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Abstract: Iterative methods for solving constraint nonlinear monotone equations have been developed
and improved by many researchers. The aim of this research is to present a modified three-term
conjugate descent (TTCD) derivative-free method for constrained nonlinear monotone equations. The
proposed algorithm requires low storage memory; therefore, it has the capability to solve large-scale
nonlinear equations. The algorithm generates a descent and bounded search direction dk at every
iteration independent of the line search. The method is shown to be globally convergent under
monotonicity and Lipschitz continuity conditions. Numerical results show that the suggested method
can serve as an alternative to find the approximate solutions of nonlinear monotone equations.
Furthermore, the method is promising for the reconstruction of sparse signal problems.

Keywords: constrained nonlinear monotone equations; derivative-free method; global convergence;
numerical experiments; signal reconstruction problems
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1. Introduction

Consider the constrained nonlinear monotone equations of the following type:

P(x) = 0, x ∈ G, (1)

G ⊆ Rn is a closed, non-empty and convex set. P : Rn → Rn is monotone—that is,

(P(x)− P(y))T(x − y) ≥ 0, for all x, y ∈ Rn. (2)

Problem (1) has drawn a lot of attention due to its applicability in many areas, such as
power flow equations [1,2], financial forecasting problems [3], generalized proximal algo-
rithms with Bregman distances [4], and economic equilibrium problems [5,6]. Furthermore,
monotone variational inequality can be transformed into monotone nonlinear equations [7,8].
Numerous approaches such as Newton’s method, quasi-Newton’s method and many
others—including the Levenberg–Marquardt method—are used to solve (1) [9–11] because
of their fast convergence rate (see [12–15] for details). However, they require computing
and storing of the inverse Jacobian matrix at every iteration, which is not always easy to
compute or not available due to singularity. As such, many researchers have suggested
derivative-free approaches that do not require computation of the Jacobian matrix; among
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others are [16–25]. A modified three-term conjugate descent (CD) derivative-free method is
of interest in this research. The classical CD method was first presented by Fletcher [26],
particularly for solving problems involving unconstrained optimization. Yan et al. [27]
presented a globally convergent derivative-free method for solving large-scale nonlinear
monotone equations with the projection method proposed in [28]. The numerical experi-
ment reported illustrated that the methods are efficient. In [29], Koorapetse described a
new three-term derivative-free method based on a projection approach to solve large-scale
nonlinear monotone equations. Besides that, the search direction satisfies the sufficient
descent condition and the method proved to be globally convergent. Abubakar et al. pro-
posed a three-term derivative-free method in [30], where the Dai–Yuan type method,
the Hestenes–Stiefel method, the Fletcher–Reeves method and the Polak–Ribiére–Polyak
method were described as special cases. Jie and Zhong [31] modified the HS method for
an unconstrained optimization problem. The global convergence of the algorithm was
proved using the standard Wolfe line search. An interesting part of their research is that the
search directions are always sufficiently descent independent of any line search and satisfy
the conjugacy property as well. Motivated by the work of Jie and Zhong [31] and the fact
that three-term derivative-free methods based on modified CD methods are rare in the
literature, this paper considers a modified three-term, CD-type, derivative-free method to
solve constrained nonlinear monotone equations and its application to sparse signal prob-
lems. The direction is sufficiently descent and bounded independent of the line search. The
global convergence of the method is obtained under monotonicity and Lipschitz continuity
conditions. Furthermore, a numerical experiment is provided to show the efficiency of the
method by comparing with existing methods. The breakdown of the remaining parts of
this article is as follows: The proposed algorithm and its derivation are given in Section 2.
Section 3 provides the theoretical results. Section 4 presents the numerical experiments
for the solution of nonlinear monotone equations. Sparse signal reconstruction is detailed
in Section 5. Conclusions are made in Section 6. The norm of vectors is denoted by ∥ · ∥
and Pk := P(xk). In addition, HG [·] is the projection mapping from Rn onto G given by
HG [x] = arg min{∥x − z∥ : x ∈ Rn, z ∈ G} for a non-empty, convex and closed set G ∈ Rn.

2. Algorithm and Its Derivation

In this part, we presented the framework of the algorithm and its derivation using a
similar idea to that described in [31]. The proposed descent search direction is given by

dk =

−Pk i f k = 0

−Pk −
PT

k (Pk+dk−1)dk−1
λk

+
∥Pk∥2dk−1

λk
, i f k ≥ 1,

(3)

where
λk = dT

k−1P̂k−1, (4)

P̂k−1 = Pk−1 + tkdk−1, (5)

tk = 1 + max
{

0,
−dT

k−1Pk−1

∥dk−1∥2

}
. (6)

Since the idea is obtained from an unconstrained optimization problem [31], to extend
it to a system of constrained nonlinear monotone equations the following modification
is needed.
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Remark 1. It is well known from the definition of λk that

λk = dT
k−1P̂k−1,

= dT
k−1

(
Pk−1 + tkdk−1

)
= dT

k−1Pk−1 + tk∥dk−1∥2

= dT
k−1Pk−1 +

(
1 + max

{
0,

−dT
k−1Pk−1

∥dk−1∥2

})
∥dk−1∥2

≥ dT
k−1Pk−1 + ∥dk−1∥2 − dT

k−1Pk−1

≥ ∥dk−1∥2 > 0.

Therefore, λk > 0 whenever dk−1 ̸= 0.

Thus, λk is well defined.
The novel search direction dk always satisfies the sufficient descent property given by

PT
k dk ≤ −∥Pk∥2. (7)

3. Theoretical Results

This section presents the global convergence of the TTCD algorithm. However, before
proceeding, the following conditions need to be provided.

Condition 1. G ⊆ Rn is a closed, non-empty and convex set.

Condition 2. P is L-Lipschitz continuous and monotone on Rn, i.e.,

(P(x1)− P(x2))
T(x1 − x2) ≥ 0, f or all x1, x2 ∈ Rn

and
∥P(x1)− P(x2)∥ ≤ L∥x1 − x2∥, L > 0.

Lemma 1 ([30]). If Conditions 1 and 2 hold, then {xk} and {Γk} are bounded. Furthermore,

lim
k→∞

vk∥dk∥ = 0. (8)

Remark 2. Lemma 1 implies that there exists a non-negative σ such that ∥xk∥ ≤ σ. Since {Pk} is
continuous and {xk} is bounded, then {Pk} is also bounded. This implies that there is a positive
constant M such that ∥Pk∥ ≤ M.

Lemma 2. The search direction given by (3) is sufficiently descent.

Proof. When k = 0, then PT
0 d0 ≤ −∥P0∥2. If k ≥ 1, then by (3) and (7), we have

PT
k dk≤− ∥Pk∥2 −

PT
k (Pk + dk−1)PT

k dk−1

λk
+

∥Pk∥2PT
k dk−1

λk
,

≤− ∥Pk∥2 −
∥Pk∥2(PT

k dk−1
)

λk
−

(
PT

k dk−1
)2

λk
+

∥Pk∥2(PT
k dk−1

)
λk

,

≤− ∥Pk∥2 −
(

PT
k dk−1

)2

λk
,

≤ −∥Pk∥2.

This implies that the search direction obtained from (3) satisfies (7).
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Lemma 3. Assume that Conditions 1 and 2 hold. Let {ζk}, {xk} and {dk} be defined by (28), (27) and
(3), respectively; then, the following apply:

i. For all k, there exists a step-length vk = µρi, satisfying (26), for some
i ∈ N∪ {0}, k ≥ 0.

ii. The step-length vk satisfies the following relation:

vk > min
{

µ,
ρ∥Pk∥2

(L + t)∥dk∥2

}
. (9)

Proof. i. Assume to the contrary that there is a positive integer k0 ≥ 0 such that (26) is
not true for any integer i ≥ 0—that is,

−P(xk0 + µρidk0)
Tdk0 < tµρi∥dk0∥

2.

