδ2(εh−δ2)+3δ6]h(D−εc)2

8(2εh−δ2)
2
(16εh−9δ2)

2 ;

SWCS − SWCM =

[(
688ε2h2δ2 − 448ε3h3 − 352εhδ4)φ2

m
+
(
768ε3h3 − 1088ε2h2δ2 + 517εhδ4 − 18δ6)φm

+
(
23εhδ4 − 32ε2h2δ2 − 3δ6)]h(D − εc)2

2(2−φm)2(2εh−δ2)
2
(16εh−9δ2)

2 , which means the size re-

lationship between SWCS and SWCM is determined by
(
688ε2h2δ2 − 448ε3h3 − 352εhδ4)φ2

m
+
(
768ε3h3 − 1088ε2h2δ2 + 517εhδ4 − 18δ6)φm +

(
23εhδ4 − 32ε2h2δ2 − 3δ6). Let f4(φm) =(

688ε2h2δ2 − 448ε3h3 − 352εhδ4)φ2
m +

(
768ε3h3 − 1088ε2h2δ2 + 517εhδ4 − 18δ6)φm+(

23εhδ4 − 32ε2h2δ2 − 3δ6). The quadratic coefficient of f4(φm) is −εh[εh448
(
εh − δ2)

−δ2(240εh − 352δ2)] < 0, because f4(φm = 0) < 0 and f4

(
φm = 1

2

)
> 0, we know that the

transverse coordinates of the axis of symmetry of f4(φm) minus 1
2 equals

εh(εh−δ2)(320εh−80δ2)+(85εh−18δ2)δ4

2εh[448εh(εh−δ2)−(240εh−352δ2)δ2]
> 0, so the function f4(φm) has an axis of symmetry to

the right of 1
2 , and f4(φm) must have two intersections with the x-axis. Let f4(φm) = 0,

we have:

φm5 =

(
768ε3h3 − 1088ε2h2δ2 + 517εhδ4 − 18δ6

)
−
√
(768ε3h3 − 1088ε2h2δ2 + 517εhδ4 − 18δ6)2 − 4(688ε2h2δ2 − 448ε3h3 − 352εhδ4)(23εhδ4 − 32ε2h2δ2 − 3δ6)

2(448ε3h3 − 688ε2h2δ2 + 352εhδ4)
,

φm6 =

(
768ε3h3 − 1088ε2h2δ2 + 517εhδ4 − 18δ6

)
+
√
(768ε3h3 − 1088ε2h2δ2 + 517εhδ4 − 18δ6)2 − 4(688ε2h2δ2 − 448ε3h3 − 352εhδ4)(23εhδ4 − 32ε2h2δ2 − 3δ6)

2(448ε3h3 − 688ε2h2δ2 + 352εhδ4).

After this judgment, φm6 is not eligible and is abandoned. Therefore, if 0 < φm < φm5, then
SWCS < SWCM; if φm5 ≤ φm < 1

2 , then SWCM ≤ SWCS.
To sum up, we get:

(i) if 0 < φm < φm5, then SWNS < SWCS < SWCM;
(ii) if φm5 ≤ φm < 1

2 , then SWNS < SWCM ≤ SWCS. □
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