From the continuity of P and allowing i → ∞, we have

−P(xk0)
Tdk0 ≤ 0. (10)

However, from (7), we have

−P(xk0)
Tdk0 ≤ ∥P(xk0)∥

2 > 0,

which is a contradiction to (10). Hence, there exists k0 ≥ 0 for which vk satisfies (26).
ii. If vk ̸= µ, then v

′
k =

vk
ρ does not satisfy (26), which means

−P(xk + v
′
kdk)

Tdk < qv
′
k∥dk∥2. (11)

By (7), we have

∥Pk∥2 = −PT
k dk = (P(xk + v

′
kdk)− Pk)

Tdk − P(xk + v
′
kdk)

Tdk. (12)

Substituting (11) into (12), by Lipschitz continuity of P and the Cauchy–Schwarz
inequality, we have

∥Pk∥2 < ∥(P(xk + v
′
kdk)− Pk)∥∥dk∥+ qv

′
k∥dk∥2

< Lv
′
k∥dk∥2 + qv

′
k∥dk∥2

=
(

L + q
)
v
′
k∥dk∥2. (13)

Substituting v
′
k = vk/ρ in (13), we have

vk >
ρ∥Pk∥2(

L + q
)
∥dk∥2

.

Therefore, (9) is well established.

Theorem 1. If Conditions 1 and 2 hold and {xk} is a sequence obtained from (27), then

lim inf
k→∞

∥Pk∥ = 0. (14)

However, the sequence {xk} converges to (1).

Proof. Suppose by contradiction that

lim inf
k→∞

∥Pk∥ ̸= 0.
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Then, there exists m1 > 0 such that for all k ≥ 0,

∥Pk∥ ≥ m1. (15)

By Cauchy–Schwarz inequality, from (7) and (15) for all k ≥ 0,

∥dk∥ ≥ ∥Pk∥ ≥ m1. (16)

By Lemma (1), for all k ≥ 0, {xk} and {Pk} are bounded. We want to prove that {dk}
given by (3) is bounded. For k = 0, we obtain

∥d0∥ = ∥P0∥ ≤ M.

By (7), we can see that
PT

0 d0 ≤ −∥P0∥2. (17)

From (3), if k ≥ 1, using Cauchy–Schwarz inequality and triangular inequality, we obtain

∥∥dk
∥∥ =

∥∥∥∥∥− Pk −
PT

k (Pk + dk−1)dk−1

λk
+

∥Pk∥2dk−1
λk

∥∥∥∥∥,

≤ ∥Pk∥+
∥Pk∥2∥dk−1∥
∥dk−1∥2 +

∣∣PT
k dk−1

∣∣∥dk−1∥
∥dk−1∥2 +

∥Pk∥2∥dk−1∥
∥dk−1∥2 ,

≤ ∥Pk∥+
∥Pk∥2

∥dk−1∥
+ ∥Pk∥+

∥Pk∥2

∥dk−1∥
,

≤ 2∥Pk∥+
2∥Pk∥2

∥dk−1∥
.

(18)

From Lemma (1), inequality (16) and Lipschitz continuity of P, relation (18) reduces to

∥∥dk
∥∥ ≤ 2M +

2M2

m1
,

≤ 2M
(

1 +
M
m1

)
.

(19)

Let M∗ = 2M
(

1 + M
m1

)
; then, we have

∥dk∥ ≤ M∗, where M∗ is a positive constant. (20)

Multiply both sides (9) by ∥dk∥ to obtain

vk∥dk∥ > min
{

µ∥dk∥,
ρ∥Pk∥2

(L + t)∥dk∥

}
≥ min

{
µm1,

m2
1ρ

(L + t)M∗

}
> 0. (21)

Clearly, relation (21) above contradicts (8); therefore,

lim inf
k→∞

∥Pk∥ = 0.

Since P is a continuous function and (14) holds, then {xk} has an accumulation point
x̄ at which P(x̄) = 0; this implies that x̄ is a solution to (1). Since x̄ is an accumulation point
for {xk}, then by Lemma (1), {∥xk − x̄∥} converges. Therefore, it can be deduced that {xk}
converges to x̄.
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4. Results for the Experiments

In this section, we present the results for the numerical experiments. We show the
efficiency and effectiveness of the TTCD algorithm when it comes to solving nonlinear
monotone equations by comparing with some existing methods using benchmark test
problems. The experiments were run on a 4 GB RAM PC with a 2.13 GHz CPU. The
following initial points and dimensions are considered:

• Five different initial points: x1 = (0.1, 0.1, · · · , 0.1)T , x2 = (0.2, 0.2, · · · , 0.2)T , x3 =

(0.5, 0.5, · · · , 0.5)T ,
x4 = (1.5, 1.5, · · · 1.5)T , x5 = (2, 2, · · · , 2)T .

• Five different dimensions: 1000; 5000; 10, 000; 50, 000; 100, 000.
• Eight problems (see Table 1 for details).

We choose the following as control parameters: q = 0.0001, ρ = 0.8, µ = 1, θ = 1.2.
The proposed algorithm is compared with MHS established by Yan et al. [27], MCDPM

by Aji et al. [32] and PRPFR proposed by Yuan et al. [33]. ∥Pk∥ ≤ 10−5 is the stopping
criteria for the iterations and (−) stands for the failure of the method to solve the problem.
The comparison of all the algorithms are based on the number of iteration (NOI), number
of function evaluation (FEV) and CPU time (TIME).

Table 1. The test problems with their references are listed in the Table below.

S/N Problem & Reference

1 Modified exponential function 2 [34]
2 Logarithmic function [34]
3 Problem 1 in [14]
4 Strictly convex function I [34]
5 Strictly convex function II [34]
6 Tridiagonal exponential function [35]
7 Nonsmooth function [36]
8 Problem 4 in [37]

The results for the experiments on the problems 1–8 in Table 1 are given in
Table 2–9, respectively.

We plotted Figures 1–3 using the performance profiles proposed in [38]. The TTCD
algorithm has the least NOI in almost 82% of the problems compared to PRPFR, MHS and
MCDPM, which have 20%, 18% and 30%, respectively, as shown in Figure 1. Moreover,
in Figure 2, the TTCD algorithm also has the highest FEV in approximately 67% of the
problems against PRPFR, MHS and MCDPM with 19%, 18% and 21%, respectively. Figure 3
shows that the TTCD algorithm has the lowest time to converge to the solution of (1) in
60% of the problems compared to PRPFR, MHS and MCDPM with approximately 5%, 14%
and 24%, respectively. In reference to the results mentioned above, we can say that the
TTCD algorithm is more effective and robust than MCDPM, MHS and PRPFR. Therefore, it
can serve as an alternative to those.
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Table 2. Numerical results for the problem with serial number 1 in Table 1.

TTCD PRPFR MHS MCDPM

Dimension Initial Point NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm

1000

x1 1 7 0.39476 0 29 87 0.46498 9.59 × 10−6 7 22 0.26428 9.24 × 10−6 18 74 0.036251 8.83 × 10−7

x2 1 7 0.042189 0 31 94 0.14164 9.97 × 10−6 7 23 0.031263 7.02 × 10−6 9 38 0.021498 8.36 × 10−7

x3 1 7 0.017869 0 34 102 0.057707 9.84 × 10−6 7 22 0.017649 3.88 × 10−6 1 6 0.07097 0.00 × 10
x4 1 9 0.010377 0 31 93 0.058201 8.64 × 10−6 21 65 0.04509 6.29 × 10−6 1 6 0.050159 0.00 × 10
x5 1 10 0.010773 0 1 4 0.008098 0 1 6 0.008276 0 17 70 0.37822 7.83 × 10−7

5000

x1 1 7 0.32858 0 28 85 4.3111 9.63 × 10−6 7 23 0.41693 9.97 × 10−6 17 69 0.6041 9.69 × 10−7

x2 1 7 0.25391 0 31 93 2.1436 8.42 × 10−6 8 26 0.18344 2.12 × 10−6 10 41 0.72735 9.79 × 10−7

x3 1 7 0.18581 0 33 100 1.0508 9.92 × 10−6 7 22 0.73022 7.23 × 10−6 1 6 0.1916 0.00 × 10
x4 1 9 0.1402 0 31 94 1.0252 9.95 × 10−6 22 68 0.91742 6.76 × 10−6 1 6 0.025797 0.00 × 10
x5 1 10 0.37567 0 1 4 0.31981 0 1 6 0.090721 0 17 70 0.15727 7.83 × 10−7

10,000

x1 1 7 0.16721 0 28 84 3.1653 9.29 × 10−6 8 26 1.0706 1.92 × 10−6 16 66 0.67978 9.62 × 10−7

x2 1 7 0.22336 0 30 91 2.688 9.63 × 10−6 8 26 0.99103 2.99 × 10−6 10 42 0.59915 3.62 × 10−7

x3 1 7 0.18297 0 33 99 1.156 9.54 × 10−6 7 22 0.7447 9.96 × 10−6 1 6 0.36702 0.00 × 10
x4 1 9 0.18923 0 32 96 1.6268 8.56 × 10−6 22 68 1.813 9.55 × 10−6 1 6 0.24564 0.00 × 10
x5 1 10 0.44587 0 1 4 0.29106 0 1 6 0.13975 0 17 70 0.69621 7.83 × 10−7

50,000

x1 1 7 0.26981 0 28 84 4.6798 7.80 × 10−6 8 26 1.2019 4.28 × 10−6 15 62 0.73916 8.85 × 10−7

x2 1 7 0.38483 0 30 90 3.8824 8.36 × 10−6 8 26 1.1829 6.68 × 10−6 10 42 0.87964 8.11 × 10−7

x3 1 7 0.33872 0 32 97 3.3427 9.79 × 10−6 8 26 1.3301 1.44 × 10−6 1 6 0.39671 0.00 × 10
x4 1 9 0.38542 0 33 99 3.6148 7.81 × 10−6 23 72 3.1315 8.72 × 10−6 1 6 0.44635 0.00 × 10
x5 1 10 0.37461 0 1 4 0.34298 0 1 6 0.23315 0 17 70 1.799 7.83 × 10−7

100,000

x1 1 7 0.46499 0 27 82 4.8191 9.68 × 10−6 8 26 1.2872 6.06 × 10−6 15 61 1.2556 8.80 × 10−7

x2 1 7 0.4386 0 29 88 5.0801 9.95 × 10−6 8 26 1.0233 9.45 × 10−6 11 45 0.99889 5.96 × 10−7

x3 1 7 0.42428 0 32 96 5.153 9.54 × 10−6 8 26 1.2453 2.03 × 10−6 17 70 2.3563 7.83 × 10−7

x4 1 9 0.75986 0 33 99 4.7671 8.20 × 10−6 24 74 3.4883 7.01 × 10−6 15 61 2.5622 8.80 × 10−7

x5 1 10 0.82569 0 1 4 0.30469 0 1 6 0.44519 0 11 45 1.8746 5.96 × 10−7
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Table 3. Numerical results for the problem with serial number 2 in Table 1.

TTCD PRPFR MHS MCDPM

Dimension Initial Point NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm

1000

x1 5 17 0.04688 2.69 ×10−6 41 122 0.09586 8.12 ×10−6 10 29 0.02615 6.78 ×10−6 8 23 0.02071 8.24 ×10−6

x1 5 17 0.0957 2.69 × 10−6 41 122 0.086591 8.12 × 10−6 10 29 0.035475 6.78 × 10−6 8 23 0.020611 8.24 × 10−7

x2 5 17 0.018214 3.77 × 10−6 42 125 0.088716 8.01 × 10−6 10 29 0.02479 8.75 × 10−6 8 23 0.020254 6.96 × 10−7

x3 5 16 0.01802 2.52 × 10−6 35 104 0.07553 9.94 × 10−6 10 28 0.02561 4.63 × 10−6 8 24 0.025511 3.73 × 10−7

x4 5 16 0.017993 3.74 × 10−6 36 106 0.079168 8.80 × 10−6 10 28 0.026581 5.12 × 10−6 10 30 0.031719 4.77 × 10−7

x5 5 16 0.017177 4.40 × 10−6 41 120 0.080882 9.67 × 10−6 12 33 0.031571 4.69 × 10−6 10 30 0.025475 4.77 × 10−7

5000

x1 5 17 0.051785 5.33 × 10−6 43 129 3.7411 9.94 × 10−6 11 32 1.4018 4.20 × 10−6 8 24 0.80266 3.29 × 10−7

x2 5 17 0.44454 7.48 × 10−6 44 132 1.2991 9.84 × 10−6 11 32 1.614 5.45 × 10−6 8 24 0.83206 2.91 × 10−7

x3 5 16 0.5018 4.77 × 10−6 38 112 1.12 9.91 × 10−6 10 28 0.73226 9.91 × 10−6 8 24 0.93838 3.52 × 10−7

x4 5 16 0.62636 6.82 × 10−6 39 116 3.0834 9.78 × 10−6 10 29 0.9578 9.47 × 10−6 11 32 1.0369 5.29 × 10−7

x5 5 16 0.67811 7.11 × 10−6 44 129 1.3612 9.31 × 10−6 12 34 1.2389 7.14 × 10−6 11 32 0.18547 5.29 × 10−7

10,000

x1 3 9 0.31947 6.46 × 10−6 45 134 1.6464 8.54 × 10−6 11 32 0.97057 5.94 × 10−6 8 24 0.92705 4.58 × 10−7

x2 6 19 0.90193 1.78 × 10−6 46 137 2.6507 8.46 × 10−6 11 32 1.2003 7.69 × 10−6 8 24 0.99062 4.07 × 10−7

x3 5 16 0.74091 6.60 × 10−6 40 118 3.5742 8.06 × 10−6 10 29 1.286 9.76 × 10−6 8 24 1.0536 3.49 × 10−7

x4 5 16 0.35192 9.38 × 10−6 41 121 1.9318 8.57 × 10−6 11 31 1.126 5.46 × 10−6 11 32 1.1206 7.47 × 10−7

x5 5 16 0.6133 9.62 × 10−6 45 132 1.691 9.98 × 10−6 13 36 1.1217 4.03 × 10−6 11 32 1.1223 7.47 × 10−7

50,000

x1 5 17 0.9371 4.25 × 10−7 48 143 6.2426 8.38 × 10−6 11 33 1.6664 9.28 × 10−6 9 26 1.3262 5.06 × 10−7

x2 6 19 0.86941 3.93 × 10−6 49 146 4.7769 8.30 × 10−6 12 35 1.6582 4.81 × 10−6 8 24 1.3916 9.03 × 10−7

x3 5 17 1.075 4.28 × 10−7 42 125 4.8675 9.85 × 10−6 11 31 1.6966 8.69 × 10−6 8 24 1.26 3.47 × 10−7

x4 5 17 0.96344 6.06 × 10−7 44 130 4.2812 8.54 × 10−6 11 32 1.5693 8.67 × 10−6 11 33 1.8148 3.50 × 10−7

x5 5 17 1.0274 6.12 × 10−7 48 141 4.9917 9.78 × 10−6 13 36 2.0201 8.98 × 10−6 11 33 2.1212 3.50 × 10−7

100,000

x1 5 17 1.289 5.99 × 10−7 49 146 6.8958 9.01 × 10−6 12 35 2.4472 5.25 × 10−6 9 26 1.9055 7.14 × 10−7

x2 6 19 1.3907 5.55 × 10−6 50 149 5.8892 8.92 × 10−6 12 35 2.4688 6.80 × 10−6 9 26 2.0498 6.38 × 10−7

x3 5 17 1.2553 6.03 × 10−7 44 130 5.987 8.47 × 10−6 11 32 2.5203 8.60 × 10−6 8 24 1.6286 3.47 × 10−7

x4 5 17 1.5648 8.53 × 10−7 45 133 6.2888 9.20 × 10−6 12 34 2.6034 4.91 × 10−6 11 33 2.7362 4.94 × 10−7

x5 5 17 1.7077 8.60 × 10−7 49 145 6.7405 9.98 × 10−6 13 37 2.6897 8.88 × 10−6 11 33 2.756 4.94 × 10−7
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Table 4. Numerical results for the problem with serial number 3 in Table 1.

TTCD PRPFR MHS MCDPM

Dimension Initial Point NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm

1000

x1 4 13 0.013892 7.77 × 10−6 47 141 0.092229 8.32 × 10−6 10 31 0.023258 9.32 × 10−6 1 5 0.007193 0
x2 5 15 0.034216 2.72 × 10−6 49 147 0.089783 9.57 × 10−6 11 33 0.024557 7.35 × 10−6 1 5 0.007293 0
x3 4 12 0.013768 2.51 × 10−6 52 157 0.098241 9.73 × 10−6 12 36 0.029441 4.66 × 10−6 1 5 0.007014 0
x4 11 35 0.025443 6.74 × 10−6 56 168 0.10204 8.28 × 10−6 11 33 0.025179 7.77 × 10−6 1 5 0.006528 0
x5 11 35 0.02495 6.74 × 10−6 56 168 0.099741 8.28 × 10−6 13 39 0.033871 6.13 × 10−6 1 5 0.00867 0

5000

x1 5 15 0.042458 3.48 × 10−6 50 150 4.4435 8.16 × 10−6 11 33 0.80606 8.34 × 10−6 1 5 0.17726 0
x2 5 15 0.04373 6.08 × 10−6 52 156 1.391 9.40 × 10−6 12 36 0.93636 4.60 × 10−6 1 5 0.14127 0
x3 4 12 0.10784 5.62 × 10−6 55 166 1.5696 9.55 × 10−6 12 37 1.4107 7.29 × 10−6 1 5 0.13105 0
x4 12 37 0.27214 5.43 × 10−6 59 177 1.3227 8.13 × 10−6 12 36 0.97416 4.87 × 10−6 1 5 0.24773 0
x5 12 37 0.13843 5.43 × 10−6 59 177 3.1086 8.13 × 10−6 13 40 0.99392 9.60 × 10−6 1 5 0.14151 0

10,000

x1 5 15 0.21752 4.92 × 10−6 51 153 3.0496 8.77 × 10−6 11 34 1.017 8.26 × 10−6 1 5 0.15359 0
x2 5 15 0.10992 8.60 × 10−6 53 160 1.6167 9.59 × 10−6 12 36 0.9133 6.51 × 10−6 1 5 0.14256 0
x3 4 12 0.22389 7.95 × 10−6 57 171 3.9475 8.21 × 10−6 13 39 1.1891 4.12 × 10−6 1 5 0.12853 0
x4 12 37 0.20661 7.67 × 10−6 60 180 2.9248 8.73 × 10−6 12 36 1.3815 6.88 × 10−6 1 5 0.18035 0
x5 12 37 0.12426 7.67 × 10−6 60 180 2.337 8.73 × 10−6 14 42 0.85581 5.43 × 10−6 1 5 0.096199 0

50,000

x1 5 16 0.40974 2.20 × 10−6 54 162 6.0399 8.61 × 10−6 12 36 0.96663 7.38 × 10−6 1 5 0.13193 0
x2 5 16 0.32448 3.85 × 10−6 56 168 5.0229 9.91 × 10−6 13 39 1.0361 4.08 × 10−6 1 5 0.22266 0
x3 4 13 0.2727 3.56 × 10−6 60 180 5.7702 8.06 × 10−6 13 39 1.3291 9.22 × 10−6 1 5 0.20316 0
x4 13 40 0.88417 3.98 × 10−6 63 189 5.8126 8.57 × 10−6 13 39 1.928 4.31 × 10−6 1 5 0.22315 0
x5 13 40 1.2791 3.98 × 10−6 63 189 5.6972 8.57 × 10−6 14 43 2.0536 8.50 × 10−6 1 5 0.18485 0

100,000

x1 5 16 2.6019 3.11 × 10−6 55 165 7.2494 9.26 × 10−6 12 37 2.5901 7.31 × 10−6 1 5 0.30837 0
x2 5 16 0.50677 5.44 × 10−6 58 174 6.256 8.10 × 10−6 13 39 2.1932 5.77 × 10−6 1 5 0.2416 0
x3 4 13 0.82086 5.03 × 10−6 61 183 6.9018 8.66 × 10−6 13 40 2.0052 9.13 × 10−6 1 5 0.22573 0
x4 13 40 1.8095 5.63 × 10−6 64 192 7.3801 9.21 × 10−6 13 39 2.3259 6.10 × 10−6 1 5 0.29503 0
x5 13 40 1.6028 5.63 × 10−6 64 192 7.0349 9.21 × 10−6 15 45 2.8882 4.81 × 10−6 1 5 0.27045 0
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Table 5. Numerical results for the problem with serial number 4 in Table 1.

TTCD PRPFR MHS MCDPM

Dimension Initial Point NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm

1000

x1 1 2 0.014977 0 1 2 0.008553 0 1 2 0.008269 0 20 81 0.063565 9.90 × 10−7

x2 1 2 0.026176 0 1 2 0.008659 0 1 2 0.008284 0 1 3 0.00756 0
x3 1 2 0.010477 0 1 2 0.007917 0 1 2 0.009784 0 1 3 0.008726 0
x4 1 1 0.009676 0 1 4 0.008573 0 1 1 0.007314 0 9 26 0.028904 6.19 × 10−7

x5 1 1 0.009758 0 1 4 0.007923 0 1 1 0.007787 0 9 26 0.026248 6.19 × 10−7

5000

x1 1 2 0.15403 0 1 2 0.24411 0 1 2 0.079542 0 22 88 2.2723 7.13 × 10−7

x2 1 2 0.0779 0 1 2 0.30731 0 1 2 0.093345 0 1 3 0.12692 0
x3 1 2 0.12547 0 1 2 0.25837 0 1 2 0.12491 0 1 3 0.092858 0
x4 1 1 0.022494 0 1 4 0.26094 0 1 1 0.017496 0 9 27 1.3101 2.76 × 10−7

x5 1 1 0.036342 0 1 4 0.35534 0 1 1 0.012998 0 9 27 1.0175 2.76 × 10−7

10,000

x1 1 2 0.10049 0 1 2 0.27088 0 1 2 0.18825 0 22 89 1.3107 6.62 × 10−7

x2 1 2 0.14111 0 1 2 0.34003 0 1 2 0.11943 0 1 3 0.15195 0
x3 1 2 0.11487 0 1 2 0.56146 0 1 2 0.13215 0 1 3 0.13622 0
x4 1 1 0.031735 0 1 4 0.33398 0 1 1 0.017289 0 9 27 1.0115 3.91 × 10−7

x5 1 1 0.033518 0 1 4 0.40247 0 1 1 0.037098 0 9 27 1.1561 3.91 × 10−7

50,000

x1 1 2 0.16977 0 1 2 0.43538 0 1 2 0.23996 0 23 93 4.2309 6.81 × 10−7

x2 1 2 0.23495 0 1 2 0.44127 0 1 2 0.17726 0 1 3 0.23854 0
x3 1 2 0.26851 0 1 2 0.29747 0 1 2 0.23986 0 1 3 0.14383 0
x4 1 1 0.06572 0 1 4 0.29184 0 1 1 0.056298 0 9 27 1.6538 8.74 × 10−7

x5 1 1 0.09506 0 1 4 0.46869 0 1 1 0.083448 0 9 27 1.5979 8.74 × 10−7

100,000

x1 1 2 0.45274 0 1 2 0.54185 0 1 2 0.28671 0 23 93 5.6623 9.63 × 10−7

x2 1 2 0.33082 0 1 2 0.41999 0 1 2 0.31384 0 1 3 0.29981 0
x3 1 2 0.33148 0 1 2 0.43823 0 1 2 0.3507 0 1 3 0.24454 0
x4 1 1 0.14723 0 1 4 0.42649 0 1 1 0.15859 0 10 29 2.4583 6.18 × 10−7

x5 1 1 0.14368 0 1 4 0.46397 0 1 1 0.095907 0 10 29 2.7612 6.18 × 10−7
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Table 6. Numerical results for the problem with serial number 5 in Table 1.

TTCD PRPFR MHS MCDPM

Dimension Initial Point NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm

1000

x1 1 4 0.01906 0 46 139 0.076367 9.75 × 10−6 10 31 0.022036 7.77 × 10−6 21 85 0.13186 7.15 × 10−7

x2 1 4 0.010846 0 49 147 0.077697 8.44 × 10−6 11 33 0.022087 5.05 × 10−6 21 85 0.034548 7.15 × 10−7

x3 2 8 0.038847 0 51 154 0.078987 9.57 × 10−6 11 33 0.021167 4.15 × 10−6 1 6 0.016759 0.00 × 10
x4 1 7 0.014736 0 53 159 0.080936 9.18 × 10−6 1 5 0.007763 0 1 5 0.020092 0.00 × 10
x5 1 9 0.009923 0 52 156 0.080606 9.60 × 10−6 47 143 0.072079 9.29 × 10−6 1 5 0.013008 2.22 × 10−16

5000

x1 1 4 0.10086 0 49 148 2.6231 9.57 × 10−6 11 33 0.4742 6.95 × 10−6 22 89 0.79118 7.38 × 10−7

x2 1 4 0.10232 0 52 156 2.9497 8.29 × 10−6 11 34 0.84249 7.90 × 10−6 22 89 0.6661 7.38 × 10−7

x3 2 8 0.27552 0 54 162 1.5443 9.89 × 10−6 11 33 1.1456 9.28 × 10−6 1 6 0.24211 0.00 × 10
x4 1 7 0.2915 0 56 168 2.6752 9.01 × 10−6 1 5 0.15603 0 1 5 0.026622 0.00 × 10
x5 1 9 0.21487 0 55 165 1.441 9.42 × 10−6 50 152 1.6409 8.44 × 10−6 1 5 0.07096 2.22 × 10−16

10,000

x1 1 4 0.16575 0 51 153 3.1945 8.23 × 10−6 11 33 1.0745 9.83 × 10−6 23 92 0.20473 7.31 × 10−7

x2 1 4 0.1488 0 53 159 1.894 8.91 × 10−6 12 36 0.61285 4.47 × 10−6 23 92 0.22369 7.31 × 10−7

x3 2 8 0.33583 0 56 168 1.7796 8.08 × 10−6 11 34 1.154 9.19 × 10−6 1 6 0.26087 0.00 × 10
x4 1 7 0.17316 0 57 171 3.7837 9.68 × 10−6 1 5 0.040828 0 1 5 0.054397 0.00 × 10
x5 1 9 0.27009 0 56 169 3.1847 9.62 × 10−6 51 155 1.9967 8.85 × 10−6 1 5 0.22579 2.22 × 10−16

50,000

x1 1 4 0.19745 0 54 162 4.8643 8.08 × 10−6 12 36 1.2212 6.16 × 10−6 24 96 1.3266 7.52 × 10−7

x2 1 4 0.15177 0 56 168 4.4589 8.75 × 10−6 12 36 1.4127 9.99 × 10−6 24 96 0.98972 7.52 × 10−7

x3 2 8 0.38192 0 58 175 5.0083 9.91 × 10−6 12 36 1.6327 8.22 × 10−6 1 6 0.34723 0.00 × 10
x4 1 7 0.34086 0 60 180 4.9077 9.50 × 10−6 1 5 0.18248 0 1 5 0.093625 0.00 × 10
x5 1 9 0.37025 0 59 177 5.0955 9.94 × 10−6 54 164 5.3971 8.04 × 10−6 1 5 0.095985 2.22 × 10−16

100,000

x1 1 4 0.37103 0 55 165 6.3816 8.68 × 10−6 12 36 1.6237 8.71 × 10−6 24 97 2.2859 6.99 × 10−7

x2 1 4 0.22823 0 57 171 5.7132 9.40 × 10−6 12 37 1.8371 9.89 × 10−6 24 97 1.6916 6.99 × 10−7

x3 2 8 0.54986 0 60 180 5.8032 8.52 × 10−6 12 37 2.0415 8.13 × 10−6 1 5 0.22741 2.22 × 10−16

x4 1 7 0.38999 0 61 184 6.7707 9.70 × 10−6 1 5 0.35288 0 24 97 4.0911 6.99 × 10−7

x5 1 9 0.54538 0 61 183 5.3886 8.12 × 10−6 55 167 7.2288 8.43 × 10−6 24 97 3.5739 6.99 × 10−7



Mathematics 2024, 12, 1649 12 of 21

Table 7. Numerical results for the problem with serial number 6 in Table 1.

TTCD PRPFR MHS MCDPM

Dimension Initial Point NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm

1000

x1 20 61 0.10016 6.95 × 10−6 59 177 0.13948 8.09 × 10−6 — — — — 28 113 0.061562 6.96 × 10−7

x2 20 61 0.044003 4.82 × 10−6 58 175 0.12307 9.72 × 10−6 — — — — 1001 4007 2.1789 2.0736
x3 20 63 0.078728 6.21 × 10−6 58 174 0.15125 9.02 × 10−6 — — — — 1001 4007 2.2257 2.2094
x4 26 84 0.095104 7.13 × 10−6 56 168 0.12881 8.57 × 10−6 28 85 0.057195 8.82 × 10−6 13 39 0.030615 3.53 × 10−7

x5 43 137 0.1255 9.23 × 10−6 54 162 0.12107 8.75 × 10−6 49 149 0.085025 8.88 × 10−6 39 156 0.078792 8.55 × 10−7

5000

x1 23 72 1.8365 6.89 × 10−6 61 184 4.4772 9.93 × 10−6 467 1407 7.9621 9.99 × 10−6 1001 4012 15.1572 1.8695
x2 24 74 2.0428 7.36 × 10−6 61 184 1.6081 9.55 × 10−6 — — — — 1001 4007 8.4921 5.2384
x3 22 68 0.90321 5.53 × 10−6 61 183 1.8118 8.86 × 10−6 — — — — 1001 4007 5.5223 5.8303
x4 28 90 1.3633 6.81 × 10−6 59 177 1.9934 8.42 × 10−6 31 94 0.14181 8.73 × 10−6 16 48 0.55779 4.96 × 10−7

x5 31 94 0.14181 8.73 × 10−6 57 171 2.3279 8.60 × 10−6 54 164 0.93908 8.26 × 10−6 41 164 1.2763 9.01 × 10−7

10,000

x1 24 75 0.1859 9.83 × 10−6 63 189 2.2762 8.54 × 10−6 — — — — 1001 4012 17.0512 2.9693
x2 25 77 0.96436 5.38 × 10−6 63 189 2.4627 8.22 × 10−6 — — — — 1001 4007 13.237 7.5161
x3 22 69 1.6272 8.21 × 10−6 62 186 2.2821 9.52 × 10−6 — — — — 1001 4007 13.1732 8.3369
x4 29 93 2.7352 6.67 × 10−6 60 180 2.3916 9.05 × 10−6 32 98 0.25086 9.07 × 10−6 33 122 0.95242 8.42 × 10−7

x5 58 183 2.9637 9.49 × 10−6 58 174 2.8124 9.24 × 10−6 56 170 1.1133 8.88 × 10−6 42 168 1.9567 9.88 × 10−7

50,000

x1 24 75 3.044 9.79 × 10−6 66 198 7.6742 8.38 × 10−6 83 249 7.2083 9.80 × 10−6 1001 4013 49.0995 2.3302
x2 75 234 9.3715 8.53 × 10−6 66 198 4.4765 8.06 × 10−6 — — — — 1001 4007 46.1181 16.9985
x3 23 71 2.6601 4.91 × 10−6 65 195 5.5787 9.35 × 10−6 — — — — 1001 4007 45.8501 18.8076
x4 31 99 3.4197 9.01 × 10−6 63 189 5.8094 8.89 × 10−6 35 107 1.2342 8.98 × 10−6 1001 4004 46.1648 1.9526
x5 78 244 8.8083 9.48 × 10−6 61 183 6.2206 9.07 × 10−6 61 185 3.6487 9.97 × 10−6 47 187 3.4618 8.88 × 10−7

100,000

x1 25 77 3.8554 3.88 × 10−6 67 201 9.3143 9.01 × 10−6 86 257 9.9301 8.88 × 10−6 1001 4013 89.2803 5.5249
x2 — — — — 67 201 8.4452 8.67 × 10−6 658 1980 48.1837 9.99 × 10−6 1001 4007 87.5767 24.0734
x3 23 71 1.6217 6.80 × 10−6 66 199 8.0706 9.54 × 10−6 — — — — 1001 4007 87.0774 26.6312
x4 32 102 3.5771 9.87 × 10−6 64 192 8.1187 9.55 × 10−6 37 112 2.5342 6.74 × 10−6 1001 4004 87.3123 2.9699
x5 76 239 10.7224 9.84 × 10−6 62 186 7.8989 9.75 × 10−6 64 194 6.2405 8.21 × 10−6 49 196 6.0736 8.31 × 10−7
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Table 8. Numerical results for the problem with serial number 7 in Table 1.

TTCD PRPFR MHS MCDPM

Dimension Initial Point NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm

1000

x1 9 30 0.041724 3.51 × 10−6 7 18 0.053759 9.06 × 10−6 13 39 0.042277 7.68 × 10−6 21 85 0.056556 7.81 × 10−7

x2 9 30 0.032227 2.07 × 10−6 7 18 0.018074 9.06 × 10−6 13 39 0.036789 7.38 × 10−6 22 88 0.053854 8.33 × 10−7

x3 7 25 0.025897 3.53 × 10−6 7 18 0.017956 9.06 × 10−6 13 39 0.035082 6.50 × 10−6 22 88 0.056923 8.64 × 10−7

x4 7 24 0.035928 3.30 × 10−6 7 18 0.017267 9.06 × 10−6 12 37 0.045048 8.93 × 10−6 22 88 0.057559 7.12 × 10−7

x5 5 19 0.074749 5.32 × 10−6 7 18 0.01742 9.06 × 10−6 12 36 0.036863 7.52 × 10−6 22 88 0.06216 7.12 × 10−7

5000

x1 6 21 0.073893 7.59 × 10−6 6 16 0.74203 6.77 × 10−7 14 42 1.5985 4.81 × 10−6 22 89 1.785 8.05 × 10−7

x2 6 21 0.067512 7.61 × 10−6 6 16 0.75625 6.77 × 10−7 14 42 1.399 4.63 × 10−6 23 92 1.668 8.58 × 10−7

x3 6 21 0.067476 7.57 × 10−6 6 16 1.1359 6.77 × 10−7 14 42 1.2057 4.08 × 10−6 23 92 0.96043 8.91 × 10−7

x4 6 21 0.071118 5.83 × 10−6 6 16 0.40613 6.77 × 10−7 13 39 0.80464 8.00 × 10−6 23 92 1.3392 7.33 × 10−7

x5 6 21 0.070343 3.94 × 10−6 6 16 0.78932 6.77 × 10−7 13 39 1.3359 4.72 × 10−6 23 92 1.7417 7.33 × 10−7

10,000

x1 7 24 0.13363 3.32 × 10−6 7 19 0.78323 5.87 × 10−6 14 42 1.5384 6.81 × 10−6 23 92 1.7332 7.97 × 10−7

x2 7 24 0.14005 3.43 × 10−6 7 19 0.95083 5.87 × 10−6 14 42 1.5111 6.55 × 10−6 23 93 2.24 7.98 × 10−7

x3 6 21 0.11446 8.67 × 10−6 7 19 1.5381 5.87 × 10−6 14 42 1.4081 5.77 × 10−6 23 93 1.4625 8.28 × 10−7

x4 5 18 0.11136 9.31 × 10−6 7 19 1.0212 5.87 × 10−6 13 40 1.089 7.92 × 10−6 23 93 1.2064 6.81 × 10−7

x5 5 18 0.13666 6.22 × 10−6 7 19 1.6565 5.87 × 10−6 13 39 1.3239 6.67 × 10−6 23 93 0.54021 6.81 × 10−7

50,000

x1 5 19 0.43768 2.43 × 10−6 12 35 1.442 8.08 × 10−6 15 45 1.7295 4.26 × 10−6 24 96 2.2795 8.19 × 10−7

x2 5 19 0.41969 2.39 × 10−6 12 35 2.4552 8.08 × 10−6 15 45 1.8359 4.10 × 10−6 24 97 2.9665 8.20 × 10−7

x3 5 19 0.42038 2.26 × 10−6 12 35 1.7098 8.08 × 10−6 14 43 1.892 9.03 × 10−6 24 97 2.8791 8.52 × 10−7

x4 5 18 0.40879 9.62 × 10−6 12 35 1.9967 8.08 × 10−6 14 42 2.2515 7.09 × 10−6 24 97 3.5014 7.01 × 10−7

x5 5 18 0.41376 5.67 × 10−6 12 35 2.3075 8.08 × 10−6 14 42 2.3739 4.18 × 10−6 24 97 3.3654 7.01 × 10−7

100,000

x1 5 19 0.7687 2.76 × 10−6 18 55 3.6832 9.84 × 10−6 15 45 2.8995 6.03 × 10−6 24 97 4.8971 7.61 × 10−7

x2 5 19 1.0646 2.66 × 10−6 18 55 3.2224 9.84 × 10−6 15 45 2.8558 5.80 × 10−6 25 100 4.5997 8.12 × 10−7

x3 5 19 0.82346 2.35 × 10−6 18 55 3.1908 9.84 × 10−6 15 45 2.585 5.11 × 10−6 25 100 4.8136 8.43 × 10−7

x4 5 19 1.1497 1.31 × 10−6 18 55 3.2991 9.84 × 10−6 14 43 2.6058 7.01 × 10−6 24 97 4.8878 9.91 × 10−7

x5 5 18 0.7911 8.01 × 10−6 18 55 3.4264 9.84 × 10−6 14 42 2.7503 5.91 × 10−6 24 97 4.6876 9.91 × 10−7



Mathematics 2024, 12, 1649 14 of 21

Table 9. Numerical results for the problem with serial number 8 in Table 1.

TTCD PRPFR MHS MCDPM

Dimension Initial Point NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm NOI NFE TIME Norm

1000

x1 7 26 0.038192 4.69 × 10−6 13 40 0.034355 8.78 × 10−6 10 31 0.026314 3.45 × 10−6 17 70 0.074282 8.77 × 10−7

x2 7 26 0.027651 4.12 × 10−6 13 39 0.025373 7.19 × 10−6 9 29 0.022346 7.25 × 10−6 11 46 0.025641 5.26 × 10−7

x3 6 23 0.017775 1.42 × 10−6 13 39 0.024113 6.85 × 10−6 7 23 0.018538 6.02 × 10−6 11 47 0.026905 3.38 × 10−7

x4 7 26 0.022134 5.98 × 10−6 15 45 0.026703 5.54 × 10−6 10 31 0.025627 8.05 × 10−6 12 51 0.02692 7.22 × 10−7

x5 8 28 0.020408 3.31 × 10−6 15 45 0.02498 7.95 × 10−6 10 30 0.024156 3.84 × 10−6 11 47 0.026337 8.31 × 10−7

5000

x1 8 29 0.10079 1.45 × 10−6 14 42 1.8974 8.52 × 10−6 10 31 1.1397 7.72 × 10−6 11 46 1.0893 5.78 × 10−7

x2 7 26 0.062245 9.22 × 10−6 14 42 0.94525 5.16 × 10−6 10 31 0.96032 5.28 × 10−6 15 63 0.93147 5.24 × 10−7

x3 6 23 0.059951 3.18 × 10−6 14 42 1.1388 4.92 × 10−6 8 25 0.99529 4.39 × 10−6 12 51 0.8147 3.59 × 10−7

x4 8 29 0.06846 1.85 × 10−6 15 46 0.81809 9.15 × 10−6 11 34 1.1985 3.44 × 10−6 11 46 0.96572 6.44 × 10−7

x5 8 28 0.066197 7.40 × 10−6 16 48 1.1876 5.71 × 10−6 10 30 0.8707 8.60 × 10−6 11 46 0.95789 5.72 × 10−7

10,000

x1 8 29 0.10914 2.06 × 10−6 14 43 0.87715 8.91 × 10−6 10 32 0.89477 6.40 × 10−6 12 50 0.97286 5.16 × 10−7

x2 8 29 0.12 1.81 × 10−6 14 42 1.2638 7.30 × 10−6 10 31 1.1462 7.47 × 10−6 14 58 1.1714 7.59 × 10−7

x3 6 23 0.1001 4.50 × 10−6 14 42 1.5877 6.96 × 10−6 8 25 0.37139 6.21 × 10−6 13 55 1.0799 4.13 × 10−7

x4 8 29 0.3701 2.62 × 10−6 16 48 1.922 5.62 × 10−6 11 34 1.0558 4.87 × 10−6 12 50 1.4228 7.62 × 10−7

x5 9 31 0.12085 1.45 × 10−6 16 48 1.4143 8.07 × 10−6 10 31 0.23049 7.13 × 10−6 12 50 1.106 5.76 × 10−7

50,000

x1 8 29 0.49017 4.60 × 10−6 15 45 2.619 8.66 × 10−6 11 34 1.3596 4.67 × 10−6 12 51 1.8309 6.78 × 10−7

x2 8 29 0.45313 4.04 × 10−6 15 45 2.5553 5.24 × 10−6 10 32 1.3002 9.80 × 10−6 19 78 2.0413 9.64 × 10−7

x3 7 26 0.39436 1.39 × 10−6 15 45 2.1702 5.00 × 10−6 8 26 1.2699 8.14 × 10−6 16 67 1.8872 2.99 × 10−7

x4 8 29 0.43932 5.85 × 10−6 16 49 2.5299 9.30 × 10−6 11 35 1.8906 6.39 × 10−6 12 51 1.5517 7.17 × 10−7

x5 9 31 0.51474 3.24 × 10−6 17 51 1.6011 5.80 × 10−6 11 33 1.4739 5.20 × 10−6 12 50 1.858 6.12 × 10−7

100,000

x1 8 29 0.86788 6.50 × 10−6 15 46 2.6286 9.05 × 10−6 11 34 2.2841 6.60 × 10−6 13 55 2.6612 4.51 × 10−7

x2 8 29 0.86763 5.71 × 10−6 15 45 2.8049 7.41 × 10−6 11 34 2.1174 4.52 × 10−6 13 55 2.8656 4.36 × 10−7

x3 7 26 0.76683 1.97 × 10−6 15 45 2.2822 7.07 × 10−6 9 28 2.0024 3.75 × 10−6 18 75 3.9286 2.65 × 10−7

x4 8 29 1.2493 8.28 × 10−6 17 51 3.2253 5.71 × 10−6 11 35 2.3621 9.03 × 10−6 16 66 3.2361 4.79 × 10−7

x5 9 31 0.9051 4.59 × 10−6 17 51 2.0118 8.20 × 10−6 11 33 2.3617 7.35 × 10−6 16 66 2.6618 4.97 × 10−7
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Figure 1. Performance profile for Dolan and Moré in terms of number of iterations.
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Figure 2. Performance profile for Dolan and Moré in terms of number of function evaluations.
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Figure 3. Performance profile for Dolan and Moré in terms of time(s).

5. Signal Reconstruction

The aim of this section is to show how the sparse signal is reconstructed effectively
by our proposed algorithm. A highly important aspect of many researchers is to obtain an
ill-conditioned linear system of equations with sparse solutions. Some of them are objective
functions, which can be transformed into minimization problems by employing a sparse
(ℓ1) regularization term and a quadratic (ℓ2) error term [18], i.e.,

min
x

1
2
∥y − Vx∥2

2 + ω∥x∥1, (22)

where x ∈ Rn, ω > 0, y ∈ Rk is an observation and V ∈ Rk×n (k << n) is a linear
transformation. Problem (22) is an unconstrained optimization problem, the solution
of which will lead to the exact recovery of a sparse signal. Various approaches have
been applied for solving (22), see [18,39–43] for more details. Furthermore, the gradient
projection method (GPA) introduced by Figueiredo et al. [41] is well known to many
researchers. The following is how the method was generated: Given x ∈ Rn, x is given by

x = b − h, b ≥ 0, h ≥ 0,

where bi = (xi)+, hi = (−xi)+ for all i = 1, 2, · · · , n, and (·)+ = max{0, ·}. Using
∥x∥1 = eT

n b + eT
n h, where en = (1, 1, · · · , 1) ∈ Rn, problem (22) can be expressed as

min
b, h

1
2
∥y − V(b − h)∥2

2 + ωeT
n b + ωeT

n h, b ≥ 0, h ≥ 0, (23)

Equation (23) is a bound-quadratic constrained problem and can be written as

min
z

1
2

zT Dz + cTz, such that z ≥ 0, (24)
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where z =

(
b
h

)
, c = ωe2n +

(
−u1
u1

)
, u1 = VTy and D =

(
VTV −VTV
−VTV VTV

)
. Since

(24) is a convex quadratic problem, a positive, semi-definite matrix of D exists. By Xiao et al. [44],
(24) can be transformed to

F(z) = min{z, Dz + c} = 0, (25)

where the function F is a vector-valued function and the “min” is interpreted as a component-
wise minimum. It was proved in References [44,45] that F(z) is continuous and monotone.
Therefore, problem (22) can be converted into problem (1) and, thus, Algorithm 1 (TTCD)
can be applied to solve it.

Algorithm 1: A modified three-term conjugate descent (TTCD) derivative-free
algorithm

Input. Choose x0 ∈ Rn, θ, ρ, µ, q > 0, Set k = 0.
Step 1. If ∥P(xk)∥ ≤ ε then stop. Else, go to Step 2.
Step 2. Compute dk using (3)–(6).
Step 3. Compute the step-length vk = µρi, where i = 0, 1, · · ·, is the least
non-negative integer satisfying the following inequality:

−P(xk + vkdk)
Tdk ≥ qvk∥dk∥2. (26)

Step 4. Let Γk = xk + vkdk. If Γk ∈ G and ∥P(Γk)∥ ≤ ε, terminate. Else, compute

xk+1 := HG
[
xk − θζkP(Γk)

]
, (27)

where

ζk :=
P(Γk)

T(xk − Γk)

∥P(Γk)∥2 . (28)

Step 5. Set k = k + 1, repeat from Step 1.

The TTCD method was compared with the PCG method by Liu et al. [46], and
by Algorithms 2.1a and 2.1b presented in [47]. The major aim for the experiments is to
reconstruct a sparse signal of length n from k observations. The successful recovered signal
is obtained by the mean squared error (MSE). The MSE is defined by

MSE :=
1
n
∥xj − x∗∥2.

The original and the recovered signals are, respectively, xj and x∗. The experiment consists
of elements with size 27, n = 211 and k = 29 chosen at random. The noise is distributed with
a variance of 10−3 and MSE of 0. However, the matrix V in (22) is generated in MATLAB
with a randn(k, n) tool. We defined the objective function by

f (x) =
1
2
∥Vx − y∥2

2 + ω∥x∥1.

The initial point and continuation approach run by each method are the same on parameter
ω, as proposed in [46], to compare both methods. The starting point given by x0 = VTy is
used to implement all algorithms, where

| fi − fi−1|
| fi−1|

< 10−5, i = 1, 2, 3, . . .

is the stopping condition and fi is the function value at xi.
From Figure 4, one can see that the TTCD algorithm was able to recover the noisy

signal with 131 iterations in 2.31 s, PCG with 150 iterations in 2.72 s, Algorithm 2.1a with
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176 iterations in 3.11 s and Algorithm 2.1b with 136 iterations in 2.41 s. However, Algorithm
2.1a has the least MSE, followed by TTCD, Algorithm 2.1b and PCG, respectively.

0 200 400 600 800 1000 1200 1400 1600 1800 2000

−2
0
2

Original (n = 2048, number of nonzeros = 128)

0 50 100 150 200 250 300 350 400 450 500
−1

−0.5
0

0.5

Measurement

0 200 400 600 800 1000 1200 1400 1600 1800 2000

−2
0
2

TTCD (MSE = 2.85e−04,Iter=131, Time=2.31s)

0 200 400 600 800 1000 1200 1400 1600 1800 2000

−2
0
2

PCG (MSE = 2.20e−03, Iter=150, Time=2.72s)

0 200 400 600 800 1000 1200 1400 1600 1800 2000

−2
0
2

Algorithm 2.1a (MSE = 2.77e−04, Iter=176, Time=3.11s)

0 200 400 600 800 1000 1200 1400 1600 1800 2000

−2
0
2

Algorithm 2.1b(MSE = 3.01e−04, Iter=136, Time=2.41s)

Figure 4. A sparse signal is recovered. The original signal (First plot), measurement (Second plot)
and reconstructed signals by TTCD (Third plot), PCG (Fourth plot), Algorithm 2.1a (Fifth plot) and
Algorithm 2.1b (Sixth plot) are shown in order from top to bottom.

The results reported in Figure 4 can be found in Table 10, serial number 1.

Table 10. Experimental findings regarding the signal recovery problems.

TTCD PCG Algorithm 2.1a Algorithm 2.1b

S/N TIME IT MSE TIME IT MSE TIME IT MSE TIME IT MSE

1 2.31 131 2.85 × 10−4 2.72 150 2.20 × 10−3 3.11 176 2.77 × 10−4 2.41 136 3.01 × 10−4

2 3.02 97 2.81 × 10−5 3.97 119 4.90 × 10−5 4.58 138 5.03 × 10−5 4.70 132 4.05 × 10−5

3 3.05 178 1.01 × 10−5 3.35 186 2.70 × 10−5 3.75 177 1.05 × 10−5 2.38 125 1.35 × 10−5

4 2.92 105 3.18 × 10−5 4.08 133 3.98 × 10−5 4.61 121 3.18 × 10−5 5.09 146 2.92 × 10−5

5 2.72 182 4.55 × 10−3 3.00 184 2.05 × 10−3 3.61 206 2.33 × 10−3 2.83 172 2.43 × 10−3

6 1.84 93 1.71 × 10−3 3.02 128 9.50 × 10−4 3.54 123 1.17 × 10−3 4.63 153 2.68 × 10−3

7 3.54 110 2.98 × 10−5 5.19 140 4.31 × 10−5 4.59 135 4.21 × 10−5 4.77 169 3.74 × 10−5

8 3.31 101 5.47 × 10−5 3.57 127 4.85 × 10−3 4.73 139 4.37 × 10−3 5.82 145 3.96 × 10−3

9 2.11 145 1.71 × 10−3 2.66 152 4.09 × 10−3 3.80 171 1.48 × 10−3 2.25 159 1.47 × 10−3

10 2.34 91 2.21 × 10−5 4.01 124 3.29 × 10−5 3.39 111 3.07 × 10−5 2.65 142 2.89 × 10−5

Average 2.716 123.3 8.432 × 10−4 3.557 144.3 1.433 × 10−3 3.971 149.7 9.792 × 10−4 3.753 147.9 1.099 × 10−3

Moreover, Figure 5 Shows the convergence properties of TTCD, PCG, Algorithm 2.1a
and Algorithm 2.1b, respectively.
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Figure 5. Comparison results of TTCD, PCG and Algorithm 2.1a,b. From left to right: the changed
trend of MSE goes along with the number of iterations or CPU time in seconds, and the changed
trend of the objective function values accompanies the number of iterations or CPU time in seconds.

To ascertain the efficiency and the performance of the TTCD algorithm, the experiment
was repeated up to 10 times by each algorithm and the average taken as shown in Table 10.
On average, the TTCD recovered the noisy signal with the least number of iterations and
CPU time. Furthermore, TTCD algorithm has the least MSE on average, followed by
Algorithms 2.1a, Algorithms 2.1b and PCG, respectively. Hence, we can see TTCD as a
better alternative to Algorithms 2.1a, Algorithms 2.1b and PCG, respectively, for solving
signal reconstruction problems.

6. Conclusions

This research extended the unconstrained optimization problems to constrained nonlinear
monotone equations by introducing a modified three-term CD derivative-free method using
the projection method. The major advantage of the proposed method is that it does not require
computation of the Jacobian matrix at each iteration or any linear equations; therefore, it is
capable of solving large-scale constrained nonlinear monotone equations. Independent of the
line search, the algorithm generates a bounded descent search direction. Under appropriate
conditions, the method is shown to be globally convergent. Furthermore, the novel method is
numerically robust and effective. Finally, the capacity of the method is tested to solve nonlinear
equations equivalent to the ℓ1-norm regularized minimization problems. The results obtained
from the signal reconstruction experiments indicate that TTCD is faster than Algorithm 2.1a,
Algorithm 2.1b and PCG, respectively. In addition, on average, TTCD has the least MSE
compared to Algorithm 2.1a, Algorithm 2.1b and PCG, respectively.
